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Kuura npeacrasnsier coGoit yueGHHMK, COOTRETCTBYIOUIKI B OCHOBHOM TOH Npo-
rpamme Kypca «Ananus 11I», kotopas npuuata B MY u B psize OPYTHX yHUBEPCH-
teroB. [IpefHasHauesa B nepsylo ouepefib AJ CTYAEHTOB MeXaHHKO-MaTeMaTHuye-
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IlepBas wacTb COLEepPKHT OCHOBHbie TEOPETHKO-MHOXKECTBeHHble MOHATHSA. B ruaBax
II—IV n3noxeHa TeopHsl JHHEHHLIX MPOCTPAHCTB, BKJIOUYAIOUIAS 3JeMEHTH TeOpHH
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NIPHMEHEHHSAX.
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APEAUCJOBUHE K YETBEPTOMY U3JAHHIO

dro u3naHue BBIXOOHT yxke rocie cmeptd Cepres BacuiabeBuua
Pomuna. OH ycres, onHakKo, NpoOAesaTh BCIO OCHOBHYIO paboTy no
yCOBepIeHCTBOBAHHIO KHHrH. CyUlecTBEHHO nepepaboTana pecsitas
raaBa. B nelt no6asineH naparpad, nocBsLEHHBIH TeopeMe O HesB-
#OM (YHKIMH H H3MeHeH naparpad «3JKcTpeMasbHble 3afauu». ITH
H3MEHEHHs NOBJIEeKJIH 32 co60l HecOXOAMMOCTb H3MEHEHHUH B UeTBep-
Tol rnaBse (caencTBusi u3 Teopembl XaHa — baHaxa u Teopemn ba-
Haxa 06 obpaTHOM onepaTope).

Texcr kuuru 6b1 mpocmorpen B. M. Anekceesoim u B. M. Tu-
XOMHPOBLIM, KOTOPHIM $i BbIPaXKal HCKPEHHIOK 0J1arolapHocThb.

A. Koamoeopos



U3 IlPEIlMCJ]OiWIﬂ KO BTOPOMY HU3JAHMUIO

IlepBoe nzganne «daeMeHTOB TeOpHH QYHKUUA U QYHKLHOHAIb-
HOr0 aHa/jHu3a» BLILJIO ABYMA OTHAENbHBIMH BhIyckamMu B 1954 u
1960 ronmax. ITosBseuve 3THX BHIODYCKOB GBIIO CBSI3aHO € BKJIOUE-
HHeM B KoHlle 40-x roJoB B NporpaMMy MeXaHUKO-MaTe€MaTHIeCKOro:
dakyabrera MI'Y kypca «Ananus Ill», o6benuusipuiero smeMeHThr
TEeOpHH MepHl M TeOPHUH QYHKUHH, HHTerpaJibHble YpaBHEHUs, CBefe-
Hus U3 GYHKIHOHAJIbHOTO aHa/lu3a, a No3XKe M BapHalHOHHOE HC-
yucjende. DToT Kypc, yntasmiufics B MI'Y cnepsa A. H. Koamoro-
POBLIM, a NOTOM M JAPYFHMH JeKropaMu, B ToM uucie C. B. ®omu-
HBIM, BollleJ B JaJsibHeflleM B NPOrpaMMbl H APYTHX YHHBEPCHTETOB.

B cBoe Bpemsi 3amena B MI'Y orenbHBIX KYpcOB Teopun (yHK-
UHH JeACTBUTEJNLHOTO TePEMEHHOro, HHTErpaJibHbIX YpaBHEHHH W
BapHALUOHHOTO UCUHCJEHUS eUHBIM KypcoM «Ananus I1I» BrisBana
6osbuive cropkl. Ilepen kypcom 6bla mocraB/eHa 3agaya NPHYIUTD
CTYeHTOB K [IBOMHOMY 3D@HHIO: C OJHOH CTOPOHBI, CJAEJUTh 32 BHYT-
peHHeH JIOTMKOH Pa3BHTHS TEOPHHM MHOXECTB, OOILEH TEOPHH Hempe-
PBIBHBIX OTOGPa>KeHHH MEeTPHYECKHX H TONOJOTHYECKUX MPOCTPAHCTB,,
JHHEeHHBIX NPOCTPAHCTB H (PYHKUHOHAJOB H ONEPaTOPOB HA HHX, UH-
CTOH TEOPMH Mepbl W MHTErPUPOBAHHS B OOLIUX «NPOCTPAHCTBAX C
Mepoi», ¢ APYrol, —He yNycKaTh M3 BHAY OOGCIYKHBAaeMyl 3THMH
6o/iee aGCTPAKTHLIMH 06JIACTSIMH MaTEeMATHKH NPo6JieMaTHKY Kjac-
CHYECKOTO M JaXKe NPHUKJIaJHOrO aHaaH3a.

ITpu pemennu 5To# 3ajaud Mbl B MJIAHHUPOBKE KHUTH OTAdeM
npeanouyTeHne abCTPaKTHOM JWHHM nocTpoedus Xypca. Ot o6uieir
TeOpUH MHOXKeCTB (rjaBa I) MOXHO mepefiTH K MeTpPHYECKHUM H TO-
MOJOFMYECKHM HPOCTPAHCTBAM M HX HENpPEPLIBHBIM OTOODPa*KEHHSM
(rnaBa II) nu6o HemocpenCcTBEHHO K MPOCTpPAHCTBAM ¢ Mepoit (Ges
TOTIOJIOTHH) ¥ HHTErPHPOBaHHIO B HUX (rsi1aBa V). B raasax I u IV
U3y4aloTCHd JHHeHHBble NPOCTPAHCTBA W JMHeHHbie QYHKIHOHANAB M
omepatopbl B HUX. OT 3THX IJ1aB BO3MOXEH NMpPSIMOH Tepexoi K ria-
Be X (HenuHelHble nuddepenunpyeMble omepatopel H (YHKIHO-
HaJbl). B riase VII usayuatorcs nnHelble IPOCTPAHCTBA CYMMHpYe-
Mbix dyukuuii. Jluwes B raasax VI u V1II BHuManme, no cyulecrsy,
COCPeJIOTOYeHO Ha (GYHKUUAX AeHCTBHUTENBLHOrO NEPEeMEHHOro.
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XoTs B NEPBYIO OYepelp B Halllell KHUTe M3JaraloTcs obiiHe Io-
uATHs TeopuH GyHKIMHA # QYHKUHOHAJBHOTO aHaju3a, BHHMaHHE K
TIPHMBIKAIOUIEH CI0Ja KJIaCCHUeCKOH NPo6JeMaTHKe YHTATeNb MOKET
TPOCJEUTh TOYTH BO BCeX TrvaBaX. Bkaiouennwe B Kuury riaas VI
(Teopusa nuddepenunposanus), VIII (rpuronoMerpuueckue pags u
unterpas ®ypoe) u IX (NuHeHHble HHTerpaNbHble YpaBHEHUS) MpH-
BOJUT K TOMY, UTO Ce€HYac Hallla KHHra OXBaTbIBAET BCIO IIPOrpamMmy
npuuaTtoro B MI'Y kypca «Ananus III», kpome Bapuauuonuoro mc-
yHcaenuss. Mbl He BKJIIOYHJIH 3TOT pa3/esi B HALIY KHHTY, OTPaHHYHB-
IIKCh JHIIb M3JI0XKeHMeM B ryaBe X CaMbIX NepBBIX NPeJCTaBJIeHH
0 HeJIMHeHHOM (YHKIHOHAJLHOM aHaJH3e.

B HOBOM M31aHMM, KaK H B NepBOHAYAJbHOM, 3HAUHTEJbHOE Me-
€TO 3aHHMaeT-o6uast Teopuss Mepel. B moc/iiennee Bpemsi nosBuiOCH
JIOBOJIbHO MHOTO H3JI0XK€HHH TeOpHHM HHTErpUpOBaHHsi, OCHOBaHHOM
Ha cxeMme [lanuess, He HCNOJb3YIOILeH anmapara TeopHH Mepbl. Mpl
1oJiaraeM, oJHakKo, UTO TeOpHs Mephl AOCTATOYHO BaXKHAa M caMa Io
cebe, He3aBHCUMO OT BBEJEHMS NOHATHS MHTErpasia, H 3acJAyKUBaeT
"BKJIIOYEHHUS] B YHHBEPCHTETCKHH Kypc.

BkatoueHne HOBBIX IJIaB 3aMETHO YBeJHYHJIO o6beM KHuTH. Cra:
Pbie TJ1aBbl TOXE CYIIECTBEHHO NepepaboTaHbl # B HHX BKJIOYEHbI
HOBble maparpagsl (HanpuMmep, O MOPSAAKOBLIX THIAX H TPAHCHUHUT-
HBIX YHCJIaX, TOMOJIOTHYECKHX MNPOCTPAHCTBAX, OCOGIIEHHBIX (QYHK-
UHUSAX H AD.).

IepepabaTbiBas Hallly KHUTY W BKJIOYAasi B Hee HOBble paselibl,
MBI CTapaJjiiCh, OJHAKO, COXPAHHTb B HEH TOT CPaBHUTEJbLHO 3Je-
MEHTapHbIH CTHJb H3JI0XKEeHHs, KOTOPBIH Obl1 BbLAEPKAH, KAK HaAM
Kaxercs, B NePBOM H3JZaHMH. MBI HajeeMCsi, YTO OHA HalJeT CBoe
€CTeCTBEHHOE MEeCTO B YHHBEPCHTETCKOM INpenojaBaHUM Hapsily c
JApyruMH pYKOBOACTBaMH, B uactHocTH, ¢ kKuuroft I'. E. Ilusosa
«MaremaTnueckuil aHa/mH3, CnelMadbHbIA Kypc», B KOTOpOH Gosee
TIOYepKHYTa aHAJIHTHYECKAas CTOPOHA [esia, a HHTEPeC K MeTpHue-
CKHUM H TONOJIOTHYECKHM IIPOCTPAHCTBAM, MeépaM H T. . KaK CaMo-
CTOsITeJbHBIM 00'bEKTAM KYJIbTHBUPYETCS B MeHbUISH CTeleHH.

A. Koamozopos
C. omun



NPEAUCINOBHE K TPETLEMY H3JAHHUIO

[Ipu noAroToBKE HOBOrO H3JaHHS Mbl COXpaHuWaM OOWMA nJaas
KHHTH H IIOCTapajuch He yBeJHuHBaTh ee o6beM. BmecTe ¢ TeM Bech
TeKCT KHUrH GblJ 3aHOBO NMPOCMOTpPEH M oTpenakTHposaH. bBoabuyio
nomolp B 310N pabote HaMm okaszana @. B. Illupokos. B rnasax I u
IV cienannl HEKOTOpHIE MEPECTAHOBKH M H3MeHeHHs, obJjerdaouine,
Ha HAlll B3TJASM, epexol oT 6oJjiee NPOCTHIX MOHATHH K 0oJsiee ClIOXK-
HHIM (HanpuMep, OT GaHAaXOBHIX NPOCTPAHCTB K Oojee o6WHM B
ra. IV). JloBosibHO cyleCTBEHHO NepepaboTaHO H3JOXKeHHE TEeOpHH
mepbl (ra. V).

B nocaepnue rogst B Kype «Ananus 111» gacro Bxaiouaiores ane-
MeHTbI TeopHu GaHaXOBHIX anre6p M crneKTpasbHoro auanusa. Ilo-
3TOMY MBI COYJH IeJeco06pa3HbIM BKJIOUHTb B HAlly KHUIY HaMu-
cannoe B. M. TUXOMHpPOBEIM [OMOJIHEHHE, NOCBALIEHHOE 3THM BO-
npocam.

A. Koamoeopos
C. omun



TMTABA 1
3JIEMEHTBH! TEOPHH MHO)XECTB

§ 1. MonsTne mHoXKecTBA. Onepaunn HaJ) MHOXKeCTBaMH

1. OcHoBHble ompeaenenus. B MaTeMaTuKe BCTPeualoTCs CaMmble
pa3HooGpasHble MHOKCeCT8A. MOKHO rOBODHTL O MHOXKECTBE rpaHei
MHOTOTPAHHHKA, TOYEK Ha NPAMON, MHOMKECTBE HATYPAJIbHBIX YHCEJ
u 1. A [loHsiTHE MHOXKeCTBAa HACTOJNLKO Ofllee, YTO TPYAHO AaTh
eMy Kakoe-1n60 OlpeJeseHue, KOTOPoe He CBOAHJIOCH Gbl MPOCTO K
3aMeHe CJIOBA «MHOXKECTBO» €r0 CHHOHMMAaMH: COBOKYNHOCTb, coGpa-
HHE 3JIEMEHTOB M T. I .

PoJib, KOTOPYIO MOHSITHE MHOXKECTBA HrPaeT B COBPEMEHHOH Ma-
TeMaTHKe, ONpeJle/IsieTCsl He TOJbKO TeM, 4TO CaMa TeOpHsl MHOXeCTB
crana B HacTosllee BpeMsi BecbMa OOGLIMPHOH H COJAepXaTeJbHOM
NUCLUHIJINHON, HO IJ1aBHBIM 006pa3oM TeM BJHSHHEM, KOTOPOEe TeOpHS
MHOXECTB, BO3HHKIIAs B KOHLE MPOLIJIOro CTOJNETHsS, OKashiBaja U
oKasbiBaeT Ha BCIO MateMaTuky B LesnoM. He crassa cpoei 3amaveit
CKOJIKO-HHOYIb NOJNHOE H3J0XKeHHe 3TOH TEOPHH, Mbl 3[eChb JIHUIb
BBeJleM OCHOBHblIe 0603HAUEHHS K NIpHBeJeM NMepBoHauasbHHE Teope-
THKO-MHOXECTBEHHbIE TIOHSTHS, HCIONb3yeMble B JaJjbHedleM.

MuoxecTBa MH 6yneM 0603HauaTh NPONUCHBIMH GykBamu A,
B, ..., a ux 3neMeHTbl — MaabiMH @, b, ... YTBepXKaeHHe «3Jjie-
MEeHT @ NPHHALJIENKHT MHOMKeCTBY A» CHMBOJHUECKH 3amHCHIBAETCS
tak: a= A (uan A > a); sanuch agt A (uau A $ a) os3nauaer, 4T0
sneMeHT a He npuHagiexut A. Ecin Bce seMeHTH, H3 KOTOPBIX CO-
crout A, Bxonsit u B B (mpuueM eayuait A = B He HcKJI04aercs),
To Mbl Ha3biBaeM A nodmnoxcectéom muoxectsa B u numem A < B.
Hanpumep, uenbie yncaa o6pasyloT MOJAMHOXKECTBO B MHOXKECTBE
BceX NeACTBHTE/bHBIX YHCE.

HHorna Mbl He 3HaeM 3apaHee, COLEPXKHUT JIH HEKOe MHOXeCTBO
(HanpuMep, MHOXKECTBO KOPHeill JaHHOro ypaBHeHHs) XOTs Obl OAHMH
aneMenT. ITosToMy nenecooGpasHo BBECTH MOHATHE NYCTO20 MHOXe-
CTBa, T. €. MHOMECTBA, He COAEPKALIero HH OAHOro 3jJeMeHTa. Mbt
6yaem o6o3nauaTb ero cuMBoJioM <. JIio60e MHOXKECTBO COAEPIKHUT
& B KauecTBe noaMHOXectBa. [logMHOXKecTBa HEKOTOPOro MHOXe-
CTBa, OTJIHMUHbLIE OT HEro camMoro B oT &, Ha3bIBAIOTCA COOCTEEH-
HblML.

2. Onepaunn Hap muoxecrsamu. Ilycte A u B — npouspoabHble
MHOXKeCTBa; HX cymmoli, niau o6vedunenues C = A U B nasniBaetca
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MHOXKECTBO, COCTOfilllee H3 BCeX 3JeMEHTOB, NpPHHAJIEXKAIIUX
xoTs1 66l ofHOMY U3 MHOXecTB A u B (puc. 1).

Ananoruuso omnpegesnsiercss cyMMa JN1060T0 (KOHEUHOrO HJH
6eCKOHEYHOr0) YHC/Ia MHOXECTB: ecliH A, — NPOU3BOJILHbIE MHOXKE-

ctBa, T0 HX cymma |J A, ects COBOKYITHOCTb 3/1€MEHTOB, KaXIbIH
a

M3 KOTOPLIX NPHHANJIEXHUT XOTS Gbl OJHOMY H3 MHOXKeCTB A,.
Hasosem nepecevernuem C=A N B muoxects A u B mHOKe-
CTBO, COCTOsIllee H3 BCeX 3JeMeHTOB, NMpHHAaAJMexauux Kak A, tak

A 8

L=4Anp
Puc. 2.

u B (puc. 2). Hanpumep, nepeceyenne MHOXkKeCTBa BCeX YETHBHIX YH-
cesl 1 MHOXECTBA BCeX uHCeJ, OeJsIIUXCS Ha TPH, COCTOMUT U3 BCexX
LeJbIX uYHCes, Neasiuxcs 6e3 ocratka Ha wectb. [lepeceuennem
J1060T0 (KOHEYHOro uju GECKOHEYHOro) uucsaa MHoXKecTB A, Ha-

3bIBA€TCA COBOKYITHOCTb ﬂAa 3/IEMEHTOB, MNpHHALIEXKAIIUX Ka-
a

XKAOMY U3 MHOKeCTB A .
Orniepauii CJI0XKeHHs U NepeceyeHHss MHOXKECTB 110 CaMOMY CBO-
€My Onpe/eJIeHHI0 KOMMYTAaTHBHbl i aCCOLHATHBHEI, T. €.

AUB=BUA, (AUBUC=AUBUC),
ANB=BNA4, (ANB)NC=ANBNCO).
Kpome Toro, oHu B3aHMHO AMCTPHOYTHBHBI:
(AUBNC=AnC)UBNO), (1)
(ANBUC=(AUC)NBUC). 2

JleficTBUTEIBHO, MpPOBEPHM, HANpuMep, INepBoe H3 3THX pa-
BencTB !). TycTb 3/1eMeHT X MPHHALJIEKHUT MHOKECTBY, CTOALIEMY B
JeBoit yactH pasescrBa (1), 1. e. x&(A U B) N C. dro o3nauaer,
yto X BxoguT B C u, KpoMe TOro, o KpalHeil Mepe B OIHO H3 MHO-
wxectB A unu B. Ho Torpa x npunapanexut xotsi 661 OAHOMY H3 MHO-
kectB A N C uau B 0 C, 1. e. BXOAUT B IpaByl 4acTb PacCMaTpu-
BaeMoro paseHcTsa. O6patho, nycts x (A N C) U (B N C). Torna

1) PaBeHCTBO ABYX MHOXKeCTB A == B moOHHMaeTcst KaK TOXHECTBEHHOe pa-
BEHCTBO, T. €. OHO 03HAYaeT, 4TO KaXKIblil 3JeMEHT MHOMXKecTBa A NpHHAJIEXHT
B, u naotopor. Hiaue rosops, paBeHcTBo A == B pPaBHOCHJBHO TOMY, YTO Bhi-
nosnHeHs 06a Bkawuenus: A < B u BcC A,
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xeANC umn x= B N C. CaepoBarenvho, ¥ & C H, KpoMe TOro,
x Bxomut B A wmaum B, T.e. x=A UB. Takum o6pasowm,
xe(A U B)\ C. Pasencrso (1) nokasaHo. AHaJIOTHYHO NpOBEpPsET-
cs1 paBeHCTBO (2).

Onpejenum fJsi MHOXECTB OMEPaLHIO BhYHTAHHsA. Mbl HasoBeM
pasrocrero C = A\ B mHOXecTB A 1 B COBOKYNHOCTb T€X 3/JeMeH-
ToB u3 A, Kotopsie He comepxarcs B B (puc. 3). Ilpn atom, Boobuie

A 8

C=ANB

Puc. 3.

rosopsi, He npennoaaraercs, uto A © B. Bmectro A\ B usoraa nu-
wytr A — B.

Uunorpa (HanpuMep, B TEOPUH Mepbl) YAOGHO paccMaTpHBaTh Tak
Ha3bIBAEMYIO CUMMETPUUECKYH) PABHOCTb ABYX MHOXecTB A u B, Ko-
TOpas onpejensieTcs Kak cymma pasHocreil A\ B u B\ 4 (puc. 4).
Cummerpuueckyto passocts C muoxects A u B Mbt 6ynem 06o3Ha-
yatb cumBosioM A A B. Takum o6pasoM, o onpefesneHuio,

AA B=(AN\B)U(B\ A4).

Vnpaxuesnue. [NokasaTs, uto

AAB=(AUB)\ (A0 B).

Yacro NPUXOAMTCS pacCMaTpUBaTh TOT MJH HHOM 3amac MHO-
JKeCTB, SIBJASIIOIHXCS MOJMHOXECTBAMH HEKOTOPOTO OCHOBHOTO MHO-
XKecTBa S, HampuMep, pas3iHUHBIE MHOXKECTBA TOYEK HA YHCIOBOM
npsmMoit. B stom ciyuae passHocth S\ A HasbiBaloT donosnexuem
MHoxectBa A u o6o3navaor CA uiu A’.

B TeopuH MHOXECTB ¥ ee NPHJIOXKEHHSX BeCbMa Ba’KHYIO POJIb

HrpaeTr Tak Ha3bIBaeMBIH NpHHOHI IBOHUCTBEHHOCTH, KOTO-
pbll’l OCHOBAH Ha CJACAYIOLUX IBYX COOTHOLUECHUAX:

1. Honoanenue cymmol pasro nepecedenuro OONOAHeHUL
S\LQJAG=D(S W Ay). (3)
2. Honoanenue nepecevenus pasuHo cymme 0ONOAHEHUL

S\DAG=LLJ(S\AQ). (4)



16 3JIEMEHTBI TEOPHUU MHOXECTB [t 1

[TpuHUMI ABOACTBEHHOCTH COCTOUT B TOM, YTO H3 JIIOGOrO paseH-
CTBA, OTHOCSIIErocsl K CHCTeMe NOAMHOXeCTB GHKCHPOBAHHOTO MHO-
xecTBa S, COBepUWIeHHO aBTOMAaTHYECKH MOXET ObTh IO-
JyYeHO ApYyroe — JBOHCTBEHHOe — PaBEHCTBO NyTeM 3aMeHhl BCex
paccMaTpHBaeMblX MHOXECTB HX JONOJNHEHHSAMH, CYMM MHOMKeCTB —
nepeceyeHnsiMH, a nepeceuyeHnii — cymmamu. IlpumepoM ucnosnso-
BAaHHSl 3TOrO NPUHIUNA MOXET CJYXHTb BbIBOL TeopeMbl 3’ u3 Teo-
pemst 3 § 2 rur. I1.

IIpuBeneM noKa3aTeabCTBO CoOTHOMIEHHS (3).

IIyct x = S\ U Ay DTO 03HayYaeT, YTO X HE BXOAUT B 0OBLedu-
a

nerne |J Ag, T. €. He BXOQMT HH B ONHO M3 MAOKECTB Aqy. Cuenoza-
a

TeJbHO, X NPHHAMJIEKHUT KaxXIAoMy H3 nonoJieHn#i-S \ A, u notomy
x e [1(S\ 4,). O6paTho, nycTs x & (N (S\ A4y, T. e. x BXOAMT
a

a
B Kaxjaoe S\ A, TOrza x¥ He BXOJMT HH B ONHO H3 MHOXKeCTB A,
T. €. He TIpUHALICKUT HX cymme | J Ay, a Torga x S\U Ay. Pa-
[+ a

BeHcTBO (3) nokasano. CoorTHomenue (4) 10Ka3bIBa€TCH AHAJOTHYHO.
(TTpoBemuTe ROKa3aTeJbCTBO.)

HasBanue «cuMMeTpHueckas pasHocTby pasn onepauuu A A B uHe coBceM
yna!mo; 3Ta onepanuHssi BO MHOTOM ailanorxiuia onepau:m B3fITHR CYMMBl MHO-
xects A U B. Heficreuteavio, A U B 03nauaer, 4TO MB CBA3LIBAEM HEUCKAIO4QIO-
UM «AIH> JBa YTBEPXKICHHSA: «INEMEHT NPHHALIEKUT A» M «3TeMEHT NpHHAL-
JaexuT B», a A A B o3Hauaer, 4TO Te Xe caMbie B yTBEDKIEHHs CBASHIBAKTCH
UCKAIOHAIOWUM «UAN»: 3JeMeHT X npunagjexur A A B Ttorga u TOAbKO TOrAa,
KOrAa OH TpHHaJJexHT Ju6o roavko A, aubo Toasko B. MuoxectBo A A B
MOXHO OblJIO OBl Ha3BaThb «CYMMOIl MO MOAYJiO ABa» MuOxecTs A u B (Gepercs
o6beauHeHHe 3THX ABYX MHOXECTB, HO 3/eMeHThl, KOTOpHeE NpH 3TOM BCTPEyaioT-
¢l ABaXbi, BoIOpAchIBAlOTCS).

§ 2. Oro0paxkenust. Pa3buenns Ha kiaacchl

1. Oto6paxenne mHoxecrs. OGuiee nousitie ¢GyHkuun. B ana-
Jau3se noHsaTue QYHKIMH BBOAHTCA caeayoomum o6pasom. ITyers X —
HEKOTOPOe MHOXEeCTBO Ha 4HCJAOBOH npsamofi. ['oBopsT, 4To HA 3TOM
MHOXeCTBe onpejnejeHa QYHKIUHSA [, eCAH KaXKAOMY uUCTy
x & X nocraBieHO B COOTBETCTBHE OIpeleseHHOe uYHCI0 y = f(x).
IIpu stoM X naswiBaercsi 064acToro onpedesenun NanHON DYHKUUH,
a Y — COBOKYNHOCTb BCeX 3HaYeHWH, NMPHUHUMAEMbIX 3TOH (QYHK-
nuel, — ee 06.4acTo10 3HAYEHULL,

Ecau e BMeCTO UMCJIOBBIX PAacCMATPHBAaTh MHOMECTBA KAaKoil
YrOMHO NMPUPOAbI, TO MBI IpUAeM K CaMOMYy OOILeMYy NOHATHIO PYHK-
uuu. [Iyecrs M u N — 1Ba npousBosbHBIX MHOXecTBa. ['0BOpSIT, uTO
Ha M onpenenena ¢yuxuus f, npuHumaomas sxHayedua u3 N, ecan
KaXXJIOMY 3JIeMEeHTY x & M nocrapjieH B COOTBETCTBHE OJHH H TOJb-
KO ONUH 3semedT y u3 N. Jis MHOXeCTB NPOHM3BOJILHOH NPHPOALBL
(xax, BOpouem, U B CJayyae YHCJIOBBIX MHOXKECTB) BMECTO TepMHuHA
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«pYHKLHA» YaCTO NOJNb3YIOTCA TEPMHHOM <«OTOOpaKeHHe», TrOBOPS
06 oro6paxeHuu ofHOro MHOXecTBa B Apyroe. Ilpu cnennanusanun
npupofbl MHOXKecTB M u N BO3HHKAWOT CnellHadbHBE THIOb QYHK-
1H#, KOTOpble HOCAT OCOOble HA3BAHUSA «BEKTOP-PYHKLHUA», «Mepa»,
«(QYHKIHOHAJ», «onepaTop» U T. A. Mbl CTONKHEMCA ¢ HHMH B JaJb-
HefleM. ]

IOna o6osnauenuss ¢ynkuuu (orobpaxkenust) us M B N mn 6y-
ZIeM 4acTo I10Jib30BaThCs 3anuchio f: M — N.

Ecau a — saeMedt u3 M, To oTBevyaomuil eMy aneMedt b=f(a)
n3 N nasoiBaercs ero o6pasom (npu orobpaxenus f). COBOKyIHOCTD
BCEX TeX 3/1eMeHTOB a u3 M, o6pa3oM KOTOPBIX SIBJSETCS] NAHHBII
snement b= N, passiBaerca npoobpasom (WaH, TOUHEE NOAHbLIM
npoobpasom) snementa b u o6osnauaercs f~1(b).

IMycts A — HeKoTOpOe MHOXecTBO u3 M; COBOKYNHOCTB
{f(a):a = A} Bcex saemeHntoB Buzaa f(a), rae a A, naspiaercs
ob6pasom A u obosuauaerca f(A). B cBow ouepedb A KakKAOro
mHoxectBa B u3 N onpenensiercs ero (noausiit!) npoo6pas f~!(B),
a uMenHo: f~1(B) ecTb COBOKYNHOCTb BCEX TeX 3JeMeHTOB Uz M, 06-
pasel KOTOpbIX NpHHamjaexat B. Moxer okas3aTtbcf, YTO HH OJHH
saement b u3 B He HMeeT HemycTOro mpooGpasa, Torja H npooGpas3s
{~1(B) 6yner mycThiM MHOXXeCTBOM.

31ecb Mbl OrpaHHYHMCSl PaCCMOTPEHHEM CaMbiXx OGLIMX CBOMCTB
oTo6pakKeHuH.

BBegeM c/eqyiolly0 TepMHHOJOTHIO. Mbt GynemM roBopuTh, 4TO f
ecTb oroGpaxeHnue MHOXecTBa M «Ha» MHOXecTBo N, ecan f(M) =
== N; Takoe oro6pakeHHe HA3bIBAIOT TaKkKe cropvexyueli. B obiuem
cayuae, T. e. Koraa f(M)c< N, rosopsrt, uto f ectb oto6paxenne M
«B» N.

Ecan ansg /mo6blX ABYX PasiMYHBIX 3JEMEHTOB X; H Xz u3 M ux
o6passl y; = f(x1) u y2 = f(x2) Takke pasnnunsl, To [ Ha3bIBaeTCH
unvexyueil. Oto6paxenne f: M -> N, kotopoe ONHOBPEMEHHO fB-
JsieTcs CIOpbeKLHeH H HUHDbeKUHeH, Ha3piBaeTcsi Ouexkyueld wuau
83aUMHO OOHO3HAUHbIM coOTBeTCT8UeM Mmendy M u N.

YCTaHOBHM OCHOBHbIE CBOHCTBA OTOOpaKeHHI.

Teopewma 1. [Tpoo6pas cymmor O8yx mHONeCT8 pasen cymme

ux npoobpa3sos:
f7AauB =" Aui™ 1.

HokasartenbcTBo. IlycTh 3/eMeHT X mpUHAL/IERKHT MHOXKe-
crBy f-'(A U B). drto osuauaer, yto f(x)e AU B, 1. e. f(x)= A
v f(x)e B. Ho Torna x npunajnexxur 1o KpafiHeii Mepe oJHOMY
u3 mMuoxects [~ (A) uan f-1(B), 1. e. x = f1(A) U f-1(B). O6patHo,
ecan x & [1(A) U [ (B), T0 X NpHHANJEXNAT N0 KpaliHe# Mepe of-
Homy u3 MuoxecTB [1(A) u f~'(B), 1. e. f (x) npunangexuT XOTH Gbl
onHomy u3 MHoxectB A uau B, cienosarenbho, f(x)e A U B, Ho
Torna x < f-1(A U B).
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Teopema 2. [Ipoobpas nepecewenun 08yx MHONECTS pasex ne-
pecetenuro ux npoobpasos:

FhAanB =f"@nf"(B).

Ookasateabctso. Ecwm xef ' (ANB), 1o f(x)= ANB,
T.e. f(x)=Au f(x) =B, caenosatenbro, x= [ (A)u x=f (B),
T.e. xef (AN (B).

O6patho, ecn x=f  (ANF'(B), 1. e. xf (D uxsf"(B),
To f(x)=A u f(x)=B. HUuaue rosops, f(x)e= AN B. Caenosa-
tesbHo, x < f~' (AN B).

Teopemnl 1 U 2 ocralorcs B cuJe JUIS CYMM H I€pecedyeHHi Jio-
6oro (KoHeYyHOro HJH GeCKOHEYHOr0) YHC/Ja MHOXECTB TaK XKe, KakK

U Clefylolas Teopema.
Teopema 3. Ob6pas cymmor 08yx MHONECT8 pPABEH CYMMeE UX

06pas0s:
F(AUB)=[(A)UT(B).

HoxasarenbctBo. Eciu y = f(A U B), To 370 03Hauaer, uyto
y = f(x), rle x NpHHaLJIEXHUT MO KpaiHell Mepe OAHOMY H3 MHO-
xectB A n B. Crneposarenvno, y = f(x)=f(A) U f(B). O6parno,
ecmn y < f(A) U f(B), To y = f(X), rie x NpAHALJIERKUT N0 KpaliHel
Mepe oxHoMY u3 MHOxecTB A u B, 1. e. x& A U B u, cnenoBaten-
Ho, y = f(x)= (A U B).

3amernM, uTo 06pas nepeceuwenus 08YX MHONCECT8, 8006uje 20-
sops, He cosnadaer ¢ nepecedenuem ux obpaszos. Hanpumep, nycrs
paccMaTpuBaemMoe oToOpaXKeHHe NpeacTaBiaseT coGol MpoekTHpoBa-
HH€e TJIOCKOCTH Ha ocb x. Torxa oTpesku

o<y, y=0,
0<x<, y=1

He [epecexaloTcd, a B TO XKe BpeMsa Ux 06p83bl COBNAaaIT.

VYnpaxHenue [lokaxure, 4To npoo6pas HONOJHEHHs PaBeH AOMNOJHEHHIO
npoo6pasa. BepHo Jii aHalOrHyHOe yTBepXKIeHHe IJisi o6pa3a IONOJHEHH:?

2. Pa36uenne Ha kaaccbl. OTHOWIEHHS 3KBHBAJEHTHOCTH. B ca-
MBIX pa3jIHUHbIX BONPOCAX BCTPEYAIOTCSl pa3bUeHHs TeX MJIH HHBIX
MHOKECTB Ha NONAapHO Hemepecexalollnecss noamMHoxecrsa. Hanpu-
Mep, MJIOCKOCTb (paccMaTpHBaeMyl0 KaK MHOXECTBO TOUEK) MOXKHO
pas6uTh Ha NPsAMBble, napajnesbHble OCH X, TPEXMepHOe NPOCTPaH-
CTBO MOXHO NPEeJCTaBHTh KaK 00'belHHEHHe KOHLEHTPUUECKHX chep
pasnuyHBIX paauycos (nauuHas c¢ r = (), XuTeseil JaHHOTO rOpoxa
MOXKHO pa3OUTb Ha TPYNNbI O HX FOAY POXKAEHHMA H T. IL

Kaxzpiit pas, Korxa HeKOTOPOe MHOXKeCTBO M NpencTaBjeHo TeM
WJIH MHBIM CIOCOGOM KaK CyMMa CBOMX NOMApHO HenepeceKalouxcs
IIOZIMHOXKECTB, Mkl FOBOPHM 0 pasbuenuu mHoxecrsa M na kaaccel.
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OG6LIYHO NPHXOAHTCA HMETb JeJO C pa3GHeHUSIMH, [IOCTPOEHHBIMH
pga 6ase TOro HJIM MHOTO NMPH3HAKA, 10 KOTOPOMY 3JIeMeHThbi MHOXKe-
crBa M oGpeaunsiorcest B Kaccol. Hanpumep, MHOXKecTBO BCex Tpe-
YroJbHHKOB Ha IJIOCKOCTH MOXHO Pa30HThb Ha KJIaCChl PAaBHBIX Me-
XAy COO0H uIM Ha KJacChl DaBHOBEJHKHX TPEYTOJbHUKOB, BCE
QYHKIHH OT X MOXHO pa3OuTb Ha KJaacchl, COGHpast B OXHH KJjacc
¢yHKUHH, NPHHHMAIOLUIHEe B JAaHHOH TOYKe OJHHAKOBhE 3HAYEHH,
H T I

IlpusHaky, no KOTOPBIM 3JIeMEHTHI MHOXKecTBa pa3GUBAIOTCA Ha
XKJIacChl, MOryT ObiTh CaMBIMH pa3HoobpasnbiMu. Ho Bce ke Takoi
TIPH3HAK He BOOJHe npousBoJeH. [Ipeanonoxum, Hanpumep, 4TO Mbl
3axoTesd OBl pa30uTh BCe JeHCTBUTEJbHBIE YHC/AA HA KJAACCHl, BKJIIO-
gad yuca0 b B TOT Ke KJacc, UTO H YHC/IO @, B TOM H TOJBKO B TOM
cayuae, xorga b > a. flcHo, uTo HUKAKOro pasbueHus AeHCTBHTENb-
HBIX YHCeJ Ha KJacChl TAKUM IyTeM MOJYUYHTh HeNb3sl, TAK KaK eCJiH
b >a, 1. e ecau b caenyer 3ayMCANTE B TOT XK€ KJAacc, 4TO H 4, TO
a<<b, T. e. UNCJIO @ HeAb3s BKIIOYHTb B TOT K€ KJacc, 4to U U.
Kpome toro, Tak Kak @ He 60Jbllle, YeM CAMO @, TO @ He GOANHO NO-
nacte B of4MH Kaacs ¢ camum coboit! Ipyroit npumep. ITonpoGyem
Pa3buTb TOUKH NJIOCKOCTH Ha KJacChl, OTHOCS ABE€ TOYKH K OJHOMY
KJ1acCy B TOM H TOJIbKO TOM CJydae, KOTa PacCTOSHHE MEXAY HHMH
Menbuie 1. flcHo, 4TO HO6HTbCA 3TOrO HeNMb3si, TaK KaK eCaIH pac-
€TOstHHE OT @ 0 b Menpuie | u paccrosiuue ot b 10 ¢ Menbie 1, To
3TO BOBCE HE 03HAYaeT, UTO pacCTOsiHYE OT a 40 ¢ Meublle 1. Takum
06pasoM, 3auncaAs @ B OJUH Kjaacc ¢ b, a b B oflMH KJacc ¢ ¢, Mbl
TIOJYYHUM, YTO B OJHH H TOT XK€ KJacC MOTYT IIONAacCThb ABE TOUKH,
PpaccTosiHue MeX1y KOTOpPBIME GouJiblile 1.

IlpuBeseHHble TPUMepb MOACKA3LIBAIOT YCJOBHS, NPH KOTOPBIX
TOT WJIM MHOM NPHU3HAK IeHCTBUTEbHO NO3BOJSIET Pa3GUTh 3JIeMEHThI
HEKOTOPOr'0 MHOXKECTBA Ha KJacCHI.

ITycte M — HeKOTOpOe MHOXKECTBO W TyCTh HEKOTOpPbie M3 map
(a, b) sneMeHTOB 3TOrO MHOMKECTBA SIBJSIIOTCH <OTMEUEHHBIMH» !).
Ecmn (a, b)— «ormeuennasi» napa, To Mbl 6yJieM FOBOPHTb, UTO 3J€-
MEHT a CBfi3aH C b oTHOLleHHeM ¢, H 0603HAauyaTh 3TO CHMBOJIOM
4+ b. Hanpumep, ecin uMeercss B BUAY pasGUeHHE TPEYTOJbHHKOB

Ha KJaacchl paBHOBEIHKHX, TO a’;b O3HaydeT <«TPEYroJabHUK a

HMeeT Ty Xe IJOLlafb, UTO U TpeyroabHHK b». JlanHoe oTHOLIeHue
P HAa3bIBAETCS OTHOWIEHUEM 3KBUBAACHTHOCTU, €CJH OHO o6JajaeT
CIeNyOl UM CBOHCTBAMH:

1. PebuaekcusuocTs: a5’ a ansa moboro snemenTta a & M.

2. CUMMETPHUHOCTD: eCc/Iy asb, 0 b a.

3. TpaH3UTHBHOCTb: €CJH af(Tb H b;’c, TO @ 5’ C.

') Tlpn sToM s/ieMeHTH a u b GepyTcs B ONpefeleHHOM NOpsiiKe, T. e. (a, b)
# (b, a)— nBe, BooGLe TOBOPS, Pa3/IuyHbIe Naphi.
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OTH ycn0BHS HeOGXOAHMbI M JOCTATOYHBI A5 TOro, 4To6bl OTHO-
uende ¢ (npusHak!) nosBoaano pazGutb MHOXKeCTBO M Ha Kaaccel.
B camoMm nene, BcAKoe pa3breHHe JaHHOTO MHOXECTBA Ha KJacChi
onpeieifieT MEXY 3JeMEHTAMH 9TOr0 MHOXeCTBA HEKOTOPOe OTHO-
lieHHe 9KBHUBAJEHTHOCTH. [leficTBHTenbHO, ecan @ 5 b o3Hauaer

«Q HAaXOAMTCA B TOM XKe KJjacce, 4T0o H b», To oTHomenne ¢ Oyaer,
KaK JIerko NpOBepHTb, pe(NEeKCHBHBIM, CHMMETDHYHBIM H TpaH3H-
THBHBIM.

O6paTHO, NyCTb @ — HEKOTOPOE OTHOIIEHHe 3KBHBAJEHTHOCTII
MeXAy 3JeMeHTaMH MHoxectBa M u K, — Kiacc 9/JeMEHTOB X H3
M, 5KBHUBaJIEHTHBIX IAHHOMY 3JIEMEHTY Q: x4 a. B cuay cpoiictsa

ped/IeKCHBHOCTH 3JIeMEHT @ caM npuHaJIexuT kiaaccy K,. Iloka-
XeM, uTo ABa Kaacca K, n K, nin6o coBnapaior, Ju60 He nepece-
kaiotcst. TIycTb HeKOTOpBIH 3/ieMeHT ¢ NPHHAANEKHT OLHOBPEMEHHO
U Ko, u Ky, T. €. cyancy b. Torna B cHy CHMMETPHUHOCTH

Q@ 7' C W B CHJY TPAH3HTUBHOCTH
a5 b. (1)

Ecau Tenepb x — Npou3BOJbHBLIA 3/jeMeHT #3 K, T. e. X < @ TO
B cuay (1) u cBOMCTBA TPAH3UTHBHOCTH X 5 b, T. e. x € K.

Touno Tak Ke JOKa3blBaeTcs, 4TO BCAKUI snemeHT y & Kp BXO-
aut B K,. Takum o6pasom, aBa knacca Kg u Kp, HMelolmux Xots 6bi
OuH OOLWIHH JIeMeHT, COBNaAanT MexXxay coboii. Mul nonyynau pas-
6uedue MHOXKecTBA M Ha KJaccChl MO 3aJlaHHOMY OTHOIIEHUIO IKBH-
BaJIEHTHOCTH.

Tlonsitne pa36ueHns MHOXKECTBA HA KJacChl TECHO CBA3aHO C pac-
CMOTPEHHBIM B NpeAbiAyllleM NYHKTE MOHSTHEM OTOGpaXKeHus.

[lycrb f — oro6paxenne muoxecrsa A B Muoxectso B. Co6pas
B OJLMH KJaccC BCe Te 3jeMeHTb M3 A, o6pasbl KoTopeix B B cosna-
JlaloT, Mbl NOJIYYHM, OUeBHIHO, HEKOTOpoe pa3bHeHUe MHOXKecTBa A.
O6GpaTHO, PacCMOTPHM TPOH3BOJILHOE MHOXKeCTBO A U HeKoTopoe
ero pasfunenne Ha kKaaccel. ITycTb B — COBOKYNHOCTb TeX KJ/1accos,
Ha KoTopble pa3éuto MHOxKecTBO A. CTaBsl B COOTBETCTBUE KAMXKIOMY
3JeMeHTy a € A TOoT Kaacc (T. e. TOT 3J1eMeHT u3 B), K KoTopoMy a
NPHHAILIEKHT, Mbl IOJIyYuM O0TOGpaxeHHe MHOXKecTBa A Ha MHOXKe-
crso B. .

Iipumept. 1. CipoektupyeM miaockecTb xy Ha ocb x. [1poo6-
pasLl ToOueK OCH X — BepTHKaJbHble npaMble. CiefoBaTeNbHO, 3TOMY
oto6pakeHui0 OTBeuaeT pa3bueHHe IJIOCKOCTH Ha TNapaJllelbHble
npsaMsie, '

2. Pa3zo6beM BCe TOYKHM TPEXMEPHOro NMPOCTPAHCTBA HA KJAACCHI,
0o6beIUHNB B OJUH KJacC TOYKH, paBHOY/aJ/JeHHble OT HauaJa Koop-
nunat. Kaxnawlit knace npexcrapnasier co6oi cdhepy HEKOTOPOro pa-
nuyca. COBOKYNHOCTb BCEX 3THX KJACCOB MOXCHO OTOXJECTBHTH C
MHOXKECTBOM BCEX TOYEK, Jexalux ua ayue [0, o). HUrak, pasbue-
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HUIO TPEXMEPHOTO MPOCTPAHCTBA HA KOHUEHTPHYeCKHe cheprl OTBe-
yaeT 0TOGpaXKeHuHe 3TOr0 NPOCTPAHCTBA HA HOJYNPAMYIO.

3. O6benHUM B OJHH KJacC BCe JeHCTBHTEJbHbIC 4HCJa C OH-
HAKOBOH JpOo6GHOA yacTbio. ITOMY pa3buUEHHIO OTBeuaer OTOGpaxe-
HYe MPAMOH JHHHH HA OKPYXHOCTb eMHHYHON AJIMHBL.

TonsiTHe SKBHBAJEHTHOCTH SIBJASETCSl YAaCTHHIM cayudaeMm GoJee
o61iero noHATHS 6 MHapHOTO OTHO e Hu . Ilycrs M — npons-
BOJIbHOe MHOXecTBO. O6o3naunM yepes M X M uan M? coBokyn-
HOCTb BCEX ymopaaoueHHbx nap (a, b), rae a, b & M. Tosopsr, uto
B M sagano 6unaproe oTHOwlenue @, ecin B M? BblieneHo mpous-
BOJIbHOE [TOJMHOKecTBO Ry. TouHee roBopsl, Mbl CKaeM, 4To 3Je-
MEeHT @ HAaXOAHTCA B OTHOIIEHHH @ K 3JeMeHTy b — o6o3HaueHue
apb — B TOM H TOJILKO TOM CJydae, KOTJa napa (a, b) npuHaf/IeKHT
R. TlpuMepom GHHAPHOTO OTHOLIEHHSI MOXKET CAYMKHTb OTHOLICHHE
TOX/ECTBA €, HMEHHO, aehb B TOM H TOJIBKO TOM Cjydae, eciu a = b;
HHaye TOBOPS, 3TO — OTHOLIEHHE, 3ajaBaeMoe JuaroHasbio A B
M X M, 1. e. nogMHOXKeCTBOM nap Buzaa (a,a). Slcuo, uTo BCsiKOE
OTHOILIEHHe 3KBHBAJEHTHOCTH @ B HEKOTOPOM MuoxectBe M ecTb
6uHapHOEe OTHOLIEHHE, MOAUYHHEHHOE CJEAYIOIUM YCJIOBHAM:

1) Huaronanb A npunapiexut Re (ped/1eKCHBHOCTD).

2) Ecau (a,b)= Ry, 10 u (b,a)= Ry (CHMMETPHYHOCTD).

3) Ecau (a,b)= Ry u (b,c)= Rg, 10 1 (a,c)= Ry (TpaH3uTus-
HOCTb) .

HTag; 5KBUBaJEHTHOCTb — 3T0 GHHAapHOe OTHOUIEHHE, YIOBJETBO-
psilolliee YCJIOBHAM pedeKCHBHOCTH, TPAH3HTHBHOCTH H CHMMETpHY-
HocTH. B § 4 Mbl paccMOTpPHM APYroil BaXKHbIN YacTHbIA caydai Ou-
HAPHOTO OTHOLIEHHS — YaCTHUYHYIO yNOPAAOYEHHOCTD.

§ 3. IKkBUBaNEHTHOCTL MHOXecTB. TloHATHE MOUIHOCTH MHOXeECTBA

1. Koseunnie n GeckoHeuHble MHOXKecTBa. PaccMaTpHBas pas-
JUYHBle MHOXECTBAa, Mbl 3aMeyaeM, YTO HHOTAA MOXHO, eC]H He
(akTHYECKH, TO XOTsl Obl NMPHMEPHO, YKa3aTb YHCJO 3JEeMEHTOB B
JIlaHHOM MHoOXecTBe. TakoBbl, HallpuMep, MHOXKECTBO BCEX BepLIUH
HEKOTOPOr0 MHOTOTPaHHHKA, MHOXXECTBO BCeX MPOCTHIX UYHCeJ, He
NPEBOCXOMASILIHX AAHHOTO HHCJIA, MHOMXKECTBO BCeX MOJIEKYJ BOABI Ha
3emae u 1. . Kakjoe 03 3THX MHOMXECTB COLEPXKHT KOHEUHOe, XOTS,
6LITh MOXKET, H HeH3BECTHOe HaM 4ucsao sjeMentoB. C npyro#i cro-
POHBI, CYLIECTBYIOT MHOXeCTBa, COCTOsIIHe H3 GECKOHEYHOTO 4Hc/aa
3jieMeHTOB. TakKoBO, Hanpumep, MHOXKECTBO BCEX HATYpPAJbHBIX YH-
ceJsl, MHOXXECTBO BCeX TOYEK Ha NMpPSIMOH, BCeX KPYroB Ha IJIOCKOCTH,
BCEX MHOTOUJIEHOB C PallMOHAJIbHBLIME Ko3pduunentamu u 1. A. [lpu
3TOM, TOBOpS, UTO MHOXeCTBO O€CKOHEYHO, Mbl UMeeM B BHJIY, 4TO
U3 HEr0 MOXHO M3BJIeYb OJHH 3JEeMEeHT, 1iBa 3JeMeHTa H T. A., IIpH-
YeM nocse KaXAO0ro TAKOro Iara B 3TOM MHOXECTBe ellie OCTaHYTCH
3/IeMEHTHI.
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JlBa KOHEYHBIX MHOXECTBAa Mbl MOXKEM CPaBHHBATh [10 YHCJAY 3Je-
MEHTOB U CYAHTb, OIHHAKOBO 3TO YHCJIO HJH Xe B OJHOM H3 MHO-
2KeCTB 3/JeMeHTOB GoJbllle, ueM B jpyroM. CrpaniuBaercs, MOXKHO Ju
nofo6HBIM Ke 00pa3oM cpaBHUBaTh OeCKOHEUHBIE MHOXECTBa?
Vnave rosopsi, HMeeT JIM CMbIC/, HanpuMep, BONPOC O TOM, 49ero
QoJibllle: KPyroB Ha IJVIOCKOCTH MJM DalHOHAJbHBIX TOYEK Ha Mps-
MoH, GYHKUMH, onpefeseHHbIX HA oTpe3ke [0, 1], nan npaAMbIX B NMpo-
CTPAHCTBE, H T. 1.7

[TocMoTpHM, KaK MBI CP2BHHBaeM MeXAy cO6Oil [Ba KOHEYHBIX
MHOXeCTBAa. MOXKHO, HampuMep, COCUMTATb YHCJIO JIEMEHTOB B Ka-
XKJIOM H3 HHX H, TAKAM 00pasoM, 3TH Ba MHOXeCTBa CpaBHUTb. Ho
MOXHO INOCTYIHUTb M MHaue, HMEHHO, NONBITATLCS YCTAHOBHTb Ouex-
Yuro, T. e. B3aHMHO OLNHO3HAYHOE COOTBETCTBHE MEXIY 3JiIeMEeHTaMH
ITUX MHOXECTB, HHaue TrOBOPS,, TaKoe COOTBETCTBHE, NPH KOTOPOM
KaxKJI0My 3JIEeMEHTYy OZHOr0O MHOMKECTBA OTBeYaer OJHH ¥ TOJBKO
OJIUH 3JEeMEHT JApYyroro, H Hao6opoT. SIcHO, YTO B3aHUMHO OJHO3HAU-
HOE COOTBETCTBHE MEXIY IBYMSI KOHEUHBIMH MHOXECTBAMH MOXHO
YCTaHOBUTb TOTJA U TOJBKO TOr[a, KOTAA YHCJIO 3JEMEHTOB B HHUX
onunakoso. Hanpumep, uto6nl N1pOBepUTh, OAHHAKOBO JIH YHCJIO CTY-
[IEHTOB B TPYIIE U CTYJbeB B ayIHTOPHH, MOXKHO, HE NepeCUYUTHIBAS
HH TeX, HM JPYTHX, OCAJHTh KaXJOro CTyJeHTa Ha ONpefeseHHbIA
cryi. Ecan MecT XxBaTHT BCeM W He OCTAHETCSl HH ONHOTO JIHIIHEro
€TyJa, T. e. eCH OyleT ycTaHOBJ€Ha OHEKUHs MeXAy 3THMH ABYMS
MHOXKeCTBaMH, TO 3TO M OyAeT 63HayaTh, YTO YHCJAO 3/JEMEHTOB B
HHX OIUHAKOBO.

3ameTHM Tellepb, UTO €CJH MepBBIH cnocod (HmoAcueT Yucaa sJie-
MEHTOB) T'OIUTCS JHIIb JJIsl CPABHEHUS KO H € Y H bl X MHOXKECTB, BTO-
pofi (yCraHOBJEeHHe B3aHMHO OLHO3HAYHOTO COOTBETCTBHSA) npuro-
JieH U 1yt 6 €CKOHeYH Bl X.

2. CyetHble MHOXecTBa. IlpocTeiimuM cpefu GECKOHEUHBIX MHO-
JKEeCTB SIBJIIETCS MHOXECTBO HATYpaJsbHBIX yuces. HaszoseM cuerHoim
MHONCECTBOM BCSIKOE MHOXKECTBO, 3JIEMEHTHl KOTOPOTO MOXKHO OHeK-
THBHO COMOCTABHTb CO BCEMH HaTypaJibHBIMH uHcJaMu. Muaue roso-
P, CYETHOE MHOXKECTBO — 3TO TAKOe MHOXEeCTBO, 3JeMeHTh KOTOpO-
0 MOXHO 3aHYMepoBaTh B GECKOHEYHYIO NOCIeNOBATEeNbHOCTD:
ay, g, ..., Gn, ... IIpuBeieM NpUMephl CYETHBIX MHOKECTB.

1. MnoocecT8o 8cex yeavix uuces. YCTAaHOBUM COOTBETCTBHE Me-
Ky BCeMH LEJbIMH M BCEMH HATypaJsibHBIMH YHCJIAaMH IO CJelylo-
el cxeme:

0—-11—-—22...,
I 23 45...

BOOOIE, HEOTPHUATENBHOMY YHCAY # == 0 CONOCTaBUM HEYETHOE YHC-
J0 2n -+ 1, a oTpHLATENBHOMY A < 0——‘{eTH06 uneao 2|nl:
n<>2n+41 mpu n=0,
n<>2{n| mnpu n<O0.
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2. Muoxcecrso scex ueTHblXx noasoxcuteavHoix 4ucen. CooTBer-
CTBHE OUEBHIHO: N <> 2n.

3. Muoaxcecrso 2, 4, 8, ..., 2", ... creneneii wucaa 2. 3xecoh co-
OTBETCTBHE TaKxkKe oueBHAHO. Kakpomy umcay 2" corocraBiasercs
qHCIO0 .

4. PaccmoTpuM 6oJiee CJOMKHBIH NpPHUMeEpP, a HMEHHO, MOKaXKeM,
YTO MHONCECTBO BCEX PAYUOHAAbHOLX 4uces cueTHO. Kaxpoe paumo-
HaJbHOE YHCJO OJHO3HAYHO 3aNHCHLIBAETCSI B BHIE HECOKPATHMOI
apobu a = p/q, ¢ > 0. Haszosem cymmy |p|+ g evicoroii pauno-
HaJbHOTO uHcaa . JICHO, YTO YHCIO0 Apobell ¢ NaHHO BHICOTOH N
Koneuno. Hanpumep, Boicoty 1 uMeer Tosnbko uncio 0/1, Beicoty 2 —
gucna 1/1 u —1/1, Beicory 3 —uucaa 2/1, 1/2, —2/1 u —1/2 u 1. 1.
ByzneM HyMepoBaTh BCe pallMOHAJbHBIE YHCJA 10 BO3PACTAHUIO BhI-
COTH, T. €. CIepBa BHINHKIIEM YHC/Aa BBICOTH 1, MOTOM — 4YHCJA Bbi-
cotsl 2 u 1. A. [Ipu aTOM BCSIKOe panMoOHa/bHOE YHCAO MOJYUHT He-
KOTOPHIEl HOMep, T. €. GyJeT YCTAaHOBJEHO B3aUMHO ORHO3HAYHOE
COOTBETCTBHE MEXJAY BCEMHU HATYPAJbHBIMH U BCEMH PALHOHAJbHBI-
MH YHCJIaMH.

BeckoHeuHOe MHOXKECTBO, He SIBJASIOLIEECS CYUETHLIM, HA3HIBAETCS
Hec4eTHbIM MHOXECTBOM.

YcraHoBUM HeKoTOpble O6lHe CBOHCTBA CYETHHIX MHOMKECTB.

1. Beakoe nOOMHOMCECTBO CHETHOZ0 MHONECTBA KOHEHUHO UALL
CHETHO.

HokaszareanctBo. Ilycth A — cuetHoe MHOXKecTBO, a B —
€ro NMoAMHOXEeCTBO. 3aHyMepyeM 3JeMeHTh MHOXecTBa A: ay, ay, . . .
cvvy Qn ... Ilycts an,, Qp, ... — Te M3 HUX, KOTOpPBIE BXOAAT B B.
Ecnu cpeau uucen ny, ng, ... ectb HauGosbliee, TO B KoHeuHo, B
NPOTHBHOM cayuae B CYeTHO, IOCKOJBKY €ro WieHbl dn,, Qp,... 3a-
HyMepoBaHHl yucjamu 1, 2, ...

2. Cymma 2106020 KOHEUHOZ0 UAL CHETHO20 MHOMCECTBA CHETHLLX
MHONMECT8 eCTb CHOBA CHETHOE MHONCECTS0.

HokasarteabctBo. I[Iycts Ay, Ay, ... — cueTHble MHOKECTBA.
Mebl MOXeM CUHTAaTh, YTO OHH MONAPHO He MepeceKaloTcs, TaK Kak
MHaye Mbl paccMoTpesn Obl BMECTO HHUX MHOXectBa A, As\ A,
A3\ (41 U A4y), ... —Kaxaoe U3 KOTOPHIX He 6oJiee uyeM CUETHO, —
HMeIoIllHe Ty Xe caMylo CyMMy, uTo U MHOoxectBa Aj, Ay, ... Bcee
sJeMeHThl MHOXeCTB Aj, Aj, ... MOXHO 3amucaTh B BHIE CJAeLYIO-
el 6GeCKOHeYHOH TaGJIHIbL:

an Qi az Gy ...
Qg Gp Gy QAo ...
Q3 Q3 Q33 Q3 ...

Ay Qg2 Qg3 Qga ...

L L T Y c ey
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rjie B NepBOH CTPOKE CTOAT 3JEMEeHThl MHOXecTBa A, BO BTOpoi —
3JeMeHTh MHoXecTBa Ay M T. 1. 3aHyMepyeM Tenepb Bce 3TH Je-
MEHThl «[0 AHArOHAJfIM», T. €. 32 IEPBLIA JEMEHT NPHUMEM d;;, 3a
BTOPOH @2, 38 TPETHH ay M T. A., ABHFACh B MOPSAIKE, YKA3aHHOM
CTPeJIKaMH Ha ciefyioilel Tabaunie:

G —>Qp Q3—> Ay ...

< e
Ay Gy Ay Oy ...
Q31 Q3 Q33 Ay ...

Qg Qg Q3 Qg ...

L R Y

SIcHO, YTO MpHU 3TOM KaXKIbI 3JEMEHT KaXKA0ro M3 MHOMKECTB noJy-
YUT ONpeJeJieHHLIH HOMeD, T. €. Gy/leT YCTAaHOBJEHO B3aHMHO OJHO-
3HAaYHOE COOTBETCTBHE MeEXIY BCEMH 3JIEMEHTAMH BCeX MHOMEeCTB
Ay, As, ... ¥ BCceMH HaTypaJbHbIMH yHcsiamu. Haiue yTeepieHue
JIOKa3aHo.

ana)xHeHnu. Jloxaaa‘rb, YTO MHOXECTBO BCE€X MHOI'OYJIEHOB ¢ pa-
UHOHANbHHIMH KO3 PHIHEHTAMHU CHETHO.

2. LIHC.’IO g Ha3biBaeTcs a/tee6pau¢tectcu)u, €CJIH OHO SBASAECTCH KOpHEM HEKO-
TOPOr0 MHOrO4YJeHa ¢ pallMoHalbHHIMK KO3doHuneHTaMu. JloKasaTbh, 4TO MHOKe-
CTBO BCEX a.nre6pan!{ecxnx YHCea CUYETHO.

3. JlokasaTb, 4TO MHOXECTBO BCeX DANHOHANbHBLIX HHTepBaAOB (T. €. MHTep-
BaJIOB C PAllMOHAJbHBIME KOUIlAMH) Ha NPAMOM CYETHO. :

4. ,[[oxaaarb, YTO MHOXECTBO BCEX TOUECK MNJOCKOCTH, HWMEIOWHX palnoHalb-
Hblé KOOPIHHATH, CUETHO,

¥Ykxasanue. Bocnonb3oBatsesi cBOficTBOM 2.

3. Bcakoe Geckoneunoe MHONCECTBO COOEPHCUT CHETHOE NOOMHO-
HECTBO.

HoxasarteabctBo. Ilyctb M — GeckoHeuHoe MHOMXeECTBO.
Boi6epem B HeM Mpou3BOJbHBIA 3jeMeHT a;. [Tockonbky M Gecko-
HEUYHO, B HeM HalijJercs 3JeMeHT Ay, OTJHUHBIA OT @), 3aTeM Haijer-
€S 3JEMEHT dj, OTJHUHBIH OT ¢; W OT az U T. A. [Ipojosxkas 3ror
npoiecc (KOTOpPbINi HE MOXKeT OGOPBATbCS M3-3a HEXBATKH» 3Je-
MeHTOB, H60 M GeckoHeyHO), Mbl IOJIyuaeM CYETHOe IOAMHOMKECTBO

A={a, ay ..., Q, ...}

muoxectBa M. Ilpennoxenne jokasaHo.

310 npeisokKeHHe MOK33bIBAET, YTO CpPead GeCKOHEUHBIX MHO-
JKECTB CUETHbIE BJASIOTCS «CaMbIMH MaJieHbKuMu». Huxe Mbl Boisic-
HHM, CYILECTBYIOT JIH HecueTHhle GeCKOHeuHble MHOMKeCTBa.

3. JkBuBaJEHTHOCTb MHOXKecTB, CpaBHHBas Te HJH HHble Gecko-
HeuHble MHOXKECTBA C HATYPAJbHBIM PAJOM, Mbl IPHLIIH K NOHSITHIO
CYETHOTO MHOXKeCTBa. JICHO, UTO MHOXECTBAa MOXHO CPaBHHBATh He
TOJILKO C MHOXKECTBOM HATypaJ/ibHBIX YHCEJ; YCTAHOBJEHHE B3aHMHO
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OJIHO3HAYHOI'O COOTBETCTBHS (OGHEKLHH) MO3BOJSET CPABHHBATH Me-
XAy cobGoit mobbnie nBa MHOXecTBa. BBemeM caenyiouiee ompese-
JeHue.

Onpenenenne. [IBa muoxecrBa, M u N, uasniBatorcsi IKk8u-
sasenTHbimu (o6o3Hauenne M ~ N), eciin MexXAy HX 3JeMeHTAMH
MOXXHO YCTAHOBHTb B3aHMHO OJIHO3HAYHOE COOTBETCTBHE.

ITonsiTHe KBHBAJIEHTHOCTH NPUMEHHMO K JIOGHIM MHOMXECTBAM,
KaK KOHEUHBIM, TakK H OeckoHeuHbIM. JlBa KOHEUHBLIX MHOXKECTBa
9KBHBAJEHTHH MeXAY co6of roraa (M TOJNBKO TOrAa), KOraa 4YHCJao
2J1eMEHTOB Y HHX OJHHaKoBo. OmnpejeseHue CUETHOTO MHOXKECTBA
MOXKHO Tenepb cOpMy/aHPOBATh CIENYIOIIUM OGpPa3oOM: MHONECTEO
HA36l8AETCA CHETHOIM, €CAU OHO IKBUBAACHTHO MHOMCECTBY HATY-
pasbHblX uucen. $SICHO, YTO IBa MHOMXECTBA, IKBHBAJEHTHbiE Tpe-
TbEMY, 5KBHBAJEHTHH MeXJy co0Oli; B YacCTHOCTH, JioOble ABAa CYET-
HbIX MHOXKeCTBa 3KBHBAJIEHTHBl MeXZIY c0G6oii.

ITpumepn. 1. MHoXecTBa TOYeK Ha JIOGBIX ABYX OTpe3Kax
[a, b] u [c, d] skBuBanenTHH Mexay coGoil. M3 puc. 5 acHo, Kak
' YCTAHOBHTb MeEXJYy HUMH

6uekunio. IMeHHO, TOUKHU p
7 M ¢ COOTBETCTBYIOT Hpyr
JApYry, eCJH OHH SIBJSIOT-
g Csl NPOEKUMAMH OJHOH H
TOH e TOYKH r BCIOMO-
raTeJIbHOro orpeska ef.

e d
m
a 0 b c g d
Puc. 5. Pnc. 6.

2. MHOXeCTBO BCeX TOUEK HA PACIUMPEHHON KOMIJIEKCHOR MJo-
CKOCTH 3KBHBAJICHTHO MHOXKECTBY BCeX Touek Ha cdepe. Buekuuio
@ <> Z MOXHO YCTaHOBHTb, HalpHMep, C MOMOUIbIO CTepeorpadude-
CKo# npoekuun (puc. 6).

3. Muoxectso Bcex uuces B untepsane (0, 1) skBHBaneHTHO
MHOXKeCTBY BCeX TOYeK Ha npsaMoi. COOTBETCTBHE MOXKHO yCTaHO-
BHTb, HalIpuMep, C NOMOLIbIO DYHKUHH

y=—:t—arctgx+%.

Paccma'rpusaa NIpHMEpHI, NPHBEAEHHbIE 3eCh U B II. 2, MOXHO
SaMeTHTb, YTO HHOrAa OeCKOHEeYHOe MHOXEeCTBO OKa3blBa€TCA 3KBH-
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BaJIeHTHBIM CBOeH HMCTHHHOH 4actdH. Hanpumep, HaTypa/ibHbix yu-
CeJl OKa3hBAaeTCs «CTOJBKO JKe», CKOMbKO H BCeX HeJbiX HJIH faxe
BCeX paUHMOHANBbHBIX; HA HHTepBajte (0, 1) «cToABKO XKe» Touek,
CKOJIbKO M Ha BCeH mpsaMoM, ¥ T. A. DTO SBJIEHHE XapaKTePHO AJs
GeckoHeuHBIX MHOXKecTB. [leficTButenbHo, B n. 2 (CBOACTBO 3) Mbl
NOKa3aJiH, YTO M3 BCSIKOTO GECKOHEYHOro MHO)KectBa M MOXKHO Bbi-
OpaTb CueTHOe IOAMHOXecTBO; nycTb A = {ay, as, ..., Qn, ...} Ta-
XO€e TOJMHOXKECTBO.
Paso6beM ero Ha zBa CUETHBHIX MOJAMHOXECTBA

Ai={a, 03 05 ...} u Aa={0y, 0y, az ...}

M ycraHoBUM Mexay A u A, B3auMHO OJHO3HAYHOE COOTBETCTBHE.
DTO COOTBETCTBHE MOXKHO 3aTEM IPOJOJNKHTD A0 B3aHMHO OJHO3HAU-
HOTO COOTBETCTBHA MexXay MHoxectBaMd A U(MNA)=M u
A U (M A)= M\ Ay, otreca kaxaomy saementy us3 M\ A cam
3TOT 37eMeHT. Mexay TeM MHoxectBo M\ A, e cosnagaer ¢ M,
T. €. SIBJSETCS COOCTBEHHBIM NOAMHOXeCTBOM Aisl M. Ml moJyuaem,
TakuM o6pa3om, cleRyollee NpeAIoKeHHe:

Bceakoe Geckoneunoe MHOXECTBO 3KBUBANEHTHO HEKOTOPOMY CBO-
€My COGCTBEHHOMY NOOMHOINCECT8Y.

IT10 CBOHCTBO MOXKHO NPHHSATH 3a OnpefeseHHe OeCKOHeUHOro
MHOXeCTBa.

Ynpaxueunne. Jlokasath, urto ecan M — npoussosbHOe OGeCKOHEUHOE
aMHOXecTBO M A cuetho, To M ~ MUA

4. HecyeTHOCTb MHOMeECTBA HEHCTBUTENbHBIX 4HCed. B m. 2 mml
TIpHBEJH NIPHMEPH CYETHBIX MHOXKeCTB. UHC/JI0 3THX NPHMEpPOB MOX-
HO Obi1o 6bl yBesnuuTb. KpoMe TOTO, KaK Mbl 1IOKA3aJ/H, CyMMa KO-
HEYHOTO HJIH CYETHOTO YMCJa CUETHHIX MHOXECTB CHOBA €CTh CYeT-
HOe MHOXKECTBO.

EcrecTBeHHO BO3HHKaeT BOIPOC: a CYILECTBYIOT JH BOOGILE He-
cyeTHble MHOXKeCTBA? I10JIOKHUTEILHEIA OTBET HA HErO JAaeT CJIeAYIo-
mas reopema. ‘

TeopesMa |. Mroxecrso delicTBuTeAbHbIX HUCEN, 3AKAIOUEHHOLX
MeNHOY Hyrem u eQunuyedl, HeCcHeTHO.

HoxaszatenbcTso. [IpeanonoxkuM, 4To 1aHO KaKOe-TO Cyer-
HOE MHOXKeCTBO (BCeX WJHM TOJNBKO HEKOTOPHIX) IeHCTBHTEJIbHBIX
ynces o, gexauiux Ha orpeske [0, 1}:

Cl.]=0, A A3 o0 Qpyp o ooy
112:0, (12‘02'2(123 oo Qo v uey,
(13=O, 031039033 « .« Q3 « o+, ¢ (1)

s e e 4 s s s » e a2 s s e

a,=0, 0,8,00,3 ... Qs ..., _
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3aech air — k-5 fecatuunas nudpa uucaa ai Iloctpoum npo6n
p=0,bb,... 5, ...

duazonanbroil npoyedypoii Kanropa, a umenno: 3a b, npumem npo-
H3BOJIbHYIO LHGDY, HE COBNAAAIOWYIO C a1, 3a by — NPOU3BOJIBHYIO
nudpy, He COBNANAIOULYIO C Qg, U T. I.; BoOOILe, 32 b, IpHMEM Ipo-
H3BOJIbHYIO LU(PY, HE COBNAAAIOMULYIO C dnp. JTA AeCATHYHAS APOOH
He MOXeT COBMACTb HU € OJHOH ApoOblo, comepxkallueiicss B nepey-
ge (1). HefictBuTennHo, OT o Apo6b B oTIHMUaeTCs MO KpaliHell mepe
mepBoH LHUGpPOH, OT ag — BTOpol LHbpoR U T. A.; Booblle, Tak Kak
bn 5 Qnn 04 Bcex n, To 1pobb B oTanuHa ot Mobok u3 apobeit oy,
BXoAAMX B nepeyenb (1). Takum o6pa3om, HUKaKOe CUETHOE MHO-
JKeCTBO JEHCTBUTENbHBIX YHces, Jexamux ua otpeske [0, 1}, e uc-
YyeprnbiBaeT 3TOr0 OTPe3Ka.

IIpuBemeHHoe N0Ka3aTeNbCTBO CONEPKUT HeGOJABLIOH <«06GMaH».
Hesno B TOM, UTO HEKOTOpble uhcaa (a MMEHHO, uHcjaa Buga p/l09)
MOryT GBITb 3aNKCaHbl B BUAE JECATHUHOH APOGH ABYMs COCOOaMH:
¢ 6eCKOHEUHBIM YHCJIOM HYJeH Hau ¢ 6eCKOHEUHBIM YHCJAOM IEBSITOK;
Hanpumep, ] s

7=797=0’5000 ... =0,4999 ...

Takum o6pasom, HecoBnajfeHHe IBYX NeCATHUHBIX ApoGeil elle He
rapasHTHpyeT pasJjiHuua u3o0paKaeMblX HMH YHCEJ.

OnHako ecnn ApoGb f CTPONTH OCTOPOKHEE, TaK, UTOOH OHA He
coflepxana HH HyJeHd, HM AEBATOK, noJgaras, Hanpumep, b, = 2,
€CIH Ann = 1, ¥ by =1, ecitn apn = 1, TO OKA3aTEJNbCTBO CTAHO-
BHTCSl BIIOJIHE KOPPEKTHBIM.

Ynpaxuenne. IlokasaTb, uro uncna, o6aafaioline KBYMs PasHYHBIMH
HECATHUHBLIMH PasJIOMEHHSIMH, 06GPa3yloT CueTHOE MHOXKECTBO.

Hrak, otpesox [0, 1] naer npumep HecueTHoro Muoxecrtsa. I1pu-
BelleM HEKOTOPble TPHMePhl MHOXKECTB, SKBHBAJIEHTHBLIX OTPesKy [0, 1].

1. MHOXecTBO BCeX Touek Jo6oro orpeska [a, b] uau unrepsana
(a,b).

2. MHOXeCTBO BCeX TOUYEK HA NMPAMOH.

3. MHoXecTBO BCeX TOYEK IVIOCKOCTH, NPOCTPAHCTBA, MOBEPXHO-
CTH ceprl;-TOUeK, JeXKalUX BHYTPH ChepHl, H T. A.

4. MHOXeCTBO BCeX NMPSIMBIX HA IVIOCKOCTH.

5. MHOXeCTBO BCeX HEMpephIBHBIX QYHKIHH OJHOTO HJIH HECKOIb-
KHX nepeMeHHBIX.

B cayuasx 1 u 2 nokasateqabcTBO He TIpeacTaBAsieT TPYAA (CM.
npumepnl 1 u 3 n. 3). B ocranbueix ciayyasix HenmocpeaCTBeH-
H O e N0Ka3aTeJbCTBO JOBOJBHO CJIOKHO.

Ynpaxuenne Hcrnoabdys pesynbTaThl 3TOrO TYHKTAa M YNpaxHeHHe 2

I. 2, IOKa3aTh CYIIECTBOBAHHE TPAHCYEROEHTHOIX UHCeN, T. e. WHCEN, He ABSIO-
Wnxcs: aareGpandecKuMH,
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5. Teopema Kantopa — Bepnureiina. Cieayoowas Teopema sp-
JISIeTCA OJHOH H3 OCHOBHBIX B TEOPHH MHOKECTB.

Teopema 2 (Kanrop—bBepuwmreiin). Hycto A u B—
08a npou3sosbrbix mroxcect8a. Ecau cywectsyror 83aumno 00HO-
3HauHoe orobpascenue [ muoocectea A Ha noOmuoxcecTso B, mwo-
secTéa B u 83aumHO 00HO3HAUHOe OTOOpaxceHue g mHoxecréa B
Ha nodmuoocectso Ay mroocecteo A, 10 A u B akeusasenTHOL.

JdokasareanbctBo. He orpannunBasi o61HOCTH, MOKHO CUH-
TaTh, 4T0 A H B He nepecekaiorcsi. I1ycTe ¥ — npousBosibHBIA 3Je-
ment u3 A. IlonoxXuM X = x; M ONpeiesHM NOCJAeLOBATENbHOCTD
3/71eMeHTOB {Xn} caenylomum o6pasoM. ITycTb sseMenT xn yxe ompe-
nenen. Toraa, ecin n 4eTHO, TO 3a Xn41 NIPHMEM 3JiEMeHT U3 B, yno-
BIETBOPAIOLIKH YC/IOBHIO g (Xnt1) = Xn (€CJIH TaKOH 3/€MEeHT Cylue-
CTBYET), & €C/IH 7l HEUeTHO, TO Xn4| — JIEMEHT U3 A, yIOBJAETBOPSIO-
WHA YCNOBHIO f(Xnt1) = Xn (ecau ou cyuiectByeT). Bo3mMoxHbBI 1Ba
cayuasi.

1°. TIpn HeXOTOPOM N 3/eMEHTa Xnti, YAOBJETBOPAIOLUIEr0 yKa-
3aHHBIM YCJOBHSM, He CyHiecTByeT. UHC/0 n Ha3biBaeTcs nopadkom
2.1eMEHTA X. v

2°. TMocnenoBarenbHocTs {xn} GeckoHeuna!). Torga x HasbiBaer-
Csl aneMeHTOM BEeCKOHeYH020 nopAdKa.

Pa3ofbem Tenepp A Ha Tpu MHOXKecTBa: Ag, cocrosilliee U3 3Je-
MEHTOB YeTHOro nopsigka, Ao — MHOMXKECTBO 3/JEMEHTOB HEUETHOTro
nopsaka u Ay — MHOXeCTBO BCeX 3JIEMEHTOB GECKOHEYHOro NOoPsKa.
Pa36uB aHajornuHeiM 06pa3oM MHOXKecTBO B, samerum, uto f oro-
6paxaer Ag Ha Bo u A; ua By, a g-! oro6paxaer Ao Ha Bg. HUrak,
B3aUMHO OJIHO3HAYHOe oOToGpaXKeHHe 1, coBmajgamilee ¢ [ Ha
Ag U Ar u ¢ g7' Ha Ao, ecTb B3aHMHO OJHO3HAYHOE OTOGpaXKeHHe
Bcero A ua Bce B.

6. IMonsaTue MomHOCTH MHOXecTBA. Ec/iH 3KBHBaJIEHTHHI JiBa KO-
HEYHbIX MHOXECTBA, TO OHH COCTOSIT U3 OJHOTO H TOr0 XKe 4YucJa
sneMeHTOB. Ec/n Ke 3KBHMBaseHTHble MeXAy coboit MHoxectBa M
v N npou3BosbHBL, TO TOBOPAT, YT0 M u N UMEIOT OXHHAKOBYIO MOU-
HocTo. Takum 06pa3oM, MOLIHOCTb — 3TO TO ofllee, 4TO eCTh y JIO-
6biX JBYX 3KBHBAJIEHTHBIX MeXAy Co00fi MHOXKecTB. I/ KOHeuHBIX
MHOXECTB IIOHSITHE MOIIHOCTH COBIANAeT C NMPHBBIYHBIM HOHSATHEM
ypcsa 371eMEHTOB MHOXKecTBa. MOIIHOCTL MHOXKECTBA HATYDPaJbHbLIX
ynces (T. €. JIOGOTO CYETHOrO MHOXKeCTBa) 0603HAYAETCSt CHMBOJIOM
Ny (unraercs: «aned Hysab»). [Ipo MHOKeCTBA, SKBHBAJEHTHBIE MHO-
JKECTBY BCeX JAeHCTBHUTeNbHBIX uHcesa orpeska [0, 1], roBopsar, urto
OHHM HMEIOT MOUHOCT6 KOHTUHYyYyMA. DTa MOUIHOCTL 0(03HAYaeTCst
CHMBOJIOM ¢ (HJIM CUMBOJIOM N).

1) TIpn 3TOM UHCIO PASAU4HBLX BIEMEHTOB X, MOXKeT GHITb M KOHEUHO: OHH
MOTYT «3alHKJIHBATBbCA», 06pa3ys OeckoHeunyro NOCHeNOBATEbHOCTb, COAEpKa-
WYIO JHIUb KOHEHHOE YHCJIO NMONAPHO PAa3JHUHBIX 3JEMEHTOB.
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-BecbMa ryiyGOKHH BOMPOC O CYIUECTBOBAHHH MOIMHOCTEH, Ipome-
MYTOUHBIX MeX1y No u ¢, OyIer 3aTPOHYT HHXe B § 4. Kaxk npa-
puJo, 6eCKOHeUHbie MHOXKeCTBa, BCTpedalollHecs B aHaju3e, WIH
cueTHBI, HJIH HMEIOT MOUIHOCTb KOHTHHYYMA.

Jlas MoutHocTefl KOHEUHBIX MHOXECTB, T. €. LJIA HAaTypasibHbIX
ypces Kpome MOHATHS PAaBEHCTBA HUMEIOTCS TaKKe NMOHATHA «060Jb-
me» u «Menbiles. [lonbiTaeMes: pacnpocTpaHuTb 3TH NOCTEJHHE Ha
6eCKOHEeUHble MOUIHOCTH.

TMycte A u B — pgBa mpousBoJbHBIX MHOXecTBa, a m(A) H
m(B)—ux MomHoctH. Toraa JOrHYeCKH BO3MOXKHBI Cleayiollne
cAyyaH:

1. A 3KBHUBaJIeHTHO HEKOTOPOH yacTH MHOXecrBa B, a B skBuBa-
JIEHTHO HEKOTOpPO#H YacCTH MHOXKecTBa A.

2. A conepXHT HEKOTOPYIO YacTb, SKBHBaJEHTHYIO B, Ho B B uer
yacTH, 3KBUBaJIeHTHOH A.

3. B comepXKHT HEKOTOPYIO 4aCTh, 3KBHBaJeHTHYIO A, HO B A Her
yacTH, SKBUBAJEHTHOH B.

4. Hu B OZHOM M3 3THX JABYX MHOKECTB HeT 4aCTH, 3KBUBAJICHT-
HOH Apyromy.

B nepeoM ciyuae MHoxecTBa A H B B cuny teopembl Kanropa —
BepniuTtelina 3KBHBaJIeHTHB MeXAy coboi, 1. e. m(A)= m(B). Bo
BTOPOM CJIy4yae eCTEeCTBEHHO cuHTaTh, yto m(A)>m(B), a B Tpe-
TbeM, uto m(A) << m(B). Haxkonel, B yeTBepToM Ciay4yae HaM INPH-
1I0Ch 6Bl CUHTATh, YTO MOLIHOCTH MHOXecTB A W B HecpaBHUMBI
Mexay co6oit. Ho Ha caMoM pene sToT cayuaii HeBoamoxeH! 1o
cnenyet u3 teopembl Llepmeno, o kotopoit peub Gyaer uatu B § 4.

Urak, aw0bute dsa muosxcecrsa A u B aubo axsusarenTHol mexcoy
coboii (u to2da m(A)= m(B)), nuGo ynoBAETBOPSIOT ORHOMY H3
AByx cootnowenuit: m(A) << m(B) nan m(A) > m(B).

Mebl OTMeTHJIH Bbillle, YTO CYETHble MHOXXECTBA — 3TO «CaMble Ma-
JleHbKHe» U3 GeCKOHEeUHbIX MHOXECTB, a 3aTeM IOKa3aJiH, YTo Cylie-
CTBYIOT M OeCKOHeuHble MHOXKeCTBa, 6ECKOHEUHOCTb KOTOPbIX HMeeT
6oJiee «BbICOKHI TOPSAOK»,—3TO MHOXKECTBA MOLIHOCTH KOHTHHYyyMa.
A cymecTByioT Jau GecKOHeyHble MOILHOCTH, TMPEBOCXONAIIME MOLI-
HOCTb KOHTHHyyma? BooG6ule, cyimecTByeT JH KaKas-TO «HaHUBbIC-
Iasy» MOUIHOCTHL Miau Her? OKasbiBaeTcs, BepHa CIelyIomas Teopema,

Teopema 3. ITycto M — nexoropoe mrosxcecrso u nycre M —
MHONCECTBO, IAEMEHTAMU KOTOPO2O ABASIOTCS 8Ce803MONCHbIE NOO-
muoxcectsa mroxecrea M. Toeda M umeer mowynocTe 66bMYIO,
4eM MOUWHOCTb UCXOOHO20 MHOdMcecT8a M.

JdoxkaszarteanbcTBo. Jlerko BUAETh, UTO MOLIHOCTb T MHOXKE-
crBa M we Moxer GbITD MeHbllle MOILHOCTH M HCXOAHOTO MHOXe-
c¢rBa M; nelicTBHTEJbHO, KONHO3/eMEHTHbIE» MOAMHOKECTBa H3 M 06-
pasyior B M uyacTh, 5KBHBANEHTHYIO MHOXecTBY M. Ocraerca noxa-
'3aTh, 4TO MOIIHOCTH W U m He coBnafawr. [Iycte MexX 1y ajiemMeHTaMu
a, b, ... MHOXXecTBa M ¥ Kakumu-to saemedtamu A, B, ... MHOXe-
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ctBa M (1. e. KaKUMH-TO NOJAMHOXKecTBaMH u3 M) ycraHOBJeHO
B3aMMHO OJHO3HAaYHOE COOTBETCTBHE

a<>A, b<—B, ...

IMokaxeM, uTO OHO HaBepHsKa He ncueprnuiBaer Bcero M. Mmen-
HO, CKOHCTPYHPYeM TaKoe MHOXKecTBO X M, KOTOpOMY He COOTBeET-
cTByeT HHUKako# sjeMeHT u3 M. Ilycte X — COBOKYNMHOCTb 3JeMeH-
TOB U3 M, He BXOAAILIMX B Te NOAMHOXECTBA, KOTOPble UM COOTBET-
cryoT. [lonpoGuee: ecau a <> A u a= A, T0O 31eMeHT @ Mbl He
BKJIIOYaeM B X, a ecid @ <> A u a &£ A, TO MBl BKJIIOUAaEM 3JEMEHT @
B X. dcHo, yto X ecTb MOAMHOXKeECTBO MHOXKecTBa M, T. e. HEKOTO-
poiii asement u3 M. TTokaxkeM, 4To NOIMHOXKeCTBY X He MOXKET CO-
OTBETCTBOBATb HHMKaKoH 3jement u3 M. Jonycrtum, uto Takoft sJje-
MeHT ¥ <> X CYIIeCTBYET; NOCMOTPUM, OYIEeT JIH OH COAePKaThCs
B X uan Her? Ilyctb x & X; HO Belb 1Mo onpefeseHHio B X BXOXHT
BCAKHUH 3JeMeHT, He ComepKalllMiics B IOLMHOXeCTBe, KOTOpoe
€My COOTBETCTBYET, CJIeJLOBATENbHO, JeMeHT X AOJKeH OblTb BKJIO-
yeH B X. O6paTHO, NPEANONIOKHB, UTO X COAEPKHUTCSA B X, Mbl NMOJY-
YHAM, 4TO X He MOXKeT colaepxkarbcs B X, TaKk KaK B X BKJIOUEHB
TOJIbKO T€ 3JEMEHThl, KOTODhIe He BXOAST B COOTBETCTBYIOIHE HM
noaMHoXecTBa. MTak, s7eMeHT X, OTBeYalolui NOIMHOXKECTBY X,
JOJIXKeH ONHOBPEMEHHO M cojepxKaTbcs M He cofiepxkarbes B X. Or-
ciofia CaelyeT, YTO TAKOro dJeMeHTa Booblle He CYILeCTBYeT, T. €.
YTO B3aHMHO OJHO3HAYHOTO COOTBETCTBHS MEXKAY 3JeMeHTaMH MHO-
®ecTBa M 1 BceMH €ro moAMHOXKEeCTBAMH YCTaHOBHTb Hesb3sl. Teo-
pema pokasaHa. '

HUrak, ans a0608 MOUIHOCTH MbI JeHCTBHTEJNbHO MOXKEM IIO-
CTPOHTb MHOXECTBO OOJblllefi MOLIHOCTH, 3aTeM emwie OoJbuiel
M T. ., MOJydas, TaKuM o6pa3oM, He OrPaHHYEHHYIO CBEPXY IKaJay
MOUIHOCTEH.

3ameuanune. Mowmuocte MHOXecTBa M 0603HaUaIOT CHMBO-
JoM 2™, rme m— momHocTh M. (Untartenb JIerko mofMeT CMBICT
5TOr0 0603HaueHHs, paccMOTpeB cjayuail KoHeyHoro M.) Takum 06-
pa3oM, TNpelBLAYLIYI0 TEOpeMy MOXHO BbIPa3UTh HEPaBEHCTBOM
m << 2m. B yactHocTH, Nnu m = N 1nojJyuaemM HepaBeHCTBO 8o <<
< 2™, Tlokaxewm, uto 2% = N, T. e. IOKaXKeM, UTO MOUHOCTE MHO-
HecTsa 6cex NOOMHONECT8 HATYPAALHO20 pAOA pPABHA MOWHOCTY
KOHTUHYYMA.

Pa3obbeM NOAMHOXKeCTBA HATYpaJbHOrO psifa Ha jABa Kiaacca, P
u @, —mna te (kaacc B), y XKOTOpHX JonojHeHUe GECKOHEUHO, U Ha
te (kaacc ®), y xoropbix oHO KoHeuHo. K kinaccy ® oTHocurcs, B
YaCTHOCTH, CAM HaTypaJbHHIH psl, n6o ero pononHexnye iycro. Yue-
JO0 TIOOMHOXecTB B Kjacce ® cuerno (mokasarb). Kmacc ® ne
BIMSeT HA MOWHOCTb MHOXecTBa M = P U .

Mexny noaMHOMXKeCTBAMH Kjaacca P v NeHCTBHTEJIbHBIMH YHCIA~
MH a u3 noaycermenra {0, 1) MOXHO YCTaHOBHUTh B3aHMHO OJHO-
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.3nauHoe cootBercTBue. MimMenHo, conocraBum nogmuoxectBy A & P
wyucao o, 0 << a << 1, ¢ 1BOHYHBIM paanomeﬂnem

=5+t et

TAE €, = | uau O B 3aBUCHMOCTH OT TOTO, NPHHAMJIEXKHT JH 1 MHO-
skecrBa A uau Het. IIpoBepKy Heraseli mpenocTaB/isieM’ YHTATEJIO.

Ynpaxuneunune JiokasaTb, 4TO COBOKYNHOCTb BCEX YHCJAOBHIX (YHKUHI
(unn BooOile (QYHKLH#, NMPUHHMAIONIKX 3HAYEHHS B MHOMKECTBe, CONepIKalleM ie
Menee JBYX 3JIeMEHTOB), ONpeleJieHHBX Ha HEKOTOpPOM MuoXecTBe M, HMeer Moli-
‘HOoCTb O60/bIIYIO, YeM MOIIHOCTh MHOXecTBa M.

Yrxasanue. Bocnosib3oBaTbhCsi TeM, 4TO MHOMKECTBO BceX undukaropos, T. e.
<yHKuMA Ha M, npMHHMalOWHX TOMbKO ABa 3HadeHus, 0 u |, SKBHBaJEHTHO MIiO-
JKeCTBY BCEX NOAMHOKeCTB H3 M.

§ 4. YnopspoueHnble MHOXecTBa. TpaHchuHHTHBIE Yuchaa

B sToM naparpade H3J10XKeH pAJ [OHATH{, CB3aHHBIX C ujeei
YNOpAAOYEHHOCTH MHOXKeCTB. Mbl OrpaHHUHMCS 31eCb CaMbIMH Nep-
'BOHAYaJbHBIMH CBefeHHAMH; OoJsiee TMOAPOOHOE H3JI0XKEHHE MOXKHO
‘'HaHTH B JUTEPAType, YKa3aHHOH B KOHLE KHUTH.

1. YacTHuyHO ynopsigovyeHHble MHOXectBa. [lyctb M — nmpowus-
BOJIbHOE MHOXECTBO U @ — HEKOTopoe OHHAapHOe OTHOILEHHe B HeM
"(ompenensieMoe HEKOTOPHIM MHOXKeCTBOM Ro < M X M). Mub uaso-
BeM 3TO OTHOLIEHHE 4ACTUHUHOU YnopAOO4eHHOCTb, €CU OHO YAOB-
JIETBOPSET YCJAOBHAM:

1) pegrexcusnocru: aga,
2) rpansurusnoctu: eciu agb u boc, To agc,
3) anrucummerpuuroctu: ecnu apb u bea, 1o a = b.

YacTuuHyl0 yNOPSI0UEHHOCTb NPUHATO 00603HAYaTh CHMBOJOM <.
Takum o6pasom, 3anuch a << b osmauaer, uro napa (a, b) npunan-
JIEXXHT COOTBETCTBYIOUIEMY MHOXECTBY R(p TIpo anemenr a npu
3TOM TOBOPAT, UTO OH HE npPesocxodur b wiMm 410 OH nod4uuen b.
MuoxeeTBO, B KOTOPOM 3ajlaHa HEKOTOpAasl YaCTHYHAS YIOpsgodyeH-
HOCTb, HA3BIBACTCS. HACTUUHO YROPACOUEHHBIM.

HpuBeaeM NpUMepbl YaCTUYHO YNOPSIJOYEHHBIX MHOMXKECTB.

. Bcakoe MHOXeCTBO MOXHO TpPHBHAJbHBIM 0oOpa3oM paccMmar-
pHBaTb KaK YaCTHYHO YNOpPSIAOUEHHOE, eCJIH NMOJOXKHTh ¢ << b B Tom
H TOJbKO TOM fjiyyae, Korfa a = b. Muaue roBopsi, 3a YaCTHUHYIO
YIOPALOYEHHOCTh BCErJa MOXHO MPHHSTh OMHAPHOE OTHOLIEHHE TO-
XKaecTBa £. DTOT NPUMEpP He MPEACTABJSET, KOHEUHO, GOMBLIOr0O HH-
Tepeca.

2. Ilyctb M — MHOXKeECTBO BCeX HeNpephIBHBIX GYHKIHHA Ha OT-

';leaxe [ee, B]. TlosoxkuB [ <C g B TOM M TOJBKO TOM CJayuae, KOria

(1)< g(¥) nns Beex ¢, o << ¢ << B, MBI OJIYYUM, OUEBHAHO, YaCTHU-
HYIO ynOpsIOYEHHOCTH.
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3. MHoXecTBO BCeX NOJAMHOXECTB HEKOTOPOro (pHKCHMPOBAHHOrO
MHOXKECTBAa YaCTHYHO YIOPSA0YEHO Mo BKJoueHuio: M, << M, o3Ha-
yaer, uto M, << M,.

4. MHOXeCTBO BCeX HaTypaJibHBIX UHCEJ YAaCTHUHO YNOPSAA0YEHO,
ecnn a << b osnauvaer «b genntca 6e3 ocratka Ha Q.

ITycts M — npou3BosibHOE YACTHYHO YHOPSIAOYEHHOE MHOMKECTBO.
B cayuae, xorna a << b u a % b, Mbl 6yzeM noJb30BATHCS CHMBO-
JoM <<, T. e. nHcaTh a@ << b U roBOpUTh, YTO @ MeHbuie b WM UTO
a crpoeo noduuneno b. Hapsny ¢ 3anuceio a << b Mbl 6yneM MoJb-
30BaTbCsl PABHOCUJBLHOMA 3aMHCHI0O b == a ¥ rOBOPHUTH NPHU 3TOM, YTO
b ne menowe a (6oavuwe a, ecnu b = a) nau urto b caedyer 3a a.
D/NIeMeHT a Ha3blBaeTCd MAKCUMAAbHLIM, €CH H3 a << b caenyer,
uto b = a. DJeMEeET a Ha3bIBAETCH MUHUMAAbHLIM, €CIIH U3 € < a
CeNyerT, uTo € = q.

YacTHyno ynopsioueHHOe MHOXECTBO, Aaf JoOHX ABYX Touek a, b koto-

poro Halizercsa CAeAyIOlUlas 3a HHMH Touka ¢ (a << ¢, b <C ¢), Ha3mBaeTca Hanpas-
ACHHBLM.

2, .OtoGpaxenusn, coxpausiomue nopsaok. [Iyctre M u M —
IBa 4acTUYHO YNOPSIAOYEHHBIX MHOXeCTBA W NycTb [ €CTb oroGpa-
xkeune M B M’. Mbl ckaxeM, 4TO 3TO OTOGpaxKeHHe COXPAHAET Nno-
padok, ecnu U3 a << b, rae a, b = M, caenyer, f(a) << f(b) (8 M').
Oro6paxenue [ Ha3bIBaeTCS UBOMOPGHUIMOM YACTHYHO YMOPSiLOYEH-
HBIX MHOXecTB M u M’, ecau OHO GHEKTHBHO, a COOTHOIIEHHE
f(a) < f(b) BbimONHEHO B TOM U TOAbLKO TOM Clydae, KOrjia a << b.
Camu MHoxectBa M u M’ Ha3bIBalOTCS IPH 3TOM U30MOPPHbIMU Me-
X1y co6oi.

ITyctb, nanpumep, M ecTb MHOXeCTBO HATYpaJ/IbHBLIX UHCEJ, 4a-
CTHYHO YHOpsJOYEHHOE IO «JeaumMocTH» (cM. npumep 4 n. 1), a
M’ — 10 Ke caMoe MHOXECTBO, HO YNOPSLOYEHHOE eCTECTBEHHbIM
o6pa3soM, T. €. TakK, uT0 b = a, eciin b — @ — NOJIOXKHUTENbHOE YHUCIIO.
Torpa oto6pasxkenne M Ha M’, craBsiiee B COOTBETCTBHE KaXAOMY
YHCAY N €ro camo, COXpPaHfeT MOpsALOK (HO He sBJASETCS H30MOP-
dusMom).

OTHowenne n3oMopdu3Ma MeXKAY YACTHYHO YHNOPSAOYEHHBIMH
MHOXKEeCTBAMH MpeJcTaBiseT co6oil, OUeBHAHO, OTHOLEHHe 3KBHBA-
JEHTHOCTH (OHO CHMMETPHYHO, TPaH3UTHBHO H pediekcuBHo). Cie-
JIOBaTeJbHO, €CJIM Y HAC HMeeTcsl KaKoH-TO 3amac!) 4acTHYHO yno-
PAJOUEHHBIX MHOXECTB, TO BCE€ STH MHOXECTBA MOXHO pa3bHTb Ha
KNacchl H30MOP(QHBIX MeXAy co6oit. SICHO, UTO ecqH Hac HHTepecyeT
He NPHPOJA 3/JEMEHTOB MHOXECTBA, @ TOJbKO HMEIOLAsic B HeM
yacTHYHAasi yNopPsAOUEHHOCTb, TO IBa H30MOPOHbIX MeXAy co0o# ua-

1) Mp BO3JepKHBaeMCA OT NOHATHR BPORE «BCE UYACTHUHO YMOPSROYCHHBIE
MHOXECTBa», TaK Kak OHH, NMOAOGHO MOHATHIO «MHOXECTBO BCEX MHOXKECTB», MO
CYIECTBY, BHYTpEHNE NPOTHBOPEUHBH M He MOTYT ObITb BKJIOYEHH B YETKHE Ma-
TEMATHYECKHE KOBIEMUHH,
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CTHYHO YNOPSJOYEHHBIX MHOXECTBA MOXKHO paccCMaTpPHUBATh MPOCTO
KaK TOXJeCTBeHHBIE.

3. Mopsajakosbie THNb. YnopsaoyeHHble MHOXKectBa. [Ipo u30-
mMopdHbBle Mexay cO6O0H HYaCTHUHO YNOPAJOYEHHbIE MHOMKeCTBA MHI
6yneM TOBODHTb, UTO OHH HMEIOT ONHMH H TOT XKe NOpACKOSbLl Tuf.
TakuM oGpa3oM, NOPANKOBLIEI THI — 3TO TO ofllee, YTO, MPHUCYLILE
A106bIM 1BYM H30MOP(MHLIM MexXKAY COO0H YaCTHYHO YNOPSAOYEHHbIM
MHOXXeCTBaM, NOLOOHO TOMY KaK MOILHOCTb— 3TO TO oO6llee, uyTo
NPHCYIle KBHBAJNEHTHBIM MEXAY cOGOM MHOXKeCTBaM (paccMaTpu-
BaeMbIM HE3aBHUCHMO OT KaKoro Obl TO HH ObLIO OTHOLUEHHS NOPSAKA
B HUX).

[Tycts @ u b — 371eMedTH 4aCTHYHO YHOPSIAOYEHHOTO MHOMXKECTBA.
MoxeT 0KasaTbCsl, UTO HM OJHO H3 COOTHOWIeHMH a << b n b<<a
He uMmeer Mecta. B sToM cayuae ssnemeHTH @ W b HasblBawTCH He-
cpasnumbimy. Takum o6pa3oM, OTHOLIEHHE MOPAJAKA ONpefeaeHo
AUIIb AJIS HEKOTODBIX Nap 3JeMeHTOB, MOITOMY Mbl MU TOBODHM O
YaCTHYHOH YMOpPSJ0YeHHOCTH. EC/H Ke B YaCTHUHO YIMOPSA0YEHHOM
MHOKecTBe M HecpaBHHMBIX 3JIEMEHTOB HeT, TO MHOXecTBo M Ha-
3bIBAETCH YHOPAOOUCHHOIM (AUHEUHO YnopaoOueHHbIM, COBEPULEHHO
ynopadoyennvin). Vitak, MHOXKecTBo M ynopsinoueno, ec/i OHO ua-
CTHYHO YNOPSIAOYEHO W eCJH JJIs JMIOObIX IBYX PasJiMuHbIX 3JeMeH-
TOB a, b &= M o6sa3arenbHo aubo a << b, nu6o b < a.

$IcHO, 4TO BCAKOE MOAMHOMKECTBO YHOPSIJOYEHHOI0 MHOXECTBA
€aMo ynopsio4ueHo.

MHuoxecTBa, yKasaHHble B npuMepax 1—4 n. 1, sBAsOTCA JHLIB
YacTHYHO ynopsjoueHHbIMH. IlpocTefimiMMH npHMepaMu JHHEHHO
YNOpSALOYEHHBIX MHOXKECTB MOTYT CJYXHTb HaTypaJsbHble 4UCaa, CO-
BOKYIIHOCTb BCE€X PallHOHAJbHBIX YHCeJ, BCeX NeHCTBHTEbHBIX YHCEeN
Ha orpeske [0, 1] U T. M. (C eCTeCTBEHHBIMH OTHOIICHUAMH «GOJbILIE»
_H «MeHbllIe», KOTOpble B 3THX MHOXECTBAaX HMEIOTCH ).

TTockoNbKY YNOPSIAOYEHHOCTb €CTb YACTHBIN CJAyual  4aCTHYHOM
yNOpsIOYEHHOCTH, K YNOPSAOYEHHBIM MHOXECTBaM HPHMEHHMO IO-
HfiTHe 0TOOpa)KeHus, COXPaHSIOWEro MOPSAOK, H, B YaCTHOCTH, MHO-
HsATHe usomopdusMa. I1oaToMy MOKHO rOBOPHUTH O NOPSIAKOBOM THIIE
VIOPSiIOUEHHOT0 MHOXecTBa. Pajx HaTypanbHbeix wucena 1, 2, 3, ...
C eCTeCTBEHHBIM OTHOILIEHHEM MOpPSIIKA MEeX]IY ero 31eMeHTaMu Mnpes-
craBasieT co0oil npocTefiuil npuMep 6€CKOHEUHOr0 YNOPSAOUYEHHOrO
MHOXecTBa. Ero nopsinKOBbIA THIT NPUHSATO 0603HAYATL CHMBOJIOM .

Ecnn nBa yacTHYHO ynopsiLouyeHHbIX MHOXeCTBA H30MOPQHL Me-
XAy co6oH, TO OHM, KOHEUHO, UMEIOT OZHHAKOBYI0 MOILIHOCTb (H30-
MopdHu3M — 3TO OGHEKUHA), HOITOMY MOXKHO FOBOPHTb O MOLIHOCTH,
OTBeyaollel AaHHOMY NMOPANKOBOMY THMY (HampumMep, THIY ® OT-
Beyaer MoWHOCTb No). Onnaxo o6paTHoe HEBEPHO, MHOXKECTBO AaH-
HOH MOIIHOCTH MOXKeT ObITb YIOPSAL04EHO, BOOOILE TOBOPS, MHOTHMH
pasHbiMH crioco6amu. JIuliib MOPAAKOBBIA THIT JHHEHHO YIOPSIIOUYEH-
HOTO KOH €Y HOT O MHOXKECTBA OJHO3HAUYHO OINpeeaseTcs YHCAOM 1
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€70 37eMeHTOB (K 0603HauaeTCs TaKxKe uyepes n). YkKe A4 CYGTHOrO
MHOXEeCTBA HATYPaJbHBIX YHCEJ BO3MOXEH, HAIIPUMED, HaPALY C ero
«ECTECTBEHHBLIM» THIIOM ®, TAKOH THII:

1,35 ..., 24,6, ...,

T. €. TaKoH, Koria Jo6oe 4eTHOe YHCJIO clAefyeT 32 JIOGHIM Heuer-
HbIM, a HeueTHble H YeTHble YHC/JAA MeXAYy coGOH ymopsAHOYeHBl Mo
BO3PaCTaHUI0. MOXHO N0Ka3aTb, YTO YHCJIO PA3JHYHBIX MOPATKOBbIX
THIIOB, OTBEUAWHX MOWHOCTH N, GECKOHEYHO M Ja)Ke HeCYETHO.

4. YnopsipoueHHas CyMMa ynopsjaodyeHHbIX MHoxecTB. IlycTb
M; u M;— nBa HenepeceKalOWUXCA YIOPSAOYEHHBIX MHOXKECTBA C
NopAAKoBbIMU THNaMu 0; u 0. B o6venunennu M; U M, muoxects
M; u M MOXHO BBECTH TOPSZIOK, CUMTAs, YTO ABa 3JeMeHTa H3 M,
ynopsajfoueHsl Kak B M;, nBa asjementa u3 M; ynopsijoueHbl Kak
B Mz 1 uto BCAKHUH 3JeMeHT U3 M, npeaumecTBYyeT BCIKOMY
sjementy u3 Ms (IlpoBepbre, yTO 3TO HeHCTBUTENbHO JHHEHHAs
ynopsiioueHHocTb!) Takoe ynopsiaoueHHOe MHOXeCTBO Mbl Gynem
Ha3bIBaTh ynopadouennold cymmol muoxecrs M; u M, v o6o3nauats
My + My Tlopuepkuem, 4To 31eCh BaXKeH MOPSAOK CAaraeMbiX: CyM-
Ma My + M, ue usomopodHa, Boobue rosops, cymme M, + M,. Ilo-
pPALKOBBI TUI cyMMbl M| -+ My Mbl GyneM Ha3bIBaThb ynopaoo4eH-
HOU cymmol MOPSANKOBLIX THIIOB 0; M 62 H 0603Hauarb 0; 4 ..

STo onpejeNeHue Jerko pacnpoCTPaHIETCH Ha MPOHU3BOJBHOE KO-
#HeyHoe YHCJMO caaraeMbix 0y, 8z, ..., Om.

I[Tpumep. PaccmoTpuMm nopsakoBble THOB © H n. Jlerko BH-
7eTb, YTO N -+ ©® = ©; HeHCTBUTENbHO, €CIH MBI K HaTypajlbHOMY
pany 1, 2, 3, ..., k, ... DpunuuleM cjeBa KOHEYHOE YHCJIO U/EHOB,
TO MBI HOJYYHUM TOT XK€ HOPSAKOBLIA THUN @. B To Xe BpeMs mopsix-
KOBBIH THN ® -+ n, T. e. MOPALKOBHI THI MHOXectBa 1, 2, 3, ...
wves By ..., @y, Qo ..., Qn, HE paBeH, OYEBHIHO, ©.

5. Bnoane ynopsaoyeHHble MHOXecTBAa. TpaHCHHHTHBbIE yucaa.
Brite Mbl BBeJIH MOHSITHS UaCTHYHOH YMNOPSIAOYEHHOCTH U YIIOPSAA0-
yeHHOCTH. BBeseM emie Gosee y3koe, HO BeCbMa BaXXHOe MOHATHE
TOJMHON YyNOPSIJOYEHHOCTH.

Onpenenenue. YnopsigoueHHOE MHOMKECTBO Ha3blBaeTcs
BNOAHE YNOPAOOHEHHbIM, €CIN KX 0€e ero HellycToe MOAMHOXXEeCTBO
COEPXKHUT HaMMeHbIIHH (T. €. TpelIlIeCTBYIOUHA BCEM 3JIeMeHTaM
3TOr0 MOJMHOXKECTBA) 3JEeMEHT.

Ecnu ynopsizoueHHOe MHOXeCTBO KOHEYHO, TO OHO, OYEBHAHO, U
BHoHe ynopsaaoueHo. IIpuMepoM ymopsiioueHHOro, HO He BIIOJIHE
VIIOPSIZOYEHHOr0 MHOMECTBAa MOXeT cayxutb orpe3ok [0, 1]. Camo
5TO MHOMECTBO COAEPKHUT HaAUMEHbIUHUH 3JeMeHT — yucjao 0, Ho ero
1I0IMHOXKECTBO, COCTOSIlee H3 NMOJIOXKHTeJNbHBI X YHCeI, HaH-
MeHbLIEro 3JeMeHTa He COLEPXKHUT.

Sicno, yto ecakoe (Henycroe) noPMHONCECTBO BROAHE YROPAAO-
1CHHO2O MHONCECTBA CAMO BNOAHE YNopPAGo4EeHo.
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TTopsaaKoBLIf THII BIIOJIHE YNIOPSAJOYEHHOIO MHOXKECTBA HA3bIBAIOT
nopAOKOBbiM HUCAOM (TPAHCHUHUTHOBIM NOPAOKOBLIM HUCAOM WIH,
KOpoue TPAHCPUHUTOM, KOTAA XOTAT NOAYEPKHYTb, UTO peyb HAET
o0 6eCKOHEUYHOM MHOXKECTBe).

Harypaabubiii psitt (C eCTeCTBEHHBIM OTHOLIEHHEM MODPSAKaY
npeAcTaBJsier cO60H MHOXECTBO He TOJBKO YIOPSIJOYEHHOE, HO H
prioaHe ynopspouenHoe. Takum 06pasoM, ero NOpsIAKOBHIH THH ©
ecTb nopsiikoBoe uucao (TpaHcdunut!). IlopsimkoBeIM uucaom Oy-
geT U ® + R, T. e. THI MHCXKeCTBa

1,2, ...n1, ..., Q, Gy ..., Q.

Hanpotus, MHOXeCTBO
ceey —Hy oy, —3, —2, — 1 (1)

;yNOPsiI0UYEHO, HO HEe BIOJIHE YNOPsA0YeHo. 3/eCb B KaXKAOM Hemy-
CTOM TOJAMHOXECTBE €CTb HauOOJbIIHH 37eMeHT (T. e. CJAeIyIOUIHit
“ga BCceMH), HO, BoOOllle roBOpd, HeT HAaUMeHblIero (HaNmpuUMep, HaHU-
MeHblilero 37eMeHTa HeT BO BceM MHoxectBe (1)). TlopsaxoBsiit
seun (He siBASIOLMACA NOpsAKoBbIM uucaoM!) MHOxkecTBa (1) mpu-
HATO 0003HAYaTb CHMBOJOM 0™ _

JokaxeM caenyloUHi NpoCTOH, MO BaXKHBIHA DaxT.

‘Jlemwma 1. Ynopadouennas cymma KOHEUHO2O HUCAQ BNOAHE
YROPSOOUEHHBIX MHONCECTE eCTo BROAHE YNOPAOOUEHHOE MHONCECTE8O.

B camom pene, nyctb M — IPOH3EOIbHOE MOAMHOXKECTBO YIOpS-
npouennoft cymmel My + My 4 ... 4 M, BrosHe ynopsinoueHHbIX MHO-
}eCTB; paccMOTPHM IepBoe u3 MHOXKecTB My, cojepxaulee sJe-
mentol u3 M. Ilepeceuenne M [} M. sBaseTcs mNOAMHOMKECTBOM
BNOJIHE YIIOPSAJO4YEHHOTO MHOXKecTBa My M, 3HAUHT, UMeeT NepBbiil
3JeMedT. STOT 3JeMeHT OVIeT NepBLIM 2J1eMeHTOM H Bcero M.

CnencrBue. ¥nopadouenHon cymma NOPAOKOBLIX 4HuCenr A8~
A8eTCA NOPAOKOBLIM HUCAOM. _ '

Mpl MOXKeM, TaKMM 06pa3oM, OTIPABJAACh OT HEKOTOPOro 3a-
Haca MOPSAKOBBIX UYHCeJ, CTPOWTb HOBble TMOPANAKOBHIe yncaa. Ha-
TIpuMep, OTIPaBJAAsICh OT HATYpPaJbHBIX yucesa (T. €. KOHEUHHIX IO0-
PSIKOBLIX YHCEJN) W HOPSAKOBOTO YHCJAA ®, MOMKHO IMOJYYHTbL IO-
PSAKOBBIE YHCJIA :

o+n oto otod+n ot+eot+o uT oI

Unrartenb Jerko MOCTPOUT BIOJIHE YHOPSNOYEHHBIE MHOMKECTBA, OT-
BeualoulHe 3THM TpaHchUHHUTAM.

. Hapany ¢ ynopsao4entoil cyMmoil MOPSIIKOBBIX THIOB MOXHO BBECTH Ynops-
Oo4ennoe npougsedenue. I1ycte My 1 My — MHOXecTBa, yNopsiOUEHHBIE 110 THIAM
0; n 0, BosbMeM MHOrO SK3eMIUIIPOB MHOMXeCTBa M| — N0 ONHOMY Ha KaXKHEi
anemeHT M;— v 3aMenuM B MHOXecTBe M; ero sjeMeHTH 3TUMH 3K3eMMASpaMu
M. Hgfnyqeﬂﬂoe MHOXECTBO Ha3bIBAETCA YNOPAJLOYEHHBHIM Ipou3BelenHeM M; m
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M, n o6osuavaercss cumBosoM M -M,. ®opmansho M -M; CTPOHTCS KaK MHOXe-
ctBo nap (a,b), rae a = M; nu b & M,, npuieM (a,, by) << (az, by), ecan b, << b,
(npu MOBHIX @), az), U (ay, b) < (as, b), ecan a; < ae.

AHaJOrHYHO ONpejeNsieTcss YNOpPsALOYEHHOe NPOU3BENCHHE JI060F0 KOHEYHOro

uncia comuoxutenedn MM, ... M,. TlopankoBuii THn O mnpoussesenns M;-M,
YIOPANOUYGHHBIX MHOXECTB Ha3hIBaeTCA npoussederuem NOPaoKosvix Tunosg 0, u O,
9—"—"—‘-9‘92.

Kak u ynopsiioueHHad cyMMa, YHOPSiZOYEHHOe NPOU3BefleHHe HEKOMMYTATHUBHO,

JTemuMa 2, Ynopadouennoe npoussedenue 08yx 8noiHe ynopadouennbix MHO-
HECT8 eCTo BNOAHE YNOPAOOUCHHOE MHONCECTBO.

JokxasateanbcTBo. IlycTh M — HeKOTOpPOe NOAMHONKECTBO NpPOU3BEEHHS
M, -M;; muoxecTBo M ecTb MHOXecTBO map (g, b). PaccMoTpuM Bce BTOpHIE aae-
menTs b map, Bxoasuux B M. Onm 06pa3yioT HEKOTOPOE NOAMHONKECTBO B M,
B cuay nonHo#t ynopsmoueHHOCTH My 9TO NOOMHOMECTBO MMeeT MEPBHIH 3JEMEHT.
OGosnaunm ero bp.u paccmMoTpuM Bee naphl Buaa (@, bo), Bxoasimne B M. Ux nep-
Bhle 3J€MeHTbl o 00pasyloT HEKOTOpOe NoaMHOXKecTBO B M;. B cuay mosanoit yno-
psaaoueHHoctd My cpemu Hux umeercsi nepsuiil snement. OGosuaunM ero ag. Toraa
napa (ao, bo), Kak JIeTKO BHIETb, H OYAeT HepBuIM 37eMeHTOM M.

CanepncrTBue. ¥Ynopadouennoe npoussedexue NOPAOKOB6LX 4HUCeA ABAAETCA
nopadKo8oiM HUCAOM.

Ilpumepn. Jlerko BHEeTp, 4T0 ® + ® = 02, 0 + ® + ® =0-3. Jlerko
TakXKe MOCTPOUTb MHOXMKECTBA, YNOPSAZOUEHHBIE [0 THOaM ®-f, w?, o?-n, w?, ...
..., P, ... Bce ati MHOXecCTBA OYIyT HMETb CUETHYIO MOUIHOCTb,

MoxHOo onpenesuTp W Jpyrue AEACTBUMSt Hal NOPAAKOBBIMH THNAMM, HAnNpu-
Mep, BO3BEIEHHE B CTeNeHb, W BBECTH B PACCMOTPEHHE TaKHe MNOPSAKOBbIE YHC/a,

(0]
Kak, ckaxeM, ©% o® u T. 1.

6. CpaBHeHHe MOPAAKOBBIX uucex. Eciu n, u ny— aBa KoHeu-
HbIX NOPSIAKOBBIX UMCJA, TO OHH HJIHM COBIAAAIOT, HJH OIHO H3 HHX
Goablie papyroro. PacmpocTpaHuM 3TO OTHOIEHHe MOPsifKa Ha
TpanchUHUTHBIE MOPSIAKOBLIE yucaa. BBegeM /st 3TOro ciaeayoulue
nousiTusi. Besikuil asneMeHT @ JMHEHHO YINOPSAOYEHHOIO MHOXKECTBA
M onpepensier HauaavHoui 0Tpe30K P (COBOKYMHOCTb 3/€MEHTOB
<<a) n ocrarok Q (COBOKYHNHOCTb 3/1eMEHTOB =>a).

Ilycth o u B— nBa LOPSAKOBBLIX yncaa, a M u N — MHOXKecTBa,
THOA & W B COOTBETCTBEHHO. MBI CKaxKeM, YTO o == B, €CJIH MHOXKe-
crBa M u N uzomopdHsl, uto o << B, eciu M u3oMoppHO KaKomy-
JuG0 HAYaJbHOMY OTpe3Ky MuoxkecrBa N, m uro a > f, ecnau,
o6patHo, N u30MopPHO HAYAJILHOMY OTPE3Ky MHOKecTBa M.

Teopema 1. Jwoboie dsa nopadkosoix wucia o u B cessarol
mexdy cob0l 0OHUM U TOABKO OOHUM U3 COOTHOWEHILE:

a=20,a<<purwua>4p

Jnast nokasaTesbcTBa YCTAHOBHM INpeXJe BCero CJeLyIOmyio
JEMMY.

Jlemma 3. Ecau [ — usomoproe otobpasicenue 8noine ynops-
Gouennoeo MHowcecT8a A Ha Kakoe-aubo ezo nodmHoxectso B, To
J(a)=a 0 scex a s A.

JleficTBHTEIbHO, ecau Obl MMeJHChb Takhe 3JeMeHTH a & A, 4Tto
f(a)<<a, 10 cpenu uux Obli Obl MepBbi#l (MOJIHAsA YNOPALOYEH-



§ 4 YNOPAAOYEHHLIE MHOXECTBA. TPAHCOUHHUTHBIE YUCJIA 37

goctb!). TlycTb 3T0 — 371eMeHT ap # nycTb by = f(ay). Torma be'<< ao
#, MOCKOJbKY f-— nsomopdusM, f(bo) << f(as) = by, T. €. Ay He Gbla
651 TIEPBLIM CPENH 3/1eMEHTOB C YKAa3aHHBIM CBOHCTBOM.

W3 310t AeMMBI cpa3y Ke BbITEKaeT, YTO BIOJIHE YIOpPALOYeH-
HOe MHOXKECTBO He MOXKeT ObITb H30MOP({HO cBoeMy oTpe3Ky. Ecum
6561 A 6bl10 H30MOP(DHO OTPE3KY, ONPENEeNAEMOMY 3IJIEMEHTOM @, TO
BBIIONHANOCH OBl cooTHoWeHune f[(a)<< a. [lostomy cooTHOWEHHS
a =P u o< He MOT'yT HMETb MeCTa OAHOBPEMeHHO. AHAJOrHYHO
He MOXeT ObiTh ofHOBpeMeHHO @ = f u a > fB. TouHo Tak ke He-
COBMECTHBEI COOTHOLIEHHS o < § u o > B, TaK KaK HHAue MBI IO-
Jyyusn 6bl (TPaH3HTHBHOCTB!), uTo o0 << @, a 3TO, KaK Mbl BHAEJH,
HeBO3MOXKHO. MTak, Mbl NOKa3asau, 4TO HajuuHe OJHOTO K3 COOTHO-
weHH# o = f uck/JAuaeT ABa ocTadbHbBIX. [lokaxkeM Temepb, uTO
©OJIHO M3 3THX COOTHOLIEHHII BCerja HMeeT MeCTO, T. €. UTO JIO-
6ble 1Ba MOPAAKOBLIX YHCIA CPABHHMBI.

CHavaJja sl KaxJaoro NopsiAKOBOTO UHC/IA ¢ MOCTPOHM MHOXKE-
crBo W(a), cayxallee ero «CTaHJapTHbIM npeacraButenem». Mmen-
Ho, npumeM 3a W (o) MHOMKECTBO BCEX NOPSAKOBBIX UHCEN, MEHb-
wux o. Yucna, Bxoxsimue B W(a), Bce cpaBHUMBI MexAay coGo,
a camo MHoxectBo W(o) (ynmopsaouyeHHOe MO BeJHYHHE MOPSALKO-
BBIX uHCeJ) uMeeT THI o. JleficTBHTENbHO, €CIH MHOXKECTBO

A={..,a, ..., b, ...}

HMeeT THO o, TO, IO CaMOMYy OIlpeae/eHHuIo, NMOPANKOBBIE UYHCJ/A,
MeHblIHe, -YeM o, B3aHMHO OJHO3HA4YHO OTBEUYAalOT HavaJbHbIM OT-
pe3KaM MHOXKeCTBa A, a CJel0BaTeJbHO, U 3JIEMEHTaM 3TOro MHO-
xkecrBa. HMuaue rOBOpS, 3JeMeHTbhl MHOXeCTBa, HUMEIOLIero THI o,
MOXKHO I[epeHyMepoBaTb ¢ TMNOMOLHbIO IIOPAAKOBLIX YHCEJ, Mellb-
IIUX o

A=(a0, A, vooy Oy, ...).

Ilycth Temeppr @ W P—JABa NOPSAKOBHIX uHcaa;, Torjga A ==
= W(a) u B= W(B) — MHOXeCTBa THIOB & H J COOTBETCTBEHHO.
Ilycts, nanee, C = A | B— nepeceuenne mMuoxects A u B, T. e.
COBOKYIHOCTb MOPSIAKOBBIX YHCEN, MEHBUIHX oo U P OJHOBPEMEHHO.
Mruoxecrso C Brosine ynopsaoueHo; o6o3HauyuMm ero tum y. Iloxa-
XKeM, uTo y << a. HedictBurensho, ecin C= A, 10 y = a, ecln Xe
C 5= A, 10 C ectb 0Tpe30K MHOXKecTBa A U Torja

y<<a.

B camom nesne, npu Beex E= C, n= A\ C uncna & u 1 cpaBHAMBI,
T. e. £ = 1. Ho cooTHOolIeHue 1 << & << & HEBO3MOKHO, TaK Kak TO-
rna < C. Urak, & <1, oTKyza u BUAHO, yTO C €CTb OTPE30K MHO-

kectBa A u vy << a. Kpome Toro, y ectb mepBulil 3J€MEHT MHOXKE-
ctBa A \\ C. Uraxk,

Y<< & ¥ aHAJOTHYHO Yy << f.
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Ilpu atom cayua#h y << «, y<{f HeBO3MOXEH, TaK KaK TOl1a
Mol umesn 6n yeEANC, yeB\ C, 1. e, C OHOA CTOPOHLI,
vy& C, ¢ ppyroit cropoun, ye& A (1 B = C. CnejosaTesibHO, BO3-
MOXHH JHUb CAYYan

vy=a, y=§, a=§,
y=0a v<B, a<p,
V<'a, V=ﬁ, Q>B,

T. €. @ ¥ § cpaBauMbL. TeopeMa MO/MIHOCTBIO JOKa3aHa.

KaxaomMy HOpPsAZKOBOMY UHCJHY OTBedaeT ONpeaedeHHas Moll-
HOCTb, @ U3 CPABHUMOCTH NOPAAKOBHIX YHCEJ CJAEAYET, OYEBHIHO, H
CPaBHUMOCTb COOTBETCTBYWOIIHX MomHocTed. [TosTomy:

Ecau A u B — 0s8a 8noare ynopadodenuslx MHONECTEA, TO AUOO
OHU IKBUBANCHTHbL MexcOy coboli (pasHomowHel), AuUbO He MOuy-
HOCTb 00H020 U3 HuX 6OAbULE, Yem MOUWHOCT6 Opyeo2o (. e. BHOJHE
yIops/ioueHHble MHOXKECTBA HE MOTYT HMETb HECPABHHMBIX MOMUIHO-
cTelt). '

PaccMoTpuM COBOKYHDHOCTb BCeX TOPSIAKOBBIX YHCEJ, OTBEualo-
HIMX KOHeYHOH uau cueTHol momHoctd. Ouu 06pasyioT BHOJI-
He YNopsJoueHHOe MHOXecTBO. HerpynHo yGemurtbcad B TOM, uTO
caMO 3TO MHOXKECTBO yXXe HecdYeTHOo. [JefictButenbHo, 0603Haunm,
B COOTBETCTBHH C OOLIENPHHATOH CHMBOJHKOH, Yepe3 ; MOPSILKO-
BbIi THI MHOXECTBAa BCEX CYeTHHIX TpaHchuHHTOB. Ecau Obl oTBe-
Lalolast eMy MOIUHOCTb Obla CUETHON, TO cUeTHBIM Gbl0 Obl # MHO-
7KeCTBO, UMellllee NOPALKOBBIH THN ®; + . Bmecte ¢ TeM uucsio
cnenyeT, OUeBHIHO, 3@ BCEMH TPaHC(PHHHTAMH, OTBEUAIOIHMHU KO-
HEUHOH MJIM CYETHOH MOULHOCTH.

OG603HaYuM MOILHOCTb, OTBEUAIOILYIO NOPSAAKOBOMY TPaHCOhHHU-
Ty @1, cuMBojoM N;. Jlerko BuAeTb, UTO HUKAaKHX MOIIHOCTEH m,
yAOBJIETBOPAIOUINX HEPABEHCTBY

No<m < N,

Hetr. JehcTBuTenbHo, ecan Obl Takast MOLLHOCTb /' CYILeCcTBOBaJa,
T0 B MHOXectBe W (w;) Bcex MOPSAKOBBIX TPaHCHHUHHTOB, Mpel-
IWECTBYIOUMX ), UMeJOCh Obl NOJAMHOXECTBO MOWIHOCTH M. D710
MOAMHOXECTBO BIIOJIHE ynopsaodeno U "ecuerno. Ho toraa ero no-
PSULKOBBIN THI o TIPERLIeCTBOBAJ] Obl @) ¥ B TO XK€ BpeMs CJieJ0BaJl
3a BCEMU CUETHHLIMH TpaHchuuutamu., Mbl nosyuunu 6ul IPOTHBOpE-
qyue ¢ OnpefeleHHeM o).

7. Akcuoma BbiGOpa, Teopema llepmeno u Epyrue 3KBHBaJEHT-
Hble MM yTBepxjaeHus. CPaBHUMOCTb BIOJIHE YNOPSAOYEHHBIX MHO-
JKECTB II0 MOIIHOCTH MNOJACKa3blBaeT CJAECAYIOLUYyI0 IIOCTAHOBKY BO-
npoca: HeJb3fl JU BCSIKOE MHOXKECTBO BIOJHE YIOPSHOYHTH KaKHM-
au6o o6pasom? IlosoxKuTeNbHEI OTBET 03HAyaJ Gbl, B YaCTHOCTH,
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yTO HECPABHHMbIX MOLLHOCTEH BOOOIle He CylleCTByeT. Tako#t OTBeT
paa LlepMesio, 10Ka3aB, 4TO Kaxdoe MHOKECTEO MOXNCET GbiTo BNOA-
He ynopadoueno. JlokazaTeqbCTBO 3TOH TeopeMbl (Mbl He Gynem
BOCIIPOM3BOJHTL €ro 371ecCb, CM., HalpHMep, [2]) CyIIeCTBEHHO OMH-
paeTcsi Ha TaK Ha3blBaeMyl QKCUOMY 8bl60pA, COCTOAWLYIO B CJe-
AYIOLLEM. ‘

IlycTb A — HEKOTOpOEe MHOXKeCTBO HHIEKCOB @ H NMYCTh JJIs KaX-
JOTO o 3aJaHO HeKOTOpoe INpoH3BOJbHOe MHOxecTBo M,. Toraa.
KaK yTBeDIKIaeT aKCHOMa BbIOOpA, MOJMHO ROCTPOUTL (yHKYUO @
Ha A, oTHOCAWYIO KaxcOomy o & A HEKOTOpbll IAeMeHT M, U3 co-
orgercreyroweeo mrosucectéa M,. ViupiMu crioBaMH, MOXKHO cocTa-
BUTb HEKOTOpOE MHOMECTBO, BhIOpaB u3 Kaxjporo M, no ogHomy u
TOJIbKO OHOMY 3JIEMEHTY.

Teopusi MHOXKeCTB B TOH (opMe, B KOTOPOH MBI ee H3JaraeM, BOCXOZHT K
Kantopy u llepMeso u aBasieTcs «HaMBHOM» TeOpHeH MHOMeCTB. AKCHOMa Bbi-
6opa, HaspiBaeMasi Takxke axcHomofi Llepmeso, BOSHMKIIAas B paMKax HaHBHOW
TEOPHH MHOXKECTB BMECTE C JAPYrHMH BONPOCAMH, TAXHMH, KAK KOHTHHYY M-
rUnNOTE3a, T. e BONPOC O COBNAJEHHH MOUIHOCTH KOHTHMHYyMa ¢ NepBOH He-
CUETHOM MOIIHOCTBIO ¥;, INpHBeJNa K MHOTOYHCJEHHBIM CNOpPaM H K JJHHHOH cepuu
pa6oT NO MaTeMaTHYECKOH JOTHKe H OCHOBAHHSM MaTeMaTHKH. Bulan mocTpoensl
akcHOMaTHuecKHe Teopuu MHOXecTB [énens — DBepnafica u Llepmeno — ®penu-
xeas. B paMkax 3TeXx Teopuit 6bina ycTaHOBJIEHA HENPOTHBOPEYHBOCTb H HE3aBH-
CHMOCTb aKCHOMbI BBIGOpa. Mbl OTCbIaeM uHTaTeNs K crenHatbHbIM paboTam:
A Openxenb u U. bap-Xuaaen, OcHOBaHHS TeOPHH MHOMXKeCTB, «Mup»,
1966; IT. . Kosu, Teopusi MHOXKECTB M KOHTHHyYM-THOoresa, «Mup», 1969.
3aMernM, YTO OTKa3 OT aKCHOMBI BHIGOpA CYINECTBEHHO OGefHseT TeOPEeTHKO-MHO-
JKecTBeHHbE NOCTPOEHHS.

BMecTe ¢ TeM KDHTHKAa HaHBHOM TEOPHH MHOXECTB M NOMBITKH OGOHTHCHL 6e3
aKcHOMbl BHIGOpa NOBEJH K CO3JXAHHIO TAKHX 3aMeuaTeJbHHIX TEOpHil, Kak TeopHs
PEKYPCHBHBIX (YHKIHH, H TAaKHX TMOHATHA, KaK TOHfATHE BBHIYHCJAHMOrO YHCJIA.

CdhopmynupyeM HeKOTOpble MpelJIOKeHHs, KaXaoe H3 KOTOPbIX
3KBHBAJIEHTHO aKcHoMe BhiGopa (T. e. KaxKJoe U3 HHX MOXKeT ObIThb
JOKa3aHO, eC/H IIPUHATH aKCHOMY BbIGOpa, U 06paTHO, aKCHOMY BBI-
6opa MOXHO J0Ka3aTb, JOMYCTHB CIPaBeAJHBOCTb KaKOro-nu6o H3
THX npepioxenuit). Ilpexne Bcero fcHO, 4TO TaKMM MNpenJsoOXKe-
HueM siBisieTcs cama TeopeMa Llepmeno. [lefictBuTesnbHO, eCiu npes-
HOJIOXHTD, UTO KaXJ0€ H3 MHOXecTB M, BHOJIHE YNOPSLOYeHO, TO
IS8 NOCTPOeHHs QYHKUMH @, CYLeCTBOBAHHE KOTOPOH YTBEpXKAaeTcs
akcuoMoil BbIGOpa, AOCTAaTOYHO B KakaoMm M, B3ATh mepBblil aJie-
MEHT.

Has GopMyJaupOBKM JAPYrHX TNpeisIOKEeHHH, JIKBHBaJieHTHbIX
akcuoMe BbIGOpa, BBeeM chepyomue noHstus. Ilycte M — gacruu-
HO yNOpsiloYeHHOe MHOXecTBO. Besikoe ero nmoaMHoxKecTBo A, B Ko-
TopoM JiioGble 7Ba 3JIeMEHTa CPaBHHMBI MexXAy coboH (B cMbicie
BBefleHHOH B M yacTHUHOK yHopsiloueHHOCTH), OGYJeM Ha3bIBaTh
yenoro. llenb Ha3bIBAETCH MAKCUMAAbHOLL, €CJIH OHA HE CONEPIKHTCA
B KauecTBe COGCTBEHHOrO NOJAMHOXECTBA HH B KAKOH ADYroi Lemn,
npuHamnexaiei M. [lanee, HazoBeM B YaCTHYHO YIIOPSIAOUEHHOM
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MHOXecTBe M sjeMeHT a 8epxHeil epansto MoAMHOXecTBa M <« M,
ecsiu 060 sneMenT a’ & M’ noauuHen a.

Teopema Xaycnopd a. B wactuuno ynopsdouennom muo-
#ecTee BCAKAA yeno COOePHUTCA 8 HEKOTOPOU e20 MaKCUMANb-
HoU yenu.

Crenyiollee npeasoxeHue npeacrasiaser co6oil, noxanayi, vau-
Gosee ynoOHyl0 H3 BceX (OPMYJHDOBOK, 3KBHUBAJEHTHLIX aKCHOME
BbIGOpa.

Jlemma HopHua. Ecau scakan yeno 8 4acTudHo ynopaoouex-
HOM mHodscecT8e M umeer 8epxuioro 2pans, T0 8cakuil arement uz M
noOUUHEH HEKOTOPOMY MAKCUMAALHOMY.

JloKa3aTenbCTBO PaBHOCH/IBHOCTH BCEX NPUBEAEHHBIX YTBEpMKie-
Huit (axcnoma Bhi6opa, Teopema llepmeno, Teopema Xaycmopda,
gemMma Llopua) umeercs, nanpumep, B kuure A. I'. Kypou, Jlek-
uuu no obueir anareGpe, Pusmarrus, 1962; cm. rakxke [8]. Ml He
Oynem ero 3zecb BOCIIPOU3BOIHTD.

Ecan MHuoxecTBo BEePXHHUX rpaHeﬂ [MOAMEOKeCTBa A uMeer HauMeHbUIHR 3ne-
MEHT @, TO @ Ha3blBaloT TOYHOU eepxl-ted 2parbro NMOAMHOXKECTBA A; dHAJOTHYHO
onpenenaer(ﬂ TOUYHAA HUNCHASL 2PAHb. YacTuuho ynopsaaoueHHOe MHOXKeCTBO, BCHA-

KOe HENYCTOE KOHe4HOe TOJMHOXKECTBO KOTOpPOro o06/afaeT TOYHOR BepxHeil
IFPaHbl0 M TOYHOH HHXKHeH rpaHblO, HA3bLIBAETCH peweTkod, Wi CTPYKTYpou.

8. TpanchuuutHas wHpaykuusa. LIupoko pacnpocTpaHeHHbIi Me-
TOJ J0Ka3aTeJbCTBA TeX WJIH MHBIX YTBEPXKAEHUH — 3TO MeTO/ MaTe-
MaTHyecKoi HMHAYKuUMH. OH, KaK H3BECTHO, COCTOMT B CJEAYIOLIEM.
ITycts umeercst HeKoTOpoe yTBepxleHue P(n), koropoe ¢opmysnu-
pyeTcs LJIs KaXJI0ro HaTypaJsibHOrO YHCJa 7, U NYCTb H3BECTHO, YTO:

1) yrBepxnenue P(1) BepHo;

2) u3 roro, yro P(k) BepHOo Ana Bcex k<< n, caenyer, yTto
P(n—+ 1) Bepno. _ '

Torpa yreepxknenue P(n) BepHo nasi Bcex n=1, 2, ... [e#i-
CTBHTEJILHO, B IIPOTHBHOM CJyYae CPelH TeX N, a5 KOTopeix P(n)
HEBEpHO, HAIJIOCh Gbl HAHMEeHbillee YHCJIO, cKaxeM, ny. OueBuauo,
yto n; > 1, T. e. n; — | ToXe HATypaJibHOE YHCJIO, H Mbl NPUXOAUM
K IIPOTHBOPEUHIO C yCJIOBHEM 2).

AnajornyHblii mprHeM MoXeT ObITh HCIOJNb30BAaH C 3aMeHON Ha-
TYypaJbHOTO psfa JNIOOHM BNOJHEe YINOPAJAOYEHHBE M MHO-
KeCcTBOM. B 3TOM ciiyuyae OH HOCHT Ha3BaHHe TPAHCHUHUTHOU UH-
Oyxyuu. Takum o6pa3oM, MeTox TPAHCHHHUTHOH HHAYKUHH COCTOHT
B caenyiomem. ITycTh faHO HEKOTOpOe BMOJIHE YHOPSIIOYEHHOE MHO-
xkectBo A (ecqd YrojHo, ero MOXKHO CYHTAThb MHOMXECTBOM BCex
MOPSIAKOBHIX TPAHC()HUHHTOB, MEHBUIHX HEKOTOPOTO LaHHOTO) H MyCTh
P(a) — HexoTopoe yTBepxieHHe, (GopMynupyeMoe MJIf KaXKIOro
a & A u 1axoe, uto P(a) BepHo aas mepsoro ssementa 3 A u sep-
HO ISl @, eCJH OHO BEPHO [/ BCeX 3JEeMEHTOB, HpeIulecTBYIO-
mux a. Torna P(a) Bepro nas Bcex a = A. JleficTBHTENbHO, ecn
6bl CyllecTBOBa/Ju 3jJeMeHTH B A, aas Koropbix P(a) ne umeer



% 5 CUCTEMBI MHOXECTB 41

MecTa, TO B MHOXeCTBe TaKHX 3JIeMEHTOB Halllesicsi Obl MepBbiii, CKa-
XKeM, a* W Mbl OpHILIH Gbl K MPOTHBOPEYHIO, MOCKOJAbKY IJfl BCEX
a < a* yreepxkaenne P(a) 6b110 661 BepHO.

Tak kak B cuny TeopeMmbl llepmesio BCIKOe MHOXECTBO MOXHO
BIIOJIHE YHOPSIAOYHTb, TPAHCPHHUTHAS HHAYKUUS MO¥Ker OblTb, B
NpUHLHUIeE, IPUMeHeHa K J060oMy MHOXecTBY. OHAKO MPAaKTHYECKH
6hiBaeT ynoOHee NOJb30BaTbCsl 3aMeHsAwollel ee JaemMoin llopua,
KOTOpas ONMUpaeTcd JIMIIb HAa HaJHUHe YAaCTHUHO YIOPSIOUEHHOCTHU
B paccMaTpHBaeMOM MHOXecTBe. A HeKOTOpasi yacTHYHas ymops-
JIOUEHHOCTh paccMaTrpuBaeMblXx OOBEKTOB B 3ajayax, TpeOyouux
npuMeHeHuss JgemMmbl LlopHa, 06blYHO BO3HHKAeT €CTECTBEHHBLIM 00-
pasom, «cama coboi».

§ 5. Cucrembl MHOXecCTB ')

1. Koabuo mHoxects. CucTemoil MHOJCeCT8 HA3bIBAETCH BCSKOE
‘MHOK€ECTBO, 3Je€MeHThl KOTOPOro caMu npejicTaBasior co0oli Kakue-
au6o MHoxecTBa. Eciu He 0rosopeHo NPOTHBHOE, Mbl Gylem pac-
CMATPHUBATb CHCTEMbl TAKHX MHOXECTB, KaxAOe H3 KOTOPHIX sB-
JsIeTCsl OJAMHOXKECTBOM HEKOTOPOro GUKCHPOBAHHOIO MHOXecTBa X.
€CHcTeMbl MHOXKeCTB MB OyaeM 0003HayaTh NPONHCHBIMH rOTHUYe-
<ckuMu OykBamu. OcHOBHO# HMHTepec A Hac OydyT NpeiacTaBasiTh
CHCTEMBI MHOMXECTB, YIOBJIETBOpPSIIOLUIHE (IO OTHOMIEHHIO K BBEJIEH-
HpiM B § | onepauyusiM) HEKOTOPbIM ONpele/ieHHbIM YCJOBHAM 3aM-
KHYTOCTH.

Onpenenenune 1. Henycras cucrema muoxects R HasbiBaert-
<5l KOAbYOM, ecnn OHA o6Janaer TeM CBOHCTBOM, uto H3 A= R u
Be R cnenyer AABe=Ru Al Be R

Tak Kak aas ao6uix A u B

AUB=(AAB)A(ANB) n ANB=AA(ANB),

Tou3 A= R u B= R BoitekaeT TakKe npuHanIerHocTh K R MHo-
xecetB A U B u AN\ B. Takum 06pa3oM, KOJbIO MHOXKECTB €CTb CH-
CTeMa MHOXKECTB, 3aMKHYTasl 10 OTHOWIEHHIO K B3SITHIO CYMMBbI H
nepeceyeHHs, BHIUHTAHHIO H 0GpPa30BAHHIO CUMMETPHUECKON pasHoO-
<tH. OuyeBHIHO, 4TO KOJbLIO 3aMKHYTO H II0 OTHOLIEHHIO K o6Gpaso-
BaHUIO JIOGLIX KOHEUHBIX CYMM W TepeceueHui BHAA

C= kg.l A D= le A

JI1060e KOJIbIIO COJEPIKHT MYCTOE MHOXECTBO &, TaK Kak Bceria
AN A = . Cucrema, cocrosiiiasi TOJbKO H3 NMYCTOr0 MHOXKECTBA,
Hpepcrasiasier co60f HauMeHblllee BO3MOXHOE KOJIBLIO MHOMKECTB.

) PaccmarpuBaeMbie B 3TOM maparpade NOHATHS noHanoGsarcs Ham B I V
fpy H3noxKeHHd oOlleR TeopHH Mephl. IloaToMy uTeHHe jAaHHOro maparpada mo-
Xer ObiTb OT/IOXKeHO. UnTaTenb, pellUBINMI OTPaHHYHTBCA NPH H3YYEHHHM TEODHH
Mephl Mepoit Ha mitockocTH (§ I ra. V), Moxer aTtor maparpad NpoOmyCcTHTb COBCEM.
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Muoxectso E HasbiBaeTcsl eOuHuyel CUCTEMbBI MHOXKeCTB O,
ecsId OHO npHHanIeXuT © U ecau Aas ao6oro A = & umeer Mecrto
paBeHCTBO

ANE=A.

Taxum obpasom, eAHHHLA CHCTeMbl MHOXeCTB & eCThb He yTO
HHOE, KaK MaKCHMaJIbHOe MHOXKeCTBO 3TOH CHCTEeMBHl, COjlepKallee
BCE APYrue BXoAsline B © MHOXeCTBA.

KoJ/IbIO MHOXKECTB C eMHHIEeH HA3LIBAETCS Q42860 MHOKECTB.

ITpumepun. 1. Ias moboro mHoxectBa A cucrema M(A) Beex
ero MOJMHOXECTB NpPeJCTaBJsieT cOGOi anreGpy MHOMKECTB C efid-
Huuel E = A.

2. Hdas mwoboro Hemycroro MHoxectBa A cucrema {5, A}, co-
crosmas u3 MuoxecTsa A u mycroro MHoxecTBa &, o6pasyer aj-
re6py MHOXKeCTB C efuHHlel E = A.

3. Cucrema BCeX KOHEWHHEIX NOJMHOMECTB IIPOU3BOJbHOIO MHO-
xectBa A npencraBiaseT co60H KOJbLUO MHOXeCTB. DTO KOJbLO 6y-
IeT aare6podl B TOM H TOJBKO TOM cCJydae, KOrjfla MHOXeCTBO A
€CaMO KOHEYHO:.

4. CucreMa BCeX OrpaHHYeHHBIX NOAMHOXECTB UHCJOBOH NpAMO
ABJISIETCS KOJbLIOM MHOXECTB, HE COLepKallUM eIHHHILbI.

M3 onpenenenus KoJbHa MHOMKECTB HENOCPENCTBEHHO BHITEKAET

Teopema 1. Ilepeceuenue R = ﬂ R, ar0boeo muoxecTsa ko-
a

Aely ecTb KOAbYO.

YCTaHOBHM CJIENYyIOLIHH MPOCTOH, HO BAaXKHBIN M JaJibHEHLIEro
axKT.

¢ Teopema 2. [Jaa aroboii nHenycroii cucremoer mHoxcecrs © cy-

wecrsyer 00HO U TOA6KO 00HO xoasyo R(D), codepmawjee S u

codepxcatyeecs 8 awobom Koaoue R, cooepocauen ©.
HokasaTeabcTBo. Jlerko Buaeth, 4to Koabuo R (S) onpe-

zensiercst cuctemoii © oxnosnauHo. [as HOKasaTesbcTBa €ro cy-

IIECTBOBAaHUSI pPAcCMOTpUM oObenuHeHHe X = U A Bcex MHO-

AEg
x)ecTB A, Bxopsmux B ©, u Koabuo M(X) Bcex MOAMHOKECTB MHO-
xectBa X. [lycTb 2 — COBOKYNHOCTh BCEX KOJIEL| MHOXECTB, COxep-
xaupxest B M(X) n conepxkamux G. IMepeceyenne ‘B:mﬂzzﬁ BCEX
=
3THX KoJell H GyAeT, OYeBHIHO, HCKOMHM KoJjbioM R ().
JleiicTBUTEBHO, KaKOBO Gbl HH ObIIO KoabLo R*, comepxamee S,
nepeceyenue R =N"1 M (X) 6yneT KoabiloM H3 = H, CIELOBATEIBHO,
SRR, 1.e. P neficTBHICTBHO YHOBJIETBOpSieT TPeGOBaHHUIO
MHHHMAJbHOCTH. DTO KOJbLO HA3BIBAETCH MUHUMANLHOIM KOALUOM
Hag © uau KoabloM, nopoxdernoim ©, n o6osnauaercss R(S).
2. NMoaykoapuo MHOXKecTB. B psize BOmpocoB, HampuMep, B Teo-
pUH Mephbl HapsALy C NOHATHEM KOJIbLia BaXKHYIO POJib Urpaer GoJiee
obl1llee IOHATHE MOJYKOJbLA MHOMKECTB. :
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Onpenenenune 2. Cucrema MHOXecTB & HasblBaeTcs NnoAY-
KOAbYOM, €C/IM OHA COJEPXKHT NYCTOe MHOXKecTBO J,, 3aMKHyTa M0
OTHOLIEHHI0 K 006pa3oBaHMIO TepeceyeHHA U ob6Jaajaer TeM CBOH-
CTBOM, UTO H3 MpHHAANEXHOCTH K © MHOoXkectB A u A; < A BHITe-

n
KaeT BO3MOXKHOCTb TnpeacraBienns A B Bune A = U Ay, tae Ap—
k=1

noTapHO HemepeceKalouiuecss MHOXKecTBa u3 &, mepBoe U3 KOTOPBIX
€CTb 3aJlaHHOe MHO¥KecTBO A;.

B nasnpHefimieM BCcKUH Ha60Op NONAapHO HenepeceKaromHUXCs MHO-
xkectB Ay, Ag, ..., An, 06DbelHHEHNE KOTOPHIX €CTh 3aJaHHOE MHO-
kecTBO A, Mbl GydeM Ha3bIBATb KOHEUHbIM DPA3AONMCEHUEM MHOXe-
cTtBa A.

Bcesikoe KoabLio MHOXecTB R sBJfeTCS MOJAYKOJbLOM, TakK Kak
ecan A n Ay < A Bxonsar B R, To uMeeT MeCTo passioKeHue

A=A1UA2, I‘ﬂ‘e A2=A\A[E%.

IIpumepoM MOJNYKOJbIA, HE SBASIOUIErOCs KOJbLOM MHOMKECTB,
MOXET CJYXHTb COBOKYMNHOCTb BCeX HHTEpBaJioB (a, b), OTpesKoR.
ia, b] 1 nonyuuTtepsados [a, b) u (a, b} Ha uncnoBon npsamvo# '). Euwe
OJIHHM TIPUMEPOM CJYKHT COBOKYIMHOCTb BCEX HMOJYOTKDPHITHIX» Mpsi-
MOYTOJIbHHKOB @ < X << b, c<<y << d Ha MJOCKOCTH WUJH COBOKYTI-
HOCTb BCEX IOJYOTKPBITBIX MapasJiesienuIenoB B NPOCTPAHCTBE.

YCTaHOBUM C/eAYIOLIHe CBOHCTBA IOJIYKOJEl MHOMXKECTB.

Jdemma 1. [Tycte mroocecrea Ay, As, ..., An, A npunadarexar
noaykonrvyy &, npudem MHoNCecTea A; MONAPHO He nepecexaroTcs
u ece codepaucarcs 8 A. Toeda nabop mHoxecrs A; (i=1, 2, ...
e., 1) MOMCHO dOnoanuTt muoxucecrsamu Anyy, ..., As= @ do ko-
HEUH020 pa3A0NHEHUS

A=kUlAk(s>n)

MHoxcecTsa A. :

HdoxasarteabcTBO mnpoBefeM nc wuHaykuuu. [Ipuy n =1
COpaBel/INBOCTb YTBEPK/JEHHS JEMMBl BhITEKaeT U3 ONpeleseHHs
nosykosbla. Ilpeamosno:Kum, YTO 3TO YTBEpKIEHHE CIIPABEIIUBO
aas n=m u paccMoTpuMm m 41 muoxects Ay, ..., Am, Amti,
YHOBJETBOPSIIOUINX YCJAOBHAM JeMMb. [lo crenaHHoMy ®pelnoso-

XKEHHUlIo,
A=A UAU ... UA,UB,UB,U ... UBp7

rle Bce MHOXecTBa By (¢ =1,2, ..., p) npunaanexar &. IToso-
HUM By == Am41 [} Bq. Ilo onpenenenuio nosaykosablia, uMeerca pas-
qnoxenue B = Bg UBg U ... U By, rne Bce By; npunaanexar ©.

) Tipn 5TOM B YHC/IO WHTEPBANOB BK/IOUAETCS, KOHEYHO, «NycTOf» MHTepBaa
{a,0), a B yuC/I0 OTPE3KOB — OTPE3OK, COCTOSLIHHA M3 OAHOH TOUKH [a, a].
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Jlerko BHAeTb, YTO

p g
A=Al ... UAnUAn+ U qL=J1 ]LJquj)-

Takum o6Gpasom, yTBepKIeHHE JIeMMbl A0Ka3aHO HJfA n=m + |,
a cJe0BaTesIbHO, H BOOOLLe 1J1 BCEX 1.

Jlemma 2. Kaxkosa 6vt HU 6blaQ KOHEHHAA CUCTEMQ MHONCECTS
Ay, ..., Ap, npunadaexcawux noayxoavyy &, 8 & naiiferca raxkas
KOHEYHAA CUCTemMa NONAPHO Henepecekarowuxcs muoxcects By, ...
..., B, uro xamdoe Ap moxcer 6viTo npedcrasareno 8 sude cymmot

A= U B
seMk
HEeKOTOpbLX U3 MHO%NCeCT8 B,

HokazareabcrtBo. [Ipn n =1 n1eMmMa TpHBHa/IbHA, TAK KaK
AOCTaToOyHO noyoXuth t=1, B; = A,. JlonyctuM, 4T0 OHa cmpa-
BeJIMBA I N == m, 1 pacCMOTPUM B © HEKOTOPYIO CHCTEMY MHO-

xectB Ay, ..., Am, Amsr. llycts By, By, ..., B:i— Muoxecrsa u3 &,
YIOBJIETBOPSAIOLIHE YC/JIOBHAM JIEMMBI 1O OTHOWeEHHIO K Ay, A, ...
v, Am. TlosoxXuM
le = Am+l N Bs.
B cuny eMMbl 1 HMeeT MecTO passioxeHHe
t q
4 7
Ansi= U BaU U B,, B, =8, SN
§= p= .

a B CHJY CaMOro OIpeJeJeHHs] MOJYKOJblla HMeeT MeCTO pasJo-
KeHue

Bs= BS’UB$2U ce UBsfS, Bs/E@-
Jlerko BuaeTh, 4TO

fs
Ak:sel'.)wk 1l;JlBsi’ k=1, 2, P (D

H UTO MHOXKeCTBa

7

Bgl', Bp
nonapHo He nepecekaiooTcs. Takum o6Gpasom, MHoxectBa Bsj;, Bj
YIOBJETBOPAIOT YCJOBHAM JIEMMBl 110 OTHOLIEHHIO K Ay, ..., Am,

Amyr.

E. Koab10, NOPOXKAEHHOE NOAYKOAbUOM. MBI y:Ke BHAEJNH B I. 1,
4yTO AN KaXJOH CHCTEMbl MHOXeCTB & CyLIEeCTBYeT e€IHHCTBEHHOE
MHHHMMAJbHOE KOJbllo, cofiepxalee &. OqHako AJs NPOH3BOJBHOM
cucteMnl & GakTuueckoe noctpoenue kKoapua R (©) no © n0BoJbLHO
cnoxuo. OHO CTaHOBHTCSI BroJHe OGO3PHMBIM B TOM BaXHOM CJay-
yae, Korga © mnpencrtaBasier co60H NMOJYKOJbNO. DTO IOCTPOEHHE
JlaeTcsl C/enyollell TeopeMoH.
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Teopewma 3. Ecau © — noaykoavyo, o R(©) cosnadaer ¢ cu~
cremoti 8 MHOocecTe A, OOnYCKAroUjux KOHEUHble PA3AONEHUR

A= U Ak
k=1

Ha muoxecrea Ay = ©. :

IloxasateabcTBO. Ilokaxem, uto cucrema 3 obpasyer
gkonbuo. Ecam A u B — nBa npou3BOJbHBIX MHOMXKECTBa N3 3, TQ
HMEIOT MECTO Pa3jioXKeHHd

n m
A= UIA,, B=,U. B, A, €6, B,=®,
i= =

Tak Kak © — NOJYKOJbIO, TO MHOXECTBa

C”' = Ai n B]
T0xe BXoAdaT B ©. B cuny nemMbl 1 HMeOT MeCcTO pasiioKeHus
ry sq
A= \7J Cin kgl Dy Bi= LiJ CuU{U1 E/t, (2)

rae Di, Ej = &. Us pasencrs (2) BuiTeKaer, uto MHOXKecrBa A 1 B
u A A B nonyckaioT pasJoxeHHs

AnB—_—-il_Jic,-,, AAB:iUkDiku]UIE,,

H, crenoBarenbHo, BxoasAT B 3. Takum o6pasom, 3 nelicTBuTENbHO
npeacraBisieT co60i KOJbllO; €r0 MHHHMAaJbHOCTb CPEIH BCEX KO-
Jaen, coxepxaiux ©, oueBuaHa.

4. ¢-aare6ppl. B pasnuyHBIX BONpPOCax, B YaCTHOCTH, B TEOPHH
Mepbl, NPUXOAHTCH PacCMaTPHBATh CYMMBI H NEPeCeueHtsl He TOMbKO
KOHEYHOr0, HO M CUeTHOro yucaa MHoxKecTB. [Tlostomy uenecooGpas-
HO, NOMHMO TOHSITHS KOJbLla MHOXECTB, BBECTH elle CJeiyloliue
TIOHSITHUS. ,

Onpenenenne 3. Kojbuo MHOXKECTB HasHBAETCS ¢-KOALYOM,
€C/IM OHO BMeCTe C KaXJOoH NOCJeAOBATENbHOCTBIO MHOMecTB Aj,
Ay, ..., Ap, ... CONEPKHUT CYMMY .

S=J 4..
n

~ Onpenenenue 4. Konbuno MHOXeCTB HasbiBaercs §-Ko4byom,
€CIH OHO BMeCTe C KaXJOH II0C/Aef0BaTeJbHOCTbIO MHOXKecTB Aj,
Ay, ..., An, ... COLEPXKHUT mepeceyeHHe

D=[)A4,.
n

EcrectBenno Has3BaTh 6-a42e6p0oii G-KOJABLO C €IHHHIEH U O-Q4-
2e6poii §-roabLO ¢ eauuuied. JIerko, oaHAKO, BUAETh, YTO 5TH /B
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TOHSATHSL COBNAJAIOT: KaX1asa o-ajrebpa sBJAETCS B TO XKe BpeMs
§-anre6poit, a kKaxjas 6-anreGpa — c-aare6poil. DTo BhITEKaeT H3
COOTHOLIEHHH JNBOHCTBeHHOCTH (cM. § 1)

Ud.=ENNENAK), NA,=ENUENA.

[TpocrefinM nprMepoM o-anre6pui ABJASIETCS COBOKYIHOCTb BCEX
TI0/IMHOXKECTB HEKOTOPOro MHOXecTBa A.

Ecnu nmeercs Hexkoropas cucrema MHoxkects &, 1o Bcerma cy-
1ecTByeT XoTs OH OfHa O-anrebpa, coepxKailas 3ty cucremy. le-
CTBHTEJILHO, TOJIOXKAM

x=1 4

AEs

U paccMOTpHM CHCTeMy B BCeX NMOAMHOXeCTB MHOXKecTBa X. Slcwo,

yto B ecTh o-aqarebpa, cofepXKaiast S. Ecau %——npomBoanaﬂ

c-anre6pas coaepxkamas & u X — ee exunnua, To Kaxnoe A=S

cofiepxkHuTCA B X H, caeJoBaTe ibHO, X = U Ac X. Hazosem o-an-
A€6

Te6py B menpusodumoii (o otHomernio K cucreme &), ecan X =

= |J A. Wnaue rosopsi, HelIpHBOIMMAS o-anre6pa — ato o-aarebpa,

AE®
He cojep:Kauiasg TOueK, He BXOAAMMX HHU B ofHo n3 A= &, Ecre-
CTBEHHO B KaxKJOM CJyyae PacCMOTPEHHEM TOJBKO TaKHX O- anrer
M OrPaHHYHBATHCS.

HOns HenpuBOAMMBIX C-a/rebp HMeeT MeCTO TeopeMa, aHaJorHd-
Hasl TeopeMe 2, JOKA3aHHOH BhIIIE IJsT KOJEIL,

Teopewma 4. [aa awboii nenycroli cucremvl mHoxecte & cy-
ujecTsyer Henpusooumas (no OTHOWLEHUIO K 3TOU cucTeme) c-arze-
pa B(&), codepwcau;a;: © u codepacawanca 8 awboi o-arcebpe,
codepacawel ©.

JoKa3zaTesnbCTBO NPOBOAUTCA B TOUHOCTH TeM XKe METOLOM,
YTO H J0Ka3aTeNbCTBO TeopeMbl 2; o-ajirefpa B(S) HasbiBaercs
MUHUMAABHOU G-aseebpoll Had cucTemol ©.

B anasuse BaxuHyio pPoJib HIPAKOT TaK HasniBaeMble 6opesesckue
MHOXCeCT8a, WM B-muoscecTsa — MHOXKeCTBA HA YHCJAOBOW NPAMOIL,
NpHHAAeKallie MHHUMAJbHON 0-adre6pe Hal COBOKYMHOCTbIO BCeX
cerMeHToB [a, b].

5. CHcremMbl MHOXecTB M OTOGpaxenusa. OTMeTHM CienyioulHe
haxTbl, KOTOpble HaM IMOHAOGATCH NPH H3YYEHUH M3MEPHMbIX
PyHKLHHA.

[Tyctb y = f(X) — dyuxuus, onpenesennas Ha MHOXKeCTBe M n
TPHHUMAaIOU1as 3HaueHusl u3 MHoxectsa N, u nycth M — HeKoTOpas
cucreMa noAMHoxects Muoxectsa M. O6osnauum uepes [(M) cu-
cTeMy Bcex 06pas3oB f(A) muoxects, npuHaanexauux M. ITycrs,
KpoMe TOro, Jt— HEKOTOpas CHCTEMa MHOXECTB, COAEpPKalUXCs
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B N, n f1(M) — cucrema Bcex mpoo6pasos [~1(A) MHONKecTB, BXO-
nsuux B N. CnpaBensiuBhbl CliefyiolilHe YTBEPXK/IEHHs, IPOBEPKA KO-
TOPBHIX MPENOCTABIAETCH UHTATEIO:

1) Ecan N ecTs Ko0aBUO, TO H f"l(m) €CTh KOJIBIO.

2) Econ R ecTp aarebpa, To H ') ectn anreGpa.

3) Ecin N ects G-Ia.nre6pa, to u f~'(R) ecTs o-ajréépa.

-1 -

4) R @) =7 R ().

5) B(FT (M) =]~ (BW)).
OCTaHyTCH JIH 5Td YTBEPKAECHHS CIDABEJJHBBLIMH, eCau | = 3aMe-
HuTb Ha f, a M —mua IM? :



FJTABA II
METPHYECKHE U TOMNOJIOFHYECKHE MNPOCTPAHCTBA

§ 1. TlondaTHe MeTPHYECKOr0 MPOCTPAHCTBA

1. OnpepeseHne U OCHOBHbie mpumepsl. OTHOH H3 BaxKKHEHIIHX
_omepaluft aHa/nu3a ABAAETCA NpejleJbHBIH nepexol. B ocHoBe 3Toit
onepauuy JeXHUT TOT (akKT, 4TO HA YHCJAOBOH NPSAMOH OIpeneseHo
paccTosiHHe OT OAHOH TOYKM A0 APYrod. Muorue ¢yHmnamMeHTabHbIE
dakTel anajqu3a He CBfA3aHbl ¢ ajreCpanyecKol NPUPOAOH NeHCTBHU-
TeJIbHBIX YHces (T. €. C TeM, 4TO OHH 06pasyloT nose), a ONUparTCs
Jullb HA moHsiTHe paccrosinust. O6o6was npeacras/ieHye o JeHCTBU-
TEeJIbHBIX YHCJIAX KAK O MHOXECTBe, B KOTODOM BBEJE€HO PacCTOsIHHE
MEXAY 3JeMeHTaMH, Mbl NPHXOJAHM K TOHSITHIO METPHYECKOTO
NPOCTPAHCTBa— OAHOMY H3 BaXKHEHIIMX MOHATHH COBpPeMEHHOH
mateMaTuky. HuxKe Mbl H3/10KHM OCHOBHblE (aKThl TEOPHH METpPH-
YeCKHX NPOCTPAHCTB M HX 0O006LIEHNS — TOMOJOrHYECKHX Ipo-
cTpadcTB. Pesysabrarel 5TOH rnaBbl CYLIECTBEHHb! /ISt BCEro Nafb--
HellIero H3J0XeHHs. ‘

Onpeneanenune. Merpuseckum npoCTPAHCTEOM Ha3LIBAETCA
napa (X, p), cocrosiliasi U3 HEKOTOPOro MHONKECTBA (rIpOCTpaHCTBa)
X saementos (TOuek) u jpaccroanus, t. e. OZHO3HAYHOH, HeoTpHIa-
TeJbHOR, AeficTBUTeNbHON GYyHKUuU p(X, ¥), ONpeneseHHON A5 JIo-
6biIXx x 1 y U3 X U NMONYMHEHHOH CJIeAYIOWHM TPeM AaKCHOMaM:

1) p(x,y)=0 rorna u TOJbLKO TOrAA, KOTAA X = Y,

2) p(x,y)=p(y, x) (aKcHOMa CHMMETpHH),

3) p(x,2) << p(x, )+ p(y,2) (aKcuoMa TpPeyroJbHHKA).

CaMo MeTpHuecKoe NPOCTPAHCTBO, T. €. napy (X, p), Mbl Gynem
o6o3HauaTh, KaKk NpaBuso, OfHON OYKBOH:

R=(X, p).

B cayuasx, Korna HeZOpa3yMeHHs HCKJIOYeHbl, Mbl Gyxem 3a-
yacTylo 0603HaYaTh METPUYECKOE IPOCTPAHCTBO TEM XKe CHMBOJIOM,
UTO M CaM «3anac Toyek» X.

Ipusenem npumeprl MeTpuueckux npocrpaHcts. Hexoropoie us
3THX IIPOCTPAHCTB MIPAiOT B aHAaJ/i3e BeCbMa BaXHYIO POJib.

1. TTonoXuB 1J1sT 3/1IeMEHTOB MPOU3BONBHOTO MHOXKECTBA

p(x, y)={

0, ecoin x=y,
1, ectu x#y,
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Mbl TIOJIY4HM, OYEBHHO, METPHUECKOe pocTpancTBo. Ero MoxHo Ha-
3BaTh IPOCTPAHCTBOM H3O/HPOBAHHEIX TOYEK.
2. MHOXeCTBO IefiCTBHTE/IBHBIX UHCeI C pPACCTOSIHUEM

o(x, y)=lx—yl

o6pasyer merTpuueckoe mpocrpancrso R!. ’
3. MHOKeCTBO YNOPSAOYEHHBIX IPYNI U3 N NeHCTBHTEIbHBIX UH-
cen x = (X1, X3, ..., Xn) C PACCTOSIHUEM

olx, )= N/ kZ; (9 — xp)? (1)

HA3bIBAETCH N-MEPHLIM apupmeTudeckum esKkiudossim RPOCTPAH-
creom R™. CnpaBeniuBocTb akcuom 1) u 2) nast R® oueBnana. Ilo-
KaxeMm, uTo B R™ BHIIOJIHEHA W aKCHOMA TPEYroJbHUKA.

Iycts x =(x1, ..., %n), y= (Y1, ..., Yn) U 2=(21, +.., Zn);
TOI'Zla aKCHOMA TPeYroJbHHKA 3aNUCHIBAETCS B BHIE

/\/k;l (2 — %, << ’\/k;l (Y — x)* + /\/kZ:“l @e— 2. (2)

[Monaras yn — Xp = an, 2p — Yr = by, NONYYAEM 2p — X, == Qp -+ by,
a HepaBeHCTBO (2) NPHHHUMAET NPH 3TOM BHA

/\/kz—-:l (@ +b,) < Vk‘i“l qz’)‘ + kgl b ®)

Ho 10 HepaBeHctBO Cpasy CIIeJlyeT 13 H3BECTHOTO HEPaBEHCTBA'
Komn — Bynsikosckoro !)

2 n n
Y ab ) <Y az-) b 4
(k::l kR kz=:1 k k; k @
ﬂeﬁCTBHTeJIbHO, B CHJIY 3TOr0 HEpaBeHCTBA HMeeM

;l(ak+bk)2=kz=:la§+2k;lakbk-{-kélbig
n i . .,
<Y ai-l-?/\/k;ai-’;lbi+’§lbi=(’\/‘£ai+ g;“xbi)’

=]

TEM CaMbIM HepaBeHCTBO (3), a cjenoBatenbHo u (2), JOKa3aHO.

1) Hepapencreo Komm — ByHSKoBCKOro BBITEKaeT H3 TOXIECTBA

n 2 n n n o n
b ) = 2 2 s
aby ) =) aiy b= ) Y (aby— b)),
k=1 k=1 k=1 i=l j=l

KOTOpOe npoBepseTcs HEHOCPeACTBEHHO,
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4, PaCCMOTpHM TO XK€ CaMO€ MHOXKEeCTBO YNOPAJLOYEHHLIX Tpymn

M3 N JEACTBUTE/IbHBIX YHCEN X == (Xy, ..., Xn), HO PACCTOSIHUE OIlpe-
ZeauM B HeM GopMyJioH
n :
o (%, 9) =X 1 52— g . (5

CnpasennuBoctb akcuom 1)—3) 3sgech ouesuana. OGo3HauuM 370
MeTpuUecKoe NPOCTPAHCTBO cHMBOMOM RY.

5. BosbmeM CHOBa TO Xe caMOe MHOXECTBO, UTO H B IIpHMe-
pax 3 u 4, ¥ ONpeNeNHM PacCCTOSHHe MEXIy ero sjeMmeHramu ¢op-
MyJI0H :

Po (X, y)= max |y, — x . (6)

KRN

CrnpasepauBoctb akcuoMm 1)—3) oueBuaHa. DTO NPOCTPAHCTBO, KO-

TOpoe Mbl 9603HaunM R, BO MHOrHX BOmpocax aHa/nu3a He MeHee
y106HO, UeM eBKJHJO0BO nmpocTpaHcTBO R™.

IMocsennne Tpu mpuMepa NOKa3blBalOT, YTO HHOTJAa H B CaMOM
Jdene BaXXKHO MMETb pasjHuHble 0603HA4YeHHUS [JIsSI CAMOTO MeTpHye-
CKOT0 NPOCTPAHCTBA H IJIf MHOXXeCTBa ero To4ek, TaK KaK OfHH H
TOT K€ 3a1ac TOYek MoxXeT ObiTb I0-pPa3HOMY METPH30BaH.

6. Muoxectso C[a, b] Bcex HenpepbIBHLIX AEHCTBHTENbHbIX QYHK-
11, ONpeJlesieHHbIX Ha cerMeHTe [a, b], ¢ paccrosiHueM

o(f, &= max |g() — ()] (7
as<i<h

Takxke 06pasyer MeTpHYECKOE NpocTpaHcTBO. AkcuoMul 1)—3) mpo-
BepAIOTCS] HENOCPENCTBEHHO. DTO MPOCTPAHCTBO HIPAET OYEHb BAXK-
HYI0 poJib B aHanause. Mpl Gynem ero o60o3HauaTh TEM XK€ CHMBO-
aom Cla, b], uTo W caMO MHOMKECTBO TOYEK 3TOTO NPOCTPAHCTBA.
Bwmecro C[0, 1] Mmbi 6ynem mucatb npocrto C.

7. O603HaunuM uepes Iy MeTpHUECKOE IPOCTPAHCTBO, TOUKAMH KO-
TOPOTO CJYXKAT BCEBO3MOXHBIE MOCJEJ0BATENbHOCTH X == (X1, Xa, ...
vy Xn, ...) HEHCTBUTENBHBIX YHCEJ, yIOBJETBOPSIOLUIHE YCIOBHIO

> K< oo,
k=1
a paccrosigue onpepensercs GopMyJoi
ox, y) = ’\/ k; (Y — %2)* (8)

U3 snementapuoro nepaseuctsa (x, =y, ) <<2(x2 + i) caenyer,
uto QyHKUHsS p(X,y) HMeeT CMBICJA IJIsI BCeX X, Yy < Iy, T. e. paf

> (yp — x)? cXomuTes, ecu
=1

oo oo
> 2 <oo 3 y2 < oo,
k=1 =1t
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TlokaxkeM Tenepb, uyto QyHkuus (8) yHOBJETBOpSieT aKCHOMaM MeT-
PHUECKOr0 MPOCTPAHCTBA. AxcuoMsl 1) u 2) oueBmaHbl, a akcHOMa
TpeyroJibHHKa NPUHUMAET 3[1eCb BUJ

/\/kz;‘l (2x — ka)z <’\/k§; (z, — yk)2 + /\/kgl (Y ___x,;)‘z ] )

B cuiy CKa3aHHOTO Bbllle Kbl H3 TPeX HANHCAHHBIX 31eCh psi-
noB cxonutes. C apyrofl CTOPOHB, MPH KAaXAOM A CHPAaBELJIHBO
HEepaBeHCTBO

(cM. mpumep 4). Ilepexons 3jgech K mpeneay npu n—> 0o, NOJy4aeM
(9), 1. e. HEPAaBEHCTBO TPEYrObHHKA B .

8. PaccMoTpuM, Kak H B npumepe 6, COBOKYMHOCTb BCeX GQYHK-
uull, HeflpepblBHBIX Ha . OTpe3ke [a, b], HO paccrosiHHe oOmpene HM
HHaue, 2 HMEHHO, OJIOXKHUM

b

2
ot =({ 0~ vorar) (10)

a

Takoe MeTpHueckoe TIpPOCTPAHCTBO Mbl OygeM o6o3HayaTh
C,[a, b] u Ha3bIBATb NPOCTPAHCTBOM HENnpepblBHbLY PYHKYUL ¢ Kead-
paruunoti merpuxoil. 31ech akcuoMel 1) u 2) MeTpuueckoro npo-
CTPaHCTBA ONATb-TAKH OYEBHIHBI, @ aKCHOMAa TPEYroJbHHKA Hemo-
CpeJCTBeHHO BbLITeKaeT M3 HHTerpanbHOH (opmbl HepaseHcTBa Ko-
mH — ByHsKoBCcKoro ')

b 2 b b
(S x(t)y(f)dt) < S X2 (t) dt - S P2 () di.
a a a
9. PaccMOTpHM MHOXKECTBO BCEX OrpaHHUEHHBIX MOCJAEIOBATENb-
HocTell X = (X1, X2, ..., Xn, ...) HEHCTBUTEJNbHBIX uuces. Ilosoxus
o (¥, y) =sup|y,— x| (11)

MBl TOJYYUM MeTpHYeCKOe NPOCTPAHCTBO, KOTOpPOe 0B03HAuuM M.
CnpaseninBocts akcuoM 1)—3) ouyeBniaa.

') DTo HepaBeHCTBO MOXeT GLITb MOJNYUEHO, HANDHMEP, M3 JETKO, NpOBepse-
MOro TOXAecTBa

b 2 b b b b
(Sx(t)y (1) dt) = Sx2 (1) dt S ¥2 (1) dt-—2'—S S [x () y (&) — g (s) x (H))2 ds 2.
aa

a a a
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[0. MHoXecTBO YNOPSAAOQUEHHBIX TPYyNNn U3 1 JeHCTBHTEJbHHIX
yucesa C pacCTOSIHHEM

n lip
P, (%, y)= (k‘; | Y — %z I”) ' (12)

rae p — Awboe ¢ukcupoBaHHoe uucao =1, npeacrasJaseTr codoi

MeTpHuecKoe IPOCTPAHCTBO, KOTOpoe Mbl o6osxayuM Rp. CnpaBex-
JUBOCTH akcHoM 1) u 2) 3nech onsiThb-Taku oueBuiHa. [IpoBepum
akcuomy 3). Hyere x=(x1, ..., Xn), Y=, --., Yn), 2=
= (21, ..., 2n) —Tpu TOukn u3 R5. Tlomoxum gy — x5 = au,
2y — Yn = by, TOrRA HEpaBeHCTBO

P (X, 2)<p,p (%, y) + 0, (y, 2),
CﬂpaBe}lJIHBOCTb KOTO])OFO Mbl JOJI2)KHBI yc’TaHOBHTb, HpPlMeT BUJ

310 — TaK HasviBaeMoe HepasencTeo Munkoackoeo. [lpn p =1 ne-
paBeHCTBO MHHKOBCKOrO OY4eBHIHO (MOAYJb CyMMBl HE NpPEBOCXO-
IUT CYMMBI MOZYyJell), nosToMmy GyAeM cuHTaTh, yTo p > 11).
JoxasarenbcTBo HepaBeHcTBa (13) nmpu p > 1 ocHOBaHO Ha Tak
Ha3biBaeMOM Hepasenctse I'éavdepa
n

Siasa<(S1ar) (L inr) ", (19

= k= k=
rae yucaa p > 1 n ¢ > 1 cpa3anb ycnoBueM

1 | R
7,--1--‘—’-—1, T.e =T (15)
3ameruM, uro nepaBeHcTBO (14) oxHopoaHo. DTO 3HAYMT, UTO
eCJii OHO BHITOJIHEHO IJ151 KaKux-in6o ABYX BeKTOpoB a = (ay, ...
., @n) u b={(by, ..., by), TO OHO BHINO.JHEHO M 1/ BEKTOPOB
Aa u pb, rie A u u— npoussBoJsbHble yucaa. [1osToMy HepaBeHCTBO
(14) mocraToyHo noKasaTbh AJs caydasi, KOria

n n
2 la =2 1b,"=1 ., (16)
k=1 k==1
Hrak, nycTb BhinoJiHeHO ycaoBue (16); nokaxem, uro
n
SEPHEANESS (17y

1) Tpu p << | wepaBencTBo MunxoBckoro ne nMeeT Mecra. Muaue rosops,
ecau 6B MBI 3aXOTeJH paccMaTpuBaTh npoctpanctso RS mpu p <<, T0 B Takom
NPOCTpaHcTBE He Obla Gbl BHINOJHEHA aKCHOMa TPEYroJIbHHKA.
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Paccmotpum Ha miockoctu (&, ) KpUBYIO, onpelesasieMylo ypas-
penneM 1) == EP~! (£ > 0), uau, 9470 TO XKe caMoe, ypaBHeHHEM f =
= n9~! (puc. 7). VI3 pucynka scHo, uto npu Jio6oM BeGope 110J10-
JKHTEeAbHBIX 3HauenHit @ u b Gyper S;+ Sz = ab. Bouncaum mio-
mann S; u Sy

7 )
a b 2 -
C p—1 — af . g-—1 _ be
S,=S§ dE—-—p‘, 32-—871 d*l——;,*- S,
0 0 "
S8
TakumM 00pa3oM, ClpaBeJiuBO UHCAOBOE He- J S
aBEeHCTBO
g p< L 4 & ’ .
WS + g Pue. 7.

3amenns 3nech a Ha |ax| u b ua |bx] u cymmupys mno k or 1
J0 n, noJayunM, yuuteiBas (15) u (16),

kz_lllakbk:@.

Hepasencrso (17), a caenoBaresibHO, 1 o6iiee HepaBeHCTBO (14)
Roxasanbl. [lpu p = 2 nepaBenctBo I'enbnepa (14) nepexoaur B He-
paBencTBo Komn — ByHsikoBckoro (4).

IMepeitneM Temepb K 10Ka3aTeJibCTBY HepaBeHCTBAa MHHKOBCKOrO.
st aTOrO paccMOTPHM TOXKIECTBO

(al+16)°=(al+I16)’ " lal+Qal+16)"" 16l

3aMeHsisi B HANHCAHHOM TOXIECTBE a4 Ha ax U b Ha by U cymMupys
no k or 1 fo n, noayunm

Z (el +16:0" =2 (ael+1660° " 1ael+ X (axl+16:)" 16,1

IMpuMensisi Tenepb K KaXKA0H M3 IBYX CYMM, CTOSIIMX CNpaBa,
HepaBeHcTBo ['énbaepa u yuutniBag, uto (p — 1)g = p, noayunm

3 a1 <
<(Z 0aiin) ((Siar)e+[S10r]")-

Hens o06e uacTu 3TOrO HEpaBEHCTBA HA

(gn__:l (ap|+10s I)p)l/q,
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NIOJNYUYHM

(2 qai+160) " <(S1acr) +(E16r)”

<OTKyZAa cpasy cieayer HepaseHcTBo (13). Tem cambiM ycTaHOBJaeHa
AKCHOMA TPEYro/ibHHKA B IpocTpaHcTBe Rj.

PaccvoTpeHHas B 3TOM NpHMepe MeTPHKA pp MPEBPALIAETCs B
eBKmumBy MeTPHKY (mpuMep 3) npu p = 2 U B METPHKY npuMepa 4

1pu p = |. MoXXHO MOKa3aTh, YTO MeTPHKA
Po (X, y)= max |y, — x|,
1\ =n

‘BBeJleHHas B IpuMepe 5, ABJAAETCA NpeleJbHBIM CAyuaeM MeTPHKH
©p(%, y), AMeHHO:

I/p
w (X, )= lim (Z ka-—xkl”) :
p>oo
3 nepaBenctsa
3 b 1 I '
S+e GHe=1).

“yCTaHOBJIEHHOrO Bbllle, JIETKO BBIBOZUTCH U UHTEZPAAbHOE HepaseH-
.cr60 eavdepa
h

b l/'p b . Y/g
Ssx(t>y(t)\dt<(§lx(t)l"dt) (Sly(t)l"dt) :

a a

-cnpaBefanBoe s JOGbIx QyHkuui x(f) w y(f), nas goTopmix
-CTOSLILHE CTIpaBa HHTerpanbl uMeoT cMuica. OTciosa B CBOIO ouepesb
HI0J1y4aeTCs UHTeepanbroe HepaseHcT80 MunKo8ckoeo

b

/p lip l/p
(Six(t)+y(f)i”dt) /g(g;xmm) +(§uy(t)v’dt) .

11. YkaxeM ellle ONMH HHTEpPeCHbIH NpHMep MeTpPHYECKOro mnpo-
-cTpancTBa. Ero snemMeHTamMu fBASIIOTCS BCEeBO3MOXHBbIE HOC/AEN0BA-
TEJbHOCTH NeHCTBUTENbHbIX UHCes X = (Xy, X2, ..., Xn, ...), TaKHe,
-qTe

00
lek1”<oo,

The p = | — HekoTOpOoe (DUKCHPOBAHHOE YUCJIO, & PACCTOSHUE onpe-
_peasiercss GopMyJon

o l/ip
otr, = (Z 1o —uu¥) . (18

.AT0 MeTpHUYECKOe MPOCTPAHCTBO Mbl 0603HauuM [p.
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B cuay HepaBeHctBa Munkosckoro (13) umeem npu Jai06oMm n-
n 1/p n /p n I/p
P
(Z lyk—xkr’) <(Z | x| ) +(Z | yklf’) :
k=1 =1 =
Tak K4k, 10 NpPeIoJOXKeHHIO, pALbl
oo o0
Ylxl w Xyl
k=1 k==1
CXOATCA, TO, Niepexo/isl K Npefiesy NpH A —> o, NOJYIHM

(kZ::I [Yp — %z lp)”p < (1;21 | X |p)”” + (g::l | Ya lp)l/p < oo, (19}

TakuM o6pa3om, 1oKa3aHo, uto dopmyna (18), onpenensiouias pac—-
crosiiMe B [p, JAEHCTBHTENbHO HMEET CMBICA IJs JIOGHIX X, Y & lp..
OnxoBpeMeHHO HepaBeHCTBO (19) nokasbiBaer, 4T0 B /p BHIIO/NHEHA
axkcuoma TpeyrojbHuKa. OCTajbHble aKCHOMBI OUEBHIHBL.

HeorpaunuenHoe KOJHYECTBO JaJbHEHIIHX NPUMEPOB JaeT cje--
nytouruii npueM. Ilyere R = (X, p) — MeTpHuecKoe npocTpaHCTBO U
M — mo6oe noamuoxectso B X. Torma M c To#t xe ¢yuxuueh
p(X, Yy), KOTOPYI0 MBI CUHTaeM Tellepb ONpefeNeHHOH AN X H y-
u3 M, toxe npexncrasasieT coboil MeTpHYECKOe NPOCTPAHCTBO; OHO-
Ha3blBaeTcst NOONPOCTPAHCTEOM IPOCTPAHCTBA R.

2. HenpepbigHbie 0TOGpaKeHHs] MeTPHUECKHX mpocTpaHcTs. H3o-
merpug. Ilycte X u Y — nBa MeTpHyecKHX NMPOCTPaHCTBA H [ — OTO-
6paxenue npocrpancrtsa X B Y. Takum o6pasom, Kaxaomy xe X
CTaBHTCA B COOTBETCTBHE HEKOTOPHI 3nemeHT y = f(x) us Y. dro-
oTo6pakeHue Ha3bIBAeTC HEnpepuiéHbim B TOUKE Xo & X, ecin Aas
Kaxporo € > 0 cyumecrByer Takoe § >> 0, uro ajas Bcex x = X Ta--

KHX, 4TO
Y (x! x()) < 69

BbINMMOJIHEHO HEPABEHCTBO

1 (F(x), [(x0)) <e

(3mecy p— paccrosinue B X, a p;— paccrosuue B Y). Ecan oto--
Gpaxenue [ HempephiBHO BO BCeX TOYKax npoctpaHcTBa X, To ro--
BopaT, uto [ Henpepoisno na X. Ecau X u Y — uucnoBble MHOXKe--
cTBa, T. €. [-—uuciaoBasi (YHKLUS, ONpeReSeHHAsT HA HEKOTODOM.
nogMHoxectBe X YHCIOBOH OCH, TO NPUBEJEHHOE ONpEAeJeHHEe He--
IPepHIBHOCTH OTOOpaX<€HHS MpPEBpallaeTcsi B XOPOUIO H3BECTHOE U3.
3JIeMEHTapHOTO aHaJu3a ollpefie/ieHHe HeIPePHIBHOCTH QYHKIUH.

AHasnOrH4HO MOXKHO ONpPENeNIUTb HENnpephBHY (GyHKuHIO (OTO--
Gpaxxenue) [ OT HECKOJbKHX TNeEpPeMEHHHX X E X, ..., xn & Xpn.
(rme Xi, ..., Xn— MeTpHUeCKHE NPOCTPAHCTBA) CO 3HAYEHHSMH B-
MeTpuueCcKOM mpocCTpaHCTBe Y.
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3aMeTuM, B 3TOH CBfA3H, YTO CaMO PacCTOsiHHE P (X, Y), e pac-
CMaTpHBATb €ro Kaxk (GYHKUHIO MepeMeHHbIX X H y U3 X, Henmpepuis-
HO. JTO cpasy Xe CIelyeT H3 HepaBeHCTBA

[o(x, y) — p (%0, Yo) << p (%0, %) + 0 (Y0, ¥),

JIEIKO BBIBOJAHMOIO H3 HEPaBEHCTBA TPEYrOJbHUKA.

Ecan oroGpaxenue [: XY B3auMHO 0IHO3HAuHO, TO Cylle-
cTByer o6paTtHoe oTo6paxenue x = [~!(y) npoctpancrsa Y na mpo-
crpanctBo X. Ecau oto6paxenue f B3auMHO OJHO3HAYHO M B3aHMHO
HenpepblBHO (T. e. [ B ['— HenpepriBuble OTOGpaxenus), TO OHO
Ha3bIBACTCH 20MEOMOPPHOLIM OTOOPAINCEHUEM WKW 20MEOMOPPUIMOM,
a camu npoctpanctda X H Y, MeXAy KOTOPHIMH MOXKHO YCTaHOBHTH
roMeoMOp(u3M, HA3BIBAIOTCA 20MeOMOPPHbIMYL Mexay cobod. [Tpu-
MEepOM TOMeOMOP(HBIX MeTPHYECKHX NPOCTPAHCTB MOTYT CAYKHTD
BCSl YHCJIOBas npsiMasi (—oo, 00) u WHTepBaJ, HANIPHMED, HHTEPBaJ
(—1,1). B srom cayuae romeomopduam ycraHasauBaercs ¢op-
MyJ0H

2
y=_—arctg x.

BaxublM yacTHHIM ciyuaeM roMeoMopdH3Ma sIBAAETCA TaK Ha3bl-
BaeMoe M30MeTpuueckoe oToOpaxKeHHe.

FCoBopsaT, uTo GHeKHUS [ MeXKAy METPHUECKHMH NMPOCTPAHCTBAMH
R =(X,p) n R = (Y, p’) asasiercs uzomerpuei, ecau

p (x1, X)) = p" (F (x), f(xy))

ans mobeix xi, ¥2& R. TlpoctpanctBa R u R’, MeXAy KOTOpBIMHM
MOXKHO YCTaHOBHTb H30METPUUECKOE COOTBETCTBHE, HA3bIBAIOTCS 430~
MeTPUUHBIMU.

Hsomerpusi npocrpancts R u R’ osHauaer, uTto MeTpHuecKue
CBSI3M MEXAY HX 3JeMeHTaMH ONHH M Te K€, PasJuYyHOH MOXKeT
GbITb JIMIIb NPHPOAA HX 3JEMEHTOB, YTO C TOYKH 3PEHHS TEOpHH
MeTPHUECKHX MNPOCTPAHCTB HeCYllecTBeHHO. B nasbuefiieM wu3o-
MeTpHUYHble MeX1y COGOH mpocTpaHcTBa Mbl GYAeM paccMaTpHBaTh
IPOCTO KaK TOXKIECTBEHHBIE.

K H370KeHHBIM 3/eCh TMOHATHAM (HENPepbLIBHOCTb, 'OMEOMOP-
du3M) Mbl BepHeMcsl, ¢ Gosiee oOlIell TOUKM 3peHHs, B KOHue § 5
9TOH T/1aBHI.

§ 2. Cxopumoctb. OTKpLITHIE M 3aAMKHYTble MHOMXECTBA

1. MpepenbHbie Toukn. 3ambixanue, Mnul BBeleM 3[€Ch HEKOTO-
pbie TOHATHS TEOPHH METPHUYECKHX POCTPAHCTB, DTH TOHSTHA Mbi
HEOJHOKPATHO HCIIOJb3yeM B [aJjbHeHllIeM.

Orkpoiroim wapom B(Xe, r) B METPUUCCKOM MPOCTPAHCTBE R Mbl
6yaeM Ha3blBaThb COBOKYNHOCTh TOYEK X & R, yA0BJETBOPAIOUIUX
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Ny CJAOBHIO
y o (x, X <r.

Touka Xo Ha3bIBAaeTCs YeHTPOM 3TOro uiapa, a 4ucjo r—ero pa-
duyconm.

. "Bamkuyroin wapom Blxg r] Mbl Ha30BEM COBOKYNHOCTb TOYEK.
x € R, y10BJIeTBOPAIOIHX YCIOBHIO

p(x’ x0)<r'

OTKpuITHI Wap paauyca € ¢ LEeHTPOM Xo MBI OyleM HasbiBaTb
TaKXe €-0KPeCTHOCTHIO TOUKU Xo U 0003HauaTh cuMBoaoM O (X).

Ynpaxnuneune., [IpuBecTH npuMep MeTPHUECKOrO NPOCTPAHCTBA M TaKuX
asyx wapos B (x, p1), B(y, p2) B HeM, uTO p; > 02, H TeM He MeHee B (x, p;) =
‘< B(y p2)

MuoxectBo M < R Ha3biBAETCA 02PAHUYEHHBbIM, €CJH OHO CO-
NEPIKHTCS LeJIHKOM B HEKOTOPOM Illape.

Touka x = R Ha3blBaeTcst TOYKOL NPUKOCHOBEHUSA MHOXKECTBA
M c R, ecnin no6as ee OKPeCTHOCTb COJEPIKUT XOTS Gbl OHY TOYKY
u3 M. COBOKYIHOCTb BCeX TOUYEK NPHUKOCHOBEHHs MHOXecTBa M
o6osnauaercsi [M] u HasbiBaeTcs 3ambiKaHuem 3TOr0 MHOXKECTBA.
Taxum o6pasoM, Mbl ONPELeNHAN 1JIsT MHOXKECTB METPUUECKOrO Mpo-
CTPAHCTBA ONepPayuIo 3aMbIKOHUA — TIEPEXOM OT MHOXKecTBa M K ero.
saMbikanuio [M].

Teopema 1. Onepayus samvikanus ob6aadaer ciredyouyumu
ceolicTeamu:

1) M [M],

2) [[M]] = [M],

3) ecau My < M,, To [My] < [M,),

4) M, UM} = [M]U [M,].

HokxaszareabcTBo. [lepsoe yrBepxaeHue oueBHIHO, TaK KaK
BCsiKasi TOUKa, NMpuHamjexamas M, ssaserca ans M toukoit mpu-
Kocuosenus. [okaxeM BTOpOeE.

IMycrs x =[[M]]. Torna B mo6oit okpectHocTn O¢ (X) 3TOH Touxm
Haligercs Touka x; < [M]. Tlonoxum e&—p(x, x,)= €, u paccmor-
pum wap O, (%1). DTOT Wap LEIHKOM JeXHT BHYTpU apa O¢(x).
HeincrBurenpno, ecan ze& O (X)), 10 p(2,X1)<<e;, H TaK Kak
p(x, X;) = € — &;, TO 0 aKCHOME TPEYroJbHUKA

p(2, x) <e -+ (e—¢g)=c¢,

T. e. 2 O, (x). Tak kak x; & [M], 10 B O, (x,) Hali1eTCa TOUKA Xy = M.
Ho rtorma x, = O, (x). Tak Kak O, (x) — NpOM3BOJIbHAS OKPECTHOCTD.
TOYKH X, TO,X & [M]. Bropoe yTBepXKIeHHE N0OKA3aHO.

Tperbe cpoficTBo oueBHgHO. [loKaxKeM, HaKOHEL, YeTBepTOE
CBOHCTBO.
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Ecan x = [M; U M3, to x comepxuTcs no kpaiiHe#l Mepe B op-
HOM u3 MHOXecTB {M] nau [My)], . e.

(M, UM, = [M]U[M,].

"Tak xak My M; U My u My <=M, U Mz, 10 o6paTHOe BKJIIOUeHHe
-cnefyer 3 csofictBa 3). Teopema J0Ka3aHa MOJHOCTBHIO.

Touka x& R HasbBaercs npedeabHoil TO4KOI MHOXKeCTBa
MR, ecin mo6as ee OKPECTHOCTb COAEPKHT GECKOHEUHO MHOrO
Touek us M.

IlpenenpHas Touka MOMKeT NPHHAIJE€XAaTb, @ MOXKET H He MNpH-
‘Hajexars M. Hanpumep, ecii M — MHOXKeCTBO pallHOHAJNDBHBIX YH-
-«ces1 u3 orpeska [0, 1], To Kaxnas Touka 3TOro OTpe3ka — npegeJnb-
‘Has g M.

Touka x, npuHanaexamasn M, naspiBaercss U30AUPOBAHHOL
"TO4KOU 3TOTO MHOXKECTBA, €CIH B JOCTATOYHO MaJIOH ee OKPEeCTHO-
«cth O¢(x) Her Touek u3 M, orauunbix ot x. [Ipeasnaraem yuraresio
JI0OKa3aTb B KayecTBe YNpaKHEHUs CJefylollee yTBEPKIEHHE:

Beakas rouka npuxocnosenus muoxcecrea M ecre aubo npe-
-0eabHas, Aubo U30AUPOBAHHAS TOYKQ dTO20 MHONCECTEA.

Orciofia MOXKHO 3akJIOUUTb, uTO 3aMbikaHue [M] cocrouTt, Bo-
«06l1le TOBOPS, U3 TOYEK TPeX THIIOB: '

1) u30o/HpOBaHHBIE TOUKH MHOXKecTBa M;

2) npenejbHble TOYKH MHOXecTBa M, npuHaanexaiue M;

3) mpenenpHble TOYKHM MHOXectBa M, He mpunamaexauipe M.
“Taknum o6pasoM, 3aMbikaHHe [M] nonyuaercs npucoegnnenuem kK M
_BCeX ero npefesbHbIX TOYeK.

2. Cxogumoctb. IlycTb X, X2, ...— [IOCAEOBATENbHOCTh TOYEK
"B MeTpuueckoM npoctpadctse R. ['oBopsT, 4To 3Ta mocjefoBaTesNb-
HOCTb CXOOUTCA K TO4Ke X, ec/H Kaxjas oKpecTHOCTb O¢(x) ToOu-
KH X COIEPXKHT BCe TOYKH Xp, HAYHHAA C HEKOTOpOH, T.€, eClu aas
BCsiKOro € > 0 Halizercs takoe 4nuciao Ng, uto O (x) comepxkuT Bee
“TOUKH Xn ¢ 1 > N,. Touka x HaspiBaetcsi npedeiom NMocCJeRoBaTe/b-
HOCTH {Xn}. : :

Arto onpeipeseHHe MOXHO, OYEBHAHO, CHOPMYJIHDPOBATHL elle u
.cleyloluM 06pa3oM: NOCAeNOBATENbHOCT: {Xa} CXOHHUTCH K X,
-€CJTH

lim p(x, x,) =0.
n->»w

HenocpencTBeHHO H3 ONpejeseHHA Ipejesa BhiTeKaeT, yto 1)
‘'HMKaKasi TNOCJeJOBaTeJbHOCTb He MOXKeT HMeTh JBYX pa3JHYHBIX
npeesioB, H YTO 2) eCJH MOCJeJ0BATEeNbHOCTh {Xn} CXOAMUTCH K TOY-
K€ X, TO 1 BCAKasi ee MOANOCJENOBATENbHOCTh CXOAUTCA K TOH Xe
CaMoH TOUKe.

Cuenyioniass TeopeMa yCTaHaBJIMBaeT TECHYIO CBA3b MEXIy IO-
HATUSAMH TOYKH HpHKOCHOBeHHH H npeuena.
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Teopema 2. [lan 1020 urobot Touka x Gblaa TOUKOL NPUKOC-
yosenus mroocectsa M, nHeo6xodumo u doctarouno, urobel cyuje--
cTB08ANA NOCAe008aTEAbHOCTL {Xn} TOuex u3 M, cxodawasnca K x.

JlokasaTeabCTBO. YCIOBHE HEOOXOAUMO, TaK KaK €C/IH X —

rouKa TPHKOCHOBEHUST MHOXecTBa M, TO B KaXI0# ee OKPECTHOCTH
Oy (x) comepxurca Xora Gbl OfHA TOYKA X, & M. DTH TOYKH 00—
pasyloT TIOCJIE/I0BATEbHOCTD, CXOAdlLYyIoCs K Xx. JlocTaTounoCTh OUe-
BHJHA.
. Ecam x—npenesbHas TOuKa MHOXKecTBa M, TO TOUKH Xxp, =
e Oy (x)N' M, oTBeuaomiue pasHbiM 1, MOXKHO BbIGPATb [IONapHO
pasnuuHbiMH. Taxkum o6pasoM, 0aa T020 uTOGbL TOWKA X ObLaa
npedeavnot 0an M, neobxodumo u docrarouro, 4robor 8 M cyuie-
€TB0BAAA NOCALO0BATEALHOCTS NONAPHO PABAUHHBIX TOHEK, CX00-
Wanca K Xx.

[ToBsiTHe HENpPepLIBHOCTH OTOOPAXKEHHS METPHUECKOrO NMPOCTpal-
ctBa X B MeTpuueckKoe npocTpaHctso Y, BBenenuoe B § 1, Moxuo
renepb cOPMYJNHPOBATL B TEPMHHAX CXOJUMOCTH NOCAEN0BATENbHO-
creii. Umenno, oroGpaxenue y = f(x) HenpepbiBHO B TOUKE Xy, €CAH
BJsl BCSKOH MOCJENOBATEbHOCTH {Xn}, CXOASALLEHCS K Xo, MOCAENO-
BaTeJbHOCTb {Yn = [(Xn)} cxomutrca K yo = f(xo). JloKazareqabCTBO
PaBHOCHJBHOCTH 3TOr0 ONpejeseHnst npuBeleHHOMYy B § | Huuem ue
OTJIMYAeTCs OT J0Ka3aTe/NbCTBAa PABHOCHJIBHOCTH [ABYX OIlpejene-
HHI HempepHIBHOCTH («Ha s3biKe €, O» U «HA SI3bIKE TOCJENOBATE/]b-
HocTefi») QYHKUHH YNCJIOBOTO apryMmeHTa M MoXeT ObiTb NpenocTas-
JIEHO UMTAaTesIo.

3. Maotubie noamHoxkectBa. Ilycte A u B-—pBa MHOXecCTEa
B MeTpuuecKoM mpocrpanctBe R. Muoxectso A HasbiBaeTcs AAOT-
noum B B, ecnn [A]D> B. B uacrHoctu, MHOXKecTBO A HasbiBaerc:
8ct00y naoTHom (B TipocTpaHcTBe R), ecan ero 3ambikanue [A] cos-
majaet co BceMm npocrtpancTBoM R. Hanpumep, MHOXKecTBO-paLlio-
HaJIbHbIX YKCeJ BCIOAY IJIOTHO HA YHC/I0BOH mpsiyol. Muoxectso A
Ha3bIBAETCSt HUeOe He NAOTHbIM, €CAU OHO He I/IOTHO HH B OJHOM
Wape, T. €. €cJad B KaxjaoMm wwape B < R comepmEitcs apyrofil wap
B’, ne umeromuit ¢ A Hi OXHOH OOLIEH TOUKH.

[IpumMeps MpPOCTPAHCTB, HMEIOMHUX. BCIOAY NJO0T-
fioe CueTHOE MHOXecCTBO. [IpocTpaHCTBa, B KOTOPLIX HUMeeT-
€51 CYETHOE BCIOLY MJOTHOE MHOXECTBO, HAa3bIBAIOT cenapabenbHbLmiL,
PacemoTpuM ¢ 3Toli TOuKM 3peHust npuMephl, KOTODPble NpPUBELEHbE
8§ 1.

1. «[luckpeTHoe» mpocTpaHCTBO, omucaHHoe B mpumepe 1 § 1,
COIEPIKUT CUETHOE BCIOLY MJOTHOE B HEM MHOXKECTBO TOrAa H TOJb-
‘KO TOTr/a, KOT[a OHO CaMO COCTOHUT JIHIIb M3 CUETHOTO YHC/IA TOUEK.
Heno B ToM, uto 3amMbikanue [M] mo6oro Muoxectsa M B 3TOM npo-
‘erpaHcTBe copnanaer ¢ M. ’

% Bce nmpocrtpaHcTBa, nepeuncieHdbie B npumepax 2—8 § 1, co-
AepXKaT cyeTHble BCIOAY IVIOTHblE MHOMXeECTBA. YKaXXeM B KaxJom
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%3 HHUX [0 TAKOMY MHOMKECTBY, HACTOATEJIbHO PEKOMEHAYS YHTaTeNo
[IpoBecTH NoApOGHBIe IOKA3aTeNbCTBA.

2. Ha nefictBurenbHofi ocu R! — panuonasbHble TOUKH.

3—>5. B n-mepHoM eBKJIHI0BOM mpocTpaHcTBe R™ u B mpocrpau-
crBax RY, R% — COBOKYNHOCTb BEKTOPOB C PALUOHANLHBIMH KOOp-
IWHATAMH.

6. B npocrpascrBe Cla, b]— COBOKYNHOCTh BCEX MHOTOU/IEHOB ¢
paloHAJbHEIMH KO3hdHUHEHTAMMU.

7. B mpocrpaHcTBe [2— COBOKYMHOCTb TOC/EAOBATENbHOCTEH, B
KaXXHOH H3 KOTOpHIX BCEe YJEHbl PAlUHOHAJbHBI M JHUIIb KOHEYHOe
(cBOE A5 KaXKAOH IOC/AEZOBATENBHOCTH) YHCIO 3THX YJIEHOB OT-
JINYHO OT HYJISI.

8. B upoctpaHctBe C;la, b] — cOBOKYNHOCTH BCEX MHOTOUJEHOB
¢ pauHoHaJbHBIMH KO3(pduureHTamu.

BMecTe ¢ TeM npOCTPAHCTBO 02PAHUYEHHBLX MOCA008ATEALHO-
creit m (npumep 9 § 1) HecemapabedibHO.

HeficTBUTENIBHO, PACCMOTPHUM BCEBO3MOXKHbBIE NOCJAEL0BATENbHO-
cTH, cocrosiiHe u3 Hyaedr u eanuul. OHH 06pasyioT MHOXKECTBO
MOHIHOCTH KOHTHHYYMa (TaK KakK MeXAYy HHMH U NOXMHOXKeCTBaMu
HaTypa/bHOrO PSiia MOXKHO YCTaHOBHTb B3aMMHO OJHO3HAUHOE CO-
oTBercTBHe). PaccrosiHue MeXKAy MBYMS TAKHMHU TOUKAMH, Ompeje-
asiemoe ¢opmysoit (11) § I, paBuo 1. OkpyKUM KaxAyl0 H3 3THX
TOYEK OTKPHITBIM IIapoM panuyca 1/2. DTH Waphl HEe mepeceKamTes.
Eciun HEKOTOpOe MHOXKECTBO BCIOAY MNJOTHO B M, TO KaXABIH U3
MOCTPOEHHBIX MIAPOB JOJIKEH COAepkKaTb XOTH Obl 10 OJHOH TOUKe
M3 3TOr0 MHOXeCTBa, H, C/leJ0BaTeNbHO, OHO He MOXeT ObiThb
CUETHBIM.

4. OTKpbITHIE M 3aMKHYTble MHOMKecTBa. PaccMOTpHUM BaxHedh-
Ulge THUOBl MHOXKECTB B METPHUECKOM IPOCTPAHCTBE, 8 UMEHHO, OT-
KpBIThle H 3aMKHYThle MHOXKECTBA.

MuoxectBo M, nexalilee B MeTPHYECKOM IpOCTpaHcTBe R, Ha-
3LIBAETCST 3AMKHYTbIM, €CT OHO COBINAJaeT CO CBOMM 3aMbIKaHHeM:
[M] = M. Muaue roBopsi, MHOXECTBO HA3bIBAETCA 3aMKHYTHIM, €CJH
OHO COJIEPKHUT BCE CBOHM NpeJlesibHble TOUKH.

B cuay teopemnl 1 3ambikanue jawo6oro MHOXecTBa M ecTbh 3aM-
KHYTOe MHOXKecTBO. M3 Toit e TeopeMbl BblTeKaeT, uto [M] ectb
HauMeHbllee 3aMKHYTOe MHOXKecCTBO, cofepxaiee M. (Hokaxure
ato!)

[Tpumepsn. 1. Beskuit orpesok {a, b] yncnoBoil npaMoft €cteb
3aMKHYTO€ MHOX€eCTBO.

2. 3aMKHYTBIH WIap npeficTaB/seT co60d 3aMKHYTOE MHOXECTBO.
B uacrHoctH, B npoctpancrse Cla, b] MHOxecTBO QyHKUME [, ya0B-
aersopsiowux yeaosuo |f(f) | < K, samrnyTo.

3. Muoxecrso ¢yukueit B Cla, b], yIOBIETBOPSAOUWHNX YCAOBHIO
[f(t)| << K (oTkpuiTHil Wwap), He 3aMKHYTO; €ro 3aMbIKaHHe ecTb
COBOKYNHOCTb (DyHKUHI, yROBJIeTBOpsioumx yeaosuo |[f(f)|<< K.
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4. KakoBo Obl HH ObIIO MeTpHYeCKoe NPOCTpPaHCTBO R, mycroe
MHOXKeCTBO & H BCe R 3aMKHYTHI.

5. Bcsikoe MHOXKECTBO, COCTOsllee M3 KOHEYHOIrO YHMCAa TOYeK,
3aMKHYTO.

OcHOBHBIE CBOHCTBA 3aMKHYTBIX MHOXECTB MOXHO cdhopmyJiupo-
BaThb B BHJIE CJeAYIOIEeH TeopeMbl.

Teopema 3. [Tepeceuenue 1106020 uucaa u cymma 1106020 Ko-
HEUHO20 HUCAQ 3AMKHYTOIX MHONCECT8 CYTb BAMKHYTbLe MHONCECTAA.

Hdoxaszateabcrtso. [lycrs F = (1F, — nepeceuenue 3amkuy-
THIX MHOXeCTB F, M mycTb X — NpefenbHasi Touka anas . D10 o3Ha-
yaer, uto Ji06as ee okpecTHOCTh O¢ (X) COmepXKHUT GECKOHEUHO MHO-
ro touek u3 F. Ho rorma tem Gosnee O.(x) comepkuUT GECKOHEUHO
MHOTO TOUYeK u3 Kaxjaoro F, U, ciefoBaTenbHO, TaK Kak Bce Fg
3aMKHYTbI, TOYKA X NpUHAJEeXHUT KaxaoMy Fg, TakuMm o6pasowm,
xeF= (] Fy 1. e F 3amkuyro. .

Ilycrs Tenmeps F-—cyMMa KOHEYHOrO YHC/AA 3aMKHYTBIX MHO-

n

KecTB: F == U F;, n nyctb Touka x He npunagiexur F. ITokaxem,
i=l

Y10 X He MOKeT ObITb mpenenbHoit aas F. [leficTsurtesibHo, X He
NPHUHAAMEXKHT HH ONHOMY M3 3aMKHYTBHIX MHoxecTB Fj, ciaenoBa-
TEJNbHO, He ABJSETCS MpelesbHON HU AJs OLHOro u3 Hux. IToatomy
IJIst KQXKAOro i MOXKHO HaHTH TAKyl0 OKPeCTHOCTb Og, (X) TOuKH X,
KOTopasi CONepXKHUT He OoJiee ueM KOHEUHOE YHCJIO0 ToueK Hu3 Fi.
BaaB u3 oxpectHocreit Og (%), ..., O, (x) HaumeHbmIyi0, Mbi 1O-
JgyunMm okpectHocTb Og(¥) TOUKH X, COepKaluyio He Gosee ueM
KOHEYHOe YHCJIO TOoueK u3 F.

Urak, eciu TOuKa X He MPUHAMIEKUT F, TO OHA He MOKeT ObiTh
npexeapnoi aas F, 1. e. F samkuyro. Teopema gokasana.

Touka x HasbiBaercs BHYyTpeHHel TO4UKOU MHOXKecTBa M, ecsu
cyiectByer OKpecTHOCTb Og(X) 3TOH TOUKH, HEJHKOM COJAepkKa-
mascsa B M.

MHOXeCTBO, BCE€ TOYKH KOTOPOro0 BHYTPEHHHE, HA3BIBAETC OT-
KpOITHLM.

I[Tpumepsol. 6. UurepBan (a, b) yucnoeoit mpsamoir R! ects or-
KpbITOE MHOXECTBO; MeHCTBHTENbHO, ecan a << o << b, 1o O¢(a),
rie e =min(e—a, b —a), LEJHUKOM COAEPKUTCH B HHTepBaje
(a, b).

7. Ortkpoitelil mwap B(a,r) B a060M MeTPHYECKOM MNpPOCTPaH-
ctBe R ecTb OTKpHITOE MHOXKecTBO. JleHCTBUTENBHO, ecaH X &
€ B(a,r), 10 p(a,x)<<r. TlonoxuMm e=r—p(a,x). Torza
B(x,e)<= B(a,r).

8. MHoXecTBO HenpeprlBHBIX byHKUul Ha [a, b], yaoBaeTBOpSIO-
mux yenosuio f(t) << g(f), roe g(f) — HekoTOpasi HUKCHPOBAHHAS
HenpepbiBHasi GYHKIHUSA, NPENCTABJsAET COO0H OTKPBITOE MOAMHOMKE-
crBo npocrpancrsa Cla, b].
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Teopema 4. [aa 1020 ur0661 mMHONMecT80 M 6bLao OTKpbLTO,
Heobx00umo u GocTaTouno, 4robol e2o donosnerue R\ M 0o scezo.
npocrparcréa R 66140 3amknyro.

HokasarteabctBo. Eciu M oTkpuITO, TO Kaxiaasa Touka i
u3 M HMeeT OKpPEeCTHOCTb, LEJHKOM NpHHAfdexalyio M, T. e. He
UMeIOIYI0 HH OfHOH ofuleli Toukn ¢ R\ M. Takum oGpasom, un
OJlHa M3 TOYEK, He NMpHHaJJIexkKauux R\ M, He MoxeT GbITH TOUKOR]
npukocHoBeHHs aast R\ M, 1. e. R\ M zamkuyro. O6patHo, ecau
R\\ M 3aMKHYTO, TO n106as1 Touka u3 M uMeeT OKPeCTHOCTb, LleJu-
KoM Jexamyio B M, T. e. M oTkphiTo.

Tak kak mycroe MHOXeCTBO U BCe R 3aMKHYTH # B TO € BpPeMs
CJy>KaT JAONMOJHEHHSIMH APYr APYra, TO NYycroe MHOMCecTso u 8ce R
OTKPbLTbL.

W3 teopembl 3 M M3 NpHHIMNA [NBOHCTBEHHOCTH (IlepeceyeHHe
NOTOJIHEHUH PAaBHO MONOJHEHHIO CYMMBbl, CyMMa AONOJHEHHH paBHa
JOMONHEHHIO Tiepecedenns, CM. CTp. 15) BhITeKaer cielyouias BaxK-
Has TeopeMma, ABOHCTBeHHas TeopeMe 3.

Teopema 3. Cymma 2106020 (KoHeuHO20 uiu 6ecKOHe4HO20)
qucAQ U nepeceyenue 1106020 KOHEUHO20 YUCAQ OTKPOITHLX MHONCECTS
CYTb OTKPHITHLE MHONMCECTBA.

MuoxecTBa, npuHajnexamue o-anare6pe, MOPOXKAEHHOH BCEMU
OTKPLITBIMH H 3aMKHYTHIMH IOJMHOXeCTBAaMH MPOCTPaHCTBa R, Ha-
3BIBAIOTC OOPENCBCKUMI MHONMECTBAMU.

5. OTKpbITbIE W 3aMKHYTbie MHOXecCTBA Ha npamoil. Ctpykrypa
OTKPHITHIX M 3aMKHYTHIX MHOXECTB B TOM HJIM HHOM METPUYECKOM
TIPOCTPAHCTBE MOXKeT ObITh BeECbMa CJOXHOH. DT0 OTHOCUTCH
K OTKDBITHIM M 3aMKHYTbIM MHOXeCTBaM Jaxe eBKJIHIOBAa MNpO-
CTpaHcTBa JABYX WM OoJbllero yucsaa usMmepenudt. OnHaxKo B ofHO-
MEepHOM cJyuae, T. e. Ha NpsAMOMH, HcuepnbiBaiolLlee ONHCAHHE BCeX
OTKDHITBIX MHOXECTB (a CJEACBAaTeNbHO, M BCEX 3aMKHYTHIX) He
npexacrasaser TpyAa. OHO fpaercst cAeldyiollell TEOPEMOH.

Teopema 5. Bcakoe OTKpbiTOe MHOMECTBO HQ YUCA0BOL npA-
MOl npedcrasasier co6OU Cymmy KOHEUHOZO UAU CHETHO20 HYUCAQ
NOnApHO Henepecekaroujuxcs UHTepeasos ). '

HoxasarenbcTBo. Ilycth G — OTKpHITOE MHOMXKECTBO HA
npsimoii. BeeneM nsisi Touer u3 G OTHOLIEHHE 5KBHBaJEHTHOCTH, CYH-
Tas, YTO X ~ Y, €CJH CYWIeCTBYeT TakoH uurepsan (a, B), uto x,
y<=(a, p) < G. CueBuaHO, 3TO OTHOWEHHe pPedIEKCHBHO U CHMMeT-
PHYHO, OHO M TPAH3UTHBHO, TAK KaK €CIH X ~ Yy U Y ~ 2, T0 Cyllle-
CTBYIOT Takue uHTepBaJn (a, ) u (y, §), uro

t,ys(@,p=G u y, ze(y, 8 <=G.

Ho rorma y << § u unrepsan (a, d) Jexur uenukom B G u cogep-
KHUT ToukH x U 2. CienoBarensno, G pacnamaercs Ha Hemepecekaio-

'}y MuoxectBa Buaa (— oo, o), (&, ) u (— oo, §) MH NP 3TOM TakxKe
BRJIIOUaEM B YHCJO HHTEPBAJIOB, - -
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mecs Kaacchl /; SKBHBAJIEHTHBIX MeXy COGOM TOUEK:
G=UI..

JlokaxeM, 4TO Kaxmoe I, ecthb uutepsan (a,b), rme a=inf/,
b=sup/,. Bxuawouenne [, < (a, b) oueBngHo. C Apyro#t CTOPOHHI,
ecan X, y €I, 1o no camoMmy onpejenenuio [; uarepsan (x, y) co-
gepxutca B ;. B m060# 6au3ocTu OT a cnpaBa H B /1060 6JH30-
cta or b caea ectb Touku u3 [, IlosTomy [, comepxkur ma0Goh
untepBaa (a’, b’), kouunl kKotoporo mnpuHagmexar (a,b), orkyna
I.=1(a,b). Cucrema Takux HemepeceKalouuxcd HHTepBasoB [; He
Gosiee ueM CyeTHA; NeHCTBUTENLHO, BhIOpAB B KaXKIOM M3 3THX HH-
TepBaJOB IIPOM3BOJIBHBIM 06Pa30M, pauHOHAJBHYIO TOYKY, MBI ycTa-
HOBHM B3aHMHO OJZHO3HAYHOE COOTBETCTBUE MeXKIYy 3THMH HHTEpBa-
JiaM¥ H HEKOTODHIM MOAMHOXKECTBOM MHOXECTBAa PalliOHAJIbHBIX UHU-
. cen. Teopema nokasana.

Tak xaK 3aMKHYTHIE MHOXECTBA — 3TO JIONOJHEHHS OTKPBITHIX,
TO OTCIOAA CJEeAYET, YTO BCSIKOE 3aMKHYTOE MHOMKECTBO Ha NpPSIMOIl
nojsy4yaercs BbiOpacbiBaHHEeM U3 NPSIMOH KOHEYHOrO HJIM CYETHOTO
YycJia HHTEPBAJIOB.

IMpocrefitine npuMepsl 3aMKHYTLIX MHOXXECTB — OTPE3KH, OT/AE/b-
Hble TOYKH M CyMMbl KOHEUYHOTO YHCJa TaKuX MHoxKecTB. PaccMmor-
puM GoJiee CI0XKHBIA PHMep 3aMKHYTOrO MHOXECTBA Ha MPSIMOK —
TaK Ha3biBAEMOE KAHTOPOBO MHO- p
JcecTso. 5

Mycts Fo— orpe3ok [0, 1]. Boi-

6pocum u3 Hero uatepsan (Y3, 2/s), 7__ "% % ! £
a ocraBsuleecsi 3aMKHYTOe MHOXKe-

ctBo o6o3naunm Fi. 3arem Bmbpo- Z_ % % _1 £
cum us Fy untepsaast (Yo, o) u Yo % Yo % 2
(’/s, ®/s), a ocraBlucecsi 3aMKHyTO® _ _ _ _ S
MHOXECTBO (COCTOfIlIlee H3 YeThipex d
oTpe3koB) obosHauum Fo. B kax- ____ ____ e e

JIOM H3 3THX YeTHIPEX OTPE3KOB Bhi-
OpocHM cpeJHUH MHTEpBaJ AJHHbI Puc. 8.

(‘/3)® u 1. n. (puc. 8). Iponoaxas

3TOT NpoLece, NOJYYHM YOBIBAIOILYIO MOC/AEI0BATENBHOCTb 3aMKHY-
THIX MHOXecTB F,. [Tonoxum

00

F= ()] F,.
n==0 ’

F — 3aMKHyTOe MHOXECTBO (Kak mepeceuenue 3aMKHYThIX). OHO ro-

Jiyuaercst u3 orpeska [0, I] BeGpaceiBaHHeM CYETHOrO YHC/IA HHTEp-
BaJIOB.

Paccmorpum crpykrypy muoxecrsa F. Emy npunapsiexar, oue-

BHAHO, TOUKH .
0) l’ l/31 2/3) l/97 2/9’ 7/9, 8/9, “en (1)
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— KOHIBl BhiGpacbiBaeMblXx HHTepBasoB. OnHaKo MHOXecTBO F he
hcueplLiBaeTcss 3THMU TOYKaMu. [efcTBUTENbHO, Te TOUKU OTpe3ka
[0, 1], xoTOpHlEe BXOASIT B MHOXEeCTBO [, MOXHO 0XapaKTepH30BaThb
crenywomwuM ob6pa3oM. 3anuilleM Kaxjaoe u3 uucea x, 0<Cx < |
B TPOUUYHOH CHCTeMe:

a a a
x=—3l+—322—+’... +3—,'-:+ e ey

rlle Yucaa A, MOTYT npuHuMath 3Hauenusa 0, 1 u 2. Kak u B cayuae
HEeCSATHUHBIX ApoGell, HEKOTOPBIE YHCIa JONYCKAIOT ABOAKYIO 3aMHCh,
Hanpuwmep, :

1 1 0 0 0 2 2 2
'§=§+“37+ van +§7;+ [N =§+§2+—3T+ “ae +'§rT+ “ e

Jlerko mpoBepHTh, UTO MHOKECTBY F NpHHaA/Ne)KaT Te U TOJNBKO
Te yucaa x, 0 x << I, koropele MOryT ObIThb 3amHCAHBI XOTA Obl
OJIHHM crnoco6GoM, B BHIAE TPOMYHOH Apo6H Tak, uTob6bl B NOCAEAO-
BaTeJbHOCTH @y, G2, ..., Qn, ... HU pa3y He BCTPETHJIACH €NHHHILA.
TakuM o6pa3oM, Kaxao# Touke X & F MOXHO NOCTaBUTb B COOTBET-
CTBHE NOCJe10BATENbHOCTD

A, Ay vvey Qpy ooy (2)

rae an paBio 0 wan 2. COBOKYNHOCTb TAKHX IOCJEA0BATEJIbHOCTEH
o6pa3yeT MHOXeCTBO MOILIHOCTH KOHTHHyyMa. B 3ToM MoOXHO yGe-
IUTHCA, TIOCTABHB B COOTBETCTBHE KaXKIOH MocjaenoBaTeNbHOCTH (2)
HOC/JAE0BATENbHOCTD ) '

bh b2’ "',bnv LR (2/)

rne bp =0, ecnn an =0, u by = 1, ecan ar = 2. Tlocnenosaresns-
HocTh (2’) MOXHO paccMaTpHBaTb KaK 3alHCh HEKOTOPOTO AEHCTBH-
teabHoro uucaa y, 0 <<y << 1, B Bute ABonuHO# apoOu. Takum o6-
pasoM, Mbl ToJyuaeM OoToGpaxkeHHe MHOxecTBa F Ha Becb OTpesok
{0, 1]. OTciona BbiTekaer, uto F uUMeeT MOUIHOCTb KOHTHHyyMa').
Tak Kak MHOXecTBO Touek (1) cueTHO, TO 3TH TOUKH He MOryT HC-
yeprnbiBath Bce F.

Ynpaxusenna I. JlokasaTb HeloCPeACTBEHRO, YTO TOuKa 1/4 mpunamse-
KUT MHOXECTBY F, He 4BJ4s4Cb KOHUOM HH OAHOrO H3 BblépaCblBaeMNX HHTEP~
BaJoB.

YVkasarue. Touka 1/4 nenut otpesok [0, 1] 8 otHowenun 1 : 3. Orpesok {0, 1/3],
ocTaiollgiica nocne nepBoro Bmﬁpacmsa}mﬂ, oHa JeJHT TakXe B OTHOWeHHH [ :3
T IO )

Toukn (1) HasbIBalOTCR TOYKaMu nepgozo poda MuoxectBa F, ocTanbhbie ero
TOUYKH Ha3bIBAWOTCH TOYKAMH 8T0pPO2O poaa.

1) VYcranosaennoe cOOTBETCTBHe Mexny F n otpeskom [0, 1] oanossauso, mo
He B3aMMHO OLHO3HAYHO (K3-32 TOTO, YTO OAHO H TO XKe YHCAO HHOrAA MOXKeT
¥306paXaTbe pasauuHLIMH Apobamu). Otciona ciepyer, uto F HMeeT MOWHOCTb
He MeHblle, YeM MOUIHOCTh KOHTHHyyma, Ho F —uactb otpeska [0, 1], cnenosa-
TeJbHO, €r0 MOILHOCTb He MOXeT CulTh Gosbllle, ueM MOUIHOCTb KOHTHHYYMa.
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2. Hoxa3aTp, YTO TOYKH NepBOro poja o6pasyior B F BCIOAY NJOTHOE MHO-
KeCTBO.

3. Noxasatb, uT0 uncaa BHAA &) + Iy, The f;, {; & F, 3anoJHAIOT BeCb OTpe-
sok [0, 2]

. Mu nokasasu, 4TO MHOXecTBO F HMeeT MOWIHOCTb KOHTHHYYMa,
T. €. COEEPXKHT CTONBKO XKe TOYeK, CKOJIbKO H Bech orpesok [0, 1].
" C 3tuM $akTOM HHTEPECHO CONOCTAaBHTL CJAEAYIOIIUH pe3y/bTarT:

1 2 4
cyMMa JJIHH 3 +3+5 4+ ... Bcex BHOpOLIEHHBIX HHTEPBa-
JIOB COCTaBJISI€T B TOYHOCTH eIHHHILY!

HonoanuTenbHhe 3aMeUaHHU.
(1) Tlycts M — HEKOTOpOe MHOXECTBO B METPHUECKOM NPOCTPaHCTBE R #
X — TOYKa 3TOTO JXe NpOCTpPaHCcTBa. Paccrosnuem OT Touku x 00 MHOwmecTéa M
HasHBAETCS YHCJIO
p(x, M)=inf p(x, a).
a=M

Ecin x & M, 10 p(x, M) = 0, ognako u3 roro, uro p(x, M) = 0, He cnenyer,
yro x M. U3 onpeneneHust TOYKH NPHKOCHOBEHHS HENOCPEACTBEHHO MNOJydaeM,
q10 P(¥,M) =0 B TOM H TONBKO TOM CJydae, KOrfa X — TOYKA NPHKOCHOBEHHHA
MmHoXectBa M. TakuM 06pa3oM, Onepannio 3aMbIKaHHS MOXXHO OIpPERe/HTb Kak
npHCOeNHHEHHe K MHOMKECTBY BCeX TeX TOUeK, PACCTOSHHE KOTOPbiX KO MHOKECTBa
PaBHO HYJIO.

(2) AHanOrHuHO oOnpefesaseTCss PacCTOAHHEe MeXAY IBYMA  MHOXKeCTBaMH.
Ecan A, B — nBa MHOXeCTBa B MeTPHYECKOM NpPOCTpPaHCTBe R, TO

p (A, B)= inf p(a, b).
acs A
beB

Ecmu AN B % @, 10 p(A, B) = 0; o6paTHoe, BoOGlle TOBOPS, HEBEPHO.
(3) Iycts Mg;— muoxecrso Beex ¢pyuxumit f us Cla, b], ynosnersopsiomux
ycaoBuio Jiunwunar aas Beex ¢, fy € [a, b]

1F(t) — F () <Kt — #i],

roe K — HekoTopoe HKCHpOBaHHOe unciao. MuoxectBo Mg 3amkHyTo. OHO COB-
najaeT ¢ 3aMbIKaHHeM MHOXKecTBa Bcex autepeHmupyeMublx Ha [a, b] dbyuxuuit
Taknx, uro |f'(1)} < K
(4) MHoXxecTBO M = U M x BCeX OYHKUHA, KaXnas M3 KOTOPHIX YIOBJETBO-
K

psier ycaoBuio Jlunmuna npH KakoM-au6o K, He 3aMkHyTo. Erc 3aMulkanue ectb
Bee C [a, b].

(5) OtxkpuToe MHOXKecTBO G B 7-MEPHOM €BKJMAOBOM INPOCTPAHCTBE Ha3bl-
BaeTCs CB8A3HLIM, €Can JoOble NBe TOUKH X, Y & G MOryT GbiTb COELHHEHB JOoMa-
HOM, nenukoM Jexame# B G. HanpuMep, BHyTpeHHOCTH Xpyra x24 y2 <1 —
CBA3HOe MHOXecTBO. Hao6opoT, cymMMa ABYX KpPyros

242 <l u (x—2)+p2<1

— HE CBS3HOE MHOXECTBO (XOTSl Y STHX KPYroB ecTb 06lias TOYKAa NPHKOCHOBE-
Hual). OTKphiTOE NOAMHOXKECTBO H OTKpHLITOro MHOXecTBa G HashIBaeTcs KoMno-
HenTol MHOXKecTBa (, eC/IH OHO CBSI32aHO M HE COAEPIKHTCS HH B KAKOM GoJblieM
CBSI3HOM OTKpHTOM NoAMHOXecTBe G. BBegeM B G OTHOLIGHHE 3KBHBAJEHTHOCTH:
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X ~ Y, ecJIH CYIeCTBYeT OTKPHITOE CBSI3HOe NogMHoxecTBo H u3 (@, HaKphiBaio-
mee x M Y.
x,yesHcG.

Kak u B cayyae mpsMofi, Jerko npoBepsieTcsl TPaH3HTHBHOCTb H Mmo3ToMy G pacs
TafaeTcsi Ha HemepeceKalolllHecs kJjacchl: G == YJI. ATH KJ1acCH — OTKPHITBIE KOM-
uoHentnl G. Unucso ux He Gojlee ueM CUETHO.

B cayuyae n=1, T. e. Ha NpsAMOH, BCcAKOe CBSA3HOe OTKPhITOE MHOKECTBQ
€CTb HHTEpPBaJ (B YHCJIO HHTEPBAJOB BKJIOYAIOTCA H OGeckOHeYPbie HHTEPBAJEL
(—o0, a), (b, ) u (—o0, )). Takum oBpasom, TeopeMa 5 O CTPOEHHH OTKPBITBHIX
MHOKECTB Ha NPSIMOH COCTOHT H3 ABYX YTBeDXKJeHHH): a) BCAKOe OTKPHTOE MHO-
XecTBO Ha NPAMON €CTb CyMMa KOHEYHOTO HJIH CYETHOTO UHCJA KOMIIOHEHT H
0) CBs3HOE OTKPHITO€ MHOXXECTBO Ha npsMofl ecTb uHTepBas. IlepBoe H3 3THX
YTBEpXKIEHHH BEpHO H AJs MHOXeECTB B n-MepHBIX eBKJAHZOBHIX HpocTpaHcTBax (H
JonycKaeT najbHediIne oGOOILERHA), a BTOPOE OTHOCHTCS HMEHHO K NpPSIMOM.

§ 3. IoaHble MeTpUYECKHE NPOCTPAHCTBA

1. OnpejeneHde ¥ NPUMEPH NMOJHBIX METPHYECKMX NPOCTPAHCTB.
C mepBBIX LIAroB H3y4YeHHS MAaTeMaTHYeCKOrO aHaJu3a Mbl BHIUM,
CKOJIb BaXXHYIO POJib HTpaeT B aHaJM3e CBOHCTBO MOJHOTHL UHCJIOBOH
TIpsIMOH, T. €. TOT (GakKT, 4TO BCAKAss QyHAaMeHTaJbHAs MOC/AeN0Ba-
TEJbHOCTb JAEHCTBUTE/BHBIX UHCEJ CXOJHUTCS K HEKOTOPOMY Ipeneny.
YucaoBast npsiMas CAYKUAT OIPOCTeAIINM NPHMEPOM TaK Ha3bIBAEMbIX
MOJHB X METPHUECKHX IIPOCTPAHCTB, OCHOBHBIE CBOHCTBA KOTOPHIX
MBI PaCCMOTPHM B 3TOM naparpade.

TlocaenoBaTeIbHOCTh {Xn} TOUEK METPHUECKOTrO MpOCTpPaHCTBa R
MH GyJeM Ha3blBaThb (PYHOAMEHTAAbHOU, eCH OHA YHOBJETBOPSET
gputepuio Kowy, 1. e. ecn ana mo6oro & = 0 CyllecTByeT Takoe
qucao Ng, uTo p (X, X,») < e ansa Bcex n' > Ng, n” > N,.

M3 akcHOMBI TPeyrosbHUKa HENOCPeICTBEHHO CJeLyeT, YTO BCS-
Kasl CXoAfAllasicsl MOocCJaeloBaTeNbHOCTh (yHmaMeHTadbHa. [leficTBu-
TeJIbHO, ecaH {xn} CXOmUTCS K X, TO 415 JaHEOro & > 0 MOXHO Hafi-
TH Takoe 9HcaI0 Ng, 410 p(X,, X) < &/2 nas Bcex n> N,. Torzma
P (Xn's X)) <P (X7, %) + 0 (47, x) < & pist MOGEX 1" > N un” > N,.

Onpenenenue 1. Eciu B npocrpanctse R moGast GyHaaMeH-
‘TaJIbHAS MOCEJ0BATeNbHOCTb CXOAUTCS, TO 3TO NPOCTPAHCTBO Ha3bi-
BaeTCs NOAHbIM.

ITpumepsn. Bee npocrpancrsa, paccmMorpennbie B § 1, 3a mck-
JIIOUeHHeM yKa3aHHOro B npumepe 8, nojnuie. deficTBuTebHO:

1. B npocTpaHCTBe H30JUPOBAHHBIX ToueK (nmpumep 1 § 1) dyn-
JaMeHTaJbHBl TOJbKO CTallMOHApHBIE IIOCJAEA0BaTEJbHOCTH, T. €. Ta-
XHe, B KOTOPBIX, HauHHas C HEKOTOPOro HoMepa, MOBTOPSETCS BCe
BpeMsi OJHA W Ta XKe TOuYKa. Besakas rtakas nocsieloBaTelbHOCTb,
KOHRUHO, CXOJUTCH, T. €. 3TO IPOCTPAHCTBO MOJHO.

2. TlonHora eBKamgoBa mpoctpamcTBa R!— coBokynmHOCTH ged-
CTBHTEJbHBIX YHCEN — H3BECTHA H3 aHAJH3a.

3. TlosHOTA eBKJAHAOBA NMPOCTPAaHCTBa R™ HeNOCPEACTBEHHO BHI-
Tekaer u3 mosHothl Rl B camoMm paene, nycts {x(P)} — QpynnameH-

/
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‘pajbHas MOCNeN0BaTeNbHOCTh ToueK M3 R™; 3T0 o03Hauaer, 4TO AJAS
-gaxgoro & > 0 Haligercsa takoe N = N, uto

n

2 2
Z (xsap) — xgl)) <ég
= _
npu Beex p, ¢ 66apuux, yem N. 3pech x(P) = {x{", ..., P} Torna

Aasa Kaxjaoro k=1, 2, ..., n moJyyaeM COOTBETCTBYIOLLee Hepa-
BEHCTBO [/l KOOPAHHATHL X{P):

[ — 20| <o

aast Bcex p, g >N, 1. e. {xg’)} — ¢yHzaMedTa/ bHAS YHUCIOBAA I0-
caef0BaTeabHOCTb, T1010KuM
— |i {p) _
X, pango P u x (xl, Koy vevy X,)-
Torga, oueBugHoO,
lim x?) = x,
p->c0

. 4—5. Tloanora npocrpancts R% u R} n0KaswiBaercs coBeplueH-
HO aHaJIOTHYHO.

6. Jokaxem mnoanory mnpocrpancrsa Cla, bl Tlycts {x,(f)}—
HekoTopas (GyHIaMeHTaslbHas nociaenoartenbHoctb B Cla, b]. Sro
o3Hauaer, 4To A5 Kaxjaoro &€ > 0 cymecTByer Takoe N, uTo

!xn(t)'—xm(t)|<3

npu n, m > N nns Bcex t, a <<t <Cb. Orciona BhITEKaeT, 4to MoO-
cneoBaTenbHOCTh {Xn ()} paBHOMepHO cxonutcs. Kak usBecTHO, B
3TOM cJiyuae ee npejen x () Gyger HenpepbiBHOH QyHKIHeH. YcTpeM-
Jss B NpeAbIAYLIEM HepaBeHCTBe M K GECKOHEYHOCTH, MOJYYHM

lx, () —x () I<Se

JJasi Bcex ¢t u g Bcex n > N, a 310 u o3HauaerT, 40 {x.(f)} cxo-
nurca K x(f) B cMbicsie MeTpukd npoctpanctsa Cla, b).

7. Tlpocrpanctso lp. ITycrs {x(™} — dyHnamenTanbHas nocieno-
BaTeJbHOCTh B lp. DTO o3Hayaer, uto Ajas Jwoboro e > 0 paigercs
Takoe N, uro v

2 (x(n)  x(m)y — (1) — 4 (m)\2
p? (x(), x(m) ’;1 (P —xmyY <e mpu n, m>N. (1)
3necy xW=(x{", x{?, ..., x{», ...), U3 (1) caenyer, yto NpH JI0-

Gom k (x{) — ™) <e, T. e. mpu KaMJOM k 1OC/IeI0BATEJbHOCTH
IeficTBUTEABHEIX uHcen {x{} dynnamMenTaNbHA M MOTOMY CXOAHMTCH.
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Tlonoxum x,= lim x{. OGo3HauHM uyepe3 X NOC/JEIOBATENbHOCTH
n-»o

(%1, %2, .., Xg, ...). HyxH0 nokasarts, uTo:
a) Z x“’ <oo, T.e. x&I,
k=1
6) lim p(x™ x)=0

Cnenaem sto. M3 HepaBenctsa (1) caenyer, uto ans mo6oro GpuKkcH-

poBanHoro M
M

£ oy <e

B 3tofi cyMMe Tenepb TOJBKO KOHEUHOE YHCJIO CIAaraeMbiX, H Mbl MO-
XKeM, 3apHKCHpOBAB 1, nepeﬁm K npefeny npu m—» oo, Ilonyuum

Z (2P — x,)2<e

k=l

3t1o paBeHCTBO BepHO npH Jdob6om M. BoccranoBuM 6ecKoHeUHbI
psia, mepexons X npeaeny npu M — oo; nmosnyuaem

’; (P — x, ) <e. (2
o0 (-]
U3 cxomuMocTd psifos Z (*P) u Z (xf" — x,)? cnenyer cxonu-

MOCTh psilia Z x2 (B cHJIy 3/7IeMEHTapHOTO HepaBeHCTBa (a + b)2<C

< 2(a2+b2)) T. €. yTBepXK/eHHe a) nokasaHo. [laiee, Tak Kak e
NMPOH3BOJIBHO MaJd, TO HePaBeHCTBO (2) 03Hayaer, yTo

lim p (x, x) = lim A\ M — x 2 =0,
n-Lm P( ) n-»oo kz—-—-:l ( k k)

T. €. (™ — x B MeTpuKe ly. YTBepxKAeHHe 6) NOKA3aHO.

8. Jlerxo y6enuthcsi B TOM, uTo npoctpaHctBo Cyla, b] He moaHo.
PaccMorpuM, HanpuMep, NMOC/e0BaTeNbHOCTb HENMpPEPBIBHBIX (yHK-
uui

—1 mpp — 1<t —1/n,
g, (t)=4q nt 1mpn — l/n<t 1/n,
1 npm In<t<1.

Ona ¢ynnamentanbua B Co[—1, 1], Tak Kax

1
[ @nt)—mtopar< o

-1
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OznHako OHZ HE CXOAUTCA HH K Kako#l (QYHKUHH H3 Czll——l, 1].
JleficTBHTENbHO, IycTb [ — HeKoTopast dynkuus u3 Co[—1, 1] n $ —
paspuiBHasi GyHKuus, pasHas —1 nmpu t < Cwu +1 npu ¢t = 0.

B cuny uHTErpanbHOro HepaBeHCTBa MHHKOBCKOrO (cnpaBejlJiH-
BOrO, OYEBHJHO, U JJIsI KYCOUHO-HEIPEPhIBHEIX QYHKUHH) HMeeM

1 A
( YGURS ¢(t))2dt) <
-1

s

1 A 1
<( V(¢ — a2 dt) +( { @0 — vy dt) :
-1 -1

B custy HenpephIBHOCTH GYHKUHH [ MHTErpas B JIEBOH YaCTH OTJIHUEH
ot nyas. Jlanee, sicHO, 4TO

1
lim { (0 (6) — (P dt =0,
n-»oco -1

IlosTomy S(f (&) — 9, (1)) dt ne MoxeT CTPeMHTbCA K HYJIO NpH
- —1
N —> 00,

VnpaxHenune. JlokasaTh, 9TO NPOCTPAHCTBO BCeX OrpaHHYEHHHX mNocJe-
noBatenpnoctedl (npumep 9 § 1) noawo.

2. Teopema O BJOXKEHHbIX Wapax. B aHanu3e MWHPOKO HCMOJB-
3yeTcs TaK Ha3biBaeMasi jJleMMa O BJIOXXEHHBIX OTpe3kax. B Teopuu
METPHYECKUX NPOCTPAHCTB aHAJOTHYHYIO DOJb HIpaeT caenyiolas
TeopeMa, Ha3hiBaeMass TeOpeMOH O BJAOXEHHB X IIapax.

Teopema 1. [asa Toeo urobv. merpudeckoe npocrpancrso R
66110 NOAHbIM, HE06X00UMO 1 OOCTATOUYHO, 4TOObL 8 HeM B8CAKAA NO-
€2e0080TeAbHOCTD BAOKHCEHNBLX OpYye 8 Opyea 3AMKHYTOLX WApOs, pa-
Quycsl KOTOPLLX CTPEMATCA K HYAI0, UMEAQ HEnycToe nepecedexue.

NoxaszartenbcTBo. Heo6xoaumocts. Ilycrs npocrpan-
¢tBo R moano u nycts B,, By, Bs, ...— NocienoBaTeNbHOCTb BJIO-
JeHHBIX [pyr B JApyra 3aMKHYTbiXx mapoB. Ilycte rn,— pamuyc,
a xp, — ueHTp mapa By. [TocaenoBarenbHocTb HEHTPOB {xn} QyHpa-
MEHTAJ/IbHA, NOCKOJBKY P (Xn, Xm)<Tn npu m>n, a ro—>0 npu
n—> co. Tak kak R moauno, to lim x, cymwectsyer. [Tosoxum x =

n-»oo

= lim x,; Torma x En B,.HdefictBurenbHo, mwap By coxepXuT Bce

n-»oo n
TOYKH II0C/IeI0BATEALHOCTH {Xr}, 32 HCKJIOUCHHEM, GLITh MOMKET, TO-
Y€K Xi, X3, ..., Xn—1. TaKHM 06pPa30M, X SABJISAETCH TOYKOH NMPHUKOCHO-.

BeHHus JJs Kaxnaoro wapa Bn,. Ho Tak kak B, — 3aMKHyTOe MHOXe-
CTBO, TO X € B, 1419 Bcex n.
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Hocrartounocts. ITycts {xn} — dynnamenrtanbuas nocneno-
BaTebHOCTb. JlokaxemM, yto oHa uMeer npenen. B cuay dynnamen-
TaJbHOCTH Mbl MOXeM BHIOpaTh TaKylo TOUKY X,, HallleHd IOCJeN0Ba-
TENLHOCTH, 4TO P (Xn, Xn,) < 1/2 mpu Bcex n == ny. [IpumeM Touky x,
3a UeHTP 3aMKHyToro mapa paauyca l. O6o3nauuM 3T0T Wap B.
BriGepem 3aTeM x,, u3 {Xn} Tak, uTOGH GBLIO fg => f; U P (Xn, Xpn) <
<< 1/2% npu Bcex n == n,. IIpuMeM TOUKY X,, 32 LEHTp wapa pa-
muyca 1/2 u obosnauum stor map B, Boobuie, ecan TOUKH X,
Xn,, s ¥n, YXKe BBOpaHbl (1) << ng <<...<<np), To BHGEpEM TOU-
KY Xn,,, TakK, 9TOGbl ObLIO Npy1 => g HP (Xn, Xnypr) < 1/28%1 npn
BCEX M = Mpt1, U OKPYXKHM €e 3aMKHYTHIM WapoM Bryy; panuyca
1/2k. Tlpomonxasi 3TO MOCTPOEHHE, MOJYYHM MOCJAELO0BATENbHOCTD
3aMKHYTBIX IIapoB Bp, BJOXKEHHBIX IPYr B Jpyra, mpuuem map By
umeer paauyc 1/2k-1. DTa nocjenoBaTeNbHOCTb [IAPOB HMEET, TO
NpeAnoNoXKeHHIo, OOLIyI0 TOYKY; o6o3HaunMm ee x. $SlcHo, YTO 3Ta
TOYKA X CJYXKHT NIPEJeNOM NMOANOC/eA0BaTeNbHOCTH {X,,}. Ho ecan

(pyHlIaMeHTaJIbHaH NnocJIeJOBaTE/IbHOCTD COAEPAKUT CXOAAIYIOCH K X
NIOANOC/IEN0BATE/NPHOCTD, TO OHA CaMa CXOAUTCA K TOMY Xe Npeaeny.

Takum obpasom, x = lim x,.
n—>

Ynpaxuenusa 1. Joka3aTb, YTO nepecedyeHHe 3aMKHYTHIX BJIOXKEHHEIX
I1apoB B NpeAbiAyliell TeopeMe CBOAMTCA K ONHOH TOUYKe.

2. Juamerpom MHOXKECTBA M B MeTpHUECKOM TNPOCTPAHCTBE HA3BIBAETCSH
YHCI0

d (M) = 3uEpMp (x, y).

JokasaTb, YTO B NOJHOM METPHYECKOM IPOCTPAHCTBE BCSIKAS NMOCIELOBATEJNBHOCTDH
BJIOXKEHHBIX APYT B JPyTa HENYCTHIX 3aMKHYTbIX MHOXXECTB, JHAMETPbl KOTOPBIX
CTPEMATCS K HYJIIO, HMEET HelycToe IepeceyeHHe.

3. IlpuBecTu mpuMep NOJHOTO METPHYECKOTO TNPOCTPAHCTBA H TIOCJAENOBATENb-
HOCTH BJIOJKEHHBIX ADYr B JpYyra 3aMKHYTHIX IIAPOB B HeM, HMelOWled mycToe
nepeceyeH e,

4. HokasaTtb, 4TO NOANPOCTPAHCTBO IIOJHOI'O METPHYECKOIO NpPOCTPaHcTBa R
IIOJIHO TOTZ@ H TOJAbKO TOTrAa, KOTZA OHO 3aMKHYTO B R. , .

3. Teopema Bapa. B TeopHM IOJHBIX METPHUECKHX NMPOCTPAHCTB
(yHIAMEHTAJbHYIO POJIb HIPAeT CAeNYIOIas Teopema.

Teopema 2 (bap). lloanoe merpuneckoe npocrparcréo R ue
MoxceT ObiTo npedcTasaeHo 8 sude 06 BeOUHEHUS CHETHO20 YUCAA HU-
20e He NAOTHbIX MHOXECTS.

HoxasatenbctBo. Ilpeanonoxum npotusroe. Ilycts R =

(o]
= U Mn, rape Kaxjpaoe H3 MHOXKeECTB Mn HHTJl€e He IIJIOTHO. HyCTb
n=1

8o — Hexkoroprl 3aMHyTHE Wap paguyca 1. [Tockodbky MHOXe-
ctB0 M;, 6yayuu HHrje He IJIOTHBIM, HE IJIOTHO B Sy, CyIIeCTByeT
3aMKHYTHIA Iiap S; paguyca wmenbuie 1/2, takoil, uto Sy < Sy 1
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S; N M, = . Tlockoanbky MHOXKecTBo My He IIOTHO B Sy, 1o TOH ke
[pHYHHE B 11ape S; CONepKHTCT 3aMKHYThI wap Sy paauyca MeHb-
we 1/3, mas xoroporo Sy (1 Moo= & u 1. 0. Mbi nosyyaeMm mocJje-
J0BATEJbHOCTb BJOXKEHHBIX APYT B JApyra 3aMKHYTBIX WapoB {Sn},
paiHyChl KOTOPBIX CTPeMATCA K Hyawo, npuueMm S, (| M, =

00
B CHJIy TCOPEMBI 1 nepecedyeHne ﬂ Sn COACPXKUT HEKOTOpy}O TOY-
n=1

Ky X. JTa TOYKa IO IIOCTPOEHHIO HEe NPHUHAMJIENKUT HH ONHOMY H3
MHOXKeCTB My, ciefoBaTeNbHoO, X & U M,, T.e. R 5= U M,, B upo-
n n

THBOPEYHH C NPEATONOKEHHEM,

B uacrHoCTH, 8CAKOe noanoe MmeTpudeckoe RPOCTPAHCTEO 6e3
US0AUPOBAHHLIX TOHEK HecHeTHo. JIeHCTBHTENBHO, B TAKOM IIPO-
CTPAHCTBE KAaXKJ0€ MHOXKECTBO, COJepKallee JIHIIL OAHY TOYKY, HH-
rje He IJIOTHO.

4. Tlononxenue npocrpancrea. Ecnu npocrpancTso R He noJiHo,
TO €ro BCerja MOKHO BKJIOYUTb HEKOTOPBIM (H, 1O CYLIECTBY, €1HH-
CTBEHHBIM) CIIOCOGOM B NOJIHOE NPOCTPAHCTBO.

Onpenmenenune 2. IlycTb R — MeTpHUeCKOe NPOCTPAHCTBO.
ITonnoe MerpHyeckoe NMpOCTPAHCTBO R* HA3BIBAETCH NONOAHEHUEM
npoctpaHcTBa R, eciau:

1) R sBnAercst MOANPOCTPAHCTBOM NpocTpaHcTBa R*;

2) R Bciony mnotHo B R* 1. e. [R] = R*.

(3mech [R] o3nauaer, eCTeCTBEHHO, 3aMbIKaHHe IPOCTPAHCTBA R
B R*)

Hanpumep, npocTpaHCTBO BCeX AEHCTBUTEJNBbHbLIX UHCEJ SBJISETCS
TIONOJIHEHHEM [IPOCTPAHCTBA PAllMOHAJbHBIX UHCE.

Teopema 3. Kawdoe merpuseckoe npocrparcréo R umeer no-
noaxenue, u 3T0 NONOAHEHUE eGUHCTBEHHO C TOYHOCTHIO A0 USOMET=
puu, ocraganouiell HenodsuxCHbIMI TOUKY U3 R.

JokxasareanbctBo. HayneM ¢ esuucTBennocTH. Ham
HYXHO J0Ka3aTb, YTO eclid R* u R** — 1Ba nomoJiHeHHsi MPOCTpaH-
ctBa R, TO CylieCcTByeT Takoe B3aHMHO OJHO3HAYHOE OTOOpaKeHHa
@ npoctpaHcTBa R* Ha R**, uyto

1) ¢(x)= x nns Bcex x = R;

2) ecau x* <> x** y y* <> y** 10 p;(x* y*) = po(x**, y**), rue
91 — paccrosHue B R*, a po — paccrosnue B R**,

Oro6paxenue ¢ ompefensercs cieayowum o6pasoMm. Ilycrs
Xx* — npousBosnbHas Touka u3 R*. Toraa, no onpejesieHHIo NONOIHE-
HHUS CYUIECTBYET II0C/IeOBATEeNbHOCTb {Xn} Touexk H3 R, cxopauiascs
K x* Toukn {x»} Bxomar u B R*. Tak kak R** nosuo, 10 {X.} cxo-
Autcs B R** K HekoTOpo#l Touke x**. SIcHO, 4TO X*® He 3aBHCHT OT
BHIGOpa MOCJENOBATEAbHOCTH {Xn}, cXoismelica B Touke x*. IloJo-
XKuM @(x*) = x**. Oto6paxkeHne @ H eCTb HCKOMOE H30METPHYECKO8
oTo6paxKeHue.
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JleficTBHTeIbHO, MO NOCTPOEHHIO @(X) = x 145 BCceX x & R. [la-
Jee, mycThb

{x,}—=x* B8 R* u {x,}—x" B R™,
{4}=>9" B R u {y,}—>y™ B R™
TOorga B CHJIy HereprBHOCTH paCCTQHHHH,
py (x%, %)= lim o, (x,, y,) = lim p(x,, ¥,)
n—>ox n-»oo
H, AaHAaJOTHYHO,
P2 (x**, ¥™) = lim py(x,, y,) = lim o (x,, y,).
n-»co n-»o

CuaeoBaTedbHO, . u -
o1 (2%, ) = p2 (™, ™).

Jlokaxem Tenepb CyluleCTBOB a HHe nonoaxenus. Uaeda storo
JIOKa3aTeJbCTBA Ta XK€, YTO H B KAHTOPOBOM TEOPUH AEHCTBHUTE/Nb-
HbIX qucen. ITonoxenne 3nech naxe npoiue, YeM B TEOPHH AEHCTBH-
TeJbHBIX YHCeJ, TaK KaK TaM JJisi BHOBb BBOAUMKIX OGBEKTOB — Hp-
pPauHOHAJbHBIX YHCes — TpebyeTcs elue ONpefeqnTb Bce apudMerH-
yecKHe oNepaumH.

Ilycts R — npou3BOJIbHOE METPHYECKOe H{)OCTpaHCTBO. Haszosem

ABe QyHiaMeHTa/bHblE MOCTENOBaTesnbHOCTH{X,} U {X;} 3 R 3KBH-

BajeHTHHMH (oBosnavenne {x 1}~ {x;}), ecJi IJTwp (% %) =0.

Ha3BaHue «3KBHBaJIEHTHOCTb» ONPABAAHO, MOCKOJbKY 3TO OTHOILlIE-
HUe pedseKCHBHO, CHMMeTPHYHO U TpaH3uTuBHo. OTCioma caenyer,
uyT0 Bce (YyHHAMeHTaJbHBE MOC/EeI0BAaTeIbHOCTH, KOTOPHlE MOXKHO
COCTABHTb U3 TOYEK MPOCTpaHCTBA R, pacnafaroTcs Ha KJAacChl 3KBH-
BaJEHTHBIX MeXAy co6oi mocnenoBaresnbHocTelt. Onpenennm Tenepb
npocTpaHcTBO R*. 3a ero TOUKH MBI PUMEM BCEBO3MOMKHBIE K/aCChl
SKBHUBAJIGHTHBIX MeXAY C000i1 PyHIaMeHTaNbHBIX OCNEN0BATENbHO~
cTeff, a pacCTOSIHHE MeXJy HHMH 3aflajiuM CJIeIyIoUHM oGpasom.
Ilycts x* u y* — gBa Takux Kjacca. BroiGepeM B KaXKI[OM H3 3THX
KJIaCCOB 110 OJHOMY IPEACTABUTENIO, T. €. IO HEKOTOPOH GyHIaMeH-
TaJbHON NOCAeNOBRTeNbHOCTH {¥n} H {yn}. [Tosoxkum!)

p(x", y)= n“»"l 0 (Xn, Yn)- (3)

JlokakeM KOPPEKTHOCTb 3TOTO ONpeE/eJeHHsT PACCTOSHHSA, T. €.
IoKaxeM, 4To mpefesa (3) cCyllecTByeT H He 3aBHCHT OT BuiGopa
npencrasureneil {x,} € x* u {y»} = y*.

B cuny nepaBeHcTBa

10 (Xar Yn) — 0 K> Y 1 <0 (s X) + 0 (U Yrm) (4)

1) Yro6el He YCJAOKHATL 3alHCh MBI 0603HauaeM pacctosHHe, B R* Tem xe
CHMBOJIOM P, YTO H PAacCTOSIHWE B HCXOJHOM mpocTpancTse R.
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noJiyuyaeMm, 4To AJisd BCeX AOCTATOYHO GosibIIMX 1 H M

lp (X4, yn) — 0 (Xm, ym) |<e,

TaK Kax nocaefoBaTeqbHOCTH {X»} u {y»} dynmamenranbHbie.
Takum o6pa3oM, NOCTAENOBATENLHOCTL JEHCTBUTEIbHBIX YHCEN
Sn = p(Xn, Yn) yHOBJAETBOpsieT Kputepuio Kolim H, cJjefoBaTesbHO,
HMeeT mpejed.
DTOT npenes He 3aBHCHUT OT BhlGopa {x.} & x* u {y»} = y*. Hesi-
CTBHTEJbHO, MyCTh

{tp ysr n {) {wisy
"Bblk/1aAKa, B TOYHOCTH aHajoruyHas (4), maer
[0 (% 42) — 0 (5 9) [ S0 (% %) + 0 (9 91)-
Mockonbry {x,}~{x;} n {y,} ~{y.}, orciona cnenyer, uro
2t )= i 05 )

JloxaxkeM Ternepb, 4TO B R* BLINOJHEHH aKCHOMbI METPHYECKOroO
JpOCTpaHCTBA.

Axcuoma 1) HemocpeiCTBEHHO BHIT€KaeT U3 ONpeeNeHHs S5KBH-
BaJICHTHOCTH QYHAAMEHTAJIbHBIX NOCAeL0BaTeNbHOCTE.

Axcuoma 2) oueBujHa.

IIpoBepuM Tenepp akCHOMY TpeyrosibHuKa. Tak Kak B HCXOJHOM
npocTpaHcTBe R akcHoMa TpeyroJbHHKA BBINOJNHEHA, TO

o (%Xp, zn) < Y (xm yn) +p (ym zn)-
Ilepexons k npefeny npu n—>» oo, noJyyaem
lim p (x,, 2,) < lim p (x,, y,) + lim o (y,, 2,),
n~» oo n—>»ro n—>oo

T. €.
p(x*, 2N<o(x", )+ (¥, 2.

JlokaxkeM Temepb, YTO R MOXHO paccMaTpPHBaTb Kak MOANPO-
CTPAHCTBO NMpocTpaHcTBa R*.

Kaxnoii Touke ¥ & R oTBeyaeT HEKOTOPHIA KJacC 3KBUBAJIEHT-
HBIX (QYHIAaMEHTa/JbHBIX IOC/IELOBATENbHOCTEH, HMEHHO, COBOKYII-
HOCTb BCeX MNOC/JeNOBaTeNbHOCTEN, CXOAAMIMXCA K TOUKe X. IDTOT
KJ1acC HemycCT, NMOCKOJbKY OH CONEPIKHT CTAaLHOHAPHYIO MOCJeNOBa-
TeJbHOCTb, BCE UJIeHbl KOTOPO# paBHbl X. [Ipu 3ToM, ecin x = lim x,
HyYy= lim Yn, TO . n-»o0

n-»oo

p(x, y)=lim p (x,, y,).
n=»oo

CrenoBartenbHo, COOTHECS KaXIol Touke x & R kaace x* cxons-
WHUXCA K HeHl QyHIAMEHTAaJbHBIX NMOCAeA0BATENbHOCTEH, MB H30MET-
Puueckn orob6pasuM R B npocrpaHcTso R*. B panpHelimeM MHl
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MCXKeM He pasjnyaTb caMO npocTpaHctBo R H ero o6pas B R* u
paccmMatpuBaTh R Kak NOANPOCTPaHCTBO B R™

Ilokaxem Tenepb, 4to R BCcioay mioTHo B R*. JlelicTBuTe/bHO,
nycTb x*— HekoTropasi Touka u3 R* u & > 0 npoussoJibHO. BhiGe-
peMm B x* MpeAcTaBUTENs], T. €. HEKOTOPYIO GYHAAMEHTANBHYIO TOC/]e-
NOBATeNbHOCTb {¥n}. IlycTb N TaxoBo, 4TO p(Xpn, Xm) << € WIS BCEX
n,m > N. Torga nmeem

0 (xn, ¥)= lim o (xy, £p) <&

npu n > N, T. €. IPOU3BOIbHAS OKPECTHOCTb TOYKH X* COJIEepIKHT He-
kotopyio Touky u3 R. Takum o6pasom, 3ambikanne R B R* ectb
Bce R*.

Ocraercst 10KasaTh NOJHOTY R* 3amerum, mpexje Bcero, 4To
no noctpoeHuio R* mobas QyHRaMeHTasbHAs MOCTeN0BAaTENBHOCTD
X1, X2, -.y Xn, ... TOUEK H3 R cxomutTcss B R* K HEKOTOpPOH TOUKe,
a MMEHHO, K TouKe x* & R* omnpenensiemoli caMoli 3Tofl nocsaenosa-
TesnbHOCTRIO. JlaJiee, Tak Kak R miaorHo B R*, To aas moboil dyuaa-

*

MEHTaJbHON TMOC/eL0BATENbHOCTH X), Xy, +.., X,, ... TOYEK H3 R*
MOKHO TIOCTPOHTb SKBHBAJEHTHYIO el NOC/IeJ0BaTeNbHOCTD Xi, Xg, . . .

, Xn, ... To4eK u3 R. Jl1g 5TOr0 JOCTaTOYHO B KauecTBe Xn B3ATb
Mobyio Touky H3 R, Takyio, uto p(x,, x,) < 1/n. Ilocrpoennas mo-
CIe10BATeNbHOCTE {Xn} $ynnaMenTanbua B R u, no OnpeseserHo,
CXORHUTCS K HekoTopolt Touke x* & R* Ho rorma x x* cxoaurcs u
noc/ieloBaTeNbHOCTb {X,}.

§ 4. TlpuHUUN CKHMAOMHUX OTOOpPaKeHUH
H €ro NnpHMeHEHHs

1. MpuHuAn cXKMaWIKHX oToGpaxeunit. Psan BOTIPOCOB, CBAA3AH-
HBIX C CYIUECTBOBAHHEM H EAMHCTBEHHOCTbIO DeIUeHHH ypaBHeHHH
TOrO WJIM MHOTO THHa (HanpuMep, nuddepeHIHaNbHBIX YPaBHEHHUH),
MOKHO C(HOPMYJIHPOBAThH B BHJE BOIPOCA O CYILECTBOBAHHU H €IHH-
CTBEHHOCTH HEINIOJBHXHOH TOYKH NPH HEKOTOPOM OTOGPaXKEHHH CO-,
OTBETCTBYIOLIEr0 METPHYECKOro mpocTpaHcTBa B cebs. Cpenu pas-
JHYHBIX KPUTEPUEB CYLIECTBOBAHUS U €IMHCTBEHHOCTH HENOABHKHOIT
TOUKH TPH TAKOrO PoAa OTOOpa)KeHHAX OJAMH H3 NPOCTeHUINX H B
TO Xe BpeMsi HauGosiee BaXKHbIX — TaK Ha3biBaeMblH Npuxyun cocu-
maroujux orobpaxcerull.

[Tycts R — merpuyeckoe mpocrpaHcerBo. Otobpaxenune A mpo-
crpancTBa R B cefst HA3BIBACTCH CoCUMArOU{UmM OTOOpAXCeHUeM, UK
KOpoue, CHATUEeM, eClH CYLIeCTByeT TaKoe 4Hcao o << 1, uTo ans
JI0GBIX ABYX TOUYEK X, Y & R BBINOJNHSETCH HEPABEHCTBO

o (Ax, Ay) < ap (x, y). (1)

Besikoe CxKuMalollee orob6paxkenne HenpepbiBHO. [lellcTBUTeNbHO,
eesd Xn —> X, 70 B cuny (1) u Axn > Ax.
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Touka x Ha3bIBaeTcsi HenoOBuiCHOU TouKol otToGpaxenus A,
ecnn Ax = x. MiHaye roBopsi, HeNOJBHKHbBE TOUKH — 3TO pELIEHHS
ypaBHeHus Ax = x.

Teopema 1 (IlpuHuHunD cXuMawmux otobpaxe-
H 1 1), Beakoe cocumaroujee orobpadcenue, onpedeseHHoe 8 NOAHOM
MeTpu1ecKkom npocTparcrse R, umeer o0Hy u TOAbKO OOHY Heno-
OBUNCHYIO TOYKY.

HdoxasareanctBo. [Tycte x9— npoussosbHasi Touka B R.
TlonoxuM x; = Axy, Xo=—Ax; = A2%xy u T. L., BooOlle, X, =

= Axn_l = A"xo.

IToxaxeM, YTO mOC/]EI0BAaTENbHOCTh {X¥n} (QyHIaMeHTaNAbHAS.
JleficTBUTE/NBHO, CUHTAST NJIsI ONPENEeJEHHOCTH M == M, HMeeM

Y (xn! xm) =p (AnxO, Amxo) < anp ()CO, xm—n) <
<a’{p(xo, x)F o (x, %)+ oo F 0 Kmnets Xm=n)} <

1
<o (xo, x) {1 +at o+ ... a1} <Samp (v, ) 7— -

Tak kak a <C 1, To npu noctaToyHo GOJIBIIOM 7 3Ta BEJHYHHA CKOJIb
yronHo MaJja. B cuay nosHorst R mocnenoBaTesnbHOCTb {Xa}, Oyayun
<dyHIaMeHTaIbHOH, UMeeT npenen. [losoxum

x= lim x,.
n-»oo

Torpa B cusy HenpepelBHOCTH oTOGpaxenus A

Ax=A lim x, = lim Ax,=lim x,;,=x.
n->o0 n—>0 n-»oo

Hrak, cyniecTBOBaHHe HENOABUKHON TOYKH Xokasano. [fo-
XaxeM ee e IMHCTBEHHOCTL. Ecan

Ax=1x, Ay=y,
TO HepaBeHcTBO (1) mpunumaer Bujg
p(x, y)<ap(x, y);
Tak Kak o << 1, oTciona cienyer, uto
p(x, y)=0, T.e. x=y.
Ynpaxuenue Ilokasatb Ha mpuMepe, uto oro6paxenHe A, YHOBJIETBO-
pstomee ycaoBuio p(Ax, Ay) < p(x,y) RAs Bcex X 5= y, MOXET He HMeTb HH Of-

HOH HENMOABHKHOH TOUKH.

2. Mpocreiie NpHMeHeHHS NPHHUUNA CHKHUMAIWHX OTOOpaxKe-
Huid. [IpuHINN CKUMAIOIHX OTOGPAKEHHI MOXKHO NPHMEHATh K J0-
KasaTe/bCTBY TEOPEM CYLIECTBOBAHHA H €QMHCTBEHHOCTH pelleHHH
AJis ypaBHeHWH pasjvuHbiX TuUnos. ITomuMo nokasaresnbcrBa cylile-
CTBOBAHHUS1 M €MHCTBEHHOCTH PeIUeHHS ypaBHeHUs AX == X, IPHHIHI
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CKUMAIOILKX oTO6paKeHHH JaeT H PaKTHYECKHA MeTOn NpUOIHKeH-
HOTO HAXOXJEHHs 3TOro peuleHusi (MeTOX MNOCJEXOBaATEJb-
HB X NpuOaHXeHnnit). PaccMorpum creayiouise npocTole mnpu-
MEpHL.

1. Ilyctb f — dynkuus, Kotopast onpejeseHa Ha cerMeHte [a, b],
yA0BJIETBOPSAET YCA0BHIO JInmiiuia

[Fxe) — F e <K X2 — %,

¢ koHcrauToit K << 1 u oro6paxaet cermeHr {a, b] B ce6s. Toraa f
eCcTh CxKuMaiolliee oToGpaKeHHe H, COMJIACHO NOKAa3aHHON TeopeMe,
TIOCJeI0BATeNBHOCTD Xo, X1 = [(Xa), Xe=f(x1), ... cxomurcs K
eIHHCTBEHHOMY KOPHIO ypaBHeHus x == f(x).

B yacTHOCTH, yC/IOBHE CKHMaeMOCTH BBINOJHEHO, €C/AH (QYHKIHSE
uMeeT Ha cerMenre [a, b] mpoussoanywo f'(x), mpuuem |[(x)|<<
<K<l

Ha puc. 9 1 10 nzobpaxeHn xoa nocjefoBaTeAbHEIX NPHOJIHKE-
Huil B cayyae 0 << f/(x) < 1 u B cayuae —1 < [/(x) < 0.

¥4 P ¥ e
s 3 f Y
fla)
(b
\s“@
R
! 716 H T~
Pl /i
fa [ | RTA
[rro | a ! li| I
| | 1 | | ||| :
Lt ! T
Y, ¢ rgz, 7, 3 b @ g ¢z, BILIXL,E &
Puc. 9 Puc. 10

Ilycth Temepb MBI HMeeM Jlieslo ¢ ypaBHeHueM Buaa F(x)=0,
npuuem F(a) <0, F(b)>0u 0 < K, << F'(x) < K, Ha [a, b]. Bge-
nem ¢yHruuo f(x) = x— AF(x) u 6yleM HCKaThb pelieHHe ypaBHe-
Hus x = [(x), paBHOcuabHOro ypaBHeuuio F(x)=0 npu As=0.
Tak Kak ['(x)=1—AF/(x), 70 1 —AK <[ (x)<<1—AK, u mHe-
TPYAHO MOXOGPATbL YHCJAO A TakK, YTOOBI MOXKHO OBIIO AEHCTBOBATDH
MeTOJIOM INOC/eJOBaTe/bHLIX NPHOJHXKeHuA. DTo — pacrnpocTpaHes-
HBIfl METOX OTHICKAHHS KODHS.

2. PaccMotpuM otoGpaxenue A n-MepHOro npocTpaHcTBa B cebd,
3ajlaBaeMoe CHCTeMOH JIMHEeHHKIX ypaBHEHHH

n
y,=]Zla‘,x,+b, (i=12 ..., n.
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Ecan A ecth cxaTHe, TO MBI MOXXeM NPHMEHHTb METOJ HOCJIen0-
‘BaTeJbHLIX NPHOJIHKEHHA K pPelleHHIO YpaBHeHHs x = AX.

Ipu xakux xe ycaosusx oro6paxenne A Gymer cxatuem? Or-
BET Ha 3TOT BONPOC 3aBHCHT OT BHI6Opa METPHKH B IPOCTPAaHCTBE.
PaccmoTpuMm TpH BapHaHTa.

a) ITpoctpaHcTBO R%, T. €. p(X, ¥) = ,max [ — ik
n
P, y) =max|y| —y} | = max| L a, (xj—x))| <
<m?"‘2;‘lau”"‘1"xi gmiaxZ‘a” | max|x; — x| =
i ] 1

= (miax Z] | ay; I) o (x", x”).

.O1ci01a yCTIOBHE CKHMaeMOCTH

V éla:11<a<l, i=1,..., n 2
6) ITpocrpanctso RY, T.e. p(x, ’y)= ilx,— Yy l;

o, ) =2 — v |= 2| Dy (5 — ¥

| <zi:zi:lai1”xi"'xl \(mlaxzillaii[)p(x', x").

OTClOlIa yC/0BHE CXKHMAEMOCTH
Zila”|<a<l, i=1,..., n 3)

B) ITpoctpanctso R”, T.e. p(x, y)= ’\/ Zl (x; — y;)%.. Ha ocno-

BaHHM HepaBeHcTBa Koun — ByHAKOBCKOTO mMeeM
- 7\ \2
o2y, y)= 2:. (Z]: ay (¥ —¥)) < (Z] 21: a};) 0 (v, 5”).

Orciona yCJ/a0BHE CXKXHMaeMOCTH

2
Yy a<ae<l (4)
i ]
Takum 06pa3oM, ecsid BLINONHEHO XOTs Obl OXHO M3 YCJOBHH !)
(2) —(4), To cyniecTBYeT OfHA U TOJILKO OfHA TOYKA (X1, Xz,...,Xn)
}) B uacTHOCTH, M3 Jo6oro H3 ycsoBHH (2)—(4) BHTEKaeT, 41O
a“--l Qg veo Qin
az ayp—1 ... agp

# 0.

Qny Qn2 ves Gup—1
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n
TaKas, 4To X;== ), a;;x; -+ b, npudeM nocJexoBaTenbHble MPHEJIH-
=

KEHHA K 3TOMY DCHICHHIO HMEIOT BU]I

X0 = (x0, x0, ..., x@),
2= ({0, 2§, ..., xt),
2B = (£, 5, ..., x®),

D e T T S

rae n
= 1; ayxf~+ b,

a B kauectpe x0 = (x{%, ..., xg’)) MOXHO B35IThb JI06YI0 TOUKY H3 R™.

Kaxnoe u3 ycaouii (2)—(4) Zo0CcTaTO4YHO AJA TOro, YTOOHI
oto6paxenne y = Ax Gbuio cKartneM. OTHOCHTENbHO YCJAOBHH (2)
H (3) MOXHO OblIO OBl 0Ka3aTh, YTO OHH H HEO O XO XM MBI AJS
TOrO, 4To6bl OTOOpaxkKeHHe y = Ax ObLIO cKaTHeM (B CMBICIE MeT-
PHK a) uau 6) COOTBETCTBEHHO).

Hu onno u3 ycnosuit (2)—(4) He HeoGXOAMMO JJISL PUMEHHMO-
CTH MeTOJa HOCJe0BaTeNbHbIX PHOIMKEHNAH.

Ecan |ai;] << 1/n, 10 Bce TpH ycioBus (2)—(4) BBINOJHEHBH H
MeTOJ NOCJeA0BATEeNbHbIX NPUONHKEHUH 3aBeIOMO NPHMEHHM.

Ecnu |aij| = 1/n, To vy omno u3 ycaosuit (2)—(4) He BBIIOJ-
HEHO.

3. Teopembl CylmeCTBOBAHHSI M €JIHHCTBEHHOCTH MJs auddepen-
UHaNbHbIX ypaBHeHuil. B mpeapiaymeM nyHKTe OblIH AaHBl IBa mpo-
cTeflllMX NpuMepa NpHUMeHEHUS NPHHUUIA CKHUMAIOMHUX oTOGpaKe-
HUH B OJJHOMEPHOM U B n-MepHOM npocrpancTBax. OgHako HauGoJee
CYLIeCTBeHHBbl [JIs aHaJH3a NpHMEHeHHSl 5TOT0 NPHHLUHIA B Gecko-
HeyHOMepHBIX (YHKIHOHaJAbHBIX npocTpancTBax. Cefuac Mbl IMOKa-
3eM, KakK C ero noMoOLbI0 MOXHO NOJYYHTb TEOPEMbl CYLIeCTBOBA-
HUSl ¥ eJUHCTBEHHOCTH peIleHHs AJS HEKOTOPhIX THIOB auddepen-

LHaJbHbIX H HHTErPaJbHbIX YpaBHEHUH.
. 3agaua Kowu. Ilycrs nano nuddepenunanbpioe ypasye-

HHe
L=ty ®)

C Haya/MbHbIM YCJIOBUEM
Yy (%o) = Yo, (6)

npuueM GYHKOMSI [ ompeneneHa M HempepbiBHA B HEKOTOPOH IIO-
ckoft obsactn G, copepalell TOUKY (Xo, Yo), U YAOBJAETBOPSIET B
3To# 06s1aCTH ycaoBHIO JIumnuna no y:

1F & y) —F(x, g [SMyr— ysle
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JlokaxeM, 4TO TOrJla Ha HEKOTOPOM cerMeHTe |x — xo] << d cy-
HIECTBYET, H NMPHTOM TOJIbKO ONHO, pelleHHe y == @(X) YpaBHEHHS
(5), yRoBieTBopsioliee HayaJbHOMY yciaosuio (6) (reopema Ilu-
Kapa).

YpaBHeHue (9) BMecTe C HauaJabHbIM ycaoBHeM (6) 5KBHBaJeHT-

HO HHTErpaJbHOMY YPaBHEHHIO
X

o) =yo+ Tt o). (7)

Xn

B cuny HenpepuiBHOCTH GyHKUMH [ umeem |f(x,y)|<< K B Hekoro-
po#i obnactu G’ < G, conepxaulell TOuky (Xo, o). IloaGepem d > 0
TaK, 4TOOLI BBIIOJHSJIHCh YCAOBUS:

1) (x,y)= G, ecin |x — x| < d, |y — yol < Kd;

9) Md'< 1.

O60o3nauuM uepes C* mpOCTPAHCTBO HENpEepHIBHBIX (DYyHKIUH @,
ONpe/e/eHHBIX Ha CerMeHTe |¥— %o|<<{d u Takux, uto |@(x)—
— yo| < Kd, ¢ meTpukoit (@), @) = meI @1 () — @ (x) |

IIpoctpancrBo C* nosHO, TaK KaK OHO SBJsleTCd 3aMKHYTHIM IO~
NPOCTPAHCTBOM IOJHOTO MPOCTPAHCTBA BCeX HENMPEPHIBHBIX QYyHKUUH
Ha [xo — d, xo - d). PaccmoTpuM oTobpaxenue P = Ag, onpenedse-
Moe $opMyJIoH

X
P =g+ {F¢ @),

X

rae |x—xo| << d. D10 oToGpakeHHe IEPEBOAHT MOJHOE IPOCTPaHe
ctBo C* B ce6s u sB/AsIeTCsI B HeM CxKaTtHeM. [leficTBHTe/bHO, NYCTh
g C* |x— x| < d. Torna

X

{1t omat

X

[ (x) — yo|= <Kd

u, crefosarenanno, A (C*) < C*. Kpome Toro,
X

1 () — 0 1< (17 00— F ¢ @0 [0t <
" < Md max| g, () — 9() |

Tak xak Md < 1, To A — cxkarue.

OTciona BHITEKaET, uTo ypaBHenue ¢ = A (r. e. ypasnenue (7))
HMeeT OJIHO M TOJIbKO OJHO pelleHHe B npocTpaHcTse C*,

2. 3apgauva Kowu gas cucteMsl ypaBsuenufi. Ilycth
IaHa cucreMa nuddepeHIHaNbHbIX YpaBHEHUH

oW =f(* @), ..., () i=12..,n (8)
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C Ha4yaJIbHbIMHU YCJIOBUAMH

(pi(x()):in» i=ly 29 ceey I, (9)
npuueM QYHKUMH [; ONpesenersl H HeMpEpHIBHLI B HEKOTOPOH 06sa-
ctu G npocrpancrsa R™:, comepxameil TOUKY (Xo, Yo, -.., Yon),
H YIOBJETBOPSIOT YCJA0BHIO Jlnnuuna

1 (! 2] !

o 9 o 00) = B2, 97 - g) [ SM max [y — g,

HoxaxeM, uTo TOrla Ha HEKOTOPOM cerMeHTe |x — xo| << d cy-
IECTBYET OJHO H TOJbKO OAHO pellleHHe HAyaJbHO# 3anaun (8), (9),
T. € OJlHA ¥ TOJbKO OfHA CHCTeMa QYHKIMH @i, YIOBAETBOPAIOMIUX
ypaBHeHusiM (8) M HavaJbHBIM ycjaoBHAM (9).

Cucrema (8) BMmecre ¢ HauaJbHBIMH YCIOBHIMH (9) 3KBHBa/eHT-
Ha CHCTeMe HHTerpaJibHblX YpaBHeHHH

X

(pi(x)=y0i+ Sft(t) P (t)’ ey (Pn(t»dt, i=ly oy N (10)

Xn

B cusy HenmpephIBHOCTH QYHKIHKH f; OTPAaHHYEHD B HEKOTOPOH 06-
anactn G < G, comepxaiwed TO4Ky (Xo, Yo, ..., Yon), T. €. Cyliue-
CTByeT Takoe noctosinioe uucao K, uro |fi(x, y1, ..., Yn) |< K.

[TonGepem d > 0 Tak, 4TOGH BBITONHSJIUCH YCJAOBHS:

D) x5y, yn)E G ecmn |x—x0| < d, [yi — yoil < Kd
i=1,...,nm
2) Md < 1.

Paccmotpum npoctpancTBo Cr, 371€MeHTaAMH KOTOPOTO SBJSIOTCA
Habopbl @ = (@1, ..., Qn) U3 N QYHKUHHA, ONpEJeNIeHHBIX ¥ Henpe-
PHIBHBIX NpH |X — %o| < d, ¥ TakuX, uto |9i(X)—yoi| << Kd. Onpe-
IeqnM MeTpHKy popMyJsoi

(e, P)= n;'aiXI @ (x) — ; (%) |.

BBenenHoe npoctpanctso moaHo. OtoGpaxenue P = A¢, 3ana-
BaeMoe CHCTeMOH PaBeHCTB
X

v =you+ {Ft, 0@, ..., o),

Xo

eCcTb CXHMalollee oto6paxkenue NoJaHOro npocrpaucrsa C, B ce6a.
HeilicTBUTENBHO,

P () — B (1) =

= (0 a @ o oD @)= i o, s oD ()]t

x4
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H, CJ1€10BATEJIbHO,

max | {0 (x) — $? (x) | < Md max | @ (x) — 9 (x) [
X, i x i

Ortobpaxkenne A — cxumalulee, NOCKOVIbKY Md << 1. |

Orciona BhiTEKaer, YTO OnepaTopHOe ypaBHeHHe @ = A uMeeT
OJIHO ¥ TOJIbKO OJHO pelieHHe B npoctpancrse Cr.

4. MNMpumeHeHHe NPHHUHMNA CKHMAOMHKX OTOGpaXKeHHl K HHTe-
TPaJibHbIM ypaBHEHHSM.

l. YpaBHeuusa ®penronnma. Ilpumenum tenepn Meron
CXKHUMaOWNX OTOOpa’keHHH /ISl AOKA3aTesJbCTBA CYIECTBOBAHHS H
€IUHCTBEHHOCTH DELIEHHsI HEOJHOPOJHOro JMHEHHOrO WHTErpajibHO-
roypaBHeHdus ®pearoJsbMa BTOPOro poJa, T. €. ypaBHEHHS

b

H=2{K(x nf@dy+ow, (11)

rae K (tTax HasbiBaeMoe 20p0) H @ CYTb RaHHbie GYHKUUH, [ — HCKO-
Masa QyHKLHSA, a A — NPOHU3BOJBHBIA napamerp.

Mgl yBHAMM, YTO Hall MeTOJ NPHMEHHM JIHIUb MPH KOCTATOYHO
MaJIblX 3HAYEHHsIX mapamerpa A.

[Tpennonoxum, uto K(x, y) u ¢(x) HenpephiBHB Npu @ << X < b,
a < y << b u, cneposarensuo, |K(x, y) | << M. Pacemorpum orobpa-
xenne g = Af mosiHoro mpocrpauctsa Cla, b] B ceGs, 3agaBaeMoe
dopmynoi

b
g()=21{K(x 9 @) dy+ 0.

a
Hmeem

P (g1, g2)=max| g (x) — & (*¥) | <|A[ M (b— a)max | f, (x) — fy (x) I.

1
CnenoBatenbHo, npu A < MG —a) OToOpaxenue A — cxumaiomee,
W3 npuHuuna cXHMaIOLHX OTOGpaXKeHHH 3aK/AI049aeM, YTo s
Beskoro A ¢ [A| <m ypaBHenue PpearonbMa uMeer eIHH-

CTBeHHOe HenpephbiBHOe pemenue. [locaenoBaTenbHble NPHOTHKEHUS
K 3TOMY pelieHuio fo, f1, ..., fn, . .. HMEIOT BHA

b
Fa =2\ K (5, 9) Fami (9) dy + 0,

a

Tlle B KauectBe fo(X) MOMHO B3ATb JIOGYIO HENPEPHIBHYIO QYHKIUHUIO.
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2. Hennuedinbe nHTerpaJbHble ypaBHeHHd. Ilpun-
INT CXKUMAMOLIUX 0TOOpaXKeHUlI MOXKHO NPUMEHUTh M K HEJ HH e i~
HOMYHHTErpaJbHOMYy ypaBHEHHIO BURA

b

P =2 K g f ) s+ o, (t2)

a

rie K 1 ¢ nempepbiBHbB 4, KpoMe TOro, s1po K ynoBaerBopsier ycio-
Buto Jlunuwnua no ceoeMy «pyHKLUHOHaJILHOMY» apryMeHTY:

[K(x, y;2) — K(x, y; 29) IS M| 2, — 25|

B stom cayuae ans oto6paxkenus g = Af moamoro mpocrpanctsa
Cla, b] B ce6s, 3agannoro ¢hopMymnoi
b

g()=2{K(x, 4 F ) dy + o), (13)

a
HMeeT MeCTO HEePaBeHCTBO
max| g (x) — & (¥) ISIA M (b — a) max| f, (x) — [, (x) ],

rie &1 = Af1, g2 = Af.. CnenoBarenbno, npu | A | <'M_(b]:—a')' 0TO=

6paxenue A GyieT CXKUMAIOLLHM.
3. YpaBHeHus BouabTeppa. Paccmorpum, HakoHel, uHTe-
rpajbHOe ypaBHeHHe THna BoanTeppa

=2 K, 9) f 5 dy + o (x). (14)

3necy, B oTanuHe oT ypaBHenuii @®penrosbMa, BepxHHil npeiea B
HHTerpaje -—— nepeMenHas BeauuuHa X. PopMasbHO 3TO ypaBHeHHE
MOXHO paccMaTpHBaTbh KakK YacTHBI cayuall ypaBHeHuss Dpearonn-
Ma, poonpenenuB ¢pyunkuuo K paBencrBoM: K(x, y)= 0 npu y > x.

OpnHako B clyyae HHTerpaJjbHoro ypasHeHuss Dpearosbma Mb
6bl/H BHIHYXJIEHbl OTPAHHYHTBCS MaJbIMH 3HaYeHHSAMH napaMerpa A,
a K ypaBHeHHAM BoJibTeppa NpHHLUIN CXKHMAIOUWHKX OTO6paXKeHHH
(1 meTon mocJefoBaTeNbHbIX NMPHOMMIKEHHH) NPUMEHHM NpU BCeX
3Hayennax A. TouHee, peyb HAeT O caeAyIOlleM 0GOGLIEHHH TPHHIH-~
na CxKuUMarolux orobpaKeHui.

ITycre A — Takoe nenpepoisHOe 0TOGpAdCEHUe NOAHO20 METpUYE-
cKo20o npocTpancrea R 8 ceba, 4o nekoTopas ezo crenews B = An
ABASETCA CHATUEM; TO20Q YypasHeHrue

Ax=x

umeer 00HO U TOALKO 00HO peuierue.
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JleACTBHTEIbHO, NYCTb X — HENOABHKHAA TOYKa oToGpaxenusa B,
1. e. Bx = x. Unmeewm:

Ax = AB*x = B*Ax = B*xy—x (k—> ),

u60 0T06pa>KeHue B — cxxuMmamwuee, a NOTOMY MOCJAEA0BATE/NBbHOCTD

Bxo, B2x0, B3xp, ... Bas M1060T0 Xo & R CXOOHTCA K HENOABHKHOM
Touke x oro6paxenuss B. CienoBarefbHO,
Ax =x,

Ora HemoABHKHAS TOUYKA eAVHCTBEHHA, MOCKOJbKY BCSIKas TOU-
XKa, HENOJABHXKHAS OTHOCHTENbHO A, HEMOABHXXHA H OTHOCHUTEJbHO
cXHUMampolero oTobpaxenus A”, /i1 KOTOPOrO HEMOABHKHAS TOYKA
MOXKeT ObITb TOJILKO OAHA.

ITokaxeM Temnepb, 4YTO HEKOTOpAsl CTENEHb OTOOPaXKEHUS

x
A =r{K(x, @) dy+o@®

a

sipasiercst cxxatueM. Ilyers fi u fo — 1Be HenpepbiBHBIE GYHKUHM HA
orpeske [a, b}. Toraa

LAF () — Af2 () =121 | { K (5, 9) (i (9) — Fa (9)) dy | <

a

<IAIM (x — a) max| f, (x) — f () I
3pecs M ==max|K (x, y)|. Orciona
| A3, () — A%, () 1<) A P M2 S max 1 £, (x) — o ()|

H, BooOI11E,
‘Anfl (x) _Aan(X)l<| l]nMn.(x_;gﬁmgl M"M"m (b""‘a)"

n! ’

rae_m=max|f (x) = f>(x)|.
Tlpn m060M 3HAYEHHH A YHCIO £ MOXKHO BbIOPATbH HACTOJIBLKO
6O/bIUINM, YTO
[A]" M (b —a)”
n!

<l

Torma oro6pamxenne A" Gymer cxkarueM. MrTak, ypasHeHue Bousn-
Teppa (14) nopu nmo6oM A uMeeT pelleHHe, W IIPUTOM €JHHCTBEHHOE.

§ 5. Tonosoruyeckue mMpocTpaHCTBA

1. OnpepeneHne U TNPUMEPbl TONOJOTHYECKHX MPOCTPAHCTB.
OcHOBHBIE MOHATHS TEOPHH METPHUUECKHX NPOCTPAHCTB (IIpenesbHas
TOYKa, TOYKA TPHKOCHOBEHHS, 3aMbIKaHHE MHOXECTBAa M T. A.) MBI
BBOJM/IM, ONUPASICh HA MOHATHE OKPECTHOCTH HJIH, YTO, HO CYIIECTBY,
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TO K€ CaMoe, HAa NOHATHE OTKPHITOTO MHOXeCTBa. DTH NOCAEAHHe:
TIOHSATHSL (OKPECTHOCTb, OTKPLITOE MHOXECTBO) B CBOIO O4epelb On-
penesisiiich ¢ NMOMOIILIO METPHMKH, 3aRaHHOH B paccMaTpHBaeMom
npoctpancrtse. MoXHo, 0lHaKO, CTaTh HA APYro NyTh H, He BBOAA
B ]aHHOM MHOXeCTBe R MeTpHKY, HENOCPEACTBEHHO ONPEAETUTh B R
CHCTEMY OTKDBHITHIX MHOXECTB MNOCPEACTBOM aKCHOM. IJTOT MNyTh,
obecrieunBas 3HauHTeNbHO GOsbUIyI0 cBOGOLY HEHCTBHH, NPHBOAHT
HAaC K TONoAO2uUMeCKUM NPOCTPAHCTEAM, TIO OTHOLIEHHIO K KOTOPHIM
MeTpHYECKHe TPOCTPAHCTBAa NPeACTaBAAIOT cOGOM XOTA M BecbMa
BaXKHbIH, HO HECKOJIbKO CIelHaJbHBIA Ciyuail.

Onpenenenne. Ilyctb X — HEKOTOpPOE MHOXECTBO — MpO-
CTPAHCTBO-HOCHTENb. Tonosoeuel 8B X nasniBaercs Jai06as cucrema T
ero noamuoxects G, ynoejeTBopsiiomias AByM TpeGOBaHHAM:

1°. Camo MHOXecTBO X M HyCTOE MHOXECTBO & NPHHAATENKAT T.

2°, Cymma UG,, M060r0 (KOHEYHOro W/aH OeCKOHEYHOro) u
a
n

InepeceyeHne n Gk JI060r0 KOHEUHOTO YHCJAAa MHOXECTB M3 T npu-
k=1

HaJJexar T. :

Muoxectso X ¢ 3agaHHON B HeM TonoJsoruel T, T. e. napa (X, 1),
Ha3blBAETCS TONOAO2UHECKUM NPOCTPAHCTEOM.

MHoxXecTBa, NpuUHAMJIEXAllHe CHCTEME T, HA3bIBAIOTC OTKPbL-

THIMU. :
Tak e Kak MeTpHYECKOe NPOCTPAHCTBO €CTh COBOKYNIHOCTb MHO-
KeCTBA TOYEK — «HOCHTEJS» M BBEIEHHOH B 3TOM MHOXECTBe MeT-
PHKH, TONOJIOTHYECKOe NPOCTPAHCTBO €CTh COBOKYMHOCTh MHOXKECTBA
TOYeK M BBeJleHHOH B HeM Tonosoruu. Takum o6pasom, 3ajatb TONO-
JOTHYeCKoe MPOCTPAHCTBO — 3TO 3HAYUT 3afaTh HEKOTOPOE MHOXKe-
ctBo X U 3ajaTh B HEM TOMNOJIOTHIO T, T. €. YKAa3aTb Te HOAMHOMXe-
CTBa, KOTOPble CUUTAIOTCS B X OTKPHITHIMH.

SIcHO, Y4TO BOXHOM H TOM X e MHOXecTBe X MOKHO BBOIHTH
pasHble TOMNOJIOTHH, NpeBpallasl ero TeM CaMblM B Pa3JHuHbIE TONO-
JIoTHYecKHe npocTpascTBa. M Bce JKe Tonosiornueckoe nNpocTpancTBo,.
T. €. mapy (X, t), Mbl 6yzieM 0603Ha4aTh O 1 H O i1 6YKBOH, cKaxeM, 7.
DJieMEeHTHl TONOJNOTHYECKOro NPOCTPAHCTBA Mbl 6yJieM HA3biBATh TOY-
Kamu,

MuoxectBa T\ G, 1ONONHUTEbHBIE K OTKPBITHM, HA3bIBAOTCS
BAMKHYTOIMU MHOXECTBAMH TONOJOTHYeCKoro mnpocrpaHcrsa T. Us
akcuoM 1° m 2° B cuny coorHowenmit aBosicrBennoctu (§ 1 ra. I)
BBITEKAET, YTO:

1. Tlycroe MuoxectBo & n Bce T 3aMKHYTHI.

2. Tlepeceuenne J11060ro (KOHEUHOro HJAH GECKOHEUHOrO) YHCAA
H CyMMa KOHEYHOrO YHCJIa 3aMKHYTHIX MHOXECTB 3aMKHYTHI.

Ha ocnoBe 3tHX onpenesennii ecTecTBeHHO BBOAATCSA BO BCAKOM
TOMOJIOTHYECKOM IIPOCTPAHCTBE TOHSATHA OKPECTHOCTH, TOYKH MNpPH-
KOCHOBEHHS, 3AMHIKaHHS MHOXeCTBa H T. A. MiMeHHo:
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OxpecrrocToro Touku x & T Ha3biBaeTcss BCSIKOE OTKPbITOE MHO-
wectBo G < T, comepxaniee TOUKY X; Touka x & T HasbiBaerTcs TO4-
xoil npuxkocrogerus MHoxXectBa M T, ecin Kaxaasi OKPeCTHOCTb
TOYKH X CONEpPKHT X0oTsl Gbl OZHY TOYKy M3 M; x HasniBaerca npe-
Oenbrol Toukol MHOXecTBa M, ecin KaXAas OKPECTHOCTb TOUKH X
coepXKHUT X0Tsl 66l 0OHY TOUKY H3 M, oTiiHuHYIO OT X. COBOKYNHOCTH.
BCeX TOYEK NIPHKOCHOBEHHS] MHOXecTBa M Ha3bIBAaeTCs 3aMbIKAHUEM
mHoxectBa M 1 o6o3Hauaercss cumsoJom [M]. Jlerko aokasats (mpo-
BeLHTE 3TO JI0OKA3aTEJAbCTBO), UTO 3AMKHYTble MHOJNeCT8A (Ompene-
JIeHHble HaMH Bblllle KaK JOMOJHEHHUA OTKPHITHIX), U TOAbLKO OHU,
ydosaersoparor ycaosuro [M] = M. Kax u 8 cayuae merpuueckozo
npoctparcrea, [M] ecTo naumensuiee 3amMKHyTOC MHOXCECTBO, COOep-
aauwjee M.

Ynpaxuenue. Jlokaxure, uTo omepanus 3amukaHus [M], onpesenesHas

¢ TOMOLIBIO TOMOJIOFHH, 00aajaeT cBoficTBaMH 1)—4), cpOpMyJHPOBAHHLIMH B-
Teopeme 1 § 2.

[Tpumepsn. 1. B cuny Teopembl 3’ § 2 OTKpBITHIE MHOXKECTBA BO-

BCSIKOM METPHYECKOM IIPOCTPaHCTBE YJOBJIETBOPSIOT akcHoMam 1° u
2° ompejesieHust TOMOJIOTHYECKOTO npocTpaHcTBa. TakuM o6pasom,.
BCSIKOE METDHYECKOe IPOCTPAHCTBO SBJSETCS H TOMOJOrMYECKHM
NPOCTPAHCTBOM.
- 2. Ilycrp T — npousBosibHOE MHOKECTBO. ByneM cuutath OTKpBI-
THIMH BCe ero MoAMHoxecTBa. AkcuoMmsl 1° u 2° npu 3TOM, OUEBU/IHO,
BBITIOIHEHBI, T. €. Mbl JIeCTBHTENBHO MOJyYyaeM TONMOJOTHYECKOe PO~
cTpaHcTBO. B HEM Bce MHOXKeCTBA OJIHOBPEMEHHO H OTKPBITHl H 3aMK-
HYTBI, H, 3HaYHUT, KaXJ0€ U3 HUX COBNAJAeT CO CBOUM 3aMbIKaHHEM.
Takofi AMckpeTHOMH Tonosorueli o6aanaer, HanpuMep, MeTpHYE~
CKOe NMPOCTPAHCTBO, yKa3zaHHoe B npumepe 1 § 1.

3. B xayecrBe apyroro KpafHero cjayuasi paCCMOTPHUM B IIPOH3-
BOJIbHOM MHOXecTBeé X TPHBHAJNbHYIO TONOJNOTHIO, COCTOSLIYIO
TOJIBKO M3 JBYX MHOXeCTB: Bcero X W nyCcTOro MHOXKecTBa . 31eCh
3aMblKaHHe KaxKJIOoro HelmycToro MHoxectsa ectb Bce X. Takoz To--
NOJIOTHYECKOE NIPOCTPAHCTBO MOXKHO Ha3BaTh «NPOCTPAHCTEOM CAUN-
WUxXCs TOHeK>.

4. Tlycrs T cocToMT M3 JABYX TOYeK a U b, IpHYEM OTKPHLITHIMH
MHOXECTBaMH Mbl cuduTaeM Bce T, MycTOe MHOXKECTBO H MHOXKECTBO,.
cocrositiee u3 OfHOH Touku b. Akcuommbl 1° u 2° 3jech BHIMOJHEHH.
B 3ToM npoctpaHcTBe (KOTOPOE YacTO HA3LIBAIOT CBA3HGIM 080ETO-
Yuem) 3aMKHYTH TakHe MOAMHOXKecTBa: Bce T, MyCTOe MHOMKECTBO H
TOYKa a. 3aMbIKaHHe OJHOTOYeYHOro MHoxKectBa {b} ectb Bce T.

Ynpaxnuenne. IlocTpofiTe Bce TONOJOrMH B NPOCTPaHCTBe X, COCTOALIEM.
M3 IBYX, TPeX, YeTHIPEX H NATH TOYEK.

2. CpaBnenue tonoJgoruii. [lyctb Ha OJHOM H TOM XXKe HOCHTeNe
X 3amaHbl Be TONOJOTHH T H Tz (TeM caMbiM OnpejieneHb A B a
TonojsorudeckHx npocrpanctBa: It =(X,t;)) n Ty = (X, 7). Mn
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CKaXeM, YTO TONOJIOTHS Ty CUAbHEE, WIN TOHbuE TOIONOTHH Ta, €CJIH
-CHCTEMA MHOXECTB T2 COAEPKHUTCS B T1. [IpO TOMOMOrHIO T2 IPU 3TOM
rOBOPAT, UTO OHA cAabee, unu epybee, yeM T,.

B coBoKynHOCTH Bcex BO3MOMKHBIX TONOJOTHI MHOXKecTBa X ecre-
-CTBEHHbIM 06Pa30M BBOAHMTCH YaCTHYHAS YHNOPALOYEHHOCTb (TOMNOJO-
THS Ty NPEJIIECTBYET Ti, €CIH OHA ciabee, yeM T;). B 3Toil coBoKyn-
HOCTH TONOJIOTHH e€CThb MAaKCHMaJIbHBIH 3JIeMeHT — TOMOJIOTHS, B KO-
“TOPOH BCe MHOMKECTBA OTKpPLITHl (mpuMep 2),— H MHHHMAaJibHBIH —
“TOIOJIOTHS, B KOTOPOH OTKpPLITH ToJbKO Bce X u & (npumep 3).

Teopema 1. [Tepecewenue npoussorsroeo MHONECTBA TONOAO-

eull T= ﬂ T, 8 X ecTo TOnoaoeus 8 X. 3ta Tonosoeus v caabee Ato-
o

601 uz ronoroeul v,.
HJokasarteabcTBo. fcHo, 9TO ﬂ T, comepxutr X u &. Jla-
a

Jiee, U3 TOro, 4TO KaXJaA0e T, 3aMKHYTO OTHOCHTEJbHO B3SITHSA JIOGHIX
‘CYMM H KOHEYHBIX IepecedyeHUd, CJelyeT, YTO ITHUM CBOHCTBOM 06-

Jafaetr u Tv=|| T,

a

CanencrBue. Ilycto B— npoussosvroili 3anac nOOMHONCECTS
MHOJMCeCT8A X, TO20a CYUfecT8yer MUHUMALbHAS Tonoaozusd 8 X, co-
depaucawas B.

JleficTBHTE/ILHO, TONOJIOTHH, COpep:Kauye B, CyLEeCTBYIOT (Ha-
npumep, Ta, B kKotopoit Bce A < X orkpeith). [Tepeceyenne Bcex To-
TOJIOTHH, coflepXKaliux B, U eCTb HCKOMad. dTa MUHHMAaJbHAS TOHO-
AOT'Usl HA3BIBAETCH TONOJIOTHER, nopoxcOeHHol cuctemod B, u odo-
Briadaerca v(3).

ITyctb X — npounsBosibHOE MHOXKECTBO U A — ero NMoJAMHOKECTBO.
Caredom cUCTeMBl MHOXKeCTB ¥ Ha NOAMHOXKeCcTBe A HasbiBaeTcsi CH-
cTeMa B,, cocrosmias W3 noamuoxects Buga A I B, B 9. Jlerko
BH/eTh, 4TO cief (Ha A) Tomosoruu T (3axanuoit B X) saBasercs
-Tonosioruell T4 B A. Takum o6pasom, BCsiKOe MOAMHOXKecTBO A Ji0-
60ro TOMOJIOTHYECKOrO MPOCTPAHCTBA CaMO OKa3blBAETCsl TOMOJIOTH-
YeCKUM NMPOCTPAHCTBOM. TOMOJIOrHYECKoe npocTpancTBo (A, Ta) Ha-
3bIBAETCS NOONPOCTPAHCTBOM UCXOAHOIO TONOJNOTMYECKOTO IIPOCTPAH-
ctBa (X, t). flcHo, uTO ABe pasiuuHBle TOMOJOTHH, T1 H Tz, B X MOTYT
TOpOXKAaTh OAHY U Ty e TtomoJoruio B A < X. Tonosorust 14 Ha-
3bIBAeTCH OTHOCUTEAbHOU Tonoaoeueld 8 A.

3. Onpeneasiomiie cucreMbl OKpecTHocTedl. bBasa. Akcuombl
cuernoctn. Kax Mbl BuAeTH, 3ajath B mpocTpaHcTBe I TOMOJO-
THIO — 3TO 3HAYHUT 3aJaTh B HEM CHCTEMY OTKPHITHIX MHO)KecTB. Ofi-
HAKO B KOHKPETHBIX 3afauax GblBaeT y06HO 3a4aBaTh HE BCIO TOIO-
JIOTHIO, a JIMIIb HEKOTOPYIO €€ 4acTh, T. €. HEKOTOPHIH 3arac OTKpbI-
“THIX MHOXECTB, II0 KOTOPOMY OJHO3HAuYHO OmpejessieTcsd COBOKYII-
HOCTb BC€X OTKPBITHIX NMOAMHOXeCTB. Tak, wanpuMep, B MeTpuue-
CKOM TIDOCTPAHCTBE Mbl BBEJH CHayaJja [OHSTHE OTKPHITOro liapa
{€-0OKpeCcTHOCTH), a 3aTeM OMNpeJe/H/JIH OTKPLIThie MHOXKECTBa KakK
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TaKue, B KOTODBIX KaX/lasi TOYKa CONEPKHUTCS BMECTE C HEKOTOpOH
cBoefl IIAapOBOH OKPeCTHOCTbIO. MHBIMM cl0BaMu, B METPHUECKOM
NPOCTPAHCTBE OTKPHITH T€ H TOJHKO Te MHOXECTBA, KOTOPhie MOXKHO-
NPeACTaBUTh KaK CYMMbl OTKPHITHIX I1APOB (B KOHEYHOM HJH GeCKO-
HeuHOM uHcje). B uacTHOCTH, HA UPSAMOH OTKPBITH MHOMXKECTBA,.
npeAcTaBUMBle B BHJIE CYMM HHTeDBAJIOB, H TOJbKO OHH. DTH c000-
paxkeHHs NPUBOASAT HAC K BAXKHOMY IOHATHIO 6 a3 bl TOMOJOTHYE-
CKOTO TIPOCTPaHCTBA.

. Onpenenenune. CoBOKYNHOCTb & OTKPHITHIX MOIMHOMKECTB Ha-
‘3pIBaeTcst 6a3ol TONOAO2UW TIPOCTPAHCTBA T, eC/M BCSIKOE OTKPHI~
TO€ MHOXeCTBO B T MOXKeT GbiTh MPEACTaBJEHO KaK CyMMa HEKOTO-
‘poro yucsaa (KOHEeYHOro WM GeCKOHEYHOro) MHOKECTB H3 &,

Taxk, HarpuMep, COBOKYIHOCTh BCeX OTKPHITHIX IIAapoOB (C IPOU3-
BOJBHBIM IEHTPOM H paauycoMm) obpasyer 6asy B MeTPHUECKOM
IpOCTPAHCTBE. B dYacTHOCTH, cHCTeMa BCeX HHTepBasNoB — 6asa Ha
npsamoii. DBasy Ha npsamoii 06pasyloT M OAHH TOJbKO MHTEPBAJbI
C pPauHOHANBHBIMM KOHIAMH, WOCKOJbKY B BHIAE CYMMBl TaKHX HMH-
TEPBAJIOB MOXKHO TNPEICTaBHTb JIOGOM HHTEpBAJ, a 3HAUMT, H JIIO-
60€ OTKPLITOE MHOMKECTBO Ha NpSMOM.

Wrak, Tomojoruio t npocTpaHcTBa I MOXKHO 3afaTh, yKas3aB B
3TOM IPOCTPAHCTBE HEKOTOpYIo ee 6ady &; sra Tomosorus t coBna-
JaeT ¢ COBOKYITHOCTbIO MHOXKECTB, NMPEJCTAaBUMbIX KaK CYMMBl MHO-
XKeCTB U3 .

Beskasi 6asa & B tonosoruueckom mnpocrpanctse T = (X, 1) 06~
Jajiaer CielyIOHIHMH JIBYMS CBOHCTBAMH:

1) awbas Touka x = X codepacurca xors 6oL 8 oonom G = 9,

2) ecau x colepocurcs 8 nepecewenuu 08yx mnoxcects Gy u Gy
u3 %, ro cyujectsyer rakoe Gy G, uro

xe 6, G NG,

JeiicTBuTelbHO, CBOMCTBO 1) mpocTo o3HauaeT, uTo Bce X, Gy-
NY4H OTKPBITHIM, JO/IKHO TPEACTABIASATLCA KAK CyMMa KaKHX-TO MHO-
xectB 3 9, a 2) Buitekaer u3 Toro, uto G; (1 G; OTKpHITO H, cie-
JIIOBATENbHO, €CTh CYMMa KaKUX-TO 3JIEMEHTOB 0ashl.

O6parHo, nycTb X — NpOM3BOJIbHOE MHOXKECTBO H & — cHCTeMa:
noamuoxects B X, o6aanawomas csoiictamu 1) u 2). Toraa coso-
Ky[HOCTh MHOECTB, NMpPEACTaBHMBLIX KaK CYMMbl MHOXeCTB H3 ¥,
o6pasyer B X rtonosoruio (T. €. yooBJeTBopsier akcuomam 1° um 2%
onpejeseHHsl TONOJOrHYECKOTO POCTPAHCTBA).

HefictBuTenbHO, nycTh T(¥)— COBOKYIHOCTb BCEX MHOXKECTB H3:
X, DpefcTaBUMBIX KaK cyMMbl MHOXecTB u3 &. Torma nycroe MHO-
xectBo ') u Bce X npunanmiexar v(¥) u cymMa J1060ro 4ucaa MHO--
xecTB U3 1(¥) rakxe npunanaexur t(¥). ITokaxewm, uro mepece-
yeHHe JI0GOr0 KOHEYHOTO YHCJIa MHOXKeCTB H3 T(¥) NPHHAIJIEKHT

]) Ono foaydaeTcss Kak CyMMa IYCTOr0 MHOMKECTBA 3JEMEHTOB CHCTEMBI g.
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1(%). JdocraTtouno npoBepuTh 310 A5t ABYX MHoxecTB. [lycth 4=
=G, u B= y Gg, Torna A(1B~ Up (G.NGy). U3 yenosus 2)
a a,

caenyer, uto Kaxnoe G, (1 Gg copepxurca B 1(¥). Ho Torxa u
ANBe1(9).

HMrak, Mbl mosTyyaeM caefyoLHi pe3yabTar.

Teopewma 2. Jaa 1020 ur0b6r cuctema § nodmuoxmecréa G
#HoxecTsa X Oviaa 6a30ti HekoTopoil Tonoroeuu 8 X Heob6xo0umo u
docrarouno, utobor § obaadara ceolictéanu 1) u 2).

ITycte Tenepp B npoctpanctBe T 3amaHa HekoTopas (PHUKCHpO-
BaHHas Tomoaorusi T. BaaB B T Hekoropyio cucreMy & OTKpHITHIX
MHOXeCTB, o6J/anaolyo ceoiicteamu 1) u 2), u npuHss ee 3a 6asy,
Mbl oueBHHO Mogyuuan B T TonoJoruio t(%), uiu cosnagamoumymo ¢
MCXOIHOH TOMOJNOrHeH ¥, HiH GoJee cjabylo. YCTaHOBUM YCJIOBHS,
npH KOTOPHIX & NOpOXKAaeT UMEHHO NAaHHYIO TONMOJOTHIO T.

Teopema 3. Jaa roeo 4tobut cuctema § < v 6oiaa 6a30i dax-
Hod TOnoso2uu T, HE06x00uMO U OOCTATOYHO caedyroujee ycaosue:

3) 0aa Kamdoeo oTkpwbiTO20 MHOXcecT8a G u KAMOOU TOUKU
X & G cywecrsyer rakoe Gy = F, uto x = G, = G.

HokasareabcTBo. Ecin ycnoBue 3) BHINONHEHO, TO BCSAKOE
OTKpBITOE MHOXKecTBO G npeacTaBuMoO B BHLE

G= xLEJG Gx’

T. e. & ectb 6a3a tomosoruu v. O6paTHoO, ecau ¥ ecTb 6a3a TONOJIO-
THH T, TO BcAKoe G & T NpeCcTaBHMO B BHJE CYMMbI MHOXeCTB H3 ¥,
-a Toraa AJs BcsiKoro x & G Hahpercs rakoe G.¥, uto x&G,=G.

Ynpaxuenue, ITyctb &y u 9, — nse Gazer B X (T. e. nBe CHCTEMHl MHO-
XECTB, YLOBJETBOPHAIOUIUX YCJHOBHAM l) H 2) CTp. 87), ATy uT, — onpeneﬁﬂemue
“HMH TONOJOTI'HH. Jloxamm‘e, 4yToO Ty &< T; B TOM H TOJbKO TOM CJiyuae, eClaH AJsA

Joboro Gy & u nwb6oii ToukH x & G cyuwecteyer Takoe G, &%, urto
xe G, <Gy

C nomouwbio TeopeMbl 3 JIETKO YCTAHOBHTb, HANpUMeEpP, 4TO BO
BCAKOM METPUYECKOM IIPOCTPAHCTBE COBOKYTHOCTb BCEX OTKPHITHIX
-mapos o6pasyer 6a3y ero TomosoruH. COBOKYMHOCTb BCeX LIAapoB ¢
pallvoHaJIbHBIMHM pajZiuycaMH TaKxe NpeacraBisieT co6oit 6asy. Ha
npsMoR 6a30f MONKET CJYXKHTb, HaIPHMep, COBOKYMHOCTb BCeX pa-
IHOHAJIbHBIX HHTEPBAJOB (T. €. HHTEPBAJIOB C PallHOHAJbHHIMH KOH-
namu). . '

BaxHblft K/acc TOIOJOTHYECKHX TNIPOCTPAHCTB 06pasyioT mp o-
«CTPaHCTBA CO CYeTHOH 6a30M, T. e. TaKHe NPOCTPAHCTBA,
B KOTOPBIX CyllecTByeT XOTsl Obl ofHa 6asa, coctosuias He OoJee
4eM H3 CYETHOro 4mcsaa MHoxectB. IIpocTpancTBa co cueTHO# 6asoit
‘Ha3bIBAKOT TaKXKe NPOCTPAHCTBAMU CO 8TOPOLL AKCUOMOU CHETHOCTU.

Ecau 8 Tonosoeuweckom npocrpancree T umeerca c4eTHas 6asa,
"TO 8 Hem 00A3ATENbHO UMEETCA CHETHOE 8CIO0Y NAOTHOE MHONCECTSO,
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T. €. TaKOe CYETHOE MHOXKEeCTBO, 3aMbIKaHHe KOTOPOTO eCTb Bce T.
HencreutenbHo, nycts {Gn} — rakas 6asa. BuGepem B KaxoMm Hu3
5JIeMEHTOB 3TOH 6a3bl NPOU3BOJBLHYIO TOUKY Xn. CueTHOe MHOXeCTBO-
X = {x,} Bciogy myothe B T, TaK KaK B NPOTHBHOM CJyuae Hemy-
ctoe OTKphiToe MHOXKecTBO G = T '\ [X] He comepkano 6bl HH OfHOMH
TOYKH H3 X, 4TO HEBO3MOXHO, NOCKONbKY G eCTb CyMMa HEKOTOPBIX
MHOXecTB H3 cHcTeMbl {Gr}, a xn = Gy .

Tonosornyeckie NPOCTPAHCTBA CO CYETHHIM BCIOAY IUIOTHBIM
MHOXECTBOM, KaK H MeTpHuecKHe, Ha3blBaIOTCS cenapabenvHoimu.

JInsi MeTpHYeCKHX HPOCTPAHCTB BEPHO yTBepXKieHue, obparHoe:
TOJbKO YTO KOKA3aHHOMY:

Ecau merpuueckoe npoctparctso R cenapabeasro, T0 8 R ecto u
cuetnan 6asa. elicTBuTesibHO, TaKylo 6a3y o6pa3yioT, Hampumep,.
OTKpBITHIEe Wapwbl B(xs, 1/m), roe {x.} — cuetHoe BClOAY mHAOTHOE
MHOXKECTBO, a 1 U M He3aBHUCHMO NPOOETaloT BCe HATypaJbHbe YHC-
na. Takum obpasoM, cipaBel/iuBa CJAeAylOlUIas TeopeMa:

Teopema 4. Merpuueckoe npocrtpancréo R umeer cueTnyro-
6a3y To20a u ToAbKO To20a, K020a OHO cenapabeabHo.

B cuny sToii TeopeMbl Bce npHMepHl cemapaGesbHBIX MeTpHUC--
CKHX NPOCTPAHCTB MOTYT CJHYXHTb H NPHMepaMH METPHYECKHX IpO--
CTPAHCTB CO BTOPOH akcHoMOH cyeTHocTH. HecenapaGenbHoe mpo-
CTPaHCTBO OrpaHHYEHHBIX MOCaefoBaTeabHOCTelH (CM. npumep 9 § 1)
He HMeeT U CueTHOH 6assl.

3ameuanue. Teopema 4, BooGule roBopsi, HeBepHa /s MpPO--
M3BOJIbHBIX (HE METPHUECKHX) TONOJOTHYECKHX IPOCTPAHCTB: MOXKHO
VKasaTbh NnpHMepbl cenapabesbHbIX NPOCTPAHCTB 6Ge3 CUeTHOH Gasbl.
TlosickuM npoucxoasiue 31ech siBjJeHus. s KaXKJ 0ol TOYKH X MeT-
pHYecKoro npoctpaHctBa R cyllecTByeT cueTHas cucrema i ee
OKpecTHOCTel (HampuMep, CHCTeMa OTKPHITHIX WapoB B(x, 1/n)),.
obnanamllas CAedyoUHM CBOHCTBOM: KaKoBO Obl HH GblJIO OTKpHI-
Toe MHOXKecTBO U, comepxKallee TOYKY X, HalIeTCst OKPEeCTHOCTb M3
cucreMbl U, nesukom sexamas B G. Takas cucreMa OKpeCTHOCTeH
HaspiBaeTcsl onpedeadtoujeli CUCTEMOL OKPeCTHOCTeld TOUKH X.

Ecan Touka x TOMOJIOrHYeCKOro NpocTpancTBa I HMeeT CUETHYIO:
onpeneJdIONLlYI0 CHCTEMY OKPEeCTHOCTeH, TO TOBOPAT, UYTO B 3TOK
TOYKE BBINOJIHEHA nepsas akcuoma cueTHocTu. Ecau 910 BepHo AJs
Kaxnoil Touku mpoctpaucrsa I, To mpocrpadcTso T HasbiBaeTcs
NPOCTPAHCTBOM C NepB8oll aKCUOMOU CHETHOCTU.

Bcesikoe MeTpHYeckoe HpPOCTPAHCTBO, Jaxe M HecemapabeabHOe,.
aBTOMAaTUYECKH YHOBJIETBOpPSieT INepBOA akcuoMe cuetHocTH. Onuako
B IIPOH3BOJIbHOM TOMOJIOTHYECKOM IPOCTPAHCTBE (AaXkKe ecau OHO-
COCTOHT JIMILIb K3 CYETHOrO UHCJIA TOYEK) IepBas aKCHOMAa CYETHO-
CTH MOXeT He HMeTb Mecra. ITosToMy Te paccy:aeHHs, ¢ MOMOLIbIO:
KOTOPBIX MBI AJISI METPHYECKOrO NPOCTPAHCTBA BLIBENH M3 HANHUHSA.
CYETHOTO BCIOAY HJIOTHOIO MHOXECTBA CYLIECTBOBaHHE B TAKOM MpO-
CTpaHCTBe CueTHOH 6asbl, He NEePEeROCATCA Ha CAyyal NPOU3BOJILHOIO:
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ronoJioruyeckoro npocrpancrsa. Ho paxe u B cemapaGesbHOM TO-
TIOJIOTHYECKOM TIPOCTPAHCTBE C HEPBONH aKCHOMOM CUETHOCTH CUETHOI -
$a3pl MOXKeET He OBITh.

Cucrema MHoxectB {M,} nasniBaeTcsa nokpoiTuesm MHOMKECTBa X,

€CJTH U M, o X. IokpeiTHe TomoJiornueckoro npocrpancrasa I, co-
o

.CTOSIIlee M3 OTKPBITHIX (3aMKHYTEIX) MHOXKECTB, Ha3blBaeTcs OT-
Kpoitoim (3aMKHyToIM) TOKpHITHEM. Ecau HekoTOpas wacTh {M‘lz}
mokphitast {Ma} cama o6pasyer nokpuitue npocrpanctsa I, 10 {Ma }
HasbBaeTcs noonokpoiTuem tokpeitust {M,}. !

Teopema 5. Ecau T — ronoaoeuueckoe npocTpancT8o co c4er-
HOU 6a304, TO U3 8CAK020 €20 OTKPbITO20 NOKPHITUL MONCHO 8bI6PATb
KOHeuHOe UAU CHEeTHOe nodnokpsiTue.

HoxasareabctBo. Ilyers {O,} —HekoTOpoe OTKpnITOE NO-
‘kpbiTue mpocrpanctsa I. Torpa xaxnas Touka x = T comepxkutcs
B HekotopoM O,. Ilycte {Gnp} — cuernas Gasza B T. [na kaxmoro
x=T cymectByer Takoil asjemeHT (n(x) aroll 6Gaswl, 4T0 X &
& Gn(x) < O, CoBOKYHHOCTb BBIGPAHHBIX TaKUM 06GpPa3oM MHO-
)ectB Gn(X) KOHEYHA WJIM CUETHA M NOKpbiBaeT Bce I. BriGpaB mis
Kaxnoro G, (x) onHo U3 copepxamux ero muoxecrts O, MBI H 0O-
Jy4uM KOHEYHOe WJIM cyeTHOe MOoANOKpbiTHe MOKPBITHS {O4}. Teo-
peMa noxasaHa.

Ilo ompepesieHHI0 TOMOJOrHYECKOr@ NPOCTPAHCTBA NYCTOE MHO-
JKEeCTBO H BCE NMPOCTPAHCTBO I OJHOBPEMEHHO OTKPBITHI H 3aMKHYTHI.
IlpocTpaHcTBO, B KOTOPOM HET HMKAaKHX JPYTHX MHOXKECTB, OJHOBpe-
MEHHO OTKDBITBIX M 3aMKHYTHIX, Ha3blBaeTcst c8a3ruim. Ilpamas au-
uust R! mpencrasnser coboil oJHH M3 MPOCTEHIIHUX MPHMEPOB CBSI3-
#blx npocrpancts. Ecan xe uz R! ynannuTb oany uian HeCKOJIbKO TO-
YeK, TO OCTaBllueecsl IPOCTPAHCTBO ye He OYAeT CBSI3HBIM.

4. Cxopsmuecs nocaeposateabHoctH B T. Ha TtonoJoruyeckue
{IPOCTPAHCTBA JIETKO MEPEeHOCHTCS 3HAKOMOe HaM B CAyyae MeTpH-
YECKHX TIPOCTPAHCTB MOHATHE CXO LS ULEeHCA TOCAEAOBATEJ b-
#HocTH. VIMEHHO, NOC/IeXOBaTENbHOCTb X, X2, ..., Xn, ... TOYEK
u3 T HaswpiBaercs cxodaujelca K Touke x, ecau j0bass OKPeCTHOCTh
TOYKH X COJAEPXHT BCE TOYKH 3TOH MOCAEXOBATEJbHOCTH, HauHHAs
¢ Hexkotopoi. OnHako B TONOJOrMYECKHX HPOCTPAHCTBAX 3TO IIOHS-
THE CXOJHMOCTH He HrpaeT Tol (yHIaMeHTaJbHOH pPOJIH, KOTOpas
eMy NpPHHALJEXKUT B METPHYECKUX TMpocTpaHcTBax. [eso B TOM, uto
B METPHYECKOM MPOCTpPAHCTBE R TOUKA X €CTh TOYKA MPUKOCHOBEHUs
mHOXectBa M CC R B TOM U TOJBKO TOM Ciayuae, Korga B M cyue-
CTBYeT TOCJEL0BATENbHOCTb, CXOASALAACH K X, TOrAa Kak B TOIO-
JIOTHYECKOM IPOCTPAHCTBe 3TO, BooGule rosops, He tak. M3 Toro,
YTO X eCTb TOUKAa NPHKOCHOBeHHS Ajas M (1. e. npuHamiaexur [M])
B TONOJIOTMYECKOM NpocTpaHcTBe 1, He BbITeKaeT CYLIECTBOBaHHeE
B M nocnenoBatenbHoCTH, cxojsileficss K x. BosbmMeM B KauecTBe
spuMepa orpe3ok [0, 1] ¥ HA30BeM OTKPHITHIMH T€ €ro NOXMHOXKe-
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crBa (HapsALy C NYCTHIM MHOXECTBOM), KOTOpble MOJYuYaloTcs U3
Hero BhIOpacbIBaHHEM JI060r0 KOHEUHOTO HJH CYETHOTO YHCJIA TOYEK.
Jlerko mpoBepHuTb, yTo TpeboBanusa 1° u 2° (crp. 84) npu stom Oy-
AYT BHINOJHEHEl, T. €. MBbl MOJYYHM TONOJIOTHYECKOE IPOCTPAHCTBO.
B 3TOM mpocTpaHCTBe CXOAAIIMMHUCH OYAYT TOJBKO CTAallHOHAPHBIE:
MOCJAEOBATENbHOCTH, T. €. TakKhe, 3JeMeHTbl KOTODHIX, HAuMHasA C
HEKOTODPOro HOMEpA, COBNAAAIOT: Xn == Xni| = ... (AOKaxure 310!).
C npyro#i CTOpPOHBI, eCaM Mbl BO3bMeM, Hampumep, B kKauectse M
noayuntepBas (0, 1], To Touka 0 GymeT AJAsS HEro TOYKOH NPHKOCHO-
penus (npoBepbTe!), HO HHKaKasl NOCTENOBATENbHOCTb TOYEK #3 M
He cxoaured K 0 B HallleM NPOCTPAHCTBE.

CxojIIuecs: NOCAe0BATEIbHOCTH «BOCCTAHABIUBAIOTCS B CBOHX
npaBax», eCJu Mbl pacCMaTpHBaeM He IPOH3BOJIbHBIE TONOJOTHYE--
CKHE IPOCTPAHCTBA, a NPOCTPAHCTBA C NEPBOH aKCHOMON CUETHOCTH,
T. €. €CJIH Y KaXJ0H TOUKH x TmpocTpaHcTBa I CyLECTBYET CUETHAS
ompefessoIlas cucreMa okpecTHocted. B sToM cayuae xaxnas
TOUKAa NPHKOCHOBEHHWS X NPOH3BOJbHOTO MHoxectBa M < T Moxer
6bITH NpencTaBideHa KaK Ipefes HEKOTOPOH MOC/Aed0BaATEIbHOCTH
Touek u3 M. [lefictBurenbHo, nyctb {On} — cuetHas onpegpeasioulas
chucTeMa oOKpecTHOCTed ToukM X. MoxHOo cuutath, 4YT0 Ongy < Op

n
(unave Mbl 3aMeHusnu 6ul O, Ha ﬂ Ok) . Ilyctb Xp — npoussosib-
k=1

Has Touka u3 M, comepxkawmasica B Ox (k= 1, 2, ...). fcHo, uro
TaKOe Xx CYLIECTBYeT, HHaue X He GblI0 OBl TOYKOH NMPHKOCHOBEHHS
naa M. TlocaenoBaTtenbHocTs {Xx}, OUEBHIHO, CXOLUTCH K X.

[TepBoft akcHOMe CYUETHOCTH YAOBJIETBOPSIOT, KAK MBI OTMEUaJIH,
BCEe MeTpuYecKHe NPOCTpaHCTBAa. VIMEHHO MO3TOMY Mbl H CMOLJIM BCe:
TaKUe MOHATHSA, KaK 3aMblKaHWe, TOYKA IPHKOCHOBEHHSA H T. L.,
chopMyaupoBaTh A5 METPHYECKHX IIPOCTPAHCTB B TEPMHHAX CXO-
JVMOCTH IOCJIeIOBATENbHOCTEH.

5. HenpepoiBHbie oto6paxennsi. F'omeomopdusm. [loHarue wHe-
npepbiBHOrO 0TOGpaKeHUs, BBEleHHOe HAMU JUISl METPUYECKHX NPO-
crpaucTB B § 1, ecrecTBeHHO 06061laeTcd Ha NPOU3BOJIBHBIE TONO-
JIOTMYeCKHe MPOCTPAHCTBA.

Onpenenenne. Ilycte X m Y-—gBa Tomosoruueckux mpo-
crpancrBa. Oro6paxenue [ npocrpanctsa X B mpocrpaHcTBo Y Ha-
3LIBAETCS HENPepobl8HbIM 8 TOYKE Xo, €CJU JJst JI0GOH OKPEeCTHOCTH
Uy, Touru yo = f(%o) Hafimercs Takasi OKPeCTHOCTb Vyx, TOUKH Xo,
uto f(V,) < Uy,. Orobpaxenue. f: X — Y HasbiBaercs Henpepoig-
HbLM, €CJIH OHO HenpepbiBHO B KaXuol Touke x & X. B wacruocry,
HerpepsiBHOE OTOOpaXkeHHe TOMOJIOFHYECKOro npoctpaHctBa X B
YUCJOBYIO NpPSIMYIO HA3bIBAeTCA Henpepulerol yrkyueld Ha 3TOM
NIpPOCTpaHCTBe.

Jlerko yGenuTbest, 4TO AJist METPHUECKUX MPOCTPAHCTB 3TO Olpe-
JeNeHue NEHCTBHTENIbHO NpeBpallaeTcs B TO ONpefielieHHe Hempe-
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PHIBHOCTH OTOOpaXKeHHs OJHOrO MeTPHYECKOro NpOCTPAHCTBA B APY-
roe, Kotopoe 6uisio faHo B § 1.

Jlauuoe HaMu ONpefe/ieHHe HOCHT «JIOKaJbHBIA» xapakrep. He-
TIpepbIBHOCTb OTOGpaKeHus f Ha BceM X ompejensieTcs yepe3 He-
npepbiBHOCTD [ B Kaxjao# Touke. OkaswiBaeTcsi, 4TO TOHSATHE He-
NPEPLIBHOCTH OTOOpPaXKeHHs] OLHOTO TONOJIOTHYECKOro NPOCTPAHCTBA
B IPyroe MoXHO cOpMYJIHPOBATb B TEPMHHAX OTKPLITHIX MHOXKECTB,
T. €. B TEPMHHAX TOMOJIOTHHU 3THX INPOCTPAHCTB.

Teopema 6. Jaa 1020 uro66lL 0TOOpANCEHUE | TONOAOSUYECKO2O
npocrpancréa X 8 Tonoaoeuueckoe npocTpancréo Y 6oviro Henpe-
poLsHblM, He06x00umo u OocTarouno, uTobst npoobpas T = f-1(G)
8caKo20 oTkpuiToeo muoxecrea G < Y 6via orkpoir (8 X).

HoxasateabctBo. Heo6xoaumocth. Ilycte oro6pa-
xeHue [ HenpepblBHO ¥ NycTb G — OTKpHITOe MHOXecTBO B Y. Jloka-
xkeM, yto I' = f1(G) orkpeito. IlycTe X — npounsBosibHas TOuKa
muoxectBa I' 1 y = f(x). Torna G cAyXHUT OKPECTHOCTBIO TOUYKH Y.
Tlo onpeneneHHIO HENPEPBIBHOCTH HAMAETCS TakKas OKPeCTHOCTb Vi
toukd x, uro f(Vx) = G, 1. e. Vo T. Hnaue rosops, ecin x T,
‘TO CYLeCTBYeT OKpecTHocTh Vi 3TOM TOUKH, comepxkamascs B I'. Ho
3TO H 3HAUUT, 4T0 I' OTKPHITO.

Hoctatounocts. [Iycts I' = f1(G) orkpeito, ecmu G Y
OTKpHITO. PaccMOTPHM NPOH3BOJIbHYIO TOUKY X & X H IIPOH3BOJb-
Hy1o okpectHocTs Uy ToukH y = f(x). ITockonbky y & U, Touka x
npuHagnexur Muoxectsy f~1(Uy). 310 OTKpHTOE MHOXECTBO H CJy-
JKHT TOH OKPECTHOCTBIO TOYKH X, 06pa3 KoTopo#t comepxurcs B Uy

3ameuanue. Ilyctb X u Y —1npou3BosibHBIE MHOXECTBA H
f—oro6paxenne X B Y. Ecau B Y 3anana HeKOTOpas TONMOJNOTHA T
(T. e. cucTeMa MHOMXKECTB, cogepxamas & u Y u 3aMkHyTas OoTHO-
CUTEJIbHO B3ATHS JIOGBIX CYMM H KOHEUHBIX NepeceueHuH), TO mpo-
06pa3 TomoJIoruu T (T. €. COBOKYIHOCTb BceX MHOXKects [~1(G), rae
G & 1) 6yaer TonoJsoruei B X. 4

IOna nokasatesbCTBa AOCTATOYHO BCIOMHHUTbL TEOPEMBl O IpO-
o6pase CyMMBbl H nepeceueHnst MHOXecTB (cM. § 2 . I). Mu o6o-
3HauuM 31y Ttonosioruto f~'(t). Ecau tenepp X u Y -— Tononoruue-
CKHe TPOCTPAHCTBA C TONOJOTHSIMH Tx H Ty, TO TEOpPeMy 6 MOXHO
<hopMyaHpOBaTh Tak: orobpascenue f: X > Y nenpepviéno 8 Tom u
TOALKO TOM CAydde, eCAU TONOAOUSL Tx CUAbHee Tonosoeuu [~1(ty).

M3 Toro, uro mpoo6Gpa3 [OMOJHEHHS eCTb HOIOJHEHHe MpPoos-
pasa, cleflyeT Teopema, ABOHCTBeHHas K Teopeme 6.

Teopema 6. Jan 1020 4r0661 0TOGpAdierue [ TOnOAO2URECKOZO
npocrpancrea X 8 Tonoaoeu4eckoe npocrpancrso Y 6oiao Henpe-
poLeHo, Heobxo0umo u 00CTaTo4HO, 4T066L Npoobpas 8CAK020 3aM-
KuyTo20 muoxcectsa us Y bvia samxuyr (8 X).

Jlerko y6eauThcs, 4To 06pas OTKPHITOro (3aMKHYTOT0) MHOXe-
€TBa NpPH HENPEPLIBHOM OTOGpaKeHHH He 00A3aTeJbHO OTKPBIT
{3amkuyt). Paccmorpum, nanpumep, oroGpaxenHe NOJyHHTepBaja
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X = [0, 1) na okpyxHocTb. Muoxectso {!/y, 1), 3amxuyroe B [0, 1),
nepeXOliP)lT NIpH 3TOM B HE3aMKHYTOE MHOXECTBO Ha OKPYMKHOCTH

uc. 1
(p Oro6paxeHHe Ha3bIBA€TCA OTKPbLITHIM, €CJAM OHO NEPEBOAMT Ka-
KJ0€ OTKPHITOE MHOXEeCTBO CHOBA B OTKpmiToe. OTOGpaKenue, me-
peBOislllee KaXJA0e 3aMKHYTOe MHO- .
®eCTBO B 34MKHYTOe, HAa3blBaeTCA 70)
BAMKHYTHIM,

HOns HelpepblBHBIX OTOGparKeHHI
cpaBe/IuBA - CIeAyloWlas —TeopeMa, 1% /
aHaJIOTHYHASs XOPOINO H3BECTHOH H3
aHaJH3a TeoOpeMe O HeNPEepBIBHOCTH (%)
CJOKHOH (DYyHKIHH.

Teopema7. IMycre X, Y uZ — 10- Puc. 11.
noaozutecKue NPOCTPAHCTBA U NYCTS
[ u @ — nenpepoisrnote orobpasicenus X 8 Y u Y 6 Z coorsercrgenno.
Toeda orobpascenue x—= @(f(x)) npocrpancrea X e Z nenpe-
poLeno.

JlokasatesbcTBO 3TOH TeOpeMBl C€pa3y MOJY4YaeTcss H3 Teo-
pemnl 6.

Ha Ttomosoruueckne mnpocrpaHcTBa pacnpoCTPaHAETCS NOHSTHE
romeomop¢u3mMa, BBeleHHOe HaMu B § | HJs MeTpuuecKHX mpo-
CTPAHCTB, a HMEHHO, OoTOOpaKeHHe [ TOMOJOrHYECKOrO0 NPOCTPaH-
ctBa X Ha TONMOJOTHYECKOE NMPOCTPAHCTBO Y HA3LIBACTCS 20MEOMOp-
¢usmom, ecid OHO B3aHMHO OJHO3HAUHO M B3aUMHO HEIPEPLIBHO;
npocrpanctsa X u Y npu 3TOM Ha3bIBaIOT comeomopproimu. I'omeo-
MopdHble NPOCTPAHCTBA 06J1alaAI0T OJHHUMH U TEMH e TOIOJIOTHYe-
CKMMH CBOACTBaMH, H C TONOJIOrMYECKOH TOYKH 3PEHHSI HX MOXKHO
paccMaTpHBaTh MPOCTO KaK JBa 3K3eMIVIsipa OJHOTO M TOrO e Ipo-
cTpaHcTBa. TONOJIOrHH B JIBYX rOMeOMOP(HBIX HPOCTPAHCTBAX CJY-
)at o6pasaMu u npoo6pasamu apyr apyra. OtHoleHue romeoMopd-
HOCTH pedJ/IeKCUBHO, CHMMETPUYHO U TPAH3UTHBHO; TI03TOMY Jo6ast
COBOKYIHOCTb TOMOJIOTHYECKHX NPOCTPAHCTB pacnajaercs Ha He-
nepecekaiolluecss KJaacchl TOMeOMOP(HBIX MexAy co6of mpo-
CTPaHCTB.

3ameuyanue Caexyer uMerb B BHAY, UTO METpHUYECKHE
CBOMCTBA JIByX TFOMeOMODQHBIX MeXAy cOGOH MeTpHYEeCKHX Npo-
CTPaHCTB MOryT GbITh pasnuunbl!). Tak, OfHO M3 HHX MOXeT OBITH
HoJHO, a apyroe — Hetr. Hanpumep, unrtepsan (—mn/2, m/2) romeo-
MopdeH YHCIOBOH NPSIMOH (COOTBETCTBYIOIUHH rOMeoMOp{hHUIM MOK-
HO 3amath O¢yHKuHed x—>1g x), HO mpH 3TOM NpsAMas — MOJNHOE
IPOCTPAHCTBO, 4 HHTEPBAJ — HET. '

') Metpuxa npocTpaHcTBa R OJHO3HAa4yHO OMpefeNsieT ero TOMOJOTHIO, HO He
Hao6opoT: ofHY ¥ Ty xe Tonosoruio B R = (X, p) MOXHO moayuaTb, 3afiaBasi B
X pasnuunbie MeTpHKH.
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6. AKCHOMBI OTAEAHMOCTH, XOTS1 MHOTHE M3 OCHOBHBIX NOHSTHIX
TEOPDHH METPHYECKHX INPOCTPAHCTB JIErKO NEPEeHOCATCs Ha ILpou3-
BOJIbHBIE TOINOJIOTHUECKHEe TNPOCTPAHCTBA, BCE XK€ TaKHE NPOCTPaH-
CTBA NPEACTABJAAIOT COGOH 00BEKT, CAUIIKOM OOIIMI ¢ TOUKH 3PEHHUS
3alay aHaJu3a. 3j]lecb BO3HHKAIOT CHTYallUH, CYLIECTBEHHO OTJIH-
yalinecs OT TOrO, 4TO MOXKeT HMeTb MeCTO B METPUUYECKHX Ipo-
CTpaHCTBaX. Tak, Mbl BHJEJNH, YTO KOHEYHOE MHOXKECTBO TOYEK B
TOIIOS'OTHUECKOM IPOCTPAHCTBE MOXKET GBITb He 3aMKHYTHIM (mpu-
mep 4, cTp. 85) u T. m.

Cpesn TONOJOTHYECKHX NPOCTPAHCTB MOXHO BBAENHTb TPO-
cTpaHcTBa, Gosiee OJH3KHE MO CBOMM CBOHCTBAM K HPOCTPAHCTBAM
MmeTpuueckuM. las atoro ciaenyer k akcuomam 1° u 2° tomosoruue-
ckoro npoctpaHcrBa (ctp. 84) OPUCOEIWHHTbL elle Te HJAH HHbIEe
IONONHHUTENbHblE YCAOBHA. TakuMH yCJIOBHSIMH CJyKaT, HalpuMmep,
aKCHOMBI CYETHOCTH; OHH MO3BOJISIOT H3yuaTh TOMOJOLHIO MPOCTPaH-
CTBa Ha OCHOBE NOHATHA CXOAUMOCTH. I pyrofi BaxKHbI THI HOMOJI-
HHUTEJbHBIX YCJIOBHH COCTaBJAIOT TPeOOBaHUSI HHOM IIPHUPOAB — TaK
Ha3blBaeMble aKCUOMbi 0TOeAumMOCTU. MBI NEpPeUHCIHM 3Ty CEPHIO
AKCHOM B TOPSIIKE HX TOCTENEeHHOr0 YCHJEHHS.

Axcuoma T, (nepsas axcuoma oTdesumoctu): RAst JMOGBIX ABYX
pPa3NHYHBIX TOYEK X M y NpocTpaHcTBa I CYIECTBYIOT OKPECTHOCTH
Oy TOuKkH x, He colep:Kallas TOYKY y, W okpecTHOCTb Oy TOUKH Yy,
He cojepiKauias TOYKH X.

ITpocTpancrBa, yIOBIETBOPAIOIINE 3TOH aKCHOME, HA3bIBAIOTCHA

T\-npocrpancreamu. TIpuMepoM TOMONOTHYECKOTO NPOCTPAHCTBA, HE
aBasomerocst 7T;-IPOCTPAHCTBOM, MOMKET CJYXKHTb CBSI3HOE JBOe-
TOYHE.
- B T,-npoctpancTBe J106asg TOYKA €CTh 3aMKHYTOE€ MHOXECTBO.
IeficTBUTENbHO, €CIH X = Yy, TO cylllecTByeT okpectHocTb Oy Tou-
KH y, He collepxamas x, T. e. ye& [x]. [Toatomy [x] = x. Crnenosa-
TesNbHO, B T1-NIPOCTPAHCTBE 3aMKHYTO 1 JiI060€e KOHEYHOe MHOKEeCTBO
Touek. BoJsiee TOro, Kak Jierko npoBepuUTh, akCHoMa I; B TOYHOCTH
pPaBHOCHJIbHA TPeGOBAHMIO 3aMKHYTOCTH BCEX TAKHX MHOXKECTB.

Brimwe (cM. ctp. 85) MBI onpemeNHaM TNpeledbHYIO TOYKY X
MHOXecTBa M B TOnO/MIOrM4ecKoM npocrpaHcTBe T Kak TaKyl0 TOUKY,
nas Kotopoit mepeceuenve U (1 M\ {x} menycro. 3aecs U —npo-
M3BOJIbHASL OKPECTHOCTb TOUKH X.

B npocrpancTBax, He yaoBJeTBOpAOLNX akcuoMe Ty, mpejesnn-
Hble TOUKH MOTYT HMeTh JaXe MHoXKectBa M, cocrosinge TOMBKO H3
KoHeuHoro umcia touek. Ilycte T — cBsisHOE NBOeTOYHE C TOMNOJO-
rueit, cocrosmeit us &, {b} u {a, b}. Torna Touxa a siBaAsfercs npe-
IeNbHOM Aas MHOXKectBa M = {b}.

B T,-npocTpaHcTBax Takoe SIBJIEHHE yxe He MOXKET HMETb Me-
cra. FIMeHHO, BepHO Clleayiolee YTBEPXKAEHHUE.

Jlemma. [aa 1020 utobol Touxka x 6viaa npedesbHol Oas MHO-
wmecrea- M 8 Ti-npocrpancree, Heobxo0umo u OOCTATOURO, 4TOGbL
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aoban oxkpectrocto U aroil Touku codeprcara 6eCKOHEUHO MHOZ0
rouex us M.

J1oCTaTOYHOCTh 3TOTO YCJOBHS OUeBHAHA. YCTAHOBHM ero Heol-
xonuMocTb. Ilycts x-— mpenenbnas Touka ans M; pomycrum, yTO
¢yuiecTByer Takas OKpecTHocTb U TOYKM X, KOTOpas cOmepXHT

70JIbKO KOHeuyHoe uuciao Touek u3 M. Ilyerb Xy, X3, ..., Xn —Bce
9TH TOYKH, KpoMe caMoil x¥ (ecu TakoBas npunaunexur M). Toraa
V=U—{x1, ..., xn} —oKpectHocTb x 1 VN1 M\ {x} = .

Bcsikoe MerpuHueckoe MPOCTPAHCTBO 3aBefOMO sABasercsi T-mpo-
¢rpancrBoM. Ilostomy 3a ompejenende NpefeNbHOM TOYKH MHOXKeE-
¢TBAa B METPHYECKOM NpPOCTPAHCTBe U OBIIO NPUHATO CBOHCTBO, yKa-
8aHHOE B JleMMe.

YeunsenneM nepBoil aKCHOMBL OT/EJIHMOCTH sIBJsieTCs: akcuoma To.

Axcuoma Ty (8TOpas, usu xaycdopgosa, axcuoma ordesumo-
¢ru): mo6ble ABe pas3iMuHble TOYKHM X H Y TOMOJIOTHUECKOrO IIPO-
crpanctsa T uMeloT Hemepecekarolluecss okpecTHocTH Oy n Oy

IIpocTpancrBa, yrOB/IETBOpAWOLINE 3TOH aKCHOMe, HAa3bIBAIOTCA
Ty-npocTpancreamu, unu xaycoopgosoimu npocTpancTsami. Besikoe
xaycaop$oBo npocTpaHCTBO ecTb I{-IpPOCTPAHCTBO, HO HE HA0GOPOT.

puMepom He xaycaopdoBa Ti-mpoCTPaHCTBA MOXKET CJAYXKHTb OT-
pesok [0, 1], B KOTOPOM OTKPBITBIMH CUHTAIOTCS MYCTOE MHOXKECTBO
H BCe MHOXECTBAa, MOJYyYalollHecsd H3 OTpe3Ka BbhlOpachblBaHHEM He
GoJiee UeM CUETHOTO YHCJA TOUEK.

Axcuoma T3 (Tpervs akcuoma ordesumocTu): jo6as TouKa H
HEe CcoepXKalllee ee 3aMKHYTOe MHOXKECTBO HMEIOT Helepecekaio-
muecs okpectHoctH. [Ipu 3TOM okpecTHOCTOrO MHONMecTsa M B TO-
TIOJIOTHYECKOM NpocTpaHcTBe I Ha3blBaeTC BCAKOE OTKPHITOE MHO-
)kecrso U, cogepxaitee M.

Aroit aKCHOME MOXKHO [aTh CJEAYIOLLYI0 3KBHBaJEHTHYIO ¢op-
MYJ/IHPOBKY:

Jlio6ast okpectHocth U NpoOHU3BOJNBLHOH TOUKH X CONEPKHT MeHb-
Y0 OKPECTHOCTb TO¥ XKe TOYKH, BxoAsiulyio B U BMecTe co CBOHM
3aMBbIKaHHEM.

YuraTteab MOXKET J0Ka3aTh 9TO B KaueCTBe YIPaXkKHEHHS.

[Mocko/ibKy B MNpPOH3BOJBLHOM TOMOJIOTHYECKOM TPOCTPAHCTBE
TOUKAa MOXKeT He GbiTh 3aMKHYTLIM MHOXECTBOM, TPETbs akcHoMa
OT[e/HIMOCTH HHTEPECHAa TOJIbKO JJIfl TPOCTPAHCTB, YAOBJETBOPSIO-
mux akcuome Ti. [IpocrpancrBa, yzosinersopsiouliye o6eHM aKCHO-
MaMm T u T3, HA3BIBAIOTCA peeyAapHbimU.

Bcsikoe perysissipHOe IPOCTPAaHCTBO, pasyMeercs, Xaycaopdoso.
IIpumepom xaycmopdoBa mpocTpaHucTBa, He SIBJAAIOUIErOCs PeryJsp-
HBIM, MOXET CJYXHTb 0Tpe3ok [0, 1], B KOTOpOM OKPecTHOCTH BCex
TOYeK, KpoMe TOUKH 0, onpénensiorcs oObIYHBIM CIOCOG0M, a8 OKpecT-
HOCTSIMH HYJISl CYUTAIOTCS BCEBO3MOXKHble moaynurepnasns [0, a), us
KOTOPHIX BBLIKMHYTHl TOYKH BHaa l/n (n=1, 2, ...). dTo~xayc-
IopdoBo mpocTpaHCTBO, HO B HeM Touka 0 M He cojepxallee ee
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3aMKHYyTOe MHOXecTBO {1/n} me oTmenumsl APYr OT JApyra Hemepe-
CEKaIUIMMHUCS OKPECTHOCTSIMH, T. €. aKCHOMa I3 He BHINOJIHEHA.

O6bIyHO B aHaJH3e He NPHXOJAHTCA BCTPeYaTbCsd C MNPOCTPaH-
cTBaMH GoJee o6lMMH, yeM peryaspHble. Dosee Toro, xak mnpa-
BUJIO, HHTEPeCHbIe C TOYKH 3PeHHsl aHajiu3a HNPOCTPAHCTBA YAOBJe-
TBOPSIOT H CJelyiouleMy GoJee CHIbHOMY TpeGOBAHHIO, TaK HAa3Li-
BaeMOH HOPMaJbHOCTH NPOCTPAHCTBA.

Axcuoma Ty (akcuoma nopmaasvrocru): T1-IPOCTPAHCTBO HA3hI-
BaeTCs HOPMAAbHbIM, €CJH B HEM BCAKHE [1Ba HelepeceKalolnXcs
3aMKHYTHIX MHOXKECTBa MMEIOT HENePeCeKalouiuecs: OKPeCTHOCTH.

K HOpMaJbHBIM NpPOCTPAHCTBAM OTHOCATCS, B YAaCTHOCTH, Bce
MeTpHUYecKHe mnpocTtpaHcrBa. [eficrButenabno, nycte X u Y — nBa
HenepeceKaloWuxess 3aMKHYTHIX MHOXKECTBA B METPHYECKOM I1po-
crpancrBe R. Kaxpas Touka x & X umeer okpectHocts Oy, He me-
pecekaiomyiocss ¢ Y u, cJeIoBaTeNbHO, HaXOAHTCH OT Y Ha Heko-
TOPOM [OJIOXKHTEJIbHOM PACCTOSIHHH pPx. AHAJOTHYHO pacCTOSHHE
KaX1o#l TOukKH y & Y oT X ecTb NMOJOXHTeNbHAS BeJNHYHHA py. Pac-
CMOTPHM OTKpPHITHIE MHOXecTBa ')

U=\ Bl pu2) n V= U By p,/2),

conepxaiine X u Y COOTBETCTBEHHO, M NOKaXKeM, 4TO HX Mepeceue-
Hue mnycro. Honycrum, uto 2 U1 V. Torna B X cymecrsyer
Takas TOYKa Xo, UTO P (%, 2)< px‘/2, a B Y — TaKaa TOYKa Yy, 4TO

P (2 y) < py°/2. Ilycte paist onpenenennoctt o, <<p,. Toraa

0 (% Y0) S0 (X0 2) 0 (2, %) <P /24 0,,/2 <Py,
T. e. X, & B(y, p,,), HO 5TO MpOTHBOpEYHT onpelenennio o, . Hawe
yTBepKJeHHe JOKa3aHo.

Bcsikoe NOANPOCTPAHCTBO METPHYECKOTO NPOCTPAHCTBA CaMO SIB-
JsieTCs METPHYECKHM IPOCTPAHCTBOM M NO3TOMY Bcerpa obsanaer
CBOACTBOM HOPMaJbHOCTH. JTO, BOOGLUe TOBOPS, HEBEPHO IJs IPO-
H3BOJIbHBIX HOPMAJbLHBIX IPOCTPAHCTB: HOANDPOCTPAHCTBO HOPMaJib-
HOro NMpOCTPaHCTBA He 00513aHO GbITh HOpMaabHEIM. TakuM o6pa-
30M, HOPMaJIbHOCTb 1IPOCTPAHCTBA HEe €CTb HACJHENCTBEHHOE
CBOWCTBO 2).

HacnieicTBeHHBIM CBOMCTBOM SIBJSETCS TaK Ha3blBaeMas HOAHAA
pe2yAfpHOCTs TONOJOTHYECKHX MPOCTPAHCTB, NPEACTaBJAIOUIAT CO-
6oil BaXKHOe YCHJeHHe CBOHCTBa peryJjapHocTH. Tomosoruyeckoe
T,-npOCTPAHCTBO HA3LIBACTCS 6MOAHE PE2YASPHLIM, €CNH I Ka-
KOr0 3aMKHYyTOro MHoxectsa F < T u Kaxao#l Touku o & T\ F
cyluecTByeT HenpephiBHas Ha T pelicTBuTesbHast QyHKUHS [, paBHadA

1} 3mech, kKak oCbuHO, B(x,7) — OTKPHTHIE INap pajuyca r ¢ LEHTPOM X.

2) CeoficTBO P HasbiBaeTCsl HACAEOCTEEHHbIM, €CIIH B3 TOTO, YTO HM obnanaer
ZAHHOE TOMONOTHUECKOe NpocTpancTBO T, ciefyer, yTo M OOMARAIOT X BCE ero
NOANIPOCTPAHCTBA.
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@y/Mo B TOUKe Xo, efMHHUe Ha F u ynonerBopsioumlas yC/IOBHIO
0 << [(x) < 1. Beakoe HopMa/ibHOe NPOCTPAHCTBO BHOJHE peryJsip-
50 '), HO He o6paTHO. JI1060€ MOANPOCTPAHCTBO BIOJIHE PEryJsPHOTO
(B 4aCTHOCTH, HOPMAa/NbHOrO) NMPOCTPAHCTBA CAMO BIIOJIHE DPEryJasp-
po. A. H. TuxoHoB, KOTOPOMY NpUHAJIEKHT H CAMO TIOHSTHE BIIOJHE
pery/sipHOro NPOCTPAHCTBA, MOKA3aJ, YTO KJAaccC BIOJIHE PeryJsp-
HbIX TPOCTPAHCTB COBMAjaeT C KJaccoM BCeX MNOANPOCTPAHCTR
HOpPMaJdbHBEIX mpocTpaHcTB. C TOUKH 3peHHst aHa/iH3a BIOJIHE pe-
FyJAsipHble IPOCTPAHCTBA BaXKHbl NIOTOMY, UTO Ha BCAKOM TAaKOM IpoO-
CTPAHCTBE HMeEeTC <«JOCTATOYHO MHOIO» HeNmpepHIBHBIX GYHKIHI,
HMEHHO, JIJ1s1 JIOOBIX Pa3/IMYHBIX TOYEK X, Yy BHOJIHE pPEryJsipHOro
‘ppocTpancTBa T cyuwecTByer onpefieneHHas Ha T HenpepbiBHAs Be-
mecTBeHHAsA (PYyHKIHMA, NMPHHHMAIOUASA B 3THX TOYKaX pPa3JHYHbIE
3HAYEHHS. . ’

7. Pa3auyHbple cnocoGbl 3ajaHHA TOMOJOTHH B NPOCTPAHCTBE.
Mertpuayemoctb. CaMblii npsiMO# cnoco6 3aaTh TOMOJIOIHIO B HEKO-
TOPOM TNPOCTPAHCTBE COCTOMUT B TOM, 4TOOBI HENOCPEeJCTBEHHO YyKa-
3aTh T€ MHOXECTBA, KOTOpble Mbl CYHTaeM OTKPHIThIMH. Habop sTux
MHOXeCTB JOJIKEeH YJOBJeTBOpPsATh TpeGoBaHuaM 1° u 2° (cMm.
crp. 84). PaBHOCHABHBIN 3TOMY ABOACTBEHHBIN CNOCO6 — yKa3aTs
‘Habop 3aMKHYTBIX MHOXeCTB. Tako#i HaGop [OJIXKeH, OUeBHIHO,
‘yROBJXeTBOpsITH ycaoBusaM 1 u 2 (crp. 84). Onanako dakTHUECKH
9TOT CNOCO6 pefko MoxeT ObITh NMPHUMeHeH. Tak, HampuMep, Kaxe
B CJydyae IJIOCKOCTH BPSIA JIH MOXHO JaTb HEMOCPEACTBEHHOE ONH-
CaHHe BCeX OTKPBITHIX NOAMHOXKECTB (KakK 3TO yhaerca ciejaTh
Ans npsiMmoit (Teopema 5 § 2)).

PacnpocrpaHeHHBll coco6 3aiaHHA TONOJOrHH COCTOUT B Bbi-
6ope HeKOTOpO#H 6Ga3sbl; GaKTHYECKH HMEHHO TaK H BBOAUTCS TOMNO-
JIOTHS B METPHUYECKHX NPOCTPAHCTBAX, I'le Mbl, ONHpasiCb Ha MeT-
PHKY, 3ajaeM 6a3y — COBOKYNHOCTb OTKPBITHIX ILIapOB.

Eme onuH H3 BO3MOXHBIX CMOCOGOB 3aaTh TOMOJIOTHIO B IPO-
CTPaHCTBe — 3TO BBECTH B HEM MOHsATHe cxoguMmocTH. OfHako 3a
npejlelaMH MeTPHUECKHX NPOCTPAHCTB TAKOH Cnoco6 He Bcerjaa yuo-
OeH, MOCKOJIbKY, KaK yXe YKa3hBaJoch B 1. 4, He Bceraa Iepexon
OT MHOXeCTBa K €ro 3aMbIKaHHIO MOXHO OIHCaTb B TePMHHAX
CXOJSALIHXCA IOCAEIOBaTeJbHOCTEH. DTOT C€Noco6 MOMXKHO cleaThb
YHHBepCaJIbHbIM, OGOOGHIMB COOTBETCTBYIOIMM 06pa3oM caMmo Io-
HATHe CXOMAsIeficd TOCAeNOBATENbHOCTH (CM., Hamnpumep, [29],
. 2).

MoXHO BBeCTH B NPOCTPAHCTBE TOIOJIOTHIO, OMpPENEeNHB B HeM
aKCHOMATHYECKH Ofepauuio 3amblkaHus. MMenwo, rosopar, uto B
MHOXecTBe X 3ajJlaHa onepayus 3ambvikanud, ecau Kaxaomy A < X

') 3tor (coBceM He OueBHAHBII) (AKT BHTEKaeT H3 CAeAyOWeR TeOpeMbl
I. C. Ypuicona: ecan T — HOpManbHOE TMpocTpancTBe # Fi, Fa— Ba ero Henepe-
CEKAIOUHNXCA 3aMKHYTHIX NOXMHOXeCTBa, TO Ha T cymlecTByeT HenpeprBHaA QyHK-
nus, f,0 << f(x) << 1, paBrasa uyaio Ha F, H efiuHnne Ha Fa,
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NOCTABJIEHO B COOTBETCTBHE HEKOTOpoe MHOXKecTBO [A] < X, Hasbi-
BaeMoe 3amoikanuem A, npudeM omnepauusi nepexona ot A x [A] o6-
Jajfaer cBoiictBaMu 1)—4), ykasauubiMu B TeopeMe 1 § 2. Onpeje-
JHUB MOCJEe 3TOr0 3aMKHYThle MHOMKECTBa KaK Te, AJS KOTOPhiX
[A] = A, snerko mokasaTth, UTO 3TOT KJacC MHOXECTB YJIOBJETBOpPSieT
ycaosuam 1 u 2 (ctp. 84), T. e. HeficTBHTeJbHO onpeleisier B X
TONOJIOTHIO.

3ajaHue MeTPHKH — OLMH U3 BaXKHeHIIMX CNOCOOOB BBENEHHUs
TOMOJMOTHH, XOTA H JajeKo He yHuBepcaibHbi. Kak Mbl yXe BH-
JleNH, BCSIKOE METPHYeCKOe TPOCTPAHCTBO HOPMAaJbHO M YIOBJIETBO-
psieT mepBoOil aKCHOMe CUETHOCTH. B mpocTpaHcTBe, JHILIEHHOM XOTA
651 0JHOrO M3 3THX JIBYX CBOHCTB, TONOJIOTHMIO Hesb3sl 3aJaTb C IO-
MOIIbIO KaKo#l 6bl TO HH OBbIJIO METPHKH.

Onpenenenune. Tonomornueckoe npoctpancTso T HaspiBaeTCs
MeTpusyemoim, €Clii ero TONOJOTHIO MOXKHO 3aaTh C IIOMOLIbIO Ka-
KON-n1160 MEeTpPHKH.

B cuily TOJIBKO YTO CKa3aHHOTO HOPMaJbHOCTb NMPOCTPAHCTBA M
niepBasi aKCHOMa CYETHOCTH IpeJCcTaBJseT co60H HeOoO6XO L UMbl e
YCJIOBUSI METPH3YEMOCTH NPOCTPAHCTBA. BMecTe ¢ TeM HH KaxAoe u3
3THX YCJIOBHH B OTAENBHOCTH, HH JaXKe WX COBOKYNHOCTb He JOCTa-
TOUYHB I/ MeTpuayeMocTdH npocrpaHctBa. OJHAKO HMeeT MeCTo
cnenyioilast teopema, npunagnexamas I1. C. ¥Ypoicony:

Jlas TO20 4TOGbLL TONOAORUYECKOE NPOCTPAHCTBO €O cHeTHol 6a-
301l 66110 METPUYEeMO, HeOOX00UMO U JOCTATOUHO, 4TO6bL OHO 6bLAO
HOPMANBHO. .

Heo6x04MMOCTh 3TOTO YCAOBHS ACHA; JOKa3aTeJbCTBO JOCTATOY-
HOCTH uMeeTcsi, Hanpumep, B [2].

§ 6. KomnaktHOCTb

1. Nonsitne KoMnakTHocTH, PyHIaMeHTAJbHYIO POJb B aHa/u3e
urpaer cjeiyomuid (GaxkT, H3BEeCTHBHIH MNOJ HAa3BAHHEM JI€M M bl
Tefine—bopeans:

H3 2106020 nokpeitus orpeska la, b] uucarosoid npamod unrep-
BALAMU MOXCHO 8b16pATH KOHEYHOe NOONOKpbLTUE.

DTo yTBepKJEHHE OCTAHETCs CHpPABEe//INBbIM, €CJIH BMECTO HH-
TepBaJIOB PACCMATPUBATH JIIOObIE OTKPLITHIE MHOMKECTBA: U3 8CAK020
OTKpbITO20 NOKpbiTUA oTpeska [a, bl mooxcro 8b0eAUTb KOHeuHoe
noonokpoiTue.

OTnpaB/sAAch OT 3TOTO CBOHCTBA OTPe3Ka YHMCJIOBOH NPSAMOH,
‘BBeleM CJelyiollee BaxKHOe TOHATHE.

Onpepnedaenue. Tonosornyeckoe npocTpancTo T-Ha3bBaeTCs
KOMNQAKTHOIM, €CaAU JI060e ero OTKPhITOe NOKPLITHE COLEPXKHUT KO-
HeuHoe NONANOKpPHITHE. ’

KoMnakTHOe TOMOJIOTHYECKOe IIPOCTPAHCTBO, Y/OBJETBOpANOLLee
akcuome oTaenumoctH Xaycaopda, HashBaeTCs KOMAAKTOM.
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Kak Mbl YBHIHM HHXE, CBOHCTBOM KOMIAKTHOCTH Hapsily ¢ OT-
pe3KkaMH 00J1aJjaloT BCe 3aMKHYThie OrpaHHYEHHBIE NOAMHOMXKecTBa
eBKJHI0BAa NPOCTpaHCTBa J1060H KOHeuHOH pasmepHoctH. Hao6o-
poT, MpsiMasi, IJIOCKOCTb, TPEXMEPHOE NPOCTPAHCTBO CJAYXKAaT MO-
cTeflINMH NIPHMEePaMH HEKOMINAKTHBIX IPOCTPAHCTB.

HasoseM HekoTOpylo cucreMy noamuoxects {4} muoxectsa T

n
yeHTPpUpPoBanHotLi, ecu Mo6oe KoHeuHoe mepeceuenue || A; unexos
i=l

3TOM CHCTeMBbl He mycTo. M3 chopMyHpoBaHHOrO onpeneseHuss KOM-
NaKTHOCTH M COOTHOLIEHHH IBOHCTBEHHOCTH BEITEKAET CJedyloulas
TeopeMa.

Teopewma 1. [laa To20 utob6r TOnosoeuueckoe npocrparcrso T
66110 KOMNAKTHOLIM, HEO6X00UMO U 0OCTATO4YHO, 4TOGbL OHO yOoB.Ae-
TBOPAAO YCAOBUIO:

(R) ramoas yenTpupoBanHas cucTema e20 3aMKHYTOLLX NOOMHO-
‘MHeCT8 uMeeT HenycToe nepecedenue.

LeficteutenbHo, nycts {F,} — leHTpHpOBaHHAS CHCTEMA 3aMKHY-
THIX TNoJAMHOXectB B I u nycere T KommaktHo. MHoXKecTBa
G,=T\ F, OTKpHITH, OpHYeM H3 TOro (aKkTa, YTO HUKAKOE KO-

n
HEYHOE IepeceucHue ﬂ Fi HE€ NMyCTO, CJaEeAYeT, YTO HHKakKasg KOHey-
==

Hasi cucreMa MHoXectB G; = T \\ F; ne nokpuiBaer Bce T. Ho torna
n Bce G, He 06pa3ylOT MOKPHITHSA (KOMNAKTHOCTB!), a 3TO 3HAUHT,
uto (1 Fq ¥ J. Urak, ecin T KOMIAKTHO, TO B HeM ycaoBHe (R)
Boinosineno. O6partHo, nycts T ypoBnerBopsier yciosuio (R) u
{G.} — orkpriToe noxpuiTie npocrpancrsa T. Ilonoxus F, = T\.G,,
noayuum, uro (\F, = &, orkysa caenyer (ycaosue (R)), 4to cu-
crema {F,} He MOXKeT GbITb LEHTPHPOBAHHOMH, T. €. CYUIECTBYIOT Ta-
n

kne Fy, ..., Fp, utoO ﬂ F;=¢. Ho Ttorma coorBercTByMOUINE
i=1

Gi= T\ F; o6pasyoT KoHEUHOe NOANOKPLITHe NOKpuTHA {G,}.
Hrak, ycaosue (R) paBHOCHUJIBHO KOMIIAKTHOCTH.

YCTaHOBUM HEKOTOphIE OCHOBHble CBOHCTBA KOMNAKTHBIX TMpO-
CTPaHCTB.

Teopema 2. Ecau T — KomnaxkTnoe npocTpancrso, 1o Kaxcdoe
€20 GecKoneunoe NOOMHOKCECT80 umeer xors 6ol 00HY npedesbHyro
TOUKY.

HokasateanbctBo. Ecin T comep uT 6ecKOHEUHOE MHOMKE-
CTBO X, He HMeEIOIee HH OAHOH INpelebHOH TOYKH, TO B HEM
MOXHO B3ITh CU€THOE MHOXKeCTBO X| == (X1, Xg, ...), TAKKE He UMEIo-
Ilee HU OXHOHU npegeasHoil Toukd. Ho Ttorma wmuoxecra X, =
= (Xn, Xn41, ...) O6Pa3ylOT LEHTPHPOBAHHYIO CHCTEMY 3aMKHYTBHIX
MHOXecTB B T, HMEIOULYIO MYCTOE NepeceueHue, T.e. T He KOMIAKTHO.

Teopema 3. 3amxnyroe nOOMHONMECTEO KOMNAKTHO20 NpO-
CTpancrea KOMRAKTHO.
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JdokasaredbctBo. Ilycte F—3aMKHyTOe MOAMHOMXKECTBO
koMmrakTHoro mpocrpanctsa I u {F,} — npousBonbHast ueHTpupo-
BaHHAs CHCTEMA 3aMKHYTHIX [OJIMHOXECTB MOANPOCTPAHCTBA
F < T. Torna kaxnoe F, 3amkuyro u B T, T. e. {F,} — uenrpupo-
BaHHAas CHCTeMa 3aMKHYTHiX MHoxectB B T. CuaenopatenbHo,
NF,% &. B cuny teopemnl | orcioga cireayer KOMIIAKTHOCTb F.

[TockosbKY mOANpOCTPAHCTBO XayclopdoBa MpoOCTpaHCTBA CaMoO
xaycnopoBo, OTCIOfa NONYyYaeM:

CanencrBue. 3amMKHYTOE NOOMHONECTB0 KOMNAKTQ €CTb KOM-
naKrT. '

Teopema 4. Komnakr samkuyr 8 awobom codepacaujem e2o
xaycoopgosom npocTpancrae.

HoxasarteabctBo. Ilycth K — KOMINAKTHOE MHOXECTBO B
xaycnopdosom npocrpanctBe T u nycte y&& K. Torpa pas moGoit
TouKH x & K cyuiectByioT oKpecTHOCTb Ux TOUKM X H OKPECTHOCTH
Vi TOuKH y Takue, 4TO

u.Nv,=g.

OkpectHoctt U, 06pasyioT OTKpbITOE NOKpbiTHE MHOXecTBa K.
B cuny xoMnaktHoCTH K M3 HEro MOMXHO BBHIXEJNHTb KOHEUHOE MOJ-
nokpuitue Ux, Uy, ..., an. ITosoxum

V=Vxanx2n S ann.
TornaV — okpectHocTb TOUKH Y, He nepecexalomascs cUy UUy, U ...
... UUx, D K. CreposareinsHo, y ¢ [K] n snauur, K 3amkuyro. Teo-

peMa JfoKasaHa.

Teopemsl 3 ¥ 4 nmokasbIBaloT, UTO B KjJacce Xayclop¢oBbIX Ipo-
CTPAaHCTB KOMIAKTHOCTb €CTb BHYTpexHHee CBOHCTBO NpPOCTPAHCTBA,
T. €. BCAKHII KOMIAKT OCTaeTcs KOMIAKTOM, B Kakoe Obl Oosiee Liu-
poKoe xaycrop$hoBo NPOCTPAHCTBO Mbl €r0 HH BKJIOYAJIH.

Teopema 5. Beakuii komnakr npedcrasaser cobol Hopmairs-
HOe nPpOCTPAHCTEO.

Hoxkaszarteabctso. Ilycth X u Y — 1Ba HenepeceKalomuxcs
3aMKHYThIX noaMHoxectBa Komnakra K. IToBTopuB paccyxneHus,
NpOBeJCHHbIE B J0KA3aTeJbCTBE INpelblayllel TeopeMsl, Jierko y6e-
IUTbCA B TOM, 4TO JIS KaXKJAOH TOUKH y € Y CyLIeCTBYIOT TaKasi ee
okpectHocte Uy u Takoe otkpbitoe MHOXectBo Oy D X, yro Uy ()
N O, = &. Tem cambiM A0Ka3aHO, YTO BCAKHI KOMIAKT pPeryJsipeH.
ITycts Tenepb y npoGeraer MHOXKecTBO Y. BroiGepeM H3 MOKPBITHS
{U,} muoxecrBa Y xoneunoe moamokpuitme Uy, ..., Uy, Torna

OTKpBITbie MHOXKECTBA
0M=0,0...N0, u 0P=U,U ... UU,
6YAYT YLOBJETBOPATb YCJIOBHSIM
ONsX, 0P>Y u 0WN0O@ =@,
a 370 ¥ 03HAYaeT HOPMaJbHOCTb.
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2. HenpepbiBHbie OTOOpaKeHHA  KOMMAKTHBIX NPOCTPAHCTB.

HenpepbiBHble 0TOOPaXEeHHS] KOMIIAKTHBIX IPOCTPAHCTB, B YaCTHO-
CTH, KOMIIAaKTOB, 006J1aJJalOT PSJOM HHTEPECHBIX H BAXKHBLIX CBOHCTB.
" Teopema 6. Henpepoisnoili o6pa3 KOMRAKTHO20 NPOCTPAHCTEA
£CTb KOMRAKTHOE NPOCTPAHCTSO.
- Jokasateabctso. [Iycrb X — koMnakTHOe npoOCTPaHCTBO M
f— ero HenpepriBHOe 0TOOpaXKeHHe B TONOJOTHYECKOE IPOCTPAHCTBO
Y. Paccmorpum kKakoe-nu6o mokpuitie {V,} obpasa f(X) orkpwi-
1oiMH B f(X) mHoxectBamu. Tlonoxum Um=f_l (Vo). Muoxectra
U, OTKpHITH (KaK npoo6pasbl OTKPLITHIX MHOXKECTB 1IPH Helpepbis-
HOM oOTOOpaxeHHH) H o06pa3yloT nOKphiTHe npocrpanctsa X. U3
3TOr0 MOKPHITHS MOXHO BBHIOPAaTh, B CHJY KOMIAKTHOCTH X, KOHEY-
noe moxpnokpeitue Uy, U,, ..., U, Torma muoxecrsa Vi, V,, ...
«v.y Va, tne Vi= [(U:), nokpuBaor Becb o6pas f(X) npocrpan-
ctBa X.

Teopema 7. Baaumno o0HO3HAUHOE u HenpepbieHoe 0TOGpPA-
acenue ¢ komnaxra X na xaycdopgoso npocrpancreo Y ecto zomeo-
MOPPUBM.

HokaszateabcrtsBo. HyxHo mokasarb, 4To u3 yCJIOBHA Teo-
PeMBl BBITEKAaeT HeNpepeiBHOCTb oO6paTHOro ortoGpaxenus @l
Tlycrs F—3amkuyToe mMHOXecTBOo B X u P = @(F) —ero oGpas
B Y. B cuay npennifyineit Teopemnl P — KOMIIAKT M, CjeLoBaTesb-
Ho, P 3amkuyTo B Y. TakuM o6pasom, npoo6pa3 npu oToGpaxKeHHH
@~! BCAKOrO 3aMKHYTOrO MHOXectBa F — X 3aMkHyT. A 310 M 03Ha-
YaeT HeNpepLIBHOCTb 0TOOpaKeHus ¢l

3. HenpepbiBHbie H noayHenpepbiBHble (YHKHHH HAa KOMNAKT-
HbIX NpocTpaHCTBax. B mpeimiiylieM nyHKTe peub Lijla O Hempe-
PHIBHBIX OTOGpa’KeHHAX KOMIIaKTa B XaycAop(oBO IPOCTPaHCTBO.
YacTHEIM clyyaeM TaKHX OTOGpaKeHuil SBJSIOTCH OTOGpaXKeHHs
KOMNAaKTOB B YHCJOBYIO IPSIMYIO, T. €. YHCJOBble (QYHKLUUH HAa KOM-
nakrax. Jaa Takux OGYHKOME COXPaHAIOTCA OCHOBHble CBOHCTBA
<$yHKuH#l HA OTpe3Ke, H3BECTHbIE U3 aHAJH3A.

Teopema 8. [Tycre T — komnaxkTrhoe npoctpancreo u [— He-
npepoisHas Ha Hem 4ucarosas ¢pyukyus. Toeda | oepanuvena wa T
u Oocrucaer na T sepxneil u nudcHeld epanel.

JdokasateanbcTBo. HenpepriBuas QyHKUuA ecTb Henpepbis-
Hoe oTo6paxeHue T B uucaoByio npsamyiwo Rl O6pas T s R! B cuny
obuleit TeopemMnl 6 kommakTed. Ho, kak uHTaTenro H3BeCTHO H3
Kypca aHasu3da (cM. Takxe n. 2 § 7), KOMIakTHOE MOJMHOXKECTBO
YHCIOBOH NpPAMOH 3aMKHYTO H OTDAHHYEHO H INOTOMY HE TOJBKO
HMeeT KOHEUHble BEPXHIOK H HHXHIOIO T'DAHH, HO M COAEPXKHT 3TH
Tpanu. Teopema AoKa3aHa.

Ynpaxuenne, Ilyctb K— KOMNAKTHOE METpHYECKOe IPOCTPAHCTBO H A —
Takoe oTto6pamenne K B cebs, uto p(Ax, Ay) < p(x,y) npu x 5% y. Tlokasats,
4TO oroGpaxkeHue A uMeeT B K EGAHHCTBEHHYI0 HENOJABHXHYIO TOUYKY.



102 METPUYECKHME W TOTIOJIOTUYECKUE MPOCTPAHCTBA [TV IT

YTBepXienus mocjeaHedi TeopeMbl HONYCKAKOT 06o0IleHHe M Ha 6oJee LHpO--
KHH KJaacc QYHKUMHA, a HMEHHO, Ha TaK Ha3biBaeMble MOJyHenpPepbIBHBE (DYHKIMH,.

DOyHKUMA [(X) Ha3HIBAeTCS MOAYHENPEPbIBHOL cHU3Y (CBepxy) B TOUKE Xo,.
ecan Aas awo6oro € > 0 cyllecTByeT Takass OKPECTHOCTb TOYKH Xo, B KOTODO#H
f(x) > f(x0) — e (coorBercTBenHo, f(x) << f(x0) + €).

Hanpumep, ¢ynxuns «uenas yactb ot x», f(x) = E(x) nonyHenpepoiBHa
cBepxy. Ecan yBeJqnunTh (yMeHBIUHTB) 3HaveHHe [(Xxp) HenpepbiBHOH (YHKUHU B.
Kako#-Tu60 OXHOH TOUKe Xg, TO Mbl IOJYYHM MOJYHENpPEepHIBHYIO CBepPXy (CHH3Y)
¢yukuuio. Ecan f(x) noaysenpepniBHa cBepxy, To — f(X) HOJayHenpepbiBHA CHH3Y..
OTH IBa 3aMeyaHHs MO3BOJSIIOT CPa3y HMOCTPOHTH GOJbIIOE YHCJIO NPHMEPOB MOJY-
HenpepuiBHLIX (QYHKIHK.

[lpu H3yueHUH CBOHCTB MOJYHENpPEPLIBHOCTH NEACTBHTEJbHBIX (PyHKUHE YLOGHO-
NONyCKaThb JJIA HHX OeckoHeuHble 3HaueHus. Ecmu f(xo) = —oc, T0 dyHkumo f
6yIeM CYHMTATb NMOJYHeNpephiBHOH CHH3Y B TOUKE Xp; €CAH XKe Aasa Jawoboro A > O
HMeeTCsi OKDECTHOCTb TOYKH Xo, B KOTOPOi f(x) << —hA, To 6yleM cuuTaTh, 4TO:
¢yHKuHS [ MOJYHENpEPBIBHA H CBEPXY B TOUKE Xo.

Ecan f(xo) = 400, T0 dyHKumo f 6ymeM CUHTaThb NOJYHENPEPHIBHONH CBEPXY'
B Xo; ecaM Xe aas Jwo6oro A >> 0 HMeeTcs OKPECTHOCTb TOYKH Xg, B KOTOPOWM
f(x) > h, To 6ynem cuutaTh, 4TO QYHKUHSA [ MOAYHENDepPbIBHA U CHH3Y B TOUKE Xo..

Mycre f(x) — RefictBHTeNbHAS (YHKUHSA Ha METPHUECKOM RpocTpaHcTBe R.
Bepxnum npedesom f(xo) QyHKuHH f(X) B TOUKe Xo HA3HIBAETCA BEJHYHHA (KOHeEY-
Has uan GeckoHeuHas) lim [sup  [(x)]. Huscnuii npedenr f(xo) onpenensercs

€->0 x&B (xg, &) -
AHAJIOTHYHO C 3aMEHOH BepxHell TrpaHH Ha HHXHIOW. Pasnocth of (%o) =7 (x0) —
— [(xo) (ecnm oHa HMeeT CMBICJ, T. €. €CJM Yucaa f(Xo) u f(xo) He paBHBl Gecko--
HEYHOCTH OJHOTrO 3HAaKa) HasbiBaeTcsi Koaebaunuem GyHkuuu f(x) B TOuke xo. Jler-
KO BHJieTb, YTO JJIsi HENPEPHIBHOCTH f(x) B TOUKE X, HEOOXOAHMO M JIOCTaTOUHO,.
yTo6bl Of (X9) == 0, T. €. UTOOH —o0 << f(xp) = F(xo) << oo.

Has moGoit dynkuuu f(x), 3a1aHHOl Ha METPHYECKOM NPOCTPAHCTBE, (yHK-
nus f(x) nmojayHenpepbiBHA CBepXY, a dyHKUHS [(¥) monyHempepbiBHAa CHH3Y. ITO:
JIETKO BBITEKAeT H3 ONpeJesieHHsl BEPXHEro H HHXKHEro mpejesos.

PaccMOTpUM METPHYECKOE MPOCTPAHCTBO M, 3JeMeHTaMu X KOTOPOro CaAyKAaT
BCe JeHCTBHTeNbHBIC OTpaHHueHHble QyHkunn @(f), 3amaHHble Ha cerMeute [a, b).
Merpuky B M 3ajaxuM paBeHCTBOM

o(x, 9)=0(q «b)=aéttlp<blqv(t)—1b(t)l'

dynkuun Ha M, kak 370 OGBIUHO Jenaercs, GYAeM Ha3LIBaThb PYHKYUOHAAAMU,.
4TOOBI OT/IMYATL HX OT (GYHKIHHA @ (f) — 31eMeHTOB M.
PaccMOTpuM OIMH BaXHBIH NpPHMED MNOJYHENPEPHIBHOrO ()YHKIHOHAJA.
OnpeaenuM JauHy KpHBOH y == f(x)(a << ¥ << b) xak QyHKUHOHAT

LZ (f) =sup igl A E—x P+ (*) = F(*i=))*

rie BepxHAsl rpaHb (KOTOpas MOMKeT OhiTb paBHa -o0) 6GepeTcsi NG BCEBO3MOXK--
HbIM pas6HeHHsM oTpeska [a, b]. DTOT QyHKIHOHAN ONpefeNeH Ha BCEM MPOCTPaH--
crBe M. Jlns HenmpepulBHBIX (YHKUMII OH COBMAJZaeT CO 3HAYEHHEM Tpefesa

n

lim Z A= 5 P+ (F () — F(r =)™

max[xi—xi_1|—>0 i=l1

Haxonen, aas ¢GyHKOMA ¢ HENPEPHIBHOM TNPOHM3BONHOH €ro MOXHO 3aNHcaTh
B Bule ’

b

(VI () a.

a
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DyHKIHOHAT LZ (f) noaymenpepniBen cHH3y B M, 4TO JeTKO cJefyeT M3 €ro

©onpeAeaeHus.

Ha nonyHenpepeiBHble (QyHKIHH 0000WlaeTcCs yCTaHOBJEHHAs Bblille TeopeMa.

Teopema 8a. [Toaynenpepvignan cnusy (ceepxy) KoHeunas Gyukyus Ha
somnaxrriom Ti-npocrpancrse T oepanudena crudy {(csepxy).

JeficrButenbuo, ponyctuM, yro inf f(x) = —oo. Torma cymecrsyer rtakas
FOCAENOBATEILHOCTD {Xn}, 4TO f(Xn) << —n. Ilockoabky upoctpancrso T koM-
f1aKTHO, €r0 GeCKOHeuHOe NMOZMHOXKECTBO {X.} uMeeT (B cuay Teopembl 2) xorsi 6H
OAHY TpeNeabHYIO TOUKY Xo. Il0o Npennonoxen#o, GyHKUHA [ KOHeuHas W HOJY-
HenpepbiBHAa CHH3Y, MNO3TOMY Halillercs Takad OKpecTHOcTb U TOUKH X, 4TO
f(x) > [(x) —1 npn x = U. Ho rtorna oxpectocte U MOXeT cozepXaTh Jullb
KOHEYHOE YHCIO TOYEK MHOXKeCTBa {X¥,}, & 3TO NPOTHBOPEUHT TOMY, UTO TOYKA
Xo — TpefiesibHas JJIS STOIO MHOXKeCTBa.

AHanOrHYHO NOKa3biBAaeTCs TeopeMa M JJIst CJaydyas NOJyHENpPEepHBHOH CBEpXY
«<pyHKIHH.

Teopema 86. lloaynenpepoignan cnusy (ceepxy) Koweunas Gyukyus Ha
xomnaktrom Ti-npocrpancree T Oocruzaer csoeil nuscueid (8epxHeld) zpauu.

Tlycrs ¢yHkuus f(x) nonyHenpepeBHa cHH3y. Torza no TteopeMe 8a oHa
YMeeT KOHEUHYIO HHMXKHIOI0 TPaHb, ¥ CYLIECTBYET Takasl HOCAeXOBATENbHOCTb {X.},
«aro f(xn) << inf f(x) + 1/n.

IMockonbky T KOMIAKTHO, MHOXECTBO {Xa} HMeeT Npele]bHYI0 TOUKY Xo.
Ecau 66 O6p10 f(xg) > inff, To, B cHAy nonyHenpepbIBHOCTH GYHKUHH [ CHH3Y,
HalLHCh Obl Takaa okpecTHOCTh U TOukH Xo H Takoe 8 >0, uro f(x) > inff 4
~+ 8 mpu x = U. Ho Torma okpectocTs U He MoOria 6bl COAEPIKAThb HHKAKOro
6eCKOHEYHOIO NOAMHOXECTBa MHOXecTBa {xn}. CinenoBarensHo, f(xo) = inff, uto
& TpeBOBaJOCh 10KAa3aTb.

4. CuerHas KOMOAKTHOCTb. BBeleM crefywolllee omnpejeseHue.

Onpepnenenue. IlpocrpancrBo T HasbiBaeTCsi CHeTHO-KOM-
NAKTHOIM, €CTH KaXnoe ero OeCKOHEYHOe II0JMHOMKECTBO HMeeT
X0Ta OBl OXHY NPERENbHYIO TOYKY.

Hokasanuas B 1. 1 TeopeMa 2 03HauaeT, YTO BCIKOE KOMIAKTHOE
TIPOCTPAHCTBO CYeTHO-KoMmnakTHO. O6paTHoe, BooGLie rosopsi, He-
BepHO. BOT «TpaAuMUHOHHBIL» NpPHMEp CYETHO-KOMIAKTHOrO, HO He
'KOMIIAKTHOTO TNpocTpaHcTBa. Paccmorpum MHoxecTBo X Bcex no-
PALKOBHIX YHCEJ &, MEHbIUHX MePBOrO HECYETHOrO MOPSIAKOBOrO YUC-
Jia o). HasoBem uHTepBanom (a,B) B X COBOKYNHOCTb BCex mo-
PANKOBBIX UYHCEN Y, YNOBJETBOPAIOUIMX HepaBeHCTBaM a <<y < P.
OTKpHITBIM MHOXKeCTBOM B X Ha3oseM OGbelHHEHHE MPOU3BOJLHOIO
4HcJa UHTEPBAJIOB. JIErKo NpOBEpHTb, YTO IOCTPOEHHOE MPOCTPaH-
CTBO CYETHO-KOMIIAKTHO, HO HE KOMIAKTHO.

CooTHolIeHHe MEXAY MOHSITUAMH KOMIAKTHOCTH M CUETHOH KOM-
TIAKTHOCTH CTaHOBHTCS SCHBIM M3 CJIeIYIOlel TeopeMBbl.

Teopema 9. [laa 1020 4TOG6L TONOAOCUYUECKOE NPOCTPAHCTEO
OblNO CHETHO-KOMNAKTHOIM, Heobxo0umo u 00cTaTouno awboe us
caedyrouux 08yYx ycao8ui:

1) Kaxcdoe cuernoe otkpoitoe nokpeitue npocrpancrsa T codep-
JCUT KOHeuHOe NOONOKpbLiTUE. '

2) Kaxdasn cueTHAR YEHTPUPOBAHHAA CUCTEMA 3AMKHYTHLX MHO-
Jecrs 8 T umeer Henycroe nepeceverue.
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JdoxkazateabcTBo. PaBHOoCHABHOCTL ycaoBuiA 1) u 2) mne-
TIOCPeICTBEHHO CJelyeT M3 COOTHOIIEHHH ABoicTBeHHOcTH. [lanee,
eciu T He CUETHO-KOMMNAaKTHO, TO, MOBTOPHB pacCyXkIeHHS, NMPOBe-
JeHHble NPH HOKa3aTesbCTBE TeOpeMbl 2, MBI MOJy4YHM, uTo B T cy-
IEeCTBYET CUeTHasl LEHTPHPOBAHHAS CUCTEMa 3aMKHYTBHIX MHOXECTB
C NMyCTHIM HepecedeHHeM. TeM caMBIM [OCTaTOYHOCTb YCJOBHA 2)
(2 3uauut, u 1)) ycraHosaena. [loxaxeM HeOGXOAMMOCTb YC/IOBHS
2). Nycrs T cyetHo-koMnakTHO H {Fn} — cueTHas LeHTPUPOBAHHAS

cucreMa 3aMKHYTbiX MHOXecTB B T. TToxkaxem, uto ﬂ F,# . Ilyct

"D, = ﬂ Fp. Slcno, uto Bce D 3aMKHYTH, He NMYCTHl (B CHJY LEH-

TpHpOBaHHOCTH {Fr}) n o6pa3yioT HeBO3PACTAIOILYI0 CHCTEMY

O o®,> ..., u UTO ®,= || F,. Bo3MoxHBl ABa cayyas:
n n

1) Haunnas ¢ HekoTOpPOro HOMepa fg
‘(Dn'= (Dﬂo'*'l = s
Torma, oueBHjHO, ﬂ O, =0, 7+ J.

n
2) Cpenu @, nmeercs 6eCKOHEYHO MHOTO NOMAPHO Pa3JHUHBIX.
ITpn atom pocratouHo paccMoTpeTb cayuai, kKoraa Bce @, pas-
JUYHbl Mexay coboit. Ilycts

an(D,, \D,+;.

IMocaenoBarenbHocts {Xn} npeacrasaser co6ofi GeCKOHEUHOE MHO-
MEeCTBO Pa3/HYHBIX TOYeK u3 T; B CHJY CYETHOM KOMNaKTHOcTH T
OHA JOJ/XKHA HMeTb XOTsl Obl OfHY NpENeJbHYIO TOYKY, CKa*KeM, Xo.
Tak kak ®n CONEPKHUT BCE TOUKH Xn, Xntl, ..., TO Xo— IIPeNeb-
Hasi Touka Aasi @ u B cuay 3aMKHYTOCTH @n, xo & ®n. Caenosa-

TeJIbHO, ﬂ D, >x T. €. O, = .

Tang o6pa3oM, H Komnaxmme H CYETHO-KOMIIAKTHBIE IPOCTPaH-
CTBa XapaKTEepH3YIOTCH <IOBeJleHHEM» CBOHX OTKPHITHIX HOKPBITHI.
U B TOM, ¥ B APYroM ciaydae U3 OTKPHITOIO NOKPHITHA MOXHO Bbl-
6paTh KOHEYHOE, HO B IIEPBOM CJjydae peub HAET O JIOOHIX NMOKpbI-
THSAX, @ BO BTOPOM — TOJIbKO O CUETHBIX.

Xors B 06ueM ciyyae M3 CYETHOH KOMMAaKTHOCTH KOMIIaKTHOCTD
He BHITEKAeT, HMeeT MeCTO CJellyiolui Bakr.

Teopema 10. Jan npoctpancre co cuerHoli 6a308 NOHATUR
KOMNAKTHOCTU U C4eTHOL KOMNAKTHOCTY 08nadaror.

JlefcTBUTENbHO, H3 JIOOOr0 OTKPHITOIO NOKPLITHSL NPOCTPAHCTBA
T, uMeiolero cyeTHyio 6asy, MOXKHO BHIGpaThb CUETHOE MOANMOKPHI-
tue (teopema 5 § 5). Eciu xe T K TOMy Xe H CYETHO-KOMNAKTHO,
TO M3 3TOr0 MOCJEJHEro MOXHO B CHJIY NMpeAblaylledl TeOpeMbl Bbl-
6paTh KOHEyHoe noanokpuitie. Tem caMbiM ycraHaBauBaercsi, uto T’
KOMIIaKTHO.
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3ameuanue. [ToHiTHe CYETHOH KOMNAKTHOCTH TOMOJIOrHYe-
CKOro NPOCTPAHCTBA OKa3aJOCh HA CAMOM Jesie (B NPOTHBOBEC KOM-
: JTAKTHOCTH) He OuYeHb YJauHbIM H ecTeCTBeHHHIM. OHO BO3HUKJO TaK
CKa3aTh «No HHepuuu». [leso B TOM, YTO JAJIsI METPHYECKHX MHPO-
cTpaHcTB (KaK M JAJA OPOCTPAHCTB CO cueTHON Ga3ok) 3TH HBa
noHATHA coBnajamT (370 OyleT NMOKa3aHO B CJAEAYIOLIeM naparpa-
e). Ilpu 3TOM AN MeTpUUECKHX NPOCTPAHCTB MOHATHE KOMIAKT-
HOCTH OblJIO IIOHAuaJy HaHO MMEHHO KaK HaJInude y Kaxporo Gec-
"KOHEYHOro MOJMHOXeCTBa NMpPe/le/IbHOH TOUKH, T. €. KaK ONpele/eHUe
‘CYeTHOH KOMIIAKTHOCTH. «ABTOMAaTHYECKHi» NEPEHOC 3TOro ompene-
JIeHHsl C MeTPH4YeCKOro cjyyas Ha TONOJIOTMYECKHH M NMPHBEJ K IO-
HATHIO CUETHO-KOMIAKTHOrO TONOJIOTHYECKOTo npocTpanctaa. Muorna
B JIMTepaTtype, ocobeHHO GoJiee CTapoi, TEPMHH <KOMIAKTHOCTbY»
TIOHMMAeTCs KaK «CueTHass KOMIAKTHOCTb», a TOMOJOrHYECKoe Mpo-
CTPAHCTBO, KOMIIAKTHOe B Halllel TEpMHHOJIOTHH, T. €. TaKoe, U3
"KaXJOT'0 OTKPLITOrO NOKPBITHS KOTOPOTO MOXKHO BBIAENHTb KOHEY-
“Hoe MOATOKpHLITHE, Ha3biBaeTcsd bukomnaxkTHoim. TIpn 3TOM KOMNakT-
HOe Xxaycaop(hoBO NPOCTPAHCTBO (T. €. KOMNAKT) UMeHyeTcsd 6UKOM-
NaxKToOM, a TEPMHH <KOMIAKT» pe3epBHpYeTcs I 0O03HAUYEHH:
MEeTPHYECKOrO KOMNAKTHOro mpocrpaHcTBa. Mel GynemM mnpu-
JIepXKHUBATbC TeX TEPMHHOB (KOMIIAKTHOCTb, CUETHA# KOMMAKT-
HOCTb), KOTOpble BBeJEeHb! Bbillle; HPH 3TOM Ml H KOMMAKTHBH €
MeTpHYecKue NPOCTPAHCTBA TaKKe OYyIeM HasbiBaTh KOMHOAaKTa-
MH, a B Te€X CJayuyasx, KOrjla Ha/lHuHe METPHUKH XKeJaTeJbHO CIie-
1HaNbHO NOAUEPKHYTb, — «METPUHECKUMU KOMNAKTAMUS.

5. NpepkomnakTHble MHOXecTBa. Eciu MHOXecTBO M, nexaliee
B HeKOTOpOM Xaycaopdosom npoctpancTe T, He 3aMKHyTO B T, TO
M ne moxer 6bITh KOMNakTHO. HanmpuMep, HH 0AHO M3 He3aMKHYTHIX
TIOAMHOXKECTB YHCJIOBOH NPSMOH He sABJseTCs KOMmakToM. Moxer,
OJHAKO, OKa3aTbesl, YTO 3aMuikauue [M] rakoro muoxecrsa M B T
yxe obaajgaer CBOACTBOM KoMmnaktHoctH. Hampumep, stomy ycio-
BHIO YAOBJETBOPSAET J1060€ OTpPaHHUYEHHOeE NOJAMHOXKECTBO HA
YHCJI0BOH NMPSIMOA HJM B N-MEPHOM TpocTpaHcTBe. Beenem cienyio-
1lee onpeneseHue.

Onpenenenue. MHoxecTBo M, ne)alilee B HEKOTOPOM TOMO-
JIOTHYECKOM mNpocTpaHcTBe I, HasblBaeTcst npedKomnaxTHoim (uan
KomnakTHoim otHocutesvro T), ecan ero saMbikanue B T KoMIakT-
HO. Ananoruuno, M HaswiBaercs cuerHo-npedkomnaxthoin B T, ecau
BCsKoe OeCcKOHeuHOe noaMHoxecTBo A C M uMeer x0T GHl OAHY
TIpefleJIbHYIO TOYKY (KOTOpasi MOXET NPHHALIEeXKAaTh, HO MOXET U
He npuHaanexats M).

[TonsiTHe NpeAKOMNAKTHOCTH (B OT/HYHE OT KOMIIAKTHOCTH) CBS-
3aHO, OUEBHAHO, C TeM INPOCTPAHCTBOM I, B KOTOPDOM MBI JaHHOE
MHOXeCTBO paccmartpuBaeM. Hanpumep, MHOXECTBO palnHOHANbHBIX
ToYek B uHTepBaJje (0, 1) mpeAKOMNAaKTHO, €CJH €ro pacCMaTpHBATh
XaK NMOJMHOXKECTBO YHCJIOBOH IIPSIMOH, HO OHO He GyleT npeaKoM-
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MaKTHHIM KaK MOAMHOMXECTBO NPOCTPAHCTBA BCEX pPAaLMOHAJbHBIX.
quce.

IMonsatue npeaxoMnakTHocTH Haubosiee CYIIECTBEHHO B CAyuae
METPHYECKUX NPOCTPAHCTB, 0 yeM OyAeT HATH peub B CeAyIOLIeM
naparpade.

§ 7. KomnakTHOCTD B MeTpHYECKHX MPOCTPAHCTBAX

1. Moanas orpaHnueHHOCTb. JIOCKOJBKY MeTpHUECKHE TMPOCT-
paHCTBa NPEACTaBJASIOT COOON YacTHLIA CJayuYail TONOJIOTHUSCKHK, H@
HAX PacnpoCTPaHsOTCA Te ONpeleJeHHss H (QakTol, KOTOpble Sblin
H3JI0XKeHbl B IpelbyllleM naparpade. B MerpuueckoM cayuae Kom-
NaKTHOCTb TECHO CBA3daHa C NMOHATHEM NOJVHOH OrpaHHYEHHO-
C T M, KOTOPOE Mbl celiuac BBEJEM.

ITycte M — HeKOTOpOE MHOXKECTBO B METPHUYECKOM IPOCTPAHCTBE
R u g — HeKoTOpOe NoJioXKHTeNbHOEe uncno. Muoxectso A us R na-
3biBaeTcs e-ceToio Aasa M, ecan mis a0608 Touku x € M uHatizercs
XxoTs1 Obl OlHA ToYKa a &€ A, Takas, 4To

p(x, a)<e.

(MuoxectBo A He 0653aHO comepXaTthcss B M n MoXeT gaxe He
nMeTb ¢ M HU onHo# o6ulell TOYKH, OfHAKO, uMes ajas M HeKoTO-
pyio e-cetb A, MOXKHO OCTPOUTD 2¢-ceTh B < M.)

Hanpumep, unenouncieHHble TOYKH 0O6GpPasylOT Ha MJOCKOCTH

1/4/2 - cerb. MuoxecTBo M HasbiBaeTcs 8noane 02PDAHUYEHHbIM, ECTIE
st Hero npy Jo6oM & > 0 cymiecTByeT KOHe4YHaf &-CceTb. JCHO,
4TO BIIOJIHE OrPaHHYEHHOE MHOXECTBO 065s3aTeNbHO OTrpaHHYEHO,.
KaK CyMMa KOHEYHOrO YHCJa OrpaHHueHHbIX MHoxecTB. OGpaTHoe,
BoOGlle roBOpsl, HEBEPHO, KaK NOKAa3blBaeT NPHBOAUMBIH HUXKE NpPH-
Mep 2.

Yacto GbiBaeT MoJIE3HO CJeAyiolllee OUEBHAHOE 3aMeUaHue: ecAw
mroocecTeo M enoane oepanuyeno, 170 ezo samvikanue (M) raxoce
61104He 02PAHULEHO.

M3 omnpenenenuss mosHO# OrpaHUYEHHOCTH Cpasy CJefyer, yYTo
eCcAU Camo MeTpuuecKoe npocTpascTso R enoame oepanuuero, to
0HO cenapabesbro. JLeUCTBHTENBHO, IIOCTPOUM JJs1 KaXJoro n B R
KoHeunyio 1/n-cetb. CymMMa HX 1O BCeM # TpeACTaBAseT coGOMl
cyeTHoe BCIOAY nioTHoe B R MHuoxectBo. ITockoabKy cemapabesnb-
HOe MeTpHYecKoe NPOCTPAHCTBO HMeeT CueTHYW 6a3y (teopema 4
§ 5), Mbl nosnyuaem, UTO 8CAKOE BNOAHE 02PAHUYEHHOE METPU1ECKOoe
NPOCTPARCTBO UMmeeT CHeTHY 6a3y.

I[Tpumepn. 1. B n-MepHOM €BKJHAOBOM IPOCTPAHCTBE MOJHAsSE
OrPaHHYEHHOCTb CcOBTajgaetr ¢ OOBHYHOH OrpaHuyeH-
HOCTbIO, T. € C BO3MOMKHOCTbIO 3aKJIOUHTh JAaHHOE MHOKECTBO
B JlocTaTouHO GoJbloil Ky6. [deficTBuTesnbHO, eciu TakoH Ky6 pas-
6uTb Ha KyOHKH ¢ pe6pOM &, TO BepHIHHB 3THX KyOHKOB OyayT
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06pa3oBbiBaTh KOHEUHYIO («\/n/2) €-ceTb B HCXOJHOM Ky0Oe, a 3Ha-
4quT, ¥ TONABHO, B JIOGOM MHOXeCTBe, JeXallleM BHYTPH 3TOTO
Kyb0a.

2. Ennanunas chepa S B npocrpaHcTse l; naer Ham npHMep
.OrpaHHYEHHOTO0, HO He BIIOJIHE OTPAHHYEHHOIO MHOXKeCTBa. [leHCTBH-
-TeJIbHO, PACCMOTPHM B S TOYKH BHAA

e,=(1,0,0,...,00...),
e;=(0, 1,0, ...,0,0,...),
e,=0,0,0,...,1,0,...).

e s s+ s s s &8 4 v s s e s

Paccrosnue Mexay moGbIMH IBYMSI TaKHMH TOUKAMH €n H €m
{n m) pasuo 4/2. Orciofa BHIHO, YTO B S He MOXET ObITh
KOHEYHOH &-CeTH HHU NPH KaKoM & < «\/2/2.

3. Paccmotpum B [y MHOXKecTBO 1T TOUek x = (X1, X2, ..., Xn ...),
TMOAUHHEHHBIX YCAOBHIM
-1
ST 16I<U2, . T2, ST L

DTO MHOXKECTBO HA3bIBAETCSH OCHOBHOLIM napasiesenunedom (<ruib-
©6epTOBBIM KUDPNHYOM») mnpoctpaHcTBa [, OHO cayxuT npumepom
6eCKOHEUHOMEPHOr0 BIIOJIHE OrPaHHYEHHOro MHOXKecTBa. [lJs noKa-
3aTeJbCTBA €ro NOJHOH OrpaHHYEHHOCTH MOCTYNHM CJIEAYIOUUM 06-
pasom.
ITycts ¢ > 0 3anano. BuiGepem n tak, uto 1/27—! << ¢/2. Ka-
KON TouKe
. x=(xl’ Xoy oo vy xn»"‘) (l)
@3 II conocraBuM TOYKY
x":(xl’ X9y v 0vy Xp, 0» 0’ "-) (2)

#3 TOro ke MHOXKe€CTBa. HpPI 3TOM

veal 3 e Sl 1 _e
p(x,x)—f\/zx,i,</\/’;4,,<2n_l <

k=n+1

Miuoxecrso I1* Touex Bupa (2) us II BnosHe oOrpanuueHo (Kak
OrpaHUYeHHOe MHOXeCTBO B MN-MEPHOM IIpOCTpaHcTBe). BriGepem
B II* xoneunyio &/2-cetb. SIcHO, uTO OHa OyJeT B TO Xe BpeMs
&-ceTbio BO Bcem I1.

2. KOMNakTHOCTb W MOJHAasi OrpaHHYEHHOCTb.

Teopema 1. Ecau merpuueckoe npoctpancrso R cueTHO-KOM-
NAKTHO, TO OHO BNOAHE 02PAHUUEHO. .

Hokaszarenbcrno. Ilpeanonoxum, uto R e BmosnHe orpa-
HuyeHo. JTO 3HAYMT, YTO NPH HEKOTOPOM & >0 B R He cyuie-
CTBYeT KOHEUHOH go-ceTH. BosbMeM B R NpOH3BO/IBHYIO TOUKY @j.
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B R mnafinercs xors 6b OAHA TakKasi TOUYKa, CKaxeM, dy, YTO
p(ai, a2) > g (uHaue TOuKa @) Obla Obl go-ceThio anas R). dauee,
B R naiimercsi Takasi To4Ka @3, uto p(Qp, a3) = ey U p(as, as) > eo,
HHaye napa TOYeK @, az Oblia 6bl gg-ceThlo. Eciu TOUKM @y, ..., Qp
yxke ¢ukcHpoBaHe, TO BoibepeM TOUKy apy;jER TaK, uro
p(ai, ak+1) =g | = 1, 2, ey k.

10 mocTpoeHHe HaeT HaM GeCKOHEUHYIO MOC/eN0BaTeNbHOCTh
Qy, 4y, ..., KOTOpas He HMeET HHU OJHOH INpeNe/]bHOH TOUKH, MO-
CKOJIBKY p (@i, @;) > €o ipu i = j. Ho Toraa R He CueTHO-KOMIAKTHO.
Teopema pokasana.

Hrak, Mbl nmokasanu, 4TO JJs MEeTPHYECKHX NPOCTPAHCTB CUET-
Hasg KOMIaKTHOCTb BJiedeT NOJHYK) OrpaHHYeHHOCTb, KOTOpas B
CBOIO OYepe/[b BJieueT HaJuuHe CueTHOH 6asbl.

B cuny teopemn 10 § 6 orciona mosnyyaeM Takoi BaxKHBIH pe-
3YyJbTAT.

Canencreue. Bcakoe C4eTHO-KOMNAKTHOE MeTpu4ecKkoe npo-
CTPAHCTBO0 KOMRAKTHO.

Mbl nokasasu, 4TO NMOJHAs OrPaHHYEHHOCTb €CTh He 06 X 0 1 H-
M O € YCJIOBHEe KOMIIAaKTHOCTH METPHUYECKOro IpOCTPAHCTBA. DTO yCJ/I0-
BHe He JOCTAaTOYHO, HanpuMep, COBOKYNHOCTb PallHOHAJbHBIX
Touek orpe3ka [0, I] ¢ o6bIYHBIM ONlpefesieHHEM PACCTOSIHHSI MEXAY
HUMH eCTb BIIOJIHE OrPaHHMYEHHOE, HO He KOMIIAKTHOE MPOCTPAHCTBO:
10C/eJ0BAaTeNbHOCTD TOYEK 3TOr0 NPOCTPAHCTBA

0; 0,4; 0,41; 0,414; 0,4142; ...,
T. €. [OC/NeJOBATENbHOCTh JECATHUHBIX TNPHONHXKEHHH uYucaa

4/2 — 1, He umeer B HeM mpexenbHOl Toukd. OHAKO HMEET MECTO
clefyiomas teopeMa. :

Teopema 2. [aa 1020 4robbt meTpuueckoe npocTpaHcreo R
66110 KOMRAKTOM, Heob6x00umo u JoCcTATOUHO, 4T0ObL 0HO Gblao 00-
HOBPEMEHHO: ’

1) snoane oepanu4errbim,

2) noanoim.

Hokaszartenbctso. Heo6xoquMocTb NOJHOR OrpaHHYEHHOCTH
yxe orMmeuanacb. Heo6XOAHMOCTh MOJHOTHI OYEBHAHA: B CaMOM
nene, ecau {xn} — dyunamenranbHas NOCTIEJOBATEJbHOCTb B R, He
uMeolllasi IIpelesa, TO 3Ta MOCJIeJOBaTeJIbHOCTb He HMeeT B R Hu
OZIHOM TpejebHOH TOYKH.

TlokaxeM Tenepb, 4TO €cAH R BIOJHE OrPaHHYEHO H IOJHO, TO
OHO KOMMakTHO. B cuay ciaencTBHsi M3 TeopeMbl 1 mjst 3TOro no-
CTATOYHO YCTAHOBHTb, 4TO R CUETHO-KOMNAKTHO, T. €. YTO BCSIKas
noc/aefoBaTeAbHOCT {¥n} TOuek u3 R uMeeT xoTa Obl OAHY Ipe-
JeJbHYIO TOYKY.

ITocTpouM BOKPYr KaXKAo# U3 Touek, o6pasyiomux 1-cetb B R,
3aMKHYTHIH Wap papuyca 1. Tak Kak 3TH mapbl MOKPHIBAIOT Bce R,
a YyHCJI0O HX KOHEUHO, TO N0 KpaliHeil Mepe OAHH H3 HHX, Ha3oBeM
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ero By, conepxuT HeKOTOPYIO GeCKOHEUHYIO NOANOCAE]0BATENbHOCTE
A0, ..., %0, ... mocnenosatenbnoctn  {xn}. [Ilasiee, BriGepem
1/,-ceTb B B; M BOKpYr KaxKJOH H3 TOUEK 3TOH CETH IIOCTPOUM 3aM-
kayTeifl map paanyca 1/2. Tlo kpaliHeli Mepe oA¥MH M3 3THX IWApOB,
Ha30BeM ero By, comepXHT GeCKOHEUHYIO MOANOC/AEN0BATENbHOCTD
B, ..., xP, ... nocnenosarensroctn {x)}. Ilanee, Hafizem 3aM-
KHYThIH map Bz ¢ menrpom B By paguyca 1/4, cogepxkauuii 6ecko-
HEUHYIO NOJINOC/]efoBaTenbHoCT XP), ... x®, ... nocaenosartesb-
noctd {x®} u 1. 1. PaccMoTpuM Temeph HAPAY C KaXIABIM lapoM

B, 3aMkHyTHi Wwap A, C TeM e IEHTPOM, HO B ABa pasa 6oJb-
mero paauyca. JIerko BuaeTh, uto mwapsl A, BIOKEHB APYT B Apyra.

©o
B cuny nonHoTte npoctpaHcrBa R mepeceueHne ﬂ A, He mycTo H
n=l1

COCTOHT H3 OJHOH TOYKH Xg. DTa TOUKA — NpejesbHast AJs HCXO[-
HOM NOC/e0BATENbHOCTH {Xn}, TAK KaK KaXJas ee OKPeCTHOCTb CO-
Lep3KUT HEKOTOPHi map B, a 3HaUHT, H GECKOHEUHYIO MOANOCIE0-
BaTeJbHOCTh {x}lk)} HOCJe0BATENbHOCTH {Xn}.

3. MpeakoMnaKTHbie NMOAMHOXECTBA B METPHYECKHX NPOCTpaH-
ctBax. [loHsiTHEe NPeIKOMNAKTHOCTH, BBeJeHHOE HaMH B MNpeabLIY-
weM naparpade AJas NOAMHOXKECTB IPOH3BOJNBHOTO TONOJOTHYECKOTO
NpPOCTPAHCTBA, IPUMEHHMO, B YaCTHOCTH, K NMOJAMHOXECTBAM METpH-
yeckoro mpocrpascrpa. IIpu sToM, oueBuaHO, NOHATHE CUETHOI npej-
KOMIIAKTHOCTH COBNAJAaeT 3[ech C IOHATHEM IpPEIKOMNAKTHOCTH.
OTMmeTHM CAeAYIOWKH MPOCTOH, HO BaXKHBIH (akT.

Teopema 3. an 1020 4Tobbl mHoxMecTeo M, aexcaujee 8 noa-
HOM MeTpuueckom npocTpancrse R, 6bia0 npeOKOMRaKTHOIM, Heo6-
x00umo u JocTaTrouro, 4T06bL OHO 6blA0 BNOAHE O2PAHUHEHHLIM.

Jloka3aTeqbCTBO Cpa3y CjaelyeT H3 TeOPpeMbl 2 M TOro OYeBHI-
HOro (rakrta, UTO 3aMKHYTO€ NOJMHOXKECTBO IIOJIHOTO METPHUECKOro
NPOCTPAHCTBA CaMO NOJIHO. '

3HaueHHe 3TOH TeopeMbl COCTOHT B TOM, 4YTO, KaK NpPaBHUJIO,
Jierye YCTaHOBHTH NMOJIHYIO OIPAHHYEHHOCTb TOTO MJIH HHOTO MHOXe-
CTBAa, YeM HENOCPEJCTBEHHO JO0Ka3aThb €ro NpeiKOMIaKTHOCTb. Bme-
CTe ¢ TeM il IPUMeHEeHH B aHaJH3e BaXKHa OOBIYHO NPEAKOMNAKT-
HOCTb.

4. Teopema Apueaa. Bonpoc 0 XKOMNAKTHOCTH TOrO HJIH HHOTO
MHOXXeCTBa B METPHUYeCKOM IPOCTPAHCTBE — NOBOJbHO pacmpocTpa-
HEeHHas B aHaJu3e 3ajgavya. Mexay TeM, MOMLITKA HEMOCPEACTBEHHO
NpUMeHHTh TeopeMy 2 crajkuBaeTcs ¢ TpyAHoctsamu. Ilostomy mast
MHOXECTB B KOHKPETHBIX NPOCTPAHCTBAX MOJIE3HO HATh CIelHalb-
Hble KpPUTEPHH KOMIAKTHOCTH (HJIM NpeJKOMNAaKTHOCTH), OGoJee
YHoGHBIE HA NPaKTHKE.

B- n-MepHOM €BKJHAOBOM NPOCTPAHCTBE TPEIKOMNAKTHOCT
MHOXeCTBa pPaBHOCH/JIbHA, KAaK Mbl BHIENH, €r0 OrpaHHYeHHOCTH.
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Onnako nasi Gosee OOIMX METPHUECKMX TPOCTPAHCTB 3TO yXKe He-
BEPHO.

OpHuM ©3 BaXHEHIIHX B aHa/JH3e MeTPHYECKHX IIPOCTPAHCTB
apasierca npoctpauctso Cla, b]. Jast ero MOAMHOXKECTB BaKHBIA H
YaCTO UCIOJIb3yeMbll KPUTEPHH NPeJKOMIAKTHOCTH NOCTABJAET TaK
HasbiBaeMasi TeopemMa Apuemsa. Uro6el ee cPopMyHpoBaTh,
HaM IIOHAL06ATCA C/edyIoHiHe OHATHS.

CemeiictBo @ ¢GyHKUHH ¢, Onpele/eHHEX HAa HEKOTODOM OTpe3-
ke {a, b], nasplBaeTCs pPABHOMEPHO O2PAHUHYEHHbIM, €CIH CYILeCTBYET
Takoe uyncao K, uto

le() <K

s Bcex x [a, b} u Bcex p = O.
CemeiictBo @ = {@} Ha3BIBAETCS PABHOCTENEHHO HENpPepbleHbIM,
eciu 1Jia Kaxpaoro € > 0 gahigerca takoe 6 = 0, yto

lo(x)—o(x) ]| <e

AN BCEX X H Xp u3 [a,b] Takux, uto p(X;, X2) << 8, M Aaa Bcex
o= .

Teopema 4 (Apuemna). Aaa roeo urobo. cemeiicréo @ He-
npepoisrolx pynkyuii, onpedesennvix Ha orpeske [a, b), 6bi10 nped-
komnaxtro 8 Cla, b], Heo6x00umo u docTarouno, 4robsL 310 Ccemel-
€T80 6BILA0 PABHOMEPHO 02PAHUHEHO I PABHOCTENEHHO HenpepuléHo.

HoxasartenbctBo. Heo6xoanumMmocTtb. Ilycts cemefictso
@ npenkomnakTtHo B Cla, b]. Torna no mpeisiayuieft Teopeme AJs
KaXXJIOro TNOJIOKHTENbHOrO &€ B ceMelcTBe (D cylecTByeT KOHe4Has
e/3-cetb @1, @2, ..., Qr. Kaxnas uz QyHxkuul @; Kak. HellpepsiB-
Has (YHKIHS HA OTPe3Ke, orpaHuyeHa: |g:(x)|<< Ki. ‘

IMonoxum K = max K; + ¢/3. Ilo onpepenenuto &/3-cets, nus
Bcakoro @ & @ umeeM, XoTs OBl /151 OXHOTO @,

o, 9) = meI P (x) — @i (x) [ < €/3.

CirenoBarenbHo,
lo () 1<lo: (¥) |+ 5 <Ki+5<K.

Hrak, ® paBHOMepPHO OTpaHHYEHO.

Ianee, Tak Kak Kaxnas U3 GYHKUHHE @;, 06pasyioliux €/3-ceTb,
HenpepLIBHA, a C/e10BaTeNbHO, H PABHOMEPHO HenpephiBHA Ha [a, b],
TO JJf JaHHOTO €/3 cyulecTByeT Takoe §;, UTO

@i () — @i (x2) | < 8/3,

ecan | X — x| << 8.
IToaoxkM 8 == mind;. JIas NMpon3BoJbHOH (QYHKIHH o=® Bu-
Gepem @; Tak, uToGn p (@, ¢;) < €/3; Torga mpu |x — x| <6
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OyAeM HMeTb
I‘Pl(xl)—(P(xz) <l @(x) — @i (x) | 41 @ (%) — @, (x0) | +
Flei(x) —o(x) [ <e/34 ¢34 e/3=e.

PapHocTenenuas HenpepbiBHOCTh D TakKe fokasaHa.

JoctatounocTh. ITlycte @ — paBHOMEpPHO OrpaHHYEHHOE H
paBHOCTENEHHO HenpepbiBHOE ceMedcTBO (ynkuui. CorsnacHo Teo-
peme 3 MBbl ycraHOBHM ero npeakomnaktHocts B Cla, b], ecan mo-
KaxeM, uto npu awo6oMm &€ >0 mas Hero B (a, b] cymectByer Ko-
HeuHas e-cetb. [lycts |@(x)| << K nas Bcex o= @ u nycts 6 >0
BHIOpane Tak, 4T0 |@(x;)— @(x2) | << e/5 mpu |x;— x| <8 maa
pcex ¢ =®@. Pazobbem oTpe3ok [a,b] HA ocu x TOUKAMU Xp =
= <X < X<<...<<Xp=0>0 Ha NPOMEXYTKH IJIHHBI MEHbLIE &
H TNpOBEleM uepe3 3TH TOYKH BePTHKaJbHble mnpaMble. OTpe3ox
[—K, K] na ocu y pasobbeM ToukaMu yo= —K <y, <<y <<...
... < Ym = K Ha pOMeRKYTKH IJMHL MeHblle &/5 W NpoBeJeM ue-
pe3 TOUKH JeJeHHS TOPH3OHTAJbHEIE NpsiMble. TakuM o6pasoM, nps-
MOYToJbHEK @ << X << b, —K << y << K pasobbercsi Ha siuefiku C ro-
pPH30HTAJBHOA CTOPOHOH MeHbllle § M BEPTHKAJAbHOH CTOPOHOH MEHb-
me ¢/5. ComocraBuM Temepb KaXAod (yHKuUMH ¢ < @ J0MaHYIO
P(x) ¢ BepmIMHAMM B TOYKax (Xu, 41), T. €. B y3/71aX NOCTPOSHHOH
CEeTKH, H YKJOHSIOUYIOCH B TOUKAX X OT PYHKUHH ¢ (X) MeHble 4eM
Ha &/5 (cyllecTBOBaHHe TaKOH JIOMAHOH OYeBHIHO). :

TToCKONBLKY MO TOCTPOeHHIO | @ (%) — ¥ (xy) | < &/5, |@(xey)) —
— P (Xe1) | < /5, | @ (xp) — @ (Xe11) | <&/5, TO

[P (x.) — Bdxpqr) | < 3e/5.

Tax Kax MeX[Iy TOUYKAMH Xp H Xp41 DYHRUMS P(X) JAHHeHHa, TO
[p(xe) — P (x) | <3e/5 pas Bcex xe&|[xg, Xp4i].

IMycrb Temepb X — MpoHM3BOJbHAsl TOUKa OTpe3ka [a,b] u xp—
6auKafnas K X cieBa M3 BHIGpaHHbIX HaMu Touek nenenusi. Torna

[ (x) — v () <o (x) —@xe) |+
F 1 (xe) — D (xe) [+ ap (x) — P (x) [ e

CnenoBatesbHO, JoMaHble P(x) mno oTHouieHuio K @ o6pasyior
e-cetb. UMCJIO UMX OUYEBHAHO, KOHeuHO; TakuM ob6pas3oMm, @ BmosaHe
OrpaHH4Y€eHo. TeopeMa NOJIHOCTBIO JOKa3aHa.

5. Teopema [Ileano. TTokaxeM, KaK npHMensieTcs TeopeMa Apueaa Ha mnpu-
Mepe caelylowell TeopeMbl CYILIeCTBOBAaHHS ANs OGLIKHOBEHHHX HH(p(pepeHnHaNb-
HEIX ypaBHEHHI C HENpPePHLIBHON NpaBoOH 4acThiO.

Teopema 5 (Ileano). [Tycrs dano Ouppeperyuarornoe ypasnerue

dy
e = o) (3)
Ecau- pynxyus [ nenpepvisna 6 Hexoropoi ozpanutentod samxuyrold obractu G,

TO 4epe3 KamcOyto BHYTPEHHIOW TO4KY (Xo, Yo) 3TOL 0064aCTU npoxodur xors 6ot
00Ka unTeepasbHAA KpuBas GaHHOZ0 YpaeHerus.
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HNokaszateabcTBO. Tak Kak (GYHKUds [ HenmpepbiBHa B OrpaHuUYeHHO
3aMKHYTOR oGnacTH, To oHa orpaHuueHa: |[f(x,y)| << M == const.

IlpoBeneM uepe3 TOUKY (Xo, Yo) TIPAIMBIE C YIVIOBBIMH Ko3dduuuentamu M y
—M. TlpoBeneM, najiee, BepTHKAJbHBE NPSIMble X = @ W X == b TaK, 4TO6H OT-
cekaeMble HMH JABa TPeyroJbHHKa ¢ oOliedi BepUIHHON (Xo, Yo) LEJHKOM JeXKanau
BHYTpH obaacty G.

JTa napa TpeyroJbHHKCB 006pa3yeT 3aMKHYTOE MHOXKECTBO A.

TocTpouM Tenepb AASA KaHHOTO YPaBHEHHS TaK HasbiBaeMble JOMaHbe Oii-
Jiepa ciedylouluM 06pa3oM: NpoBENeM H3 TOYKH (Xo, Jo) NPAMYIO C YIVIOBHIM KO3(-
duunenToM f(xo, Yo). Ha sToii mpamoll Bo3bMeM HEKOTOPYIO TOUYKY (X, §1) H mpo-
BEJieM Yepe3 Hee NpAMYIo ¢ yraoBuM koddduuuestoM f(xi, y1). Ha stolt npsamoit
BO3bMEM TOUKY (X3, Y2), NpPOBeNeM uepe3 Hee NPSAMYI0 C YIHOBbIM KO3bduLHEH-
ToM f(%2 y2) M T. A. PaccMOTPHM Temepb MOC/IEOBATENbHOCTh JIOMaHBIX Dfjepa

Ly, Ly ..., La, ..., IPOXOASAWHUX Yepe3 TOUKY (Xo, o), TAKHX, UTO AMHHA HaH-
6oJbillero u3 3BeHbeB JHMHHH Lp CTPeMHTC K HyMO npu k—oo. Tlycth @n —
¢yuknHua, rpaduk KoTopoRt ecTb JHHMA Lp. Pysxkumn ¢, @2 ..., Qi ... 061a-

JAaI0T CJAEAYIOIHMH CBOHCTBAMH:

1) oHH ompenesneHbl Ha OHOM H TOM ke oTpeske [a, b],

2) OHHM PaBHOMEPHO OrpaHHYeHHI,

3) OHH paBHOCTENEHHO HeNpepbIBHHL

Ha ochoBaHHu TeopeMbl Apllesla H3 TNOCNENOBaTENbHOCTH {Qs} MOXHO Bh-
6paTb paBHOMEPHO CXOAAULYIOCS mocaelnoBaTesibHocTh. ITycTh 310 GyAeT mommocJe-
noparteabHocTh ), @@, ..., @®), .,

IMonoxum @(x) = lim @®)(x) npu k- oco. fcro, 4T0 @(x5) = Yo. Ocraerca
NPOBEPHTb, YTO @ YAOBJETBOPsieT Ha otpeske [a, b] nanHOMY HHOb}epeHuHAAbHOMY
ypaBHeHHI0. Jlas aroro Tpe6yercsi nokasaTh, 4To HJs Jio6oro € > 0

P (x”) —Q (x’) f(x’, 0 (x'))

xl/ —_— xl

<e

€ecau TOMbKO BenuunHa |[x” — x'| mocratouno mana. Ias AOK43aTeJabCTBA 3TOrO
B CBOIO OYepeflb HYXHO YCTaHOBHTB, 4YTO NPH JOCTATOYHO GOABIUMX k

Q)(k) (") — (p(k) (x) — f(xl’ W(k) (x/))

<e
x//_xl 4

€Cli TOJbKO pasHocth |x” — x'| mocraTouxo mana.
Tak kaxk [ HenpepbiBHa B o6nactu G, To Aas jawo6oro &€ > 0 Hafigercs Takoe
1 > 0, uro

fi,yy—e<fx ) <f(x,y)+e (=0q(x),
Jx—x'|<2n ¥ |y—y | <4Mn.

€0

CoBOKyNHOCTb TOYeK (X, y) & G, YNOBJIETBOPAIOWIHX 5THM ABYM HepaBeH-
CTBaM, npefcrapaserT co6oit HeKOTOpHE npamoyroapHux Q. Ilycrs Tenepp K Ha-
CTOJIbKO BEJIHKO, Y4TO AJs Bcex & > K

[o(x)— o® (x)] < 2Mn

¥ Bce 3BeHbA JIOMaHOR L. HMeloT NaHHY Mesbire 7. Torga mpu |x — x| << 2q
Bce JoMaHbie Dilnepa @), xas kotopeix k& > K, nenukom Jexar BHYTPH Q.

Hanee, nycte (ao, bo), (ai, b1), ..., (@n+1, On1) — BepUIMHBL JIOMaHOH Ly,
TpHYeM

<Y< << oo <ap<x"<Kag+
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(M 1A OMPENICJICHHOCTH CHHTACM x”7 > x’, aHaNOTHYHO pacCMATPUBAETCH CJAyuaht
#” < x'). Torsa pas cooTBeTCTBYIOWEH QyHKULHY o®) uMeem

o® (a1) — @® (x) = [ (a0s bo) (a1 — x),
o® (2, ) — 0@ (@) =F(ap b)) (a4, —a) i=L2..,n—1
(P(k) (") — q)(k) (an) = f(an, bp) (x" — ag).
Orciofa npu |x” — x’} << n nonyuaem
F(x, y) — el (a1 — %) < @® (a)) — o™ (x) <[} (¥, ¥) + &] (a; — x),
[F (s 4) — e} (a4 — 0)) < 0¥ (2, ) — 9@ (a)) <
<[« ¢)+el(a;,,—a) i=1..,n—1
[F (¥, y') — el (5" — an) < @® (x7) — @ (an) <[ (¥, ¥') + ] (x" — an).
CyMMHpYS 5TH HEPaBEHCTBA, HAXOLHM
[ (xy) — el (¢ — %) < @®) (x”) — B (x) <[f (+ ') + e] (x” — x7),

410 M Tpe6OBaJOCh J0KAa3aThb.

Pasnble MOANOC/HEN0BATENbHOCTH JIOMAHbLIX Ditiepa MOTYT CXOXHTBCH K pas-
HuM pelleHusiM ypaBHenus (3). Ilostomy peurenne ypasreuus y’ = [(x, y), mpo-
XoJsillee yepe3 TOUKY (Xo, Yo), BOOOLIE rOBOPSA, He eAHHCTBEHHO.

6. PasnomepHas HenpepbiBHOCTb. HenpepbiBHble 0TOOpaKeHus
MeTpHYECKHX KommnakTos. [ 0ToOparKeHHH MeTPHUECKOTO NpocCT-
paHCTBA B MeTPHYECKOe NpPOCTPAHCTBO, B YACTHOCTH, AJIs YHC/IO-
BbIX QYHKUHH Ha MeTPHYECKHX MPOCTPAHCTBAX, HAPALY C NOHSATHEM
HenpepbIBHOCTH HMEET CMBIC/ BaXXHOe Il aHAJIH3a TIOHSTHE PABHO-
MepHOH HEeNpepbLIBHOCTH: oToOpakenHe F MeTpHUeCKOro mpocrpas-
ctBa X B MeTpPUUYECKOE MNPOCTPAHCTBO Y HA3BIBAETCS PABHOMEPHO
HenpepbiHbiM, ecld AJs Kaxjoro e >0 Haliercsa Takoe § >0,
uto po(F(x1), F(x2))<<e Kak TombkKo pi(X, X2) << 8 (3mecp pi—
paccrosinue B X, a,ps — paccrosiHue B Y), npuuem § 3aBUCHT TONBKO
OT &, HO He OT X{ H Xa.

Ynpaxuenue. [Tokasars, uto uucaoBas ¢pyuxuus F(x) = sup x(f) pasuo-
ast b

MepHO HenpepwiBHA Ha mpoctpauctse Cla, bl

IOas  HenpepbiBHBIX OTOOpaXK€HHA METPUYECKHX KOMNAKTOB
HMeeT MeCTO CJeiyollas TeopeMma, o606Gmiaiolas XOpoulo H3BecT-
HYI0O N3 3JeMEHTapHOro Kypca aHa/ju3a TeopeMy O HelpepbiBHbIX
yHKUHAX HA OTpPEe3Ke.

Teopema 6. Henpepvisrnoe orobpaxenue MeTpuueckozo Kom-
NnaKTa 8 MeTpuueckoe nPoCTPAHCTB80 PABHOMEPHO HEnpepuLeHO.

Hoxasarteabctso. Ilycth oroGpakenue F MeTpHUECKOTrO
Komnakra K B MeTpHueckoe mpocTpaHcTBO M HenpephbiBHO, HO He
paBHOMEpPHO HenpepblBHO. DTO 3HAYHT, 4TO AJA HekoToporo & >0
H KaXKJI0ro HaTypaJbHOro n naiinytess B K Takue TOUKM X, H X, UTO

0, (x, x)<1l/n u B To xe Bpems p,(F(x,), F(x)))=¢e (p1—
paccrosinve B K, py— paccrosuve B M). V3 mocnenosarenbHOCTH
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{xn} B cuny xomMnakTHocTH K MOXHO BHIGpaTh NMOANOCHIEIOBATE/b-
HOCTb {Xn,}, CXOAsWIyIOCA K HeKOTOpo# Touke x & K. Torna u {xf,k}
CXORMTCA K X; HO IIPH 3TOM JJISi KaXKJI0ro R JOJXKHO OBITb BHINOJ-
HeHO XOTs1 Gbl OJHO U3 HEPABEHCTB

b (F U0 F (x,)) e/ 0, (F (), F(¥,))>el2,

YTO NPOTHBOPEYHT HENPEPHIBHOCTH OTOOpakeHus F B TOuke X.

7. O6o6menHnasn teopema Apuena. [Tycte X u Y — nBa MeTpHue-
CKHX KOMINakTa # nyctb Cxy — MHOXECTBO BCEX HeNpephIBHbIX OTO-
6paxenuii f komnakra X B Y. Beexem B Cxy paccrosiHue mpu mo-
MolH HOPMYJIbI

o(f, g)=xs§g o ([ (x), &(x)).

Jlerko nmpoBepuTb, YTO TakuM o6pa3oM Cxy mpeBpailaercs B
METPHUECKOE NPOCTPAHCTBO.

Teopema 7 (0606mennas teopema Apuena). Has
npedxkomnaxTrocTu muoxecrea D < Cxyy neobxodumo u docraroy-
HO, uTo6bl 8x00awue 8 D pyuxkyuu | 6biau pasrocTenenHo Henpe-
pbolenbL.

TMocnennee o3navaer, uto AJs Jai060ro € => 0 JOMKHO CYILECTBO-
Bath Takoe & > 0, uTo U3

p(x', x") <d (4)
o (f(x), [(x") <e, . (5)

KakoBbl 66l HH 6bl1H f 13 D u x’ u x/ us X.

JdokaszarteabcTBo. Heo6Xx0MUMOCTh HOKa3biBAETCSI TAK ¥KE,
KakK 1 B Teopeme 4.

Jokaxem pocratoyHoctb. Jas astoro norpyauMm Cxy B Tpo-
crpauctBo Mxy Bcex oroGpaxcennii komnakra X B KoMmakr Y
C TOH Xe caMOH MeTpPHKOH

o(f, &= sup p (), gx®),

BBITEKAECT

KoTtopas Gblsia BBesieHa B Cxvy, H JOKaXKeM NpPeIKOMIAKTHOCTb MHO-
xectBa D B Mxy. Tax kak Cxy 3aMKHYTO B Mxy!), T0 H3 npen-
KoMNakTHOCTH MHOXecTBa D B Mxy cjefyeT ero NpeikoMIaKTHOCTL
B ny.

3aganuM e > 0 npousBo/bHO H BbiGepeM 8 Tak, uTo6n us (4)
suTekato (5) mast seex f w3 D u Beex x/, x”/ uz X. Jlerko Buuers,
yro X MOMXHO HPENCTAaBUTb KaK CYMMY KOHEUHOIO 4HCJa Hemepece-
Kapouuxcss MHoxects Ej Takux, uto u3 x/, ¥ & E; cnenyer

) ITockoabKy mnpejmes paBHOMEpHO CXOASIHefcs NOCAeLOBATENbHOCTH Hempe-
PHIBHEIX OTOOpaXKeHHM eCThb TaKkKe HEeNpephBHOe oToOpakeHue. YKasaHHOe mpen-
JI0OXKeHHe TNpejcTaBaseT COGOH HenocpelACTBeHHOe 0GOOUIeHHE HM3BECTHOH TeopeMbl
aHaJu3a U J0Ka3blBaeTcsl TaK e, KaK H 3Ta TeopeMa.
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p(x', x’") << 8. HelcTBUTENbHO, A/I5 3TOrO [OCTATOYHO BHIGPATH TOY-
KH X1, X2, ..., Xn TaK, 4ToGbl OHH OOpasoBanu 6/2-ceTb B X u moO-
JIOXKHTDb, HaTIpHMeD,

E;=B(x; 8/2) \ 1L<Jl B(xy, 6/2),

rae B(xi, 8/2)— map paauyca /2 ¢ UEHTPOM Xi.

PaccMoTpuM Tenepb B KOMIaKre Y HEKOTOPYIO KOHEUHYIO €-CeTb
Y1, Y2 -+ Ym, W OYCTb L — COBOKYIHOCTD QYyHKIHH g (x), npuuu-
Malpomux Ha MHoxecrBax E; sHavenus y; UYwuciao taknx ¢QyHkuui,
©QUEBH/IHO, KOHEUHO. HoxameM, uTO OHHM 06pasyioT 2e-ceTb IO OTHO-
wennio ¥k D B Mxy. JeiictButensuo, nycts [ & D. [Ing Besko# Tou-
KU X; M3 Xy, ..., Xn HallIeTcs Takas TOYKa Yj U3 Y1, ..., Ym, 4TO
o(f(x:), y5) <e.

INycts pyukuus g L BuiGpana Tak, uro g(xi) == y;. Toraa

o(f (¥), g () <o (F (%), F(x)) + o (F (x:), g (x:)) + 0 (g (xa), g(x) <2,

ecan | BBIOpaHO Tak, 4to x < E5.

OT1crofia BBLITEKAET, YTO KOHEYHOe MHOXKecTBO L eHCTBUTENBHO
ectb 2e-cetb ans D u, Takum o6pasoM, D npearomnakTHo B Mxy,
a cjaejgoBaTesibio, 4 B Cxy.

§ 8. HempepobiBHble KPHBBIE B METPUYECKHX MPOCTPAHCTBAX !)

ITycTb 3amaHo HempepbiBHOE OTOGpakKeHHe
P=f(f)

orpeska a << ! << b B MerpHueckoe mpocrpanctBo R. Koraa ¢ «mpoGeraer» otpe-
80K OT @ po b, cooTBerTcTBYIOMmAs TOUKAa P «npoberaer» HEKOTOPYIO «HEAPEPLIBHYIO
KpHuBYyIO» B npoctpaHcTBe R. HaM npeicToHT faTh CTpOrHe OMNpeAeNieHHs, CBsi3aH-
Hble ¢ M3JIOXeHHON ceflyac rpy6oil uneeit. ITopadok, B KOTOPOM NPOXOAATCS TOUKH

N
N =

Puc. 12. Puc. 13. -Puc. 14.

KpuBo#, cymectBeH. OAHO M TO XXe MHOMECTBO, u3oOpaxeHHoe Ha puc. 12, mpo-
XOAHMOEe B HanpaBJeHHAX, YKa3aHHbIX Ha puc. 13 u 14, Mbl 6ymem cuuTaTh p a3-
JIHUHBIMH KPUBBIMH. B KavecTBe Apyroro npuMepa pacCMOTDHM JAEHCTBUTEb-
HYI0 ¢yHKUHIO, ONpeAeneHHyl0 Ha orpeske [0, 1], xoropas u3o6paxkeHa Ha
puc. 15. OHa ompexenser <«KPHBYIO», DaclOJOXeHHYI0 Ha otpeske [0, 1] ocu y,
OTJIHYHYIO OT STOrO OTPe3Ka, OJHOKPATHO MpPOMAEHHOTO OT TOUKH O A0 TOukH I,
TaK Kak oTpe3ok [A, B] npoxoiuTcs TPHXKAM (ABa pasa BBePX M OJMH pa3 BHH3).

') Bror naparpad He cBs3aH ¢ AadbHedlnM u3nokeuueM. IIpn KeJaHHH uH-
TaTeNb MOXKeT ero ONYCTHTb,
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OpHako nps OJHHAKOBOM NOpfAAKE NPOXOKAEHHR TOYEK NPOCTpaH-
crBa BHIGOp «napaMetpa» ¢ Mbl OyaeM cuuTaTh HecymectBeHHHM. Hanpuwmep,
OYHKIHH, H300paxkeHHLIe HA puc. 15 W 16, ONpeneaAlOT ONHY H Ty XKe KPUBYIO»,
PacroIOXKeHHYI0O Ha OCH Y, XOTH 3HaueHUs NapaMeTpa f, OTBeHalollHe KaKOH-1ubo
TOYKEe KPHBOH, B caydasx puc. 15 m 16 Moryr 6mThb pasamsnbiMu. Hanpumep, s
ciayvae puc. 15 Touke A COOTBETCTBYIOT Ha OCH ! ABe H30JHMPOBAHHBIE TOUKH, a B
caysae puc. 16— onua H3oNHpOBaHHAst TOUKA H JeXKalWWH NpaBee Hee OTPE30K

|
|
|
|
{
l
|
l
7t

z
Puc. 15. Pxuc. 16.
(xorzia ¢ mpoGeraer STOT OTPE3OK, TOUKA Ha KPHBOH OCTaeTCst Ha MecTe). (Hdony-

CKaTb TaKMe OTPE3KH HENOABHKHOCTH P = [(f) Gyner ymoGHo B JajbHedlueM
NpH HCCACAOBAHHH KOMNAKTHOCTH CHCTEM KDPHBBIX.)

[Mepeitnem x QopManbHBEIM onpefeeHnaM. Be HenpephiBHblE (YHKIHH
P=f({) m P=j"(t"),
OnpesiesieHHble COOTBETCTBEIHO Ha OTpe3Kax
KUY v "<V

W NPHHHMAIOWIHE 3HAYEHHs! B METPHUYECKOM IPOCTPaHCTBS K, LHa30BeM 3K8uBANEHT-
HOILMU, €CJH CYLIeCTBYIOT JIBE HENpepPHBHBIE HeYObIBA:OIHE QYHKILH

V=9 () u t"=0q"(t)

ONPENCJNICHHHE HA HEKOTOPOM OTpPC3Ke

aSEh
u 06aaalomye CBORCTBaMH
9’ (a)=a’, 9 (b) =10,
(pll (a) = all, (pll (b) p— b”;

Flo' (O]=F"[¢” (1)]

ons Beex ! € [a, bl

Jlerxo BHAETb, YTO TaK BBeNEHHOE OTHOUIEHHE SKBHBANEHTHOCTH PedJEKCHBHO
(f axBuBaneHTHO f), cHMMeTpHUHO (ecau [’ akBuBajeHTHO [”, TO [” skBiBaNedTHO
[). MoxHO nokasaTb, YTO OHO M TPAH3HTHBHO (H3 3KBHBaJeHTHOCTH ' u [’ u
SKBHBAJEHTHOCTH [” W f'” BmTekaer skBuBanentHocts [/ ' f'”). TlosToMy Bce He-
npepeiBHHE GYHKUHM PaccMaTPHBAEMOrO THNA Pa3GHBAIOTCS HAa KJIACCH (QYHKIHA,.
SKBHBANEHTHHIX MeXAY co6oii. KaXapiii Takoli KiacC M ONPENENSET Henpepol8nyro
Kpusyro B NpOCTpaHcTBe R. .

Has moGolt ¢yuruun P = f/(1'), onpeneneHHodi Ha KakKCM-AB60 otpeske
[a’, b], nafinetca sxBUBajeHTHan eil PyHKUHsA, onpefesennas Ha oTpeske [a”, b"]==
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=10, 1]. JefCTBHTEAbHO HOCTATOYHO NMOJOXKHTD 1)
t,=q)’(t)=(b,_a,)t+a,, tll=q)ll(t)=t-

TaxuM 0O6Pa3OM, BCAKYIO KPHBYIO MOMHO NDEANOAAraThb 3alaHHOA mapameTpuue
cKi TpH NOMOWH QYHKIUH, onpefeneHHol Ha orpeske [0, 1].

T103TOMY Henecoo6ps3HO BBECTH B PacCMOTpeHHe MpocTpaHcTBo Cr, p Hempe-
pHBHBIX otobpaxennit [ orpeska [ = [0,1] B npoctpaHcTBO R ¢ MeTpHKOi

o(f, &)= sup (7 (1), g (1))

ByseM cuuTaTh, YTO TOCAEAOBATENLHOCTb KPHBBIX Ly, Lo, ..., Lp, ... cx0-
auTCs K KpHBOM L, ecau kpuBble Ly MOXKHO MapaMeTPHYECKH MPEICTABHTb B BHIS

P=j, (1), 0<I<],
P=f(@, 0<t<],

rax uro p(f, fa) =0 npu n— co.

Tpumenss ofobuiennyio Teopemy Apuena (teopema 7 § 7), Jerko Rokasathb
CAeAYIOLIYIO TEOpeMY.

Teopema 1. Ecau nocaedosaresvrocro xpugeix Li, Lo, ..., L, ..., 2e-
acawux 8 xomnaxre K, Moxro npedcTasurt nApameTpUMecKi npu NOMOuU Ppasro-
CTenenno Henpepolénoix Gynxyuii na orpeske [0, 1], T0 u3 nee moxHo gol0eruTo
£x003uy10ca noénocredo8aTesbHOCTb.

OnpeaenuM Tenepb AJHHY KPHBOH, 3alaHHOM NMapaMeTpHYecKH QyHkuued

P=}(t), a<t<b

KaK BEPXHIOIO Trpanb CyMM BHAA

a xpuBylo L — B BUze

o (Flti=a), F(tD)

i=1
I‘ne’ TOUKH #; NOJYHHEHH JHILIDb YCJIOBHAM
a=t0<t1< can <t5< e <tn=b.

Jlerko BHAeThb, YTO [AJHHA KPHBOH He 3aBHCHT OT BhI6Opa ee mapaMerpHue-
CKOro mpejcTaBieHHs. ECAH OrpaHHUHTBCS NAPAMETPHYECKHMH IPEACTaBJCHHME
nocpeacTsoM (yHKUME, 3amaHHBIX Ha oTpeske [0, 1], To Jnerko mOKa3aTb, 4TO AJIMHA
KPHBO# eCTb NOJYHENPEPHBHLIA CHH3Y (yHKuHOHaXM oT [ (B mpocrpanctBe Cr, r).
Ha reoMeTpHYeCKOM S3BIKE 3TOT PE3YJbTAT MOKHO BBIPA3HTb B BHIE CJEAylOUIeH
TEOPEMH O NOJYHENPEPLIBHOCTH.

Teopema 2. Ecau nocredogaresbnocts Kpuebix L. cxodurca k xpusoi L,
TO dauna kpusoii L ne Gorvue Huxcnezo npedena Orun kpusolx L.

PacMoTpuM Temepb crenuaJbHO KpHBHe KOHeuHO#H manHb. IlycTs
KpHBasi onpeesieHa napaMeTpuueckH GyHkuuel

P=f(@t), a<<t<b.

Dynkuna f, paccMaTpuBaeMasi auib Ha orpeske [a,T), rae a << T << b, onpene-
JIIeT «HauyaJibHBIA OTPE30K» KPHBOH OT Toukdn P, = f(a) po toukn Pr = [(T).
Nycts s = @(T) — ero pauna. Jlerko ycraHapanBaercsi, 4TO

P=g(s)=[lo=' (9]

'} Mu cunraem, uto Beerfia a << b. OHAKo MBI HE HCKJAIOYAEM «KDHBHIX», KO-
TODHE COCTOSAT U3 ORHON-€AMHCTBEHHOH TOUKH M NOMYYAlOTCH, €CAH Ha [a, b] ¢pyHk-
uns f(f) nocrosnna. ATo TOXKE YROGHO NS AajbHEHAIIEro.
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ecTh HOBOE MapaMeTPHYECKOe MpeACTaBJeHHe TOH e KpHBOH. [Ipu 3TOM s npoGe-
raer oTpe3ok 0 << s < S, rme S —anuHa Bcell paccMaTpHBaeMOH KpPHBOH. ITo
npejcTaBJeHHe YAOBJETBOPSET TPeGOBaHHIO

o(g(s1), g(s)) <82 — 51l

(omuHa AYTH He MeHbLIe XOPAbI).
Ilepexopst k oTpesky {0, 1], mosyuum napameTpHuecKoe MpelCTaBjeHUe

P=F(t)=g(s), 1=5/S,
YIOB/IETBOPAIOLICe YCIOBHIO JIMNuIKIa
p(F(t1), F())<KS|mi—1|

Mbl BHAMM, TakuM o6pasoM, uto 048 ecex kpusoix Oaunbtt S << M, ede M —
HEKOTOPAs KOHCTAHTA, 803MOXCHO NAPAMETPU4ECKOe npedcTasienue PasHOCTENEeHHO
HenpepbiroIMu PyHKyuamy, sadannoimu na orpeske [0, 1]. K uum, cnegoBatennho,
npuMeHuMa TeopeMa 1.

TTokaxeM cujly NOJYYeHHBIX OGIUHX Pe3yJbTaTOB Ha mpUMepe A0Ka3aTeJbCTBa
CJIELYIOWErO BAXKHOrO NMpeAJOKeHuUs.

Teopema 3. Ecau 6 xomnaxre K dse touku, A u B, moxno coedunutre
HenpepuleHOU Kpusold KOHe4HO OAUNbL, TO Cpedu TAKUX KPUBLLX CYWecTsyer Kpu-
8as Haumenbuel 0AuHbL.

B camom aene, nycth Y ecTb HUIKHAA TpaHb AJHH KPUBBLIX, COeAHHAIOWHNX A H
B B xomnaxkte K. [lycrs mnuubt kpussix Ly, Ly, ..., Ln, ..., coenussiomux A u
B, ctpemarcs k Y. M3 mocaenosarensHoctd L, no Teopeme | MOXHO BHOpaTh
cxozauycs noanocnexoparespHoctb. ITo Teopeme 2 mnpefenbHass KpuBasi 3ITOM
NOANOC/AEAOBATEAbHOCTH He MOXeT HMeTh AJHHY 6oJblie Y.

OTMeTHM, uTO Jaxke B ciayyae, korga K siBiseTcss 3aMKHYTOH raajxkof (Hazx-
Jexaiee yucno pas RuddepeHnHpyeMoi) MOBEPXHOCTHIO B €BKJIHIOBOM TpeXMep-
HOM NPOCTPAHCTBE, 3Ta TEOPeMa He BHITEKAaeT HEMOCPeACTBEHHO M3 Pe3yJabTaTos,
yCTaHaBJMBaeMblXx B Kypce NH(depeHUHaNbHOA TFE€OMETPHH, TAe OrpaHHYHBAIOTCH
.O6LIYHO CJy4yaeM AOCTATOUHO GJH3KHX APYr K Apyry Touek A u B. :

Bce nanoxeHHoe Bhiile npHobpesno Obl GOMBINYI0 NPO3PAYHOCTh, €CIH OBl Mbi
HaJeAnJH MHOMECTBO BCEX KPHBBIX AAHHOrO METPHYECKOT0 MPOCTpancTBa R cTpyK-
TYPO#i METPHYECKOrO MPOCTPAHCTBA. ITO MOMKHO CHeJaTh, ONpefeNss pPacCToswue
MeXAy KpHBbIMH Li u Ly dopmyon

o (Ly, L) =inf p (%, f2)

rAe HUXKHSA rpaHs GepeTcs MO BceM BO3MOMHBIM MapaM NapaMeTPHYECKHX TpeA-
cTaBaeHnii xpuBoil L, npu moMown ¢yukuun P = fi(f), 0 < { << 1, u kpusoi L
npx nomown yukuny P = fo(f), 0 < << 1.

Jloka3aTeabecTBO TOTO, YTO 3TO PACCTOSIHHE YAOBJETBOPSAET OOBIUHBIM aKCHO-
MaM, OueHb HPOCTO, 32 HCKJAIOUEHHEM OJHOTO NYHKTA: NPEACTAB/ET HEKOTOpbie
TPYIHOCTH 10Ka3ath, 4To H3 p(L;, Ly) == O BHITeKaeT TOXKAECTBO KPHBHX Li u Lo
DTOT (GaKT ABASETCH HEMOCPENCTBEHHBIM CJENCTBHEM TOrO OOCTOATENBCTBA, UTO
HWXHASL rpaHb B GopMyJse, KOTOPOi Mbl onpefenuns paccrosuue p(Ly, L), no-
.CTHTAeTCA TNpH HaJJexalleM BHIGOpe MapaMeTPHUECKHX NpeiacTaBienufi fi u fa.
Ho n0Ka3aTe/bCTBO 3TOrO MOCTEHAHEr0 yTBEPKACHHA TOXe HE O4YeHb MPOCTO,



rJABA III

HOPMUPOBAHHBIE U TONMOJIOTMYECKHUE
JIMHENHBIE NPOCTPAHCTBA

§ 1. Jluneiinble npocTpaHcTBa

TonsiTHe JHHEHHOrO NPOCTPAHCTBA OTHOCHTCSl K YHC/AY CaMBIX:
OCHOBHBIX B MaTematuke. OHO GyJleT UrpaTh BaXKHYIO POJb HE TOJb-
KO B 3TOl I1aBe, HO M BO BCeM JafnbHeHIleM H3JI0XEeHHH.

1. Onpejejende W NPHUMePbl JHHEHHLIX NMPOCTPAHCTB.

Onpenenecune 1. Henycroe MHOXecTBO L ssneMeHTOB ., y,.
2, ... Ha3blBAETCA AUHEUHOIM, WK BEKTOPHOIM, NPOCTPAHCTEOM, ECITH
OHO YIOBJIETBOPSIET CNEYIOIUUM YCJIOBUHSAM:

1. Ins n106bIX IBYX 3JIEMEHTOB X, Yy & L oxHO3HauHO omnpejeseH
TPEeTH# 3JleMeHT 2 & L, HasbiBaeMbli HX cymmol ¥ 0603HAYAEMBIA:
X 4 y, npuuem

1) x+ y =y + x (KOMMYTaTHBHOCTbH),

2) x+(y+2)=(x+y) + 2 (accolUaTHBHOCTD),

3) B L cymectByer Takoi saement 0, uto x + 0 = x mas Bcex
x e L (cyuecrBoBanue Hyus),

4) nns xaxjoro x L cymeCTByeT TAKOH 3JeMeHT —X, 4TO:
%+ (—x) =0 (cymecTBOBaHHE NPOTHBONOJOXHOIO 3JEMEHTA).

II. las no6oro uncna a u J06Goro jgeMeHrta x € L onpenenen
aneMeHT ax & L (npoussedenue 3neMeHTa X HA YHCJIO L), TPUYEM.

1) a(8x) = (ap)x,

2) 1-x=1x,

3) (a+B)x = ax+px,

4) a(x+y)=ax+ ay.

B 3aBucumocTH OT TOrO, Kakoi 3amac yucesn (BCe€ KOMILJIEKCHBIE:
HJIH TOJIbKO 'efCTBUTENbHBIE) HUCTIOJNb3YETCs, PA3JIHUAIOT KOMMJIEKC-
Hble N JelCTBHTeNbHBIEe JHHeHHble nmpocTpaHcTBal). Bewonay, rae we
_OrOBOpEHO NPOTHBHOE, Hallld NOCTPoeHHs OyAyT BEpHBI KaK 474
REeACTBUTENbHBIX, TAK U IJI5T KOMIUIEKCHBIX MPOCTPAHCTB.

3aMeTuM, YTO BCAKOE KOMILIEKCHOE JIHHEHHOe TNPOCTPAaHCTBO-
MOXHO paccMaTpuBaTh KaK HEKOTOPOe AeHCTBUTENbHOE NPOCTPaH-
CTBO, €C/IH OrPAHHYUTBLCS B HEM YMHOXEHHEM BEKTOPOB HA JeHCTBH-
TeJIbHBIE YHCcaa.

') MoxHo 6bln0 66l paccMaTpWBATh M JHHefHble NPOCTDAHCTBA HAX NPOH3~
BOJILHLIM 1iOJIeM.
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PaccMOTpPHM HEKOTOpbie NPHMEpPbl JIMHEAHbIX NPOCTPAHCTB, Npe-
JIOCTaBUB YHTATEJIO NPOBEPHTb AJS KaXJAOro H3 HHX chopmynaupo-
BaHHbIE Bblllle aKCHOMBI.

1. pamas gunus RY, T. e. COBOKYNHOCTb AeHACTBUTENbHEIX UKCes,
¢ OOBIUHBIMH apH(MeTHYeCKHMH ONepalHsAMHU CJOXEHHS H YMHOXe-
HUsl, NIPeCTaBAAET COOOH JIHHEHOe IIPOCTPAHCTBO.

2. COBOKYNHOCTb BCEBO3MOXKHBIX CHCTEM 1 JEHCTBHTE/NbHBIX Yi-
cen x = (X, X2 ..., Xn), TAe CIOKEHHE H YMHOXKEHHE Ha YHCJIO
OllpefesqaoTca GopMyaMu

(xb Xoy ooy xn)+ (yl) Yoy o0y yn)=(xl +yh x2+y21 . *y xn+yn):
a(xy, X9 0., X,)=(ax;, aXq, ..., QX,),

TaKXe siBJsieTcs JuHefHbIM npoctpanctBoM. OHo HasbiBaeTcs aeit-
CTBUTEJbHBIM A-MepHbiM ') apudmeTuteckum npocrpancrsom u 06o-
3navaercd cuMBoJaoM R™  AHaJOrH4YHO, KOMIJIEKCHOe n-MepHoe
apudmerudeckoe npoctpanctBo C” onpepensiercss KaKk COBOKYNHOCTD
CHCTEM N KOMIJIEKCHBIX Yuces (C YMHOXeHHeM Ha Jio0ble KOMIJIeKC-
Hble yucaa).

3. HenpepuiBHbie (ZeficTBHTe/bHBIE HJIH KOMIJIEKCHbBIE)- QYHKUMH
Ha HeKoTopoM oTpe3ke [a, b] ¢ OGBIYHBIMH OMEPaLHSAMH CJIOXKEHHSH
GYHKUMI 1 YMHOXEHMS MX Ha 4HcJIa 06pasyioT JuHeHHOe MpPoCcTpaH-
crBo Cla, b], siBnsitonieecss OQHUM K3 BaXKHeHIUWX IJs aHa/Au3a.

4. TIpoctpancTBo [, B KOTOPOM 3/eMeHTaMM CJYXKaT Nocjeno-
BaTeJbHOCTH uHCes] (AeHCTBHTENBHBIX HJIH KOMIJIEKCHBIX)

x=(xlv X2y v o0y Xps “')v

YAOBJIETBOpAIOLINE YCJTOBHIO

PREASSS ()
€ onepauuaMu
X1, Xop vvvy Xy o)+ Wiy Yoo oovy Ynp o02)=
=(xl + ¥y x2+y2, Y] xn+ym ~--);
a(xl) Xoy v oey Xny "‘)=(axl) 0Xg, ooy OXp, '°')v

ABJasieTCs JIMHeHHbIM mpocTpaHcTBoM. ToT dakr, uro cymMma aByX
NoCJIe10BaTe/NbHOCTEH, YIOBJIETBOPAIOMKX yeaoBuio (1), Takxke yno-
BJETBOPSIET TOMY YCJIOBHIO, BbITEKAeT M3 3JEMEHTaPHOro HepaBeH-
ctBa (@, + a,)°< 24} + 24} A

5. CxoJsilpecs MOCAeA0BATEAbHOCTH X = (X1, X2, ...) C IOKOOP-
NMHATHBIMH OHepalMsiMH CJIOXKEeHHS M YMHOXEHHs Ha YHC/aa ofpa-
3y10T auHeiiHoe npocTpancTBo. O603HauYuM ero C.

1) 3tot TepMuH OyleT pa3bACHEH B JajbHEAWEM,
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6. IMocnenoBaTensHocTy, cxoasmuecs kK 0, ¢ TeMH Xe onepanus-
MH CJIOXEHHS M YMHOXeHHs, TaKke o6pasyloT JHHelHoe NpoCTpaH-
cro. O603HaUHM ero co.

7. COBOKYNHOCTb M BCeX OrPaHHYEHHBIX YHCJIOBBIX MOCJEN0BA-
TeNbHOCTEHA, C TEMM XXe ONepalusMH CJAOKEHHS H YMHOXEeHHs Ha
yucsa, 9TO H B nIpuMepax 4—6, Toxe npencrasisier co6oil auHeiinoe
npOCTPAHCTBO. :

8. Hakoneun, cOBOKymHOCTb R™ BCEBO3MOMKHBIX UHCAOBBIX MOC/e-
AOBATENbHOCTEH, C TEMH XK€ CaMBIMH ONEPaLUsiMH CJOXKEHHS H yM-
HOXEHHSI Ha 4HMC/a, YTO H B NpuUMepax 4—7, ToxkKe sIBAAeTCA JHHEH-
HBIM TIPOCTPAHCTBOM.

ITockoJsbKy CBOHCTBA JIMHEHHOIrO NPOCTPAHCTBA — 3TO CBOMCTBA
onepaluil CJI0XKeHHA 5]eMeHTOB H YMHOXEHHMs HX Ha 4HCJa, ecre-
CTBEHHO BBECTH CJeAYIOllee OnpelelieHHe.

Ounpenenenune 2. Jluuefinole npocrpanctsa L u L* naswi-
BAIOTCA USOMOPPHOIMU, €CITM MEXAY HX SJIEMEHTAMH MOMXHO yCTa-
HOBHTb B32HMHO OIHO3HAYHOE COOTBETCTBHE, KOTOPOE COIVIacOBaHO
c onepanuaMu B L u L*. D10 o3uavaer, uro u3

x> x"
y<—y
(x, yL, £*, y'=L") crenyer
xty«>x'+y
" ox <> ax®

(@ — npou3BoJbLHOE YHCHO0).

H3oMopdHble MpocTPaHCTBA MOKHO PaCCMaTPUBATh KAK Pas/iny-
Hble peany3allui OJHOTO H TOTO Xe npocrpancrBa. [lpume-
PaMH H30MOP(DHBIX JHHEHAHBIX MPOCTPAHCTB MOTYT CJIYKHUTb apHpMe-
THUYECKOEe n-MepHOe MPOCTPAHCTBO (MeHCTBHTENbHOE WJIH KOMILIEKC-
HOe) H MPOCTPAHCTBO BCEX MHOTOWIEHOB CTemeHH << n— | (cooT-
BETCTBEHHO C JCHCTBUTEJbHBIMH MJH KOMIUVIEKCHBIMH KO3(dHUIHeH-
TaMH) ¢ OGBIYHbIMH ONIEPAIHSIMH CJI0XKEHHS MHOTOUJIEHOB H YMHOXe-
HHSl UX Ha yxcaa (HOKaXKHTEe H3OMOPGHHOCTB!). _

2. JluHeiinan 3aBHCUMOCTb. DJIEMEHTH X, 4, ..., W JHHEHHOrO
npocrpanctBa L Ha3wBAalOTCS AuHeldiHO 3asucumbiMu, eCau Cyle-
CTBYIOT TaKue uucaa «, f, ..., A, He Bce paBusie 0, uTo

ax+fy+ ... +Aw=0. 2)

B nporusnom CJIyyae 3TH 3JIEMEHTbl HA3HIBAIOTCH AUHENHO He3asu-
Cumoimu. Vinaue roBopsi, SM€MeHTH X, Y, ..., @ JHHENHO HE3ABHCH-
MBI, ecan M3 paBeHCTBa (2) BHITEKAeT, YTO == P ==... == A = 0.

Beckouneunas cucrema snementos X, Y, ... npoctpancrea L
HaspiBaercst AuHelHO He3asucumol, ecau M06asi ee KOHEYHAS MOM-
CHCTeMa JunellHO He3aBUCHMA.
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Ecnu B mpoctpancTBe L MOXHO HAHTH N JHHEHHO HE3aBHCHMbIX
3JIEMEHTOB, a J1io0ble 7 - 1 3JeMeHTOB 3TOro NPOCTPAaHCTBA JHHEHHO
.3aBHCHMBI, TO FOBOPAT, YTO IpOCTpaHCTBO L uMmeer pasmeprocte n.
Ecau ke B L MOXHO yKasaTh CHCTEMY U3 MPOH3BOJIBHOTO KOHEYHOro
YHCJ1A JIMHEAHO He3aBHCHMBIX 3JIEMEHTOB, TO FOBOPSAT, YTO MPOCTPaH-
¢80 L beckoneunomepro. Basucom B n-veprom npocrpanctse L Ha-
-3biBaercs Jo6as CHCTEMa U3 N JIMHEHHO HEe3aBHCHMBIX 3JIeMEHTOB.
[Ipocrpancrea R™ B peficTBuTeNbHOM ciiydyae n C" B KOMIJIEKCHOM
HUMEIOT, KaK JIETKO NPOBEPHTb, PA3MEPHOCTb A, ONPaBAbIBAS TeM Ca-
MBIM CBOE Ha3BaHHE.

B xypce Jquneiinoit anre6pel paccMaTpHBAIOTCH JHHeHHbIe MpPO-
-CTPAHCTBA KOHEYHOH pasMepHocTH. HaoGopoT, Mbl, Kak mpaBuJo,
GyneM 3aHAMATbCsl MPOCTPAHCTBAMH OECKOHEYHOrO YHCJa H3Mepe-
‘HHH, TIPEJCTABAAOUMMHE OCHOBHOH HHTEPEC C TOUKH 3PEHUS aHAJIM3a.
Mbl npepocraBisieM uMTaTeMO NPOBEPHUTb, UYTO KAXKAOE H3 MPO-
'CTPAHCTB, yKa3aHHbIX B npumepax 3—~8, uMeer GeCKOHeuHYIO pas-
MEpPHOCTb.

3. Noanpocrpancrsa. Henycroe noaMuoxectso L’ auHefiHoro
npocrpancTsa L Ha3blBaeTcs nOONPOCTPAHCTBOM, eCliH OHO CaMo 06-
pasyer JiMHeHHOe NPOCTPAHCTBO MO OTHOIIEHHIO K ONpENeJeHHbIM B
L onepalusiM CJOMXKEHHSI H YMHOMXEHHST HA YHCJIO.

Wuaye rosops, L’ < L ectb moanpocTpaHcTso, ecan M3 x < L,
y € L’ cnenyer, uto ax + By = L’ npu mo6six o u P.

Bo Bcsikom suHefiHoM mpocTpanctBe L mMeercs nmoampocTtpas-
'CTBO, COCTOfllllee M3 OAHOTO HYyJsl, — HYJIeBOe NOANPOCTPAHCTBO.
C npyroit cTopoHbl, Bce L MOXHO paccMaTpuBaTth Kak CBOe IMOAMIPO-
crpancrtso. [loanpocrpanctso, ornuynoe ot L u comepxkaiiee xots
‘Obl OJJMH HEHYJ/IeBOH 3JIEMEHT, Ha3bIBAETCA COOCTBEHHBIM.,

[Ipusenem npuMeprl COGCTBEHHBIX MOANPOCTPAHCTB.

1. Tlycrb L — kakoe-H60 JMHEHOE MPOCTPAHCTBO H X — HEKO-
TOPBHIH €ro HeHy/neBOil 3nemeHT. COBOKYMHOCTb 3JeMeHTOB {Ax}, rae
A mpo6eraer Bce 4HCJa (COOTBETCTBEHHO NEHCTBHMTENbHBIE HJIH KOM-
nJIeKCHpIe), 00pasyer, OYEeBHAHO, OAHOMEpPHOE NOANPOCTPAHCTBO.
‘OHO sBJAsieTCS COGCTBEHHBIM, €CNH padMepHocTh L Goubiie 1.

2. PaccMoTpuM NpOCTPAaHCTBO HenpepuiBHbIX (yukuuit Cla, b]
(npumep 3 m. 1) u B HeM COBOKYMHOCTb BCeX MHOrouaeHos P [a, b).
‘SlcHo, yto MHOrOUIEHH 0Gpa3yioT B C [a, b] moanpocTpanctso (uMero-
uiee, kak u Bce C|a, b), 6eckoneunyio pasmMepHocTs). B 10 ke Bpems
ccamo mpoctpancrBo C[a, b] MOXHO paccMaTpuBaTh Kak HOANPO-
cTPaHCTBO Goslee OOLIMPHOrO NPOCTPAHCTBA BCEX, HEMPepHIBHLIX H
pa3peiBHBIX, GyHKUMH Ha [a, b].

3. Paccmorpum, HakoHel, npocrpaHnctsa ly, ¢, ¢, m u R® (mpu-
mepnl 4—8 n. 1). Kaxnoe u3 Hux sIBAfETCA COGCTBEHHBLIM MOANPO-
-CTPAHCTBOM IOCJIEAYIOUIETO.

Iycte  {xq} — npousBo/bHOE HeNmycTOE MHOXKECTBO 3/€MEHTOB
JiuHednoro mpocrpanctsa L. Torma B L cymecrsyer HauMeHbluee
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fOANPOCTPAHCTBO (GBITh MOXKeT, coBnajawluiee ¢ L), kotopoe coaep-
KUT {Xq}. JeficTBHTeNBHO, MO KpaliHell Mepe OJHO NMOANPOCTpPaH-
¢TBO, cofepxkaiuee {x,}, B L cymecrsyer: 510 Bce L. [lalee siCHO,
yTo nepecederue aw6ozo mroxecréa {L,} nodnpocrpancre ecro

crnosa nodnpoctparcreo. B camom aedne, ecau L™= ﬂ Lyx,ye L
: v

10 U ax+ Py = L* npu Bcex «, P. BosbMem Tenepb Bce moampo-
CTPAHCTBA, COJepIKALIHE CHCTEMY BEKTODOB {X,}, H DaCCMOTDPHM HX
nepecedeHne. 1o U GyleT HauMeHblllee MOANPOCTPAHCTBO, COJepKa-
pee cucreMy {x,}. Takoe MHHHMaJ/bHOE MOANPOCTPAHCTBO MBI Ha30-
BeM NOORPOCTPAHCTEOM, NOPONCOEHHOIM MHOKCECTBOM {X,}, WU AU-
Hetnod 060404K0d MHOXKeCTBA {X,}. Mbl Gylem ofo3HauaTb 3TO
noanpocrpancTBo L({x,}).

YinpaxHenus. JluHedHo He3aBuCHMas cHcTeMa {Xq)} 3/1€MeHTOB NUHEHHOTO
npoctpancTBa L naswBaerca 6asucom T'ameasn, ecnn ee nuneitnas o6osodyka COB-
najpaer ¢ L. Jlokasatb c/lefyiOllHe yTBEPKIACHUs:

1) B Ka)ZoM JHHEHHOM NPOCTPAHCTBe cyulecTByeT 6asnc amens.

Ykasanue. Ucnoabsosate nemmy Llopna.

2) Ecau {xq} — 6a3nc T'amens B L, TO KaXAblfi BEKTOP X € L eAHHCTBEHHBIM
00pa3oM NpeACTaBJsSeTC B BHAE KOHEUHOH JIMHEHHOH KOMOPHAIMH HEKOTOPHIX.
BEKTOPOB CHCTEMB! {Xg}.

3) Jlw6ble nBa Ga3uca I'aMenss B JMHEHAHOM NPOCTPAHCTBE PABHOMOLUHDLI; MOLUI-
HocTb 6asuca Famejs JiMHEHHOro NMPOCTPAHCTBA WHOTIA HA3bLIBAKOT a4eebpauteckol
PA3MEPHOCTbI0 3TOTO NPOCTPAHCTBA.

4) JlunelHsle NpOCTPAHCTBA H30MOPGHLI TOTAa H TONLKO TOrAa, KOrhaa OHH
HMEIOT OJIHHAKOBYIO ainre6panyecKylo pasMepHOCTb.

4, ®akrop-npocrpanctsa. Ilyctb L — nnHeliHOe NPOCTPaHCTBO,
n L’ — nexotopoe ero noxpnpocrpanctBo. CKaxeM, 4To ABa 3JeMeH-
tTa x U y U3 L 9KeusasenTHbl, ecnn MX PasHOCTb X — y NpPHUHAJJe-
xut L’. D10 oTHOUIEHHE pedIeKCUBHO, CHMMETPHYHO H TPAH3HTUBHO,
T. e. onpejiessier pasbuenne Bcex X & L na knacch. Kaacc skBuBa-
JIeHTHBIX 3J1eMEHTOB Ha3biBAeTCS KAQACCOM CMENCHOCTU (MO MOANPO-
crpanctBy L’). CoBOKYmHOCTh BCeX TaKMX KJIacCCOB Mbl Ha30BeM
¢axrop-npoctparctéon L no L’ n o6osnaunm L/L'.

B n060M (GakTOp-MpPOCTPAHCTBE, €CTeCTBEHHO, BBOASATCS oOlepa-
LK CJOXKEeHHd H YMHOXeHHs Ha yncia. MMenHo, nyctb & U — 1Ba
KJacca, npeicTaBasiiolnx co6oil snements u3 L/L'. BriGepem B Ka-
XKIOM H3 THX KJ1aCCOB MO NpPEACTABUTENIO, CKaXeM, X ¥ Y COOTBeT-
CTBEHHO, H HA30BeM CYMMOH KJjaccoB £ m % TOT Kaacc {, KOTOPbIi
CONEPKUT 3JEMEHT X -+ y, a NpousBelleHHeM Kjaacca § Ha 4HCIO %
TOT KJ4acC, KOTOPHIH COMEPKHUT 3JIEMEHT aX. JIerko mpoBepuTb, UTO
Pe3yJbTAaT HEe U3MEHHTCS OT 3aMeHbl NpeJCTaBHTeNel X U Y KaKUMH-
JAH60 ApyruMM NpeNCcTaBUTeNSAMH X' u Y Tex xe kjaaccos § u n. Ta-
KHM 06pa3oM, Mbl AeHCTBHTENBHO ONpPEeNE/N/IN JHHeHHble Oonepaluu
Hajx snemenTtaMu ¢aktop-npocrpanctsa L/L’. HenocpencrBeHuas
NpoBepKa MMOKa3biBAeT, YTO 3TH ONEPalHH YIOBJETBOPAIOT BCEM Tpe-
GoBaHuAM, COAEpPKALIUMCS B ONPeieJIeHAN JINHEHHOro NPOCTPaHCTBa
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(npoBeaute 31y nposepky!). Muaue rosops, xamdoe ¢paxrop-npo-
cTpanctéo L/L” (¢ TeMH onepauusiMH CJIOXKEHHS H YMHOMEHUS Ha
4HCaIa, KOTOPBlE MBI Cefflyac B HEM ONpele/IIn) npeocrasaner cobog
AUHELHOE NPOCTPAHCTBO.

Ecin L —npocrpaHecTBo 7 u3MepeHuil, a ero NOANPOCTPAHCTBO
L’ umeer pasmepnocTs R, T0 dakrop-nmpocrpanctso L/L’ umeer pas-
MepHOCTb 1 — k (moKaxwure 3710!).

IMycts L — npousBosibHOe JHHeHHOe npocTpancTtso u L’ — Heko-
TOpOe ero noanpocTpancrso. PasmepHocTs ¢akTop-npocrpaHcTsa
L/L’ nasbiBaeTcs KOpa3amepHOCTb/O MoANpocTpancTsa L’ B mpocrpau-
ctBe L.

Ecau noanpocrpanctso L’ < L uMeer KOHEUHYI0 KOpa3MepHOCTDb
n, 7o B L MOXHO BbIGpPATh 3/M€MEHTH X1, Xy, . .., Xn TaK, YTO BCAKHI
sneMeHT ¥ €& L 6yner (0fHO3HAYHO) NpeNCTaBUM B BHJE

x=alxl+ see +anxn+yy

rae ai, ..., &n —unucaa u y e L', JlefictBuTenbHO, nycTh (akTop-
npocrpancTso L/L” umeer pasmepnocts n. BribepeM B 3TOM hakrtop-
npocrpancrse 6asuc £, &y, ..., £, M U3 KaXKIOOro KJacca E, Bbibe-
peM no npeacraBuTesio X, Ilycts Tenepb x — so6oit snement u3 L
u § — tot kaacc B L/L’, koropwiit coxepxur x. Torna

E=af 4 ... anta.

Tlo onpenenennio 370 3HAYHMT, YTO KAXKABLIA 3MeMeHT M3 E, B yacr-
HOCTH X, OTJIHYAETCH JIMIIb HA 3JaeMeHT 3 L’ oT Tako#l e JuHel-
HOH KOMGHHAUMH 3JIEMEHTOB Xy, ..., Xn, T. €.

x=ox 4+ ... +ax,ty.

OnHO3HAYHOCTh TAaKOH 3alHCH MPENOCTaBJsieM J0Ka3aTh 4UTaA-
TeJNO.

5. Jluneiinbie dynkunonannl. Yucnosyio dynkuuio f, onpene-
JIEHHYIO Ha HEKOTOPOM JIHHeHHOM npocTpancTse L, Mbl GyAeM Ha3bi-
BaTb QyHkyuonarom. Oyukunonas [ HasbiBaeTcss a0OUTUBHbIM, €CIH

fx+9=Fx+f(y) nas Bcex x, ysL;

OH Ha3LIBAETCS] OOHOPOOHBIM, €CJIH

f(ax)=nqaf(x) (a — npousBosbHOE uHCIIO).

DyHKIHOHAN f, ONpeleseHHbli B KOMNJEKCHOM JHHEAHOM
IIPOCTPAHCTBE, HA3bIBAETCH CONPANEHHO-00HOPOOH LM, eciu [(ax) ==
= af(x), rae &— 4HCI0, KOMIJIEKCHO CONMpS/KEHHOE O,

AnnuMTHBHBIA OIHOPOAHBIH (GYHKUHOHAA HA3BIBACTCH AUHEHHOIM
QdynKkyuonarom. ANAUTHBHBIR CONPSYKEHHO-OJHOPOIHBIH GYHKIHO-
HaJl HA3bIBAETCS CONPANEHHO-AUHCLHbIM, 3 HHOTAA NOAYAUHEIHbIM.
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YkaxeM npUMepbl JHHEHHBIX QYHKIMOHAJOB.

1. Ilycts R™ ectb n-MepHoe apudmeTHueckoe HPOCTPAHCTBO C
aneMEHTaMU X == (X1, ..., Xn) H @ =(dy, ..., Gn)— NPOU3BOJBHBIA
wabop-u3 n dukcupoBauuux yuces. Torpa

f(x)= 2{ aix;

— JuHedHblH pyHkuuoHas B R”. Boipaxkenue
n
fx)= i; a;x,

L]
npeacTasisier co6oi COnpsKeHHO-MUHeHHBIH QyHKuuonan s C».
2. Hrrerpaiist

b
x()dt u T[x]=§x_(t)dt

a

I[x]=

R ey e

NPeNCTaBJAIT COB0M COOTBETCTBEHHO JIMHEHHBIT U CONPSIKEHHO-JH-
HeliHbIA QyHKIMOHaNbl B ipocTpancTse Cla, b].

3. Paccmotpum Gostee o6wuit mpuMep. Ilycrts Yo — HeKoTOpas
¢duxcupoBaHHas HenpepoiBHaA QyHKUHUs Ha [a, b]. [Tonoxum gas Jo-
6oi1 ¢pyukuuu x & Cla, b] -~

b
F =509 at.

JlunefiHocTh 3TOro QyHKUHOHANA CAEAYeT M3 OCHOBHBIX CBOHCTB
onepaunuyu uHTerpupoBauus. PyuxkuuoHas
b

Fo={xOyot)at

a

Oyner compsiKeHHO-THHeHHBHIM (B  KOMIIEKCHOM IIPOCTPAHCTBE
Cla, b)).

4. PaccMoTpuM B ToM e caMoM npoctpaucrse C [a, b] nunefnbIf
GyHKIHOHAJ APYrOro THMA, a UMEHHO, NMOJNOXHM & (x) = x (fy), Tak
YTO 3HauyeHHe (yHKUMOHAJA O HA (GYHKUHM X PABHO 3HAYECHHIO
310l QyHKIHH B QUKCHPOBAHHON TOUKe fy.

10T QYHKIHOHAJ OGLIYHO 3aANUCHIBAIOT B BHAE

b

su()={x0s¢—tat

a

MOHUMas nom § «QyHKUHIO», KOTOpas paBHa HYJIO BCIOAY, KpoMe
TOUKH { =0, u mHTErpaj OT KOTOPOH paseH eaunuue (§-QpyHKuus
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Hupaka). Takne «QyHKHUHY» IIOJNYYHJIH CTPOroe ONpelleieHHe B pam-
Kax TeopHH 0606GLIeHHBIX GOYHKIINH, 3J1eMeHTbl KOTOPOod 6yAyT H3Jjo-
XkeHbl B § 4 cnenyolleil raas.

5. TlpuBeneM mnpuMep JHHeAHOro QYHKIHOHAJAAa B NPOCTPaH-
crBe [y, Tlyctb k — QukcupoBaHHOe Iiesoe TOJOXKHMTENbHOE YHCJIO.
HOnsi Kaxaoro x = (X1, ..., ¥n, ...) U3 lp monoxum fr(x) = xz. Jlu-
HEHHOCTh TaKoro (YHKIMOHAJNA OueBHAHA. DTH (QYHKUHOHAJBl [O-
NYCKAalOT «PAaclpoCTPaHEHHe» HA Apyrue NpoCTPaHCTBA MOCIeJ0Ba-
TeJIbHOCTEH, HanpuMep, Ha Cy, ¢, M, R® (npumepn 5—8 m. 1).

6. l'eomeTpuueckuii cmbica JuHellHOrOo dyHkuuonaaa. IlycTs
f — HeKOTOpBIH OTJIUYHBIH OT TOKAECTBEHHOTO HYJI JHHEHHBI! QyHK-
uuoHaJ Ha JuHeiHoM mnpocTpaHcTae L. COBOKYNHOCTH TeX 3JeMeH-
TOB X U3 L, KOTOpbIE YAOBJIETBOPSIOT YCIOBHIO

fx)=0,

npencrassier co60i MOANPOCTPAHCTBO mpocTpanctsa L — nodnpo-
cTpancTo Hyreid win adpo dyukuuonana f. JedctBuresabHo, ecan
f(x)=f(y)=0, 10

f (ox 4 By) = of (x) + Bf (y) = 0.

1o moanpocTpancTso oGosnauaercs Ker f1).

MoanpocrpanctBo Ker f umeer xopasmepnocts 1. JleficTBuTenn-
HO, BO3bMeM KaKoil-nu6o sJeMeHT Xo, He Bxomsaunit B Kerf, 1. e.
1aKOH 3J1eMeHT, 4To [(xo) = 0. Takoit snemeHT HaNAETCS, TOCKO/IBKY
f(x) =%£0. Bea orpanuyenusi OGIHOCTH MOXHO CYHTATh, 4TO [(Xo) =1,

X

160 B NPOTHBHOM cJyyae Mbl 3aMeHMJIH Obl Xo Ha —rTJ—:o—)- (ﬂcuo,
Xo

uto | (Wx_)_) = l.) st Kaxporo sjeMeHTa X MOJOKHM Y =
0

= x—[(¥)xo; Torma f(y)=[(x—[(x)%)=0, 1. e. y=Kerf.

Tpencrap/ienye sjeMeHTa X B BUJe X == aXo+ ¥, rie y & Ker f, npu

(QUKCHPOBAHHOM 3JIEMEHTE Xo €AMHCTBEHHO. B camoM 1ene, mycTh

x=axo+y, yKerf, x =a'%+y’, y = Ker .
Toraa (a—a')xo =y —y. Ecan 3pech a = a’, TO OYEBHIHO,
z—_:ai, e Ker f, uto nporuso-

yt0 y’ = y. Ecain Xke o = o/, 10 Xg=
peuyuT BLIGODY Xo. »

Orciofga c/aeayeT, YTO JBA 3JE€MEHTa X| H Xy TOTAa U TOJbKO TO-
ria NpUHAMJIEXKAT OLHOMY KJIacCy CMEXHOCTH NO NMOANPOCTPAHCTBY
Ker f, xoraa f(x1) = f(x2).

JleficTBUTeNbHO, H3 X1 = [(X1) X0+ Y1, X2 = f(x2) X0+ y2 BBHITE-
Kaer, uto x; — Xz = ([ (x1)— f(x2)) %o + (41 — y2). Orcrona BHAHO,
yTo X; — X2 & Ker [ Toria u ToabKo toraa, Korxa KoypuuuedT npu
Xo, T. €. [(xy)— f(x2) paBen 0.

1} Ot anramiickoro caoBa kernel — anpo.
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Besaxkuii kiace § mo moanpocrpanctBy Ker f onpenensierca so-
6BIM H3 CBOHMX IpeicraButesell. B kauectBe Takoro mpeacraBHTens
MOMHO B3ATb 3/1eMeHT BHAa oXo. OTCIOMa BHIHO, YTO NOANPOCTPAH-
ctBo L/Ker [ nmeficrButensho omsomepo, 1. e. Ker f umeer kopas-
MepHOCTDb 1.

[Moanpocrpaucreo Ker [ onpenensier snnefiusiit Gpynxunonas, o6-
paulaloUIuACa HA HEM B HYJb, C TOYHOCTHIO O MOCTOSTHHOTO MHOXH-
Te9.

B camoMm nene, nycTb QYHKUHOHAJB! [ U g MMEIOT OJHO U TO XKe
anpo: Ker f= Ker g. BriGepem sznemeHT Xy Tax, utobbl f(Xo)= 1.
Mbpr yTBepxKaaeMm, uto g(Xe) 7= 0. delcTBurensHo,

x=Ff(x)x+y, y=Kerf=Kerg,
8 (x)=[(x) g (xo) + g () = [ (x) g (x0).

Econ Obl 3HaueHue g(Xo) paBHsnoch 0, TO GyHKUHOHAN g GBI Obl
TOXKIecTBeHHbIM HyJaeM. K3 paBencrBa g(x)= g(xo)f(x) u BbiTe-
KaeT IPONOPUHOHAJIBHOCTh PYHKIHOKAJOB & | f.

Ins Bcsikoro noanpocTpancTea L’ KopasmepHoct | MOXHO yKa-
3aTb Takoii QyHkuuonan f, utro Kerf=L’. [locrarouso BmiGpathb
MPOU3BOJIbHBIA 3JeMeHT Xpe& L’ u npeacrtaBuTb KaXapli 3JeMeHT
x & L B Bue x = axo+ y. Takoe npeacraBneHne efuHCTBeHHO. [1o-
JIOXKHB [(X) = o, MBI IOTy4HM JHHEHAHBIA GOYHKUHOHAA [, AI1S KOTO-
poro Ker f = L’ (npoBepurts 310!).

ITycts L’ — kakoe-HuOyAb MOANPOCTPAHCTBO KOpasMepHOCTH | B
JIMHERHOM INpocTpaHcTBe L; TOrma BCAKME K/IacC CMEXKHOCTH MpPO-
<tpaHcTBa L no noanpoctpancTBy L’ Ha3bIBAETCS 2UNEPRAOCKOCTbIO,
flapaJuiesibHOi  moAnpocTpancTBy L’ (B 4aCTHOCTH, caMo TMOAMpO-
CTPaHCTBO L’ sBJsieTCS TIHIEPIVIOCKOCTbIO, COAepxamelr 0, T. e.
<MPOXOAsilLeH Yepe3 HauaJo KoopauHaT»). MHBIMH caoBamu, runep-
maockocTh M’, mapassienbHast moanpoctpanctsy L/, — 3To MHOXe-
<TBO, TIOJIydaouieecs u3 L’ napanenbHsiM nepeHocoM (CABHroM) Ha
KaxoH-HUGYb BEKTOp Xo & L:

M=L +x={y: y=x+x, x=L'}.

SlcHo, uto ecn xo & L/, 1o M'=L’; ecniu xe xo & L', To M'5~L’.
Ecnu f — HetpuBHanbHbIA AHHElHbIE QYHKUMOHAM HA MPOCTPAHCTBE
L, ro muoxectBO M;= {x: f(x)= 1} siBAsieTCs THIEPIIOCKOCTbIO,
mapasiesibHOH noanpoctpanctBy Ker f (aefictButesnbuo, dukcupys
KaKOH-HMOYIb 37€MEHT Xo, MU KOTOPOro f(Xxo) = 1, Mbl MOKeM BCH-
Ku#t BekTOp X & M; MpeNCcTaBUTb B BUAE X == Xo + y, rlie y & Kerf).

ApYyro# cTopoHbl, eciu M’ — kakas-HHOyAb THNEPIJIOCKOCTb, Na-
‘Pansienvuasn noanpocrtpanctsy L’ (kopasmeproctd 1) u He mpoxoas-
1as yepes Haya/J0 KOOPIAHMHAT, TO CyLIECTBYeT € IMHCTBEHH bl i
JIHHEHHbI Qynkuuonan f rako, uro M’ = {x: f(x) = 1}. Heicrau-
TeabHo, nycth M’ = L’ 4 xo, Xo <= L; torna Bcsakuit saement x < L

“
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OJlHO3HAYHO NPEACTaBUM B BHJE X == aXo-+ y, rie y = L', IMonarag,
KakK M Bbille, [ (X)== &, Mbl NOJYYHM HCKOMBIH JHHERHBIH QYHKIKHO-
HaJ;, eJMHCTBEHHOCTb CJellyeT M3 TOro, 4To ecau g(x)= 1 npu
xe M, 1o g(y)=0npu y = L’, Tax uto

g (axo+ y) =a = (axo + y).

Takum 06pasoM, YCTAHOBAEHO 63aAUMHO OJHO3HAYHOE COOTBeT-
cT8uUe MeH 0y BCeml HETPUBUAALHUIMU AUHCIHBIMU DYHRKYUOHAIAMY,
onpedesennvinu Ha L, u scemu eunepnaockoctanu 8 L, ne npoxods-
wumMU 4epe3 Ha4aso KoopouHar.

Ynpaxuenne. Ilyems f, fi, ..., fn — Takne auxefiHble QyHKUHOHAABI HA
JnHelinoM mpoctpancTse L, uto u3 fi(x) = ... = fa(x) = 0 Bhgekaer f(x) = 0.
n
Toraa cymecTBYIOT TaKHe NOCTOSIHHBIE 4y, ..., Gn, 4TO [ (x)= Z a,f,(x) naa
k=1
Bcex x & L.

§ 2. Brinykabie MHOXKeCTBA H BbiNyKJble GYHKUHOHAJBL
Teopema Xana — Banaxa

1. Buinykabie MHOXeCTBA W BbINyKable Teja. B OcHOBe MHOrux
BAaXKHBIX Pa3fleOB TEOPHH JIMHENHBIX NMPOCTPAHCTB JIEXKHUT MOHATHE
soinykaoctu. OHO onmupaeTcst HAa HarJsHble reoMeTpHYECKHE Mpes-
CTaBJIeHHsl, HO BMeCTe C TeM AONYCKaeT M YHCTO. aHAJHTHYECKYIO
$OpMYIHPOBKY.

ITycte L — HekoTOpOe JHHeliHOe AeHCTBHTEJbHOE IpO-
CTPAHCTBO H X, Y — JBe ero ToukH. HasoBeM samkxnyroim orpesxom
B L, COeMHAIOIWHNM TOUKH X H Y, COBOKYMHOCTb BCEX 3JEMEHTOB BHAA

ox+fy, rre o, =0, atp=1.

OTpe3ok 6e3 KOHUEBBIX TOUEK X U Yy HA3HIBAETCS OTKPLITHIM OT-
PEe3KOM.

Muoxectso M < L nasbiBaeTcsl 8binYyKAbiM, €CH OHO BMecTe C
MIOOBIMH JIBYMSl TOYKAMH X H Y CONEPMHT H COCIHHAIOLHUA HX
OTPE30K.

Hasosem adpom J(E) npousBosbHoro mMuoxecrsa E < L coso-
KYNHOCTb TAKHX €ro TOYeK X, 4To 1Js Kaxaoro y & L nafigercs Ta-
Koe uHcy10 € = €(y) > 0, uto x+ty = E npu |t|<e.

BrinykJs0e MHOXeCTBO, ALAPO KOTOPOTO He IyCTO, Ha3hiBaeTcs
BbINYKABIM TEAOM.

Ilpumepn. 1. B TpexMepHOM €BKJAHAOBOM MPOCTPaHCTBE KYO,
Iap, TeTpasap, NOJYNPOCTPAHCTBO NPEACTABAAIOT COO0l BHIMyKJble
tesa. OTpe3oK, MIOCKOCTb, TPEYTOJbHHK B TOM e NPOCTPAHCTBE —
BLINYKJIble MHOX€eCTBA, HO HE BHINYKJbIE TeJa.

2. PaccMOTpHM B NpPOCTPaHCTBe HeNpepbiBHBLIX (QyHKIHA Ha OT-
peske [a,b] MHOXeCTBO (yHKUHN, YAOBJETBOPAIOUIHX YCIOBHIO
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{f())] < 1. D70 MHOXeCTBO BHINYKJO; NeHCTBHTENBbHO, ecin
] <1 14|g(t)|<l'rorxpna+ﬁ—la,ﬁ>0
laf @) +pg@) ISa+p=1.

YnpaxHeHHe. [IpoBeputh, ABASCTCA JH 3TO MHOXKECTBO BBIHYKJBIM TEJIOM.

3. Eauununnit wap B Iy, T. €. COBOKYIHOCTb TAKHUX TOUEK X ==
= (X1, -, Xy +..), UTO Z ¥2<1, ectb BrinykJsOe Teno. Ero anpo

COCTOHT M3 TOYEK X, yAOBJETBOPSIOLHX YCIOBHIO > 2 <1
4. OcHopuoit napanienenunels Il B [ — BHITYKJIOE MHOMKECTBO,
HO He BLINyKJoe Tejo. B camoM fexe, mycts x € II; 3to o3Hauaer,
4T0 | X, | << 1/27! pais Bcex n=1, 2, ... [Tonoxum yo = (1, 1/2, ...
JA /. ). Ilyes x+tyo s, 1. e. |xn+ t/n| << 1/271; Torna

t t 1 1 1
2|<|at | H I <gm + g =
otryna ¢t =0, T. e. aapo MHoxKectBa II mycro.
Yrrpamneﬂnsi 1. ITycts (D—coaoxynﬂocn: TOUEK X == (X1, ...y, Xn, ...}

n3 lp, yLOBJETBOPAIOUINX YCJIOBHIO Z n x < 1. Hoxkasath, yro @ — BHOYKJO0E
MHOXECTBO, HO HE BBINYKJIOE€ TE€J0.

2. lokasaTb TO e camoe NJsi MHOXECTBAa TOYeK B lp, KaXjas U3 KOTOPHIX
BMEET JHIIb KOHEYHOE YHCNAO OTJIHYHBLIX OT HYJS KOOPAHHAT.

Ecin M — Bhinyk/aoe MHOXecTBO, TO ero sapo J(M) toxe Bh-
nykJao. JefictBurenbHo, nyctb ¥, y & J (M) u 2 = ax + By, «, p=0,
a-+p=1. Torna aas nanHoro a & L naitgyrcs Takue g >0
H ep >0, uro npu |H]<<e, |to]<<es TouRM x4 ta u y + ta
NpHHAaLJeXaT MHOXKeCTBY M, clefoBaTesNbHO, €My TPHHAINJIEKHUT
¥ Touka a(x + ta)+ B(y + ta) = 2z ta npu ltl < g == min (e, &),
T. e. 2z J(M).

YcTaHOBHM Caefyiolllee BaXKHOe CBOHCTBO BBINYKJILIX MHOMECTB.

Teopema 1. llepeceuernue 4106020 4UCAQ BLINYKALIX MHONECTS
€CTb BbINYKAOE MHONCECTSO.

HokasarteabctBo. Ilycth M = ﬂM u Bce M, — BbIIyK-

Anle MHOXectBa. IlycTh, nanee, x u y——nBe [POK3BOJIbHLEIE TOYKH
n3 M. Torna OTpe30K, COEAHHSIIOUWIHA TOYKH X H Y, NPHHAIJIEKHT
Kaxaomy M., a crenosatenbHo, 1 M. Takum o6pa3zom, M neficTeu-
TeJIbHO BHIMYKJIO.

3aMeTum, yTO nepeceqeﬂne BHINYKJBIX Tead (OyLy4YH BBITYKABIM
MHO)KeCTBOM) He 0693aHO ObITb Bb]ﬂyKJIbIM TenoM (npuBenHTe
npumep).

Haa HpOHSBOJIbHOI‘O MHOXKecTBa A B JMHEHHOM npocTpaHctse L
‘CyulecTByeT HaHMEHblllee BHLIYKJI0€ MHOMKECTBO, KOTOpPOE €ro Co-
AepxHT;, uM OyJeT mnepeceyeHHe BCEX BHINYKJbIX  MHOMKECTB, CO-
Jepxamux A (nmo xpaiiHelli Mepe OJHO BBIMYKJOE MHOMKECTBO,
conepxkamee A, cymecTByer — 3T0 Bce L). MuHHMaAbHOE BBHIYKIOE
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MHOXeCTBO, colepxamee A, Mbl Ha3oBeM 8uinykaoth 060404Kol
MHOX)ecTBa A,

PaccMoTpum ofiMH BaXKHBIH OpHMep BbINYKJAOH o6osoukd. Ilycrs
X1, X3, ..., Xn41 — TOUKH HEKOTOPOTO JIMHEHHOrO MpOCTpaHcTBa. Mm
CKaXXeM, YTO 3TH TOYKH HaXONATCA 6 obujem n0OA0XMeHUU, ecau

BEKTODH X2 — X, X3— X1, ...y Xn41 — X) JIMHENHO He3aBHCHMDbI, (STO
’ n+l n+l

PaBHOCHJILHO TOMY, UYTO H3 Zl Aix; =0 u Z A; =0 BbITEKAET, UTO

i= i=|
M=Xt= ... =hpt1=0). Brpinyksasg o6osouka TOUYEK X,
X9, ..., Xn4i, HaXOOAIUXCH B oOleM NOJOXEHHH, Ha3bIBaeTcs
n-MepHBIM CUMNAEKCOM, & CAMH TOYKH Xi, X3, ..., Xn4+1 — €TO Bep-
wrHaMd. HysbMepHBIH cUMO/eKC — 3TO ofHa Touka. OgHoMepHBbIit
CHMIJIEKC —— OTPE30K, JABYMEDHbIH — TPEYrOJbHHK, TDEXMEepHBIH —
TSTPasip.

Ecau TOukH Xxi, X2, ..., Xny1 HAXORATCS B OOUIEM MOJIOXKEHHH,
To JicObie k-4 1 u3 HUX (R <C ) Takxe HAXOAATCS B OOHIEM ITOJIO-
KEHHH H, CleJOBaTelbHO, MOPOKAAIOT HEKOTOPblHl R-MepHbIH CHM-
IJIEKC, Ha3blBaeMbill k-MepHOU epaHbli0 JAHHOTO N-MEPHOr0 CHM-
nnekca. Hampumep, TeTpasap ¢ BepUIMHAMH ey, €3, €3, €4 HMeer
yeThlpe JByMepHble TpaHH, OlpejlesaseMble COOTBETCTBEHHO TPOM-
KaMH BepIHH (ez,"es,e4), (er, e3, es), (e, eqxes), (e, eqe3), HECTb
OJHOMEPHBIX rpaHell U YeThlpe HYJbMEDHBIX.

Teopema 2. Cumnaexc ¢ sepuwuramu xy, X, ..., Xny1 €CTb
COBOKYNHOCTbL 8Cex TO4EK, KOTOpble MOXCHO npedcTasuts 8 sude
n+l n+l
x=kZlakxk, o, =0, kZiak=1- (1)

JdokasaTteabcTBO. Jlerko NMpoBepuTb, YTO COBOKYMHOCTb S
tTouek Buma (1) mpencraBasier cOG0H BHINTYKJO€ MHOXKECTBO, COAEP-
JKaulee TOYKH Xi, X2, ..., Xnt1. C APYrofi CTOPOHBI, BCAKOE BBITYK-
Jioe MHOMKECTBO, COJepaKallee 3TH TOUKH, JOJIKHO COLepXKartb
¥ Touku Buaa (1); ciaenoBarenbHO, S ABASETCS HAMMEHbIIHM Bbl-
NyK/JIBIM MHOXKECTBOM, COAEPKALIHM TOUKH X[, X2, ..., Xnil.

2. OpHOpOAHO-BBITYKIAbie (yHKUHOHANbL C TIOHATHEM BBINYK-
JIOTO MHOXEeCTBA TECHO CBSI3aHO BaXXHOE MOHSATHE OLHOPOIHO-BBHI-
nykjoro ¢yHxunonana. Ilycts L — meficTBUTENIbHOE JHHEAHOE mpo-
crpaHcTBo, OnpeneneHHsld Ha L QYHKUMOHANT p HAsblBaeTcs 6bi-
AYKAbIM, €CTH

plax+ (1 —a)y) <ap(x)+(1—a)p(y) 2
aas Bcex x, ye=L 1 0<ax L.

(DyHKLLHOHaJI P Ha3bIBAETCA nonooicure/zbuo-odnopodnbm, €CIH

plax)=uap(x) aas Bcex x&=L u Bcex a>0. (3)
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Jlas BLITYKJIOTO MOJOXKHTENbHO-OJHOPOAHOIO (GyHKIHOHAIA BHI-
QOJHEHO HEPaBEHCTBO:

px+y)<px)+p ). (2')

JleACTBHTENbHO
Pty =2p (F)<2(r(5)+r(£)=r@+r®.

Jlerko NOHATb, YTO ycaoBHe (2/) BMecte .c yciaoBHeM (3) obecme-
ypBaeT BHINYKJIOCTb (GyHKUHOHana p. ITosoxuTenbHO-OXHOPOAHBIA
BHINYKABIA (YHKUHOHAZ Mbl OyleM HasbiBaTh KOpoue GOHOPOOHO-
suinyKAbLM. YKaKeM HEKOTOPhle IIPOCTefiline CBOMCTBA ONHOPONHO-
Bbmymux (G YHKIMOHAJOB.

. Tlonaras B paBencree (3) x = 0, nonyyaem

p(0)=0. (4)
2. U3 (2') u (4) cnenyer, 4to
O0=px+(—x)<px)+p(—x) ana Bcex x&L.  (5)

3T0 HEpaBEHCTBO O3HAuaeT, B YaCTHOCTH, 4TOo ecaH p(x) << 0, to
obssatenbHo p(—x) > 0. Takum o6Gpa3oM, HeHyJeBOH OIHOPOLHO-
BHINYKJbIH (YHKIHOHAA MOXeT ObTb BCIOAY HEOTPHIATEeJeH, HO
ecan Bciony p(x) <0, To p(x)=0.

3. Ilpu nobom a

p (ax) = ap (x).

Ipu o >0 aro caeayer u3 (3), npu oo=0-—mu3 (4); ecau xe
a <0, To B cuay (5) noayuaem
0<<plax)+ p(lalx)=p(ax) +]alp(x),

p(ax) > —|a|p(x) = ap (x).

Mpumeps. 1. Beakuit auHeRHbl GYHKIMOHAN SBJAsieTCS, Oue-
BH/IHO, OJHOPOAHO-BHINYKJAbIM, OIHOPONHO-BLIMYKJILIM Gyoer u
dyukuuonan p(x) = |f(x)|, ecan f nuneew.

2. In1vHa BEKTOpa B N-MEPHOM EBKJHIOBOM NPOCTPAHCTBE €CTh
OHOPOJAHO-BHINYKJLIH (yHKLMOHAA. 3heck yciaoBue (2') o3Hauaer,
YTO AJIMHA CYyMMbI IBYX BEKTOPOB HE MPEBOCXOAMT CyMMbI HUX IJIHH
(nepaBencTBO TpeyrosbHHKa), a (3) HEMOCPEHNCTBEHHO CAEIAYET U3
onpeneneHus LJHHB BeKTopa B R™.

3. Ilycte m — npoCTPaHCTBO OTPaHHUYEHHBIX IOCHAEN0BaTENbHO-
cTell X = (X1, X2, ..., Xn,...). PYHKIHOHAJ

p(x)———sgplxnl

T. €.

= OZHOPOIHO-BLIMYKJI bIH.
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3. ®dyuxumonan Munkosckoro. I[lycte L — npoH3BoJbHOE JiH-
Helinoe mpoctpaHcTtBo H A — BbiyKJ0Oe Tedo B L, siIpo KOTOPOro
conepxut Touky 0. @yHKIHOHAN

pA(x)=inf{r: i:—EA,r>O} 6)

HasbBaeTcH (pynKyuonasom Murkosckoeo BeimyKJoro tena A.

Teopema 3. Dyuxyuonasr Munkosckoeo (6)— 0dHOpOOHO-
soinykabll u Heotpuyareavrsil. Obparno, ecau p(x)— npoussoss-
HbLiL 0OHOPOOHO-BLINYKALLE HEOTPULATEAbHbLE (YHKYUOHAA HA AU-
sednom npocrpancrgée L u R — noasoxcuresvroe uucao, 10

A={x: p(X) <<k} @

ecTo gbinyKaoe TeA0, AOGPOM KOTOPO20 CAYWUT mHOKecT8O {x:
p(x) << k} (codepacauee touky 0). Ecau 8 (7) k=1, 10 ucxoo-
Holl ynxyuonar p(x) ecro pyukyuonar Munkosckoeo daa A.

HJokxasarteabcTBo. Has Bcakoro x & L sjneMeHT X/r npu-
HaaaexuT A, ec/in r JOCTATOYHO BEJHMKO; NO3TOMY BeJHYHHA Py (X),
onpexneisiemasi paseHcrBoM (6), HeoTpuuartesbHa u KoHeuHa. Ilpo-
BEPUM TOJIOKHTEIbHYIO OXHOPOAHOCTh (yHKuHOHasa (6). Ecawm
t>0uy=tix, 10

paly)=inf{r > 0: y/reA}=ini{r > 0: Ix/res A} =

=inf{tr' > 0: x/reA}=tinf{r' >0: x[resd}=1ips(x). (8)
[posepuM BoiMyKaAOCTb pa(X). IIycts X1, Xo&< L n & >0 npous-
BOJIbHO. BuibepeM uucaa r; (i==1,2) raK, 4ato pa(x;) <ri <<
< pa(x;)+e; Torna x;/r; = A. TlonoxkuM r = ry - ry, TOrAA TOUKA
(X1 + x2)/r = rixi/(rr1) 4 raxe/(rre) TPHHALJAEKHUT OTPE3Ky C KOH-

HaMH Xi/r; B Xo/re. B cuiy Beimykjaoctd A 3TOT OTPe30K, a 3HAUHMT,
H Touka (X -+ Xxg)/r npunannexar A, oTkyna

Palei + x)<r=r 1y < palx) + palxo) + 2e.
Tak Kax ¢ > 0 31ecb NPOH3BOJBHO, TO
pa(x1 4 x2) < pa(x)) + palxo).

CaefoBatebHo, pga(x) ynosaerBopser yciaosuam (2) u (3), a no-
'TOMY 3TO — HEOTPHUATE/bHbIH OXHOPOAHO-BBINYKJbL (YHKUHOHAI.

Paccmorpum Teneps MmuoxectBo (7). Eciu xyeE4 u o4
+8=10a =010

plax +By) <ap (x) + Bp (9) <&,
1. e. A Bunykso. Janee, nyctb p(x) <<k, t >0 u y= L, torna
p(xx=ty) <px)+itp(£y).
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Ecan p(—y)=p(y) =0, 10 x =ty = A npu Bcex t; ecau XKe X0TA
6bl ONIHO M3 HEOTPHUATEJNbHBIX 4HCea p(y), p(—y) oranuno ot 0,
10 X £ ty=A npu
k—p(x)
< Taxlr @, P (=91

HenocpencTBenHo W3 BBeEHHBIX ONpPENeNeHHil SICHO, YTO p Cay-
KHUT QYHKUHOHAJOM MHHKOBCKOro s MHoxecTBa {x: p(x)=<C I}
Urak, BBenss noustHe QyHKHHOHANA MUHKOBCKOrO, Mbl yCTaHO-
BHJH COOTBETCTBHE MEXKJY HEOTPHUATEJIbHBIMH OLHOPOXHO-BBINYK-
JBIMH QYHKIHOHAJAAaMU H BBIIYKJABLIMH TeJaMH C SIIPOM, COIepKa-
muM Touky 0. ’
[Mpumeps. 1. [Ipu A = L umeem, OYeBUIHO,

PL (x) =().
2. Ilycrb A — map ¢ uenrpom 0 u paguycom r B R» Torza
pa(x)=Ixl/r,

tie || x|l — nnuna BekTOpa X.
3. Ilyerb A — «cnofi» —1 << x; << 1 B mpocrpaHcTBe [l nocue-
JOBaTeJbHOCTEN X == (X1, X2,...,%n,...). TOTAA

palx)=|x |

Sameuanus 1. MHorna yno6Ho paccmMaTtpuBath OJHOPOMAHO-
BBINyKAble (YHKLHOHAJB, KOTOPble MOTYT NPUHHMATbh He TOJbKO
KOHeuHble 3HAYEHHS, HO U 3HaueHue —+oo (HO He —oo). Torma us
pasenctBa p(ox)==ap(x) (rae a > 0) caenyer, uro p(0) =0 nau
p(0)= oo. Jlerko npoBepuTb, YTO B 3TOM HNOCAEIHEeM CJydae
'MOXHO, He Hapywasi OXHOPOZHOH BBINYKJIOCTH (YHKUHOHAJNA, H3-
MEHHTb ero 3HaueHHe B OAHOH Touke, mojoxuB p(0)=0 BMmecTO
p(0) = +oco. Tak o6bluHO H AenAIOT.

Eciau p(x)— OLHOPOXHO-BHIOYK/BIH, HO He 06si3aTeJbHO KOHed-
s, QyHkuuoHana, to A = {x: p(x) << k} ecTb BBHINYKJIOE MHOXe-
CTBO, HO He 00d3aTesabHO BhIyKJAoe Tenao. O6partHo, ecnn A — mpo-
H3BOJbHOE BEHITYKJAOE MHOXKECTBO, coiaepxauiee Touky 0, To A7d
Hero MOXKHO onpeneautb ¢yHkuuoHas MuHKoBcKoro Gopmy.oi
(6), HO TIpH 3TOM NpuUAETCH AN r AONYCKATb H 3HaueHWe oo,

2. Ecan pi(x) n pe(x)— ONHOPOIHO-BHITIYKJIbIE (DYHKIHMOHAJLL,
TO TakOBbl XKe py(x)4 p2(x) u ap;(x) npu a > 0. danee, ecau
.»{ps(x)}ses — MPOH3BOJILHOE CeMelCTBO ONHOPOAHO-BBIMYKJBIX QYHK-
UMOHAJOB, TO TAKOB B QYHKUHOHAJ p(x) = sup ps(x). B wactHocTH,

seES

BepxHas rpaib  p(x)=supf,(x) m0GOro HEMycToro MHOXKECTBA
sES

JHHeHHbIX PYHKIHOHAMOB Ha L ecTh OXHOPOAHO-BHIMYKIbI (YHKIHO-
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HaJ. Bocnoab3oBasunch teopeMoii XaHa — Banaxa, Jlerko nokasarb,.
YTO TaK MOXHO NpPeACTABHTb BCAKHI (KOHEUHbIH) ONHOPOAHO-BBITYK~
JIBIY (DYHKIIHOHAJL.

YnpaxHuenne MHoxecTBo A B JHHeAHOM npocTpancTBe L Ha3biBaeTcs
nozAowAOWUM, €cu  JIasi BcsSkoro X & L cywectByer Takoe o > (), uroe
x = AA nas Bcex A = o. JlokasaTh, YTO BHINYKJA0E MHOXECTBO A — NOMJIOLLAOLIEE-
B TOM M TOJIbKO TOM CJIyuae, eCJIH €ro fApo colepxut Touxy O.

4. Teopema Xana — Banaxa. Ilycts L — nelicTBHTE/NbHOE JIH~
HeilHOe INPOCTPAHCTBO H Lo-— HEKOTOpPOe €ro NOANPOCTPaHCTBO.
Ilyctb, nanee, Ha noAnpocTpaHcTBe Lo 3aaH HEKOTOPHIH JHHEHHBIR
dynkuuonan fo. JIunelinblli GyHKuMOHAT [, ONpe/leJIeHHbIH HAa BCEM
npocrpaHcTBe L, HasbiBaercsi npodoadxcernues HyHKuuoHana fo, ecnm

[ (x)=7Fo(x) maa Bcex x  L,.

!
3ajaua 0 NPOMOJKEHHH JHHEHHOro (YHKIMOHATa YacTto BCTpe-

yaercss B aHajau3e. OCHOBHYIO POJb BO BCEM 3TOM Kpyre BONPOCOB:
Urpaer crelylollasi TeopeMa.

Teopema 4 (Xan—bawnax). ITycre p— 00Hopodro-sbinyx-
avtl ynxyuonanr, onpederennvili Ha OeliCTBUTEAbHOM AUHELHOM
npoctparcrge L, u nycre Lo— aunetinoe nodnpocrpancréo 8 L.
Ecau fo— auneiinoud pynkyuonas na Lo, noduunennsill na Ly ¢pymx—
yuonany p(x), 1. e. ecau Ha Ly

fox) < p(x), (9

70 fo modcer GviTo npodorscen 0o aurelinoeo gynkyuonara f na L,
nod4urennoeo p(x) na ecem L.

HJoxaszarenbcrtBo. Ilokaxem, uto ecan Lo L, To dyHK-
nuoHan f, MOXHO IPONO/MIXKHTb ¢ Ly Ha HeKoTOpoe GoJbliee MOA-
npocrpaHcTBo L’ ¢ coxpaHenueM ycaosus (9). IelictBurensho,,
NyCTb Z— IIPOU3BOJIbHBIA 3JeMeHT U3 L, He npuvamnexawmui Lo,
H nyctb L’— moammpoctpaHcTBo, nopoxkneHHoe Lo u 2. Kaxabik
sjieMeHT M3 L’ uMeer Bun 2+ x, rle x € L.

Ecau f/ — nckomoe npopomkenue byukuuonana fo va L', 1o

'tz + x) =1tf" (&) + fo (%),
HJIH, €CJIH MOJOXKHTD [/ (2) = ¢,
[ (tz 4 x) =tc + [o (x).

Tenepp BeiGepeM ¢ Tak, yToGbl COXpaHHTh Ha L’ ycjaoBue nogyuHe-
Hus (9), T.e. Tak, 4ToGbl NPU BCeX X & Ly W Bcex AeACTBHTENLHBIX
t BBHINOJHAJOCHL HepaBeHCTBO fo(Xx)+fc << p(x+t2). Ilpu > G
OHO PaBHOCHJILHO YCJIOBHIO

fo(£)+e<p($+2), nm e<p(F+2)—f(F).
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a npu t << 0— ycaosuio

fo(—):')+c>—l’(—-;i~—z),

> (=52~ (3).

flokakeM, 4TO BCErfa CYLIECTBYET YHCJO C, YAOBAETBOPSIONIEE ITHM
gsym ycaosuaM. Ilyers y” u y”/ —mpousBosibHbIE 37eMeHTBl U3 Lo.

Torna , ,
—fo)+ply"+2d=—foy)—p(—y —2). (10)
3’1‘0 BbITE€KAaeT U3 HepaBeHCTBa

fo—FW)<ply" —y)=p(y"+2)— (¥ + )<
<py +2)+p(—y —2).

I

flosoxuMm
"= i;l,,f (=f@+pW +2), = sup (=) —p(—y —2).

Y3 (10 B cuay npoussBosbHOCTH ¥ M y” caenyer, uto ¢” = ¢’. Bl
GpaB ¢ TaK, uTo ¢’ = ¢ = ¢/, onpenenum dynkuuonan [ ua L’

dopmyanon ["(tz + x)=tc + fo(x).

2rtor QyHKUMOHAN YIOBJETBOPAET YCJNOBHIO MOAYHHeHHA (9).

Wrtak, Mbl MOKa3aJy, 4TO ec/iM QYHKIUUOHAN fo ompelesed Ha He-
&OTOpOM moAanpocrpaicTBe Lo = L u ynosnerBopsier Ha Lo ycio-
80 (9), T0 fo MOXKHO NPOLO/IKHUTb C COXPAHEHHEM 3TOFO YCJOBUS
#Ha HexoTopoe GoJbliee MOANpocTpaHcTBo L.

Eciu B L MOXHO BBHIGPAaTb CUETHYIO CHCTEMY 3JIEMEHTOB X,
Xo, ..., Xn, ..., NOpOXKAatOmyIo Bce L, To dyuxuuonan Ha L cTpoum
110 WHAYKIUH, paccMaTpUBasi BO3PacCTAIOILyIO LEMOYKY MHOAMNPOCT-
PaHcTB

LV ={L,, x}, L®={L", x5}, ...

{3necy {L®, xp1} 03HAUaeT MHHHMAJbHOE JIHHEHHOE MONIPOCTPaH-
<TBO B L, comepxainee L® u xp4y). Toraa xaxabiil sjeMeHT x & L
BOiiaeT B HeKoTopoe L® u, cienosarenpHo, QyHKIHOHAA OYHET [1PO-
Aoaxed Ha Bece L.

B of6umem cayuae (T. e. KOraa CYETHOrO MHOXKECTBA, MOPOK/IAai0-
dero L, e cyulecTByeT) A0Ka3aTedbCTBO 3aKaHUHBAETCA lpUMeHe-
HueM siemMbl LlopHa. COBOKYNHOCTb §§ BCEBO3MOMKHBIX MpPOJOJNKE-
#HUA QyHKuHOHaNA fg, YAOBIETBOPAIOUIMX YCJAOBHIO moxuuHenus (9),
YaCTHYHO yNoOpsALOYEeHa, W Kaxkaoe ee JHHEHHO ynopsmoueHHoe
AIOAMHOXKECTBO o 06/safKaeT BepxHel TpaHbio; 3TOH BepxHel



136 HOPMHPOBAHHBIE B TOTIOJIOTUUYECKWE TIPOCTPAHCTBA ML 117

TPaHbI0 CAYKHUT QYHKUHOHAJ, OUpeleeHHBH Ha 0O0beAHHEeHHH 06-
Jacreif onpefeneHuss OGyHruuoHaaoB [ T, M coBnaLAOILHUI
C KaXIbM TakuM [’ Ha ero obaact# onpelenenus. B cuny memmut
llopua Bo BceM § cymecTByer MaKCHMaJjbHbIE 3JeMeHT f. Dtor
MaKCHMaJbHbIA 3/JE€MEHT [ W npejcTaBlisieT cOG0H HCKOMBIH (yHK-
unoHas. [leficTBHUTENbHO, OH SIB/ASIETCS NPOMOIKEHHEM HCXOLHOTO:
(¢ynxkunoHana fo, yaoBsierBopsieT ycaoBHio (9) Ha cBoell ob.aacrtu
ONpe/eNieHnsl H 3aJaH Ha BceM L, TaK Kak WHaue Mbl NPOMOJIKHIIN
Obl ero ONMKHCAHHBIM Bblllle CIOCOGOM C-TOrO COGCTBEHHOrO IOANPO-
CTPAHCTBA, HAa KOTOPOM OH OnpejeJeH, Ha GOabluee NOANPOCTPaH-
CTBO, U [ He Gbli 6Bl MAKCHMAaJIbHBIM.

Teopema noxasaHa.

[TpuBenem emie KOMILIEKCHBbIH BapHaHT TeopeMnl XaHa — Ba-
Haxa.

Heorpunarenbublit GyHKIMOHAS p H2a KOMNJEKCHOM JIHHE-
HOM IIpoCTpaHcTBe L Ha3biBaeTcs OOHOPOOHO-8bINYKALIM, €CIH IS
BCeX X, y & L n Bcex KOMIJIEKCHBIX YHCEN A

px+y)<p)+p®,
p(Ax)=|A|p(x).
Teopema 4a. ITycre p— odropodro-evinykabili Gynxyuonan
HQ KOMNAEKCHOM AunedHom npocTpauctsée L, a [o— aunednoud

pynkyuonan, onpedesenHbili Ha HEKOTOPOM AUHEUHOM noOnpPoOCT-
pancrge Lo L u yoosaersoparowyull Ha HeM YCca08UIO

to®)I<p(x), x&Lo

Toeda cyujecreyer auneiinvid yukyuonar f, onpederennviii Ha
scem L u ydosaereoparouuti ycaosusm

'f(x)lgp(x)» XEL, f(x)=f0(x)a ‘xELO-

HokaszarteabcTBo. O6Go3Hauum uepe3 Lr u Log mpocTpan-
crBa L u Ly, paccmarpuBaeMble KaK NefCTBHTEJIbHbBIE JHHEHHbIE
NpOCTPaHCTBA. $ICHO, YTO P — OZHOPORHO-BHINYKJbLIH (GYHKIMOHA
Ha Lg, a for(x) = Refo(x)— meficTBHTeIbHBIA JHHERHBIH QYHKIHO-
Hajl Ha Lggr, YAOBJIETBOPSIIOUIHI YCJIOBUIO

[ for () 1< p (x)
for (%) < p (x).

B cnay TeopeMel 4 cyliecTByeT AEHCTBHUTENbHBIA JHHEHHBIH (yHK-
LHOHAJ fr, ONpeleneHHBI HA BCeM Lp H yHOBJIETBOPSIOIHI yCI0-

BHSIM
fr(x) <p(x), r& La(=1),
frR®)=Tfr(x), x&Log(=Ly):

H, TeéM 60Jee, YCAOBHIO
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dcno, ut0 —fr(x) = fr(—x) << p(—x) =p(x), TaKk utO
[fr(®)I<p), xe&Lp(=L). (11)
OnpeneanM pynkuuonan f va L, monarast

[ (%) =g (x) — if g (ix)
{34ecb Mpl I0Jb3yeMcsi TeM, YTO L-—KOMTUJeKCHOe JHHeHHOoe
fIpOCTPAHCTBO, TAK UYTO B HEM ONPEIENeHO YMHOXKEHHE Ha KOM-
-TAeKCHble yucsa). HemocpeacrBeHHasi mpoBepKa TOKa3biBaeT, YTO
J — KOMIJICKCHBIH JIHHEHHBIH (YHKIMOHAX Ha L, npuuem

f)=F(x) mpu xelL,,
Ref(x)=fz(x) npu xeL.

Ocranocy nokasate, uto |f(x)|<< p(x) mas Becex xe L. [o-
flyCTHM NIPOTHBHOE; TOTZa JJISL HEKOTOPOro Xo & L umeem |f(xp) | >
> p(xo). IlpencraBum xoMmmyekcHoe yucao f(Xp) B Bume [ (x)=
=pe®®, rae p > 0, ¥ noJoXHM yg=e~%x,. Toraa fp(yo) =Ref (y)=
=Re[e™*f (x))|=0 > p(xo) =p(yo), uto mpoTHBOpeunr ycio-
suio (11).

Teopema noxasana.

Ynpaxuenue Ilokaxure, UTO yc/a0BHe KOHEYHOCTH (YHKUHOHANa p
8 TeopeMe Xana — BaHaxa MOXHO ONyCTHT.

5. OTAeAHMOCTb BHINYKJAbIX MHOXECTB B_JUHEHHOM NPOCTpPaH-
crBe. Ilycte L — neficTBHTeNbHOE JHHelHOe npocTpaHcTBOo, a M
# N — nBa ero moamuoxecra. ['0BOpST, uTO onpeneneHdnit Ha L
JuHeinbii GyHkuMoHan f pasdesser 3TH MHOXKECTBA, €CJH Cylile-
CTBYeT Takoe uucio C, uto

fx)=C mpu x=M n f(x)KC mnpu x& N,

T. €. eCIU
inf f(x) = sup f(x).
=M xe N

DyHKIHOHAM [ HA3bIBAGTCA CTPO2O paA30eAstOUUM MHOXKECTBA
M u N, eciu BBINIONIHEHO CTPOrOe HEPaBEHCTBO

inf f(x) > sup f(x).
x=M xe=N

Cuaenyouine JBa YTBEPXKAEHHS HEMOCPENCTBEHHO BHITEKAIOT H3
OnpeneNeHUsi pasgeSHMOCTH.

1) Jiunefinmit Qynkuuonaa f pasmensier muHoxecrsa M u N
B TOM H TOJbKO TOM CJydYae, KOrJa OH pasfieaseT MHOMXeCTBa
M—N u {0} (1. e. MHOKECTBA BCeX 3JEMEHTOB BHAA X — Y, I'le
xeM, y= M, u touky 0).

2) Jlunefinnifi dyHrunoHan [ pasmensier muHoxecrea M u N
B TOM u TONBKO TOM CJyuae, KOTAa NMpPH KaxAOM x & L ou pasfe-
Jisier MHoxkectBa M —x u N — x.
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U3 Teopemm XaHa — bBanaxa Jerko noayuaercs chaelywlias
TeopeMa 06 OTAETMMOCTH BHINYKJBIX MHOXECTB B JIMHEAHOM MpO-
CTPaHCTBE, HMeIollas MHOTOYHC/IEHHbIC IPHMEHEHHS.

Teopewma 5. Hycrb M u N — soinykavie muosxecrsa 8 Oeli-
CTBUTEAbHOM AUHelHOM RpocTpancT@e L, npuuem a0po xoTs 6ok
001020 u3 Hux, ckamem M, He nycTo u He nepeceKkaeTca ¢ Opyaum:
nrosxcecreom. Toeda cyujecTeyer Henyresoli sunelinbll pynKyuoHar:
Ha L, pasfeassrowui M u N.

JdokaszaTteabctso. bes OrpaHHueHHsl OGUIHOCTH MOXHO CUH-

Tath, 4T0 TOYKa 0 mpuHaanexut saapy M MmuoxectBa M. (Muaue:

O
MBI paccMoTpenu Ob MHOXKecTBa M —Xxp u N—xp, rie xp=M.)
[lycte yo= N, Torma Touka —yo JIPHHALNERHUT AAPY MHOKECTBA:

M—N, a 0 npuHALJIEXKHT AAPY K wmuoxectsa K = M — N + Yo-
Tak kak M N = <, 10 0 He NpUHARAEKHUT JApY M—Nuy& K.
ITycts p — dyHKUHOHAA MHHKOBCKOTO A/ K. Torna p(yo) =1, no-
CKOJIbKY yo¢I€' . Bemem suHefinbii GyHKIHOHAN

fo (ayo) = ap (o).

On onpeneneH Ha OAHOMEPHOM IIPOCTPAHCTBE, COCTOAILEM U3 3Jje-
MEHTOB BHIA alYo, H YAOBJETBOPSAET YCJOBHIO

fo(ayo) < p (ayy),

IOCKOJIbKY p(ayoe) =ap(yo) npu a =0, u fo(aye) = afo(yo) < 0 <<
< p(aye) npu o << 0. Ilo Teopeme Xana — bBanaxa ¢yuxuuonai fo
MOXHO TPONONKHTb JO JHHEHHOro QyHKUHoHasda f, OnpeseseHHOro-
Ha BceM L u ynosaersopsiowero Ha L ycaosuo f(y) << p(y). Otcio-
na caenyet, uto f(y)<<1 npu y= K u B 10 Xe BpeMs f(yo) = 1.
Takum o6pasoM, | pasnensier muoxkectBa K u {yo}, a caenosatennp-
1}1‘/(4), pras,uenﬁeT M—N un {0}; no Toraa f pasmensier MHOXeCTBa

uN.

Teopema jokasaHa.

§ 3. HopmupoBaHHble MpoOCTPaHCTBA

B raase Il Mbl 3anuManuck TONOJOTHYECKHMH M, B YACTHOCTH,
METPHUYECKHMH IIPOCTPAHCTBAMH, T. €. MHOXECTBAMH, B KOTOPHIX:
BBEJEHO, TEM HWJH HHBIM CcrocoO0M, NOHSITHEe OJH30CTH 3JIeMEHTOB,.
a B NpeAbIAYIiHX naparpadax RaHHOH TJIaBbl Mbl HMEJH JeJ0 C JIH--
. HeH#HBIMM NpocTpaHcTBaMHU. Jlo CHX NOp Kaxkaoe M3 3THX MOHATHIR
crosiio ocoGHsikoM. OAHaKo B anaJji3e NPUXOAWUTCS HMETb LeJ0 C
MPOCTPAHCTBAMH, B KOTOPhIX BBeJleHbl KaK onepaliy CIOKEHHA e~
MEHTOB M YMHOXEHMS MX Ha 4YHcJa, TaK H HeKoTopas TOIOJIOTHS,.
T. €. paccMaTpuBaTth TaK Ha3bIBAeMble TOMOJIOTHYECKHE J H~
HellHBHenpoctpaHncTsa Cpeay NMociefHnx BakHHH Kaace 06~
pasyloT HOPMHDPOBaHHbIe npocTpauncTsa, Teopua sTHX
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fIpOCTPAHCTB Obla passuta B paborax C. Bamaxa u psama npyrux
.ABTOPOB.

1. Onpenenenne H mMpHMepbl HOPMHPOBAHHLIX NMPOCTPAHCTB.

Onpenenenne l. [lycte L — nuneitnoe npocrpancrso. OnHo-
POMHO-BLIYKBIA QYHKUHOHAN p, Onpefe/eHHb Ha L, Ha3biBaeTCs
HOPpMOL, eCIIH OH YLOBJETBOPSET CJIEIYIOLUM JOTOJHUTEbHBIM YC-
JIOBUAM (IIOMHMO BBIITYKJIOCTH)

1) p(x)=0 tonbko mpu x = 0,

2) p(ax)=|a|p(x) nas Bcex a.

Takum o6pa3om, BcnOMHUHAs onpeleseHus u3 1. 2 § 2, Mbl Mo-
JKeM CKasaTb, UTO HOPMO#l B L naspiBaerca QyHKIHOHAJ, YAOBJIETBO-
pmoumu CIeNYIOUHM TPeM YCJIOBUSIM:

1) p(x) =0, npudem p(x) =0 Tonbko npu ¥ = 0,

2) pxt o)< p(x)+py), x, y=L,

3) p(ax)=|a|p(x), KakOBO Gbl HH GBLIO YHCJIO O.

Onpenenenue 2. Jlnunelinoe npocrpauctso L, B KoTopoMm 3a-
JlaHa HEKOTOpasi HOpMa, Mbl HAa30BeM HOPMUPOBAHHOIM NPOCTPAH-
ctgom. Hopmy asnemenra xeL wmb OyzeMm 0603HauaTb CHMBO-
Jiom |[|xfl.

Bcsikoe HOpMHUPOBaHHOE NPOCTPAHCTBO CTAHOBUTCS METPHUECKHM
iIIpo(ZTpaHCTBOM ec/Ii BBECTH B HeM PacCTOSTHHe

p(x, Yy=lx—yl.

<CnpaBellIIBOCT aKCHOM METPHYECKOr0 NPOCTPAHCTBA TOTYAC XKe
soiTekaer u3 cBoficTB 1)—3) Hopmel. Ha HOpMHpOBaHHBIE mpo-
CTPAaHCTBA IEPEHOCATCS, TAKHM 06pa3oM, Bce Te MOHATHA H DaKThl,
WKOTOpBle GOBbLIM H3J0XKeHbl B M. Il 1l MeTpHYecKHX NMpOCTPAHCTB.

[Tonnoe HOpMHpPOBAaHHOE MPOCTPAHCTBO HA3bIBAeTCA 6AHAXOBbIM
£NPOCTPAHCTBOM HIIH, KOpoue, B-npocrpancreon.

[Tpumepn HOPMHPOBAHHBIX MPOCTpaHcTB. MHorue
W3 NPOCTPAHCTB, paccMaTpuBasiuuxcst B ri. 11 B kKauectse npuMepos
Merpuueckux (a B § | naHHOH ry1aBbl — JIHHeNHBIX) NPOCTPAHCTB,
8 JeHCTBHTENBHOCTH MOTYT ObITh HaJeNeHbl €CTECTBEHHOH CTPYKTY-
;poﬁ HOPMHPOBAHHOTO NPOCTPAHCTBA.

. Tlpsamas nuuus R! craHOBHTCS HOPMHPOBAHHBIM TNPOCTPaH-

(:TBOM ecan Aas Besikoro uncsa x¥ & R! momoxwuts |lx||=|x].
9. Ecau B LeHCTBUTEbHOM n-MepHOM npocrpanctee R” ¢ aJe-
MeHTaMHu X = (Xi, X2, ..., Xn) TIOJIOXKHTb

1=/ 51 (m

“TO BCe aKCHOMBI HOPMBI OYAYT BHINOJAHeHB. PopMysa

p (s, ) =llx—yl=A/ 3 (e — ol
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onpenensier B R” Ty camyio MeTpHKY, KOTOPYIO Mbl B 3TOM Ipo-
CTPAHCTBE yXKe pacCMaTpPHBAJIH.
B sTOM Xe nuHeHHOM NMpOCTpaHCTBE MOXHO BBECTH HOPMY

Ixl= X1 %I @
HAH HOPMY
el = max | x| (3)

Stu HOpMH ompenensioT B R® MeTpHKH, KOTOpble MBl paccMaTpH-
Banu B npumepax 4 u 5 n. 1 § 1 ra. 1. I1posepka Toro, yto B Ka-
XKJIOM H3 3THX CJ1yuyaeB aKCHOMB HOPMBI J€HCTBUTENbHO BBINOJHEHBI,
He coCTaBJ/isieT TPyAa. ;
B koMniekCcHOM n-MepHOM mnpoctpaHctBe C" MOXHO BBeCTH

HOpMY
Ixl=4/ k;lxk B,

uan o6y u3 HopM (2) nan (3).
3. B npoerpancree Cla, b] nenpepuBHbIX GYHKUNA Ha OTpe3Ke
[a, b] onpenenum HOpMYy dopMyJoH

M= max, L@ 4y

CooTBeTCTBYIOUlEE PACCTOSIHHE YXK€ pacCMaTPHBaJOCh B nphMepe 6
n.1§1rall

4. Ilyctb m — npOCTPAHCTBO OTPaHHYEHHBIX YHCJIOBHIX NOCJEN0-
BaTesbHOCTER X = (Xy, X2, ..., Xn, ...). JIOJAOXKHM

Wxll=sup]x,|. ()

VYeaosust 1)—3) onpeneneHnuss HOPMBL 31€Cb, OUEBHIHO, BHIIOJIHEHbI.
MertpuKka, KoTopas MHAyLHpyeTcs B M 3TOH HOpMOH, coBmajgaer
¢ TOH, KOTOpPYy®0 Mbl yxe paccmarpuBaau (ra. II, § 1, n. 1, mpn-
Mep 9).

2. MoanpocTpaHcTBa HOPMHPOBAHHOTO MPOCTpancTBa. Mul onpe-
AeJHAN NOANPOCTPAHCTBO JMHERHOTO npocTpaHcTBa L (He cHa6xeH-
HOrO KaKoH-JH60 ToIoJoruefl) Kak Hemycroe MHOXKecTBo Lo, o6Jsia-
jamolliee TeM CBOHCTBOM, 4TO e€ciH X, ye L, 10 ax 4 By <= L.
B HOpPMHpPOBaHHOM NPOCTPAHCTBe OCHOBHON HHTEpEC NPeACTaBJASIOT
3aMKHYTble NUHeHHble MOANPOCTPAHCTBA, T. €. NOANPOCTPAHCTBA, CO-
JlepaKallye Bce CBOM INpefiesbHble TOYKH. B KOHEUHOMEpPHOM HOPMH-
POBAHHOM MpPOCTPAHCTBE BCSKOe MOANPOCTPAHCTBO aBTOMATHYECKH
3aMKHyTo (HOKaxurte 3to!). B GeckoHeuHOMEDHOM cCi/ydae 3TO He
tak.. Hanpumep, B npoctpancrBe Cla, b] HenpepbiBHBIX (PYHKIHH €
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HopMO#t (4) MHOrou/eHn o6pasyloT NOANPOCTPAHCTBO, HO He 3aMK-
uyrtoe ).
- Jlpyrofi npumep: B NpPOCTPAHCTBE M OrPaHHYEHHBIX NOCJEN0BA-
TeJBHOCTEH TMOC/AeI0BATENBHOCTH, COAEPIKaUIHe JIHIIb KOHEYHOE
YHUCJIO0 OTJIMYHBIX OT HYJSA 4jeHOB, 00pa3yioT noanpocrpauncrso. On-
HAKO OHO He 3aMKHYTO mo HopMe (5): B ero 3aMbIKaHHM COAEp-
HUTCH, HaNpuUMep, mocjenoBareabnocts (1, 1/2, ..., 1/n, ...).

Kak npaBuio, Mb GyreM paccMaTpuBaTb TOJbKO 3aMKHYTble
NOATPOCTPAHCTBA, IIO3TOMY €CTECTBEHHO H3MEHHTb TEPMUHOJOrHUIO,
Koropas 6ulia ycranosaena B § 1. ITodnpocTparncreom HopMupoBaH-
HOTO NPOCTPAHCTBA MHlI Gy/ieM Ha3bIBaThb TeNEpb TOJbKO 3AMKHYTOE
NOJNPOCTPAHCTBO; B YACTHOCTH, NOANPOCTPAHCTBOM, MOPOMKIEHHBIM
JIAHHOH CHCTEMOH 3/71eMeHTOB {¥,}, Mbl GyneM Ha3biBaTb HAHMEHb-
1ee 3aMKHYTOE NOANPOCTPAHCTBO, coiepxkaiiee {X,}. Mbl Oynem
FOBOPHTb O HEM, KaK O AUHEUHOM 3QMbIKAHUL CHCTEMB {x,}. CoBo-
KYIIHOCTb 3JieMeHTOB (He 006si3aTesIbHO 3aMKHYTYI0), COAepKaullyio
BMECTE ¢ ¥ M Yy HX NPOH3BOJbLHYIO JHHeHHYI0 KoMGuHanHio ax + By,
6yneM HasbiBaTb AUHEUHbIM MHO20006pa3uen.

CucreMy 3J1€eMEHTOB, JieXalllyl0 B HOPMHPOBAHHOM NPOCTPaHCTBE
E, mpt GyaeM Ha3biBaThb NOAHOW, eCcH NMOPOXKAEHHOE el0 (3aMKHY-
Toe!) moampocTpaHcTBo ecTb Bce E. Hampumep, B cuay TteopeMmbl
BeiiepiiTpacca COBOKYNHOCTb Bcex GyHkumii 1, £, 2, ..., (", ...
noJiHa B IIPOCTPaHCTBe HemnpepuiBHBIX QyHkuuit Cla, b].

3. dakrop-npocTpancTBa HOPMHpPOBaHHOro npocrpancrsa. [Iycts
R — HopMupoBanHOe npocTpaHcTBo H M — HekoTOpOe ero MoRmpo-
crpanctBo. Paccmorpum dakrop-npocrpanctBo P = R/M. B coor-
BETCTBHH CO CKasaHHbiM B n. 4 § 1 3710l raasst P ectbh JuHeRHOE
npocrpanctBo. OnpenesuM B HEM HOPMY, NOJOXKHB JJS1 KaXAO0ro
KJl1acca CMeXHOCTH §

& ll== inf | x|. (6)
xel

IlokaxkeM, 4TO NMpH 3TOM BHINOJHEHbH CHOPMYJHpOBaHHLE B 1. |
axcHoMbl HODMHPOBAHHOTO NPOCTpaHcTBa. $lcHO, uTo Beerna J&ll = 0.
Ecan & — nynepoil anement ¢axrtop-npocrpaucrBa P (1. e. & coB-
nagaer ¢ noampocTpancTBoM M), TO B KayecTBe X &€ Ey MOXKHO
B3SITH HyJb NPOCTpaHcTBa R, M Toraa noayuaem, uto ||&l = 0. O6-
paruo, ecan || €]l = 0, To u3 onpenenenns nHopmsl (6) ciaeayer cyuie-
CTBOBaHHe B KJaacce § NOC/eN0BaTeNbHOCTH, CXOAsILeHcH K HYJIO.
Ho tax kak M 3aMKHYTO, TO 3aMKHYT M KaX[blil KJ1aCC CMEXKHOCTH,
3Hauut, 0 =&, a 510 o3Hayaer, uto £ =M, T. e. £ ecTb HYyJIeBOH
anement B P. Hrak, | E=0 u ||E]|l=0 numsp Torpa, kKorga E—
HyJb npocrpaHcrsa P.

') B cnay teopeMn BefiepmTpacca, rnacsumeli, uTO BeAKas HenpepaiBHAs
OyHKIHA Ha OTpe3Ke ecTb Npeles PaBHOMEDHO CXOISAIMENCS NOCAeL0BATENbHOCTH

l(HOl‘bO]‘IJIEHOB, 3aMblKaHH€ INOANPDOCTPAHCTBA MHOTOYJNIEHOB B C[a, b] €CTb BCE
a’
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Hanee, nas BcAKOro x & R 1 BCAKOTO o HMeeM
lex|=lal-llx.
Bepa B o6eux 9acTsx 3TOrO paBeHCTBa HUXKHIOK IDaHb IO ¥ <,
noJryyaem ‘
llagll= lal-NE.
Haxonern, nyctb E, nEP uxstg, y=1n. Toraa

IE+nil<lix+yislixli+Hlyl.

beps B mpaBofi 4acTH 3TOr0 HEePaBeHCTBA HUXKHIOI IpaHb MO BCEM
X € §, y 1, noayyaem, 4yTo

E+nl<IEN+ I

Hrak, Bce akKCHOMBl HOPMUDOBAHHOrO MPOCTPaHCTBa Ajs P BuimoJ-
Hennl. Ilokakem Teneps, uto eciu R mosano, To u P = R/M noauo.
HeficrButenbHo, cormacHo (6) nas kaxporo & e R/M uaipercs
TaKOH 3JeMeHT X & §, uTo

1
HEEIPT

IMycte {En} — dynnameHTanbuas nocienoBatenphocts B P. Ilepe-
X045, €CJAH HYXHO, K IOATOCAeNOBaTEJbHOCTH, MOXHO CUHTATb,
430 Pl

21t — &l

cxonntes. Jlo6asue kK {En} ewe Eo— Hy/1eBOM 3JieMEHT MPOCTpaH-
ctBa P, —BbibepeM Xp E Enp1—E&n (n =0, 1, 2, ...) 12K, uTO

Vener — Eall >l 54

o0
Torna psn Y lix, | cxomurest, a 3HaumT, B CHJIy MOJIHOTHI NpPO-
n=0

(o] [~
cTpancTBa R cxoauTcss M pun Zx,,. [TonoxuB x = Zx,, H o6o-
n=0 n=0

3HauuB uyepes E KJacc, cofepxaumwmi X, NOJAyYuM (MOCKOJBKY

n
Y x, =&, npu KaxKIOM n)
iz

1E—E i< —>0 1npH n-—>o0,

x—é;oxkl

T, e. E= lim §,. Hrak:
n->oo

DPakTop-npocTpancTeo Ganaxo8a NPpOCTPAHCTBA nO At0BOMY e2o
(3amKHyTOMY) NOONPOCTPAHCTBY eCTb 6AHAX080 NPOCTPAHCTSO.
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Ynpaxvenuqa 1. Tlyetb R -— 6anaxoBo npoctpaHeTBo, By D By > ...
... D@ Bn>D...—10cneN0BaTEeNLHOCTD BAOXKEHHHIX 3aMKHYTHIX IAapoB B HEM.
JloKa)XXKuTe, YTO OHAa HMeeT HEeNnycTOe NepeceueHue (He NpearnoJaraercs, uTo pa-
JHYCH STHX 1apoB cTpeMaTca K 0; cp. ¢ ynpaxnenuem 3 na ctp. 70). IpuBennte
npHMep NOCNEOBATE/BHOCTH BJAOXKEHHBIX HENYCTHIX OTPAHHYCHHBIX 3aMKHYTHIX Bbl-
NYKJHX MHOXECTB B HEKOTOPOM B-NpPOoCTpaHCTBE, HMEIOLIHX NYCTOE NepeceyeHHe.

2. Tlyctb R — GeckoHeunoMepHoe B-NpOCTPaHCTBO; TOrga ero anreGpauyeckas
pa3MepHOCTb (CM. ynpaxueHHe 3 Ha cTp. 123) mecuerna. .

3. Tlyetb R — nunefiHoe HOPMHDOBAHHOE NPOCTPAHCTBO; NOKA3aTh CIpaBeLH-
BOCTb CJCAYIOUINX YTBEPXKACHHH:

1) BcsIKOe KOHeUHOMepHOe JHHeHHoe MHorooGpasue B R 3aMKHYTO,

2) ecan M — nonnpocTpancTBo, a N — KOHEUHOMEPHOe NOANPOCTPAHCTBO B
R, TO HX cyMMa

MA+N={x:x=y+z y=s M z= N}

3aMKHYTa; TPHBECTH NPHMEDP ABYX (3aMKHYTHIX) JIHHEMHBIX HOANPOCTPAHCTB B lo,
CYMMa KOTOPBIX He 3aMKHYTa;

3) nycTb Q — OTKPHITOE BHIMYKJOE MHOXECTBO B R, n nycTh X6 Q; Toraa
CyleCTBYeT THNEPIIOCKOCTb, NPOXONSAILAS yepe3 TOUKY Xo M He nepecekamowas Q.

4, IIe nopmbi, I-ll; u [-1lz, B nuHeliHOM mpocTpaHcTBe R HA3BIBAIOTCHA 3K6U-
BGACHTHbIMU, €CH CYLIECTBYIOT TakHe mocTtosiiHble a, b > 0, urto allxll; << lixll. <
< blixll; mas Bcex x &= R. JlokasaTb, 4TO ecjH NPOCTPAHCTBO R KOHEYHOMEPHO,
T0 NIO6GHIE 1Be HOPME B HEM 3KBHBAJICHTHHI.

§ 4. EBkanjaoBbl npocTpaHcTsa

1. Onpenenenne eBKJAHAOBBIX mpoctpaHcTB. OIHH M3 XOpPOLIO
H3BECTHBIX COCOGOB BBENEHHS HOPMBl B JIHHEHHOM MPOCTPAHCTBE —
3TO 3ajaHWe B HEM CKaJsipHOro InpousBefeHusi. Hanmomumm, uto
CKarapHbiM npoudsedenuem B NeCTBUTEIbHOM JMHEHHOM HPOCTpaH-
ctBe R HaspiBaercs feficTBUTeNbHas QyHKUHUS (X, y), onpejesneHHas
IJIsl KaXKOOW mapbl 3/JeMeHTOB X, Yy & R u ynoBieTBopsioliasi cje-
LYIOIIHM YCJIOBUSAM:

1) (x,4)=(y, x),

2) (xl + X9, y) == (xb y)+(x2) y)’

3) (Ax, y) = Ar(x,y),

4) (x,x) =0, npuuem (x, x}) = 0 ToabKo npu x == 0.

Jlunelinoe mpocTpaHCTBO ¢ (QUKCHPOBAHHBIM B HEM CKaJsipHBIM
Npou3BeJeHHeM Ha3biBAeTCs e8KAU008bIM NPOCTPAHCTEOM. B eBkiu-
OBOM npocTpaHcTsBe R BBOAHTCS HOpMa € NMOMOMUIbIO GopMyibl

Ixll=/(x, x) .

U3 ceoficts 1)—4) ckaJasipHOro NpOU3BELEHUS CJEAYeT, YTO BCe
AKCHOMBI HOPMBbI IIPH 3TOM BHITTOJHEHHI.

JeficTBuTenbHO, BhinosHeHHe akcuoMm 1) u 3) nopmur (m. 1 § 3)
OYEeBHJIHO, 4 BLINOJHEHHE aKCHOMBl 2) (HepaBeHCTBO TPeYroJbHHKA)
BhiTekaer U3 Hepasercrsa Kowu — bynakosckoeo

L pIIx -yl (1
KOTOpOe MBI cefiyac JOKaxeM.
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PaccMoTpuM KBaJpaTHBIH TpexusJeH OT AeHCTBUTeNbHOH MNepe-
MeHHOH A, HEOTPULATE IbHBIN NPH BCeX 3HAUYEHHSIX A:

o) = (x4 y, Ax + y) =A*(x, x) + 24 (x, y) + (y, y) ==
=xPA* 4 2(x, y)7»+uyll2

Tak xak 370 BhIpaxeHue nmpeacraBaser coGofl CKaJsPHBIA KBajpar
HeKOoToporo Bektopa, To Bcerga ¢(A)= 0. CienoBarTenbHO, AUCKPHU-
MHHAHT 3TOrO TpexusJieHa MeHblile HJIH PaBeH HY.I0.

HepasencrBo Kouin — BynsikoBckoro (1) kKak pas um Beipaxkaer
He YTO HHOe, KaK HEeMOJOXHTEeJAbHOCTh NAHCKPUMHHAHTA 3TOTO KBa[-
paTtHoro tpexuneHa ¢(A).

"~ OrMeTuM, 4TO B €BKJHJIOBOM IPOCTPAHCTBE CyMMa, MpOH3Besie-
HHe Ha YHCJIO M CKaJspHOe NPON3Be/leHHe HENpPEepPLIBHbI, T. €..eCJH
Xn=>X, Yn—>Yy (B CMBICJE CXOAMMOCTH HO HOpMe), An—>A. (Kak
4HCJ0Bas NOCAEN0BATENBHOCTD), TO ‘

Xt Yo X+ Y,
ApXy —> AX,

(%, Yn)— (x, 9).

IlokasatenbcTBO 3THX (PAKTOB OCHOBAHO HA MCIOJNbL30OBAHHH He-
paBencrBa Kowu — Bynskosckoro (1) u mnpegocrassisercss uyuta-
TEJI0 B KauecTBe yNpaKHeHHUs.

Hanuyve B R cKajsipHOrO NPOU3BeleHHs NO3BOJISIET BBECTH B
TOM IPOCTPAHCTBE He TOJBKO HOPMY (T. €. JJIHHY) BeKTopa, HO H
yroa MexAy BeKTOPaMH; UMEHHO, yIroJ ¢ MeXJy BeKTOpaMH X U Y
onpesensercs GopMyon

N CY))
COS @ =TT~ 1aT * )

TIpn stom u3 nepaseHctBa Kown — Byusixosckoro (1) soiTekaer,
4TO BhIpa)Kenue, crosiiee B (2) cnpaBa, Mo MOAYJIIO HE HPEBOCXO-
aut 1 4, caenosarenbHo, dopMyna (2) ReHCTBHTENLHO A JIOGLIX
HeHYJIeBBIX X H Y OmpejesisieT HeKOTOpHH yroa @, 0 << ¢ << m.

Ecau (x,y) =0, 1o u3 (2) nonyvaem, 4to @ = 11/2; B 3TOM CJ1y-
yae BEKTOPLI X M y HA3BIBAIOTCS OPTOZOHANbHbIMU.

Cucrema HeHYJeBbIX BeKTOpoB {x,} u3 R naswviBaercs opro-
20HAALHOLL, eCH

(Xa, x5)=0 mnpu a8

Ecan Bexkrtopnl {x,} OpTOroHanbHbl, TO OHH JHHEAHO HE3aBHCHMBL
B camom pene, nyctb

Qi¥a, + a2k, + ...+ AnXa,
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“IIOCKOJIbKY {X,} — opToroHa/jbHas cucTeMa, HMeeM
(xai, aixe, + ... -+ a,.xan) =q (xa‘, xa‘_) =0,

HO (Yo, %o,) # 0 W, sHaunt, ;=0 aaa Beex i=1, 2, .. ., n.

Ecan oproronanbhas cucrema {x,} noaxa (T. e. HaHMeHbllIee CO-
Ilepxalllee ee 3aMKHyTOe NOJNPOCTPAHCTBO eCTb Bce R), TO oHa
Ha3bIBAETCH OpPTO2OHAsbHbIM Oasucom. Ecan nmpu 3ToM HOpMa Ka-
XXJOro 3JeMeHTa paBHa |, To cHcTeMa {X,} Ha3bIBAET s OPTOSOHAAL-
HblM HOpmuposansoim 6asucom. Boobuie, ecnu cucrema {x,} (no.-
Has HWJIH HeT) TaKoBa, YTO

0 npn az%B,

(e xﬂ)={l npn o=,

TO OHA HAa3bIBACTCH OPTO2OHAAbHOU HOPMUPOBAHHOL (KOopoue OpTO-
HopmaasvHol) cucremoti. SIcHo, uto ecnu {x,} — oproronanpuasi cu-

X
cTeMa, TO{ —‘—'" xa“ } —= OpTOroHaJ/JibHass HOPMHPOBAHHAasaA CUCTEMA.
a .

2. Mpumepbl. PaccMOTPHM HeKOTOpble NpUMEPBl €BKJIHIOBBIX
IPOCTPaHCTB H OPTOrOHAJIbHBIX 6a3HCOB B HHX.
1. n-mepHoe aprdmMeruyeckoe npocrpaicTBo R, sneMenraMu Ko-
TOPOFO CJYXKAT CHCTEMBbl JNeHCTBUTENBHBIX YHCEN X = (X, X, ...
., Xn), C OOBLIYHBLIMH ONEpPalHUsIMH CJOXKEHHS] U YMHOMEHHUS H CKa-
JIAPHBIM NPOHU3BEEHHEM

(x, y)= l;lxiyb (3)

npeacTas/seT co00H XOpOINO H3BECTHBIH TMpPHMEp eBKJIWAOBA TMPO-
crpancrBa. OpToroHa bHbIA HOPMUPOBaHHbIA Ga3HC B HeM (OMHH H3
6eCKOHEUHOro 4HCJ/1a BO3MOXKHBIX) 06pa3yloT BEKTOPL

e 2(1) 01 0: sy 0))
e=(0,1,0,...,0),
e,=(0, 0,0, ..., 1)

2. Tlpocrpancteo Iy ¢ sneMentamu
00
X=(X{, Xo, vy Xp, ...), THE Z]x§< oo,
i=

¥ CKaJIsIDHBIM IPOH3BeIeHHEM
(x, y)= ‘Zl XY 4
==

€CTb €BKJUAOBO MPOCTPAHCTBO. JleficTBUTE/NBHO, CXOAUMOCTb pfla,
croswero B (4) cnpasa, cienyer u3 HepasedcrBa (4) ra. II, § 1.
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CaofictBa 1)—4) CKaJspHOrO NPOH3BENEHHS NPOBEPSIOTCS HEMNO-
cpeactBeHHo. Ilpocrefiinii oproroHa/bHb# HOPMHPOBaHHBIA Gaznc
B I3 06pasyioT BEKTODbI

el=(l) O: 0) "')y

e2=(07 19 O: "')7 (5)’

e=(0,0,1,...),
OpToroHanbHOCTD H HOPMUPOBAHHOCTb 3TOH CHCTEMBI SICHBI; BMECTe:
c TeM cucrema (D) noJsHa: mycTb X =(Xj, Xg, ..., Xpn, ...) — JIO-
6oii Bekrop M3 lp W XM =(Xx}, Xo, ..., Xn, 0, 0, ...). Torga xr
eCTb JMHeHHas KOMOHMHALHUf BEKTOPOB €y, ..., €n U |[XW — x||—>0

npu n —> oo,
3. Tlpocrpancrso Cyla, b], cocTosiiee H3 HempepulBHHIX HA [a, b];
NeHCTBHTEIbHBIX QYHKIHH, CO CKAJSPHBIM NPOH3BEIEHHEM
b

¢ a={10ewa (6)

a

TaKXKe ABAAETCA EeBKJIUIOBLIM. Cpenu Pa3JHYHBIX OPTOroHaJbHBIX
06a3MCOB, KOTOpPbleé MOXXHO YKa3aTb B HeM, BaKHeHUIUM SABJSETCA
TPHTOHOMETpHYECKasa CUCTeMa, CocTosasa u3 QyHKuui
2t .
cosn ——, sinn

2n
= — — (n=1,2 ...). 7y

OpToroHanbHOCTb 3TON CHCTEMbB! NIPOBEPSIETCA HEMOCPEACTBEHHO.

Ecan paccMmatpuBaloTcs HenpepbiBHble (YHKUMH Ha OTpe3Ke
INAHBL 237, CKaXXeM, Ha [—m, 7], TO COOTBETCTByIOINASA TPUIOHOMET-
pHYecKas cucTeMa ecTb: 1/2, cosnt,
sinnt (n=1, 2, ...).

Cucrema (7) nosaua. deficTBu-
TeJbHO, COTMIacHO TeopeMe Beliep-
mTpacca, Besikasi HenmpepuiBHAs Ha
orpeske [a, b] ¢yHKUMS @, npH-
HHMalowas B TOYKax a u b onu-
HAaKOBLle 3HauyeHHsl, MOXKeT OhITb

Prc. 17. npeAcTaBleHa Kak Ipeles paBHO-

MEpPHO CXOASILEHCS MOCAeA0BaTeNh-

HOCTH TPHIOHOMETDPHUYECKHX MHOTOUJIEHOB, T. €. JHHelHbIX KOM-
Gunauuii snemenToB cucteMbl (7). Takas mnocnemoBaTenbHOCTb H
TIOJaBHO CXOLHTCS K @ 1o Hopme npocrpanctBa Cola, b]. Eciu ke
f—npoussoabnasn ¢pynkuua us Cola, b, To ee MOXKHO npeacTa-
BHTb Kak npelles (1o HopMe npoctpancrsa Cyla, b]) nocienoBarenb-
HOCTH (YHKUMI @n, KaX/[as U3 KOTOPBIX COBNAJaeT C [ Ha OTpesKe
fa, b — 1/n}, nuneitna na [b — 1/n, b] n B Touke b NpUHUMAET TO XKe
3HaYeHHe, 9TO H B Touke a (puc. 17). CaenosaTenbHO, KaXAHH 3.€-

//’
—

b

Q
s

>
Q.L_._.-—
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medT H3 Cyfa, b] MOXHO NpPUGIH3HTL CKOJb YrogHO TOYHO (B MeT-
pHKe 3TOTO MPOCTPAHCTBA) JIHHEHHBIMU KOMOHHAUHSMH 3/1E€MEHTOB
cucreMbl (7), a 3TO U 0O3HAYaeT ee IMOJHOTY.

3. CyumecTsoBaHHe OPTOrOHAJBHLIX 0a3MCOB, OPTOrOHAJIM3ALMS.
Ha npoTsiKeHHH OCTaBIIEHCs YacTH 3TOro nmaparpacda Mbl OrpaHH-
quMCsl cenapabe/sbHBIMM eBKJIHJOBLIMH NPOCTPAHCTBAMH, (T. €. co-
AepXalliMHu CYeTHOE BCIOLY IIOTHOe MHOXKecTBo). Kaknoe us mpo-
CTPAaHCTB, YKAa3aHHBIX B NpeAblAyleM NyHKTe, cemapabenabHo (m@0-
kaxure 31o!). [Ipumep HecenapaGesbHOro €BKAHI0BA MPOCTPAHCTBA
MOMHO IOCTPOHTb TaK. PaccMOTpUM HA MPSIMOH BCEBO3MOMKHbIE
GYHKUHH X, I/ KaXAOH M3 KOTOPbIX MHOXECTBO Touek fy, Iy, ...,
B KOTOPBIX OHA OTJIHYHA OT HyJs, He Gojiee yeM CYETHO, a CymMMa
sz (), B3dTas no BceM TaKUM TOYKaM, KoHeuna. Omepanuu cJjo-
JeHHsA M YMHOXEHHS Ha YHC/IA ONpejleJIAM B 3TOM MPOCTPAHCTBE
KakK OOblYHbLIe C/IOXKeHHe H YMHOXeHHe QYHKUUH, a cCKaJisipHOe mpo-
u3BeJleHHe onpeneaum GopMmyJoin

x, »)=2xOy,

rae cymMa Oepercsi NO MHOXeCTBY TeX ToueK f, B KOTOPBIX
x(t)y(t) # 0. Joka3aTenbCTBO TOrO, YTO B ITOM MPOCTPAHCTBE HET
CYETHOTO BCIOAY IJOTHOrO NOXMHOXECTBa, Mbl IPELOCTABJISEM HUH-
tateqi0. OTMETHM, 4TO 3TO MPOCTPAHCTBO — MOJHOE.
"~ Wrax, nycrb R — cenapaGeibHoe eBKJAKA0BO TpocTpancTso. ITo-
KaxeM, 4T0 8 TaKOM NPOCTPAHCTEE BCAKAS OPTOL0HANLHAA CUCTEMA
He 6osee ueMm cueTHQ.

IleiicTBuTeNbHO, Ge3 orpaHnuyeHuss OOGIIHOCTH MOXKHO CYHTATb
paccMaTpuBaemylo cucreMy {p,} He TOJIBKO OPTOrOHAJbHOH, HO H

HOpMHPOBAHHOA (MHaue MBI 3aMeHUJH Gbl ee CHCTEMOH { T g‘:”}).
ITpu atom

loe—@pl=42, ecmn a8

PaccmoTpum coBOKynHOCTh mapoB B (g, 1/2). 3ta wapwl He ne-
pecekarwoTcsi. Ecan cuetHoe MHOXKeCTBO {$n} BCloAy maortHo B R, TO
B KaXJIOM TaKOM ILape ecTb MO KpaiiHe# Mepe OAMH 3JeMEHT H3
{bs}. CrnenoBarenbno, uncio Takux Wapos (a 3HAYMT, M IEMeH-
TOB @,) He GOJiee UeM CUETHO.

B kxax[I0M M3 npuBeleHHBIX Bbille NPHMEPOB €BKJIHAOBLIX MpO-
CTPaHCTB MBI yKasa/id 1O OpTOronastbHoMy 6Gasucy. [lokaxem Tte-
Nepb caenywoliyro o6lLyI0 TeOpeMy, aHaJOTHUHYIO TeopeMe O Cy-
ileCTBOBAaHHH OPTOTOHAJBHOTO 6asyuca B M-MEpPHOM eBKJHIOBOM
npocTpaHcTae.

Teopema 1 (06 oproronanusaunuu). Iycrs

fl) f2’ oy fm s.e (8)
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— AUHEUHO He3QBUCUMAS CUCTEMQ 3AEMEHTO8 8 e8KAUDCBOM npo-
crpancrée R. Toeda 6 R cywecrayer cucrema 31eMenTO8

P @2y oo ey Ppy M (9)

y00BAETEOPAIOULAR CAEOYIOUUM YCAOBUAM:
1) cucrema (9) oproconarvras u nopmuposanuas;
2) KaxncOoll 3INeMENT Qn €CTb AUHEUHAS KOMOUHAUUA 3/1eMEHTO6

f‘) f2’ “vey fn-
q)n=anlfl+ e +annfm
npudem Qnn 5= 0;

3) KasOvul anement fn npedcrasaserca 6 sude

fo=0bu®+ ... + b.n@,, npuuem b,, 0.
Kaxcooid snement cucremor (9) onpedeaserca ycaosusmu 1)—3)
OOHO3HAYHO ¢ TOYHOCTHIO 00 MHOMCUTEAS 1.

HoxkasarteabcTBo. DieMeHT ¢ MILETC B Buie ¢; = &y f};
MpH 3TOM @;; OTpeNenseTcss U3 YCI0BHs

(‘pu q’l)=a%l (fp f1)= 1,

= 1 *1
17T R T e

bu V(ln F1)
SicHo, 4TO @) onpeneseTcs 3THM OLHO3HAYHO (C TOYHOCTBIO A0
snaxa). Ilyctb sneMenth @n(k << n), yaOBJIETBOPSIOMINE YCAOBHAM
1)—3), yxe nocrpoennl. Toraga fn MOXHO NpeacTaBUTL B BHIE

fnzbnl(pl"*" e +bn.n-l(pn"l+hm

(B, Q) =0 mpu k<n.

HeficTBHTENIbHO, COOTBETCTBYIOUHE KO3)PUUUEHTH brk, @ 3HAUHT, B
3JIeMeHT An, ONHO3HAYHO ONPE/eAIOTCS U3 YCJIOBHH
(hn, 9a)=(Fa—bn1®1— - . —bp, n=1Pn—1, ®)=(Fns Pe)—bn (Pr, P£)=0.

OuesnnHo, uto (hn, hn) > 0 (npennonoxenue (hn, hn)= 0 mpo-
THBOpeunao Gbl JHHeHHONH HesaBHcuMocTH cucreMbl (8)). IMomoxum

hn
Q= =
" '\/(hn: hn)
M3 MHIYKTHBHOrO JTIOCTPOEHHs $ICHO, YTO An, A 3HAYUT, U Qn,

Bpipaxkaiorcs uepes fi, ..., fa, T. €. @n = anifi + ...+ Annfrn, rae
1

s = s i)

OTKYZa

rne

# 0. Kpome Ttoro,
(q)m q)n) = 1: ((pm q)k) =0 k< ﬂ)

fn = bnlq)l + ... 4+ bnn(pn (bnn = ’\/(hm hn) 7= 0)’
T. €. Pn YAOBJETBOPSCT YC/NOBUAM TEOPEMBL.

74
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Tepexon ot cucrembl (8) K cucreme (9), yaOBJeTBOPSIOUIEH
yCJIOBHSAM 1) —3), Ha3bIBaETCA NPOUECCOM OPTOLOHAAUSAUUL.

SIcHO, 4TO MOANPOCTPAHCTBA, NMOPOXKMAEHHHle cHcTeMaMmH (8) H
(9), COBNajaioT Mexny co6oi. ClenoBaTenbHO, 3TH CHCTEMBI TIOJIHB
_jAH He TOJIHBI OJHOBPEMEHHO.

CanencrBue. B cenapabeavrom esxaudogom npocrpancree R
CYU4ECTBYET OPTOZOHAAbHOLE HOPMUPOBAHHBLL OasUC. '

JleficTBUTENBHO, NYCTb Y1, Y2, ..., Pn, ...— CUETHOE BCIOLY
AJ0THOEe MHOXKecTBO B R. BriGepeM H3 Hero NOJHYIO CHCTEMY JH-
HeliHO He3aBHCHMBIX 3JeMeHTOB {fx}. las 3TOro mocrateouHo us mo-
ceIOBATEAbHOCTH {YPn} HCKIIOUHTb BCE Te€ 3JEMEHTbl Wk, KaXKIblH
B3 KOTOPHIX MOXeT OhiTb MpeNCTaB/]eH KakK JuHeHHas KOMOHHALHS
P; ¢ i < k. [IpuMeHHB K MONyYyeHHOH TAKUM 00pPa3OM NOJHOH CH-
cTeMe JUHEHHO He3aBHCHMBIX 3JIEMEHTOB NPOLECC OPTOroHa u3auuH,
Mbl B IOCTPOHM OPTOTOHAJbHBIA HOPMHPOBAHHBIH 6a3uc.

Vanpaxuenus 1. [Ipusectn mpumep (HecenapaGesibHOTO) €BKJHJOBA MpO-
CTPAHCTBA, B KOTOPOM HET HH OJHOI'0 OPTOTOHAJNBHOrO 6Ga3suca. lloxaaa'rb, 4yToO
B NOJHOM €BKAHAOBOM NPOCTPAHCTBE (He 06513aTeAbHO cenapaéeanOM) cyuie-
CTBYET OPTOTOHAJIbHBIH HODMHPOBaHHHI Gasuc.

2. JlokasaTh, 9TO B TOJHOM €BKJHIOBOM NPOCTPAHCTBe (He 00643aTelbHO ce-
napa6ean0M) BCAKasl NOCAEAOBATENbHOCTb HEMyCThIX BJIOJKEHHBIX BBHINYKJBIX 3aM-

KHYTHIX OTPaHHYEHHHX MHOXECTB HMeeT HenmycToe nepeceueHue (Cp. ¢ ympamhe-
HRAMH Ha cTp. 70 n 143).

4, Hepasenctso bBecceas. 3aMKkHyThie OPTOTOHAJNbHBIE CHCTEMBI.
Bhi6paB B 7-MEPHOM €BKJHJOBOM IIPOCTPAHCTBE OPTOTOHAJbHBIM
HOPMHPOBaHHBI 06asuc ey, € ..., €;, MOXHO KaXIbA BEKTOP
x = R» 3anncarb B BHIE :

n
x=§10kek’ . (10)
rae
cx=(x, ). (11
BuisicunM, Kak o6oGIIHTh p;]anomeﬂne (10) na cayuaii eBKJIHIOBA

GeckoHeYHOMEPHOTO npoctpancra. ITycrb
‘plo (P2» v oy cpns LI . (12)

— OpTOroHaJbHasi HOPMHPOBAHHAS CHCTEMa B €BKJHJAOBOM NpO-
crpanctee R u f— npousBonbHu anemeHT u3 R. ComocraBuM aJe-
MeHTy f & R nocJie10BaTeJbHOCTH YHCE

ck=(f) (pk): k=1’ 2"") (13)

KOTOpEie Mbl 0yJieM Ha3biBaTh KOOPOUHATAMU, HIH Ko3ghpuyuenramnu
Dypve anemenra | no cucreme {@r}, ¥ pan (noka dhopmasbHbIl)

; CePr» (14

KOTOPHIA Mbl Ha3oBeM padom Pypve aneMenra [ no cucreme {ga}.

i
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Ecrectsenno BosHHKaer Bompoc: cxoautcs au pag (14), T. e.
CTPEMUTCS JIH NMOCJEN0BATeNbHOCTh €r0 YaCTHYHBIX CYMM (B CMbiCae
MeTPUKH npocTpancTBa R) K KakOMy-iu6o mpejeny, U eCid OH
‘CXOUTCS, TO COBNAJAET JIM €ro CyMMa ¢ HCXOAHBIM 3JeMeHTOM [?

UTo6bl OTBETHTb HA 3TH BOMNPOCH, PACCMOTPHM IIPEBAPHUTEJBHO
CIEeNYIONYI0 3ajavy: HpH 3aJlaHHOM H mofao6path KO3D(UIHEHTLI
ar (k=1, 2, ..., n) taK, yTo6bl paccTosiHMe MeXAy [ M CyMMOii

S, = k{jl WPr . (15)

Obl10 MUHHMAaJAbHBIM. Beluncaum 310 paccrosinue. Tak Kak cH-
crema (12) oproronaJieHa ¥ HOPMHPOBAHA, TO

W—&W=G—éﬁ%f—éww=
—¢.n=2(1. Eaw) +(E wwoe 3, am)=

=|fIP— 2k§, @, +k§=:l a2 =] fI? ~k§l &+ éx (@, — cp)

$ICHO, YTO MHMHHMYM 3TOrO BBIPAXKEHHS JOCTHraeTcs TOTAa, KOra
noc/aennee caaraemoe pasuo 0, T. e. npu

Qp == Cp (k———l,2, ey n). ’ (16)
B stoMm cayuae '

I =S, P=1fe~ 3 et a7)

Mpi noxasanu, uto cpepu Bcex cymm Buaa (15) nmpu pawsom n
HauMeHee YKIOHfieTCA OT [ yacTHyHas cyMma. psjga Pypbe aie-
menTa [. Teomerpudeckn 3TOT pe3y/ibTAT MOXKHO NMOSCHUThL CJAELYIO-
wuM 06pasoM. DJeMeHT

n
F— Z Q. Pp
k=1
OPTOrOHAaJEH BCEM JIHHEHHBIM KOM6HHaHHﬁM BHAA
n
Z ﬂkq)kr
k=1

T. €. OPTOroHaJ/ieH NOANPOCTPAHCTBY, MOPOKAEHHOMY 3JIEMEHTAMHA
®1, 92, .., n, B TOM H TOJbKO TOM CJyuae, KOrjaa BBIIOJHSIETCH
ycnosue (16) (nposepbre 3T0!). Takum 06pa3om, nosydeHHbIH HAMH
pe3yabTaT npeiacrasaser co6oil 06061eHe H3BECTHOH TeOpeMbl 3Jie-
MEHTapHOH TeOMeTPHH: AJHHA NEePHeHAUKYJAspa, ONYIUEHHOro H3
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‘uaHHOPI TOYKHM Ha TPSMYIO WIH MJOCKOCTb, MEHbIUE, YeM IJIHHA JIOo--
607 HAKJOHHOH, TPOBEEHHOMN H3 TOH e TOUKH.
Tak kak Bceraa [If —Spl2=0, to u3 pasencrsa (17) cnre-

JYeT, uTO
X a<IfF.

3nech n NpoH3BOJbHO, @ TMpaBasd 4aCTb HE 3aBHUCHT OT R, CaeaoBa--
00

TeJIbHO, Psl > €} CXONHUTCH H
E=1

3 @<l (18)

D10 HepaBeHCTBO Ha3niBaeTcsis HepaseHncTéom becceas. Teomerpu-
WeCKH OHO O3HayaeT, YTO CyMMa KBajpaToOB NpPOEKUHN Bektopa f
Ha B3aHMHO OPTOTOHaJIbHble HANpPaBJeHHsT HE NPEBOCKOAHT KBaX-:
para IJHHBl CaMOro BeKTopa f.

BBenem ciienyiolliee BaXXHOe TOHSTHE.

Onpenenenne 1. OproroHanbHass HOPMHMPOBAHHAs CHCTEMA
(12) naswiBaercsl 3amkuyTol, ecan ans Jjawoboro [ & R cnpaseniuso:
PaBEHCTBO

00
2 =N, (19)
HasbiBaeMoe pasercreon Ilapcesaas.
Us toxpecrsa (17) cnenyer, 4To 3aMKHYTOCTb cucTembl (12)
PaBHOCHIIbHA TOMY, 4TO /IS KAXK10r0 f &= R uactuunble cymMmbl psifia

Dypbe Z C,@, cXomsTcs K f.
n=|

[TousiTHe 3aMKHYTOCTH OPTOrOHaJbHOH HOPMHPOBAHHOH CHCTEMDI
TECHO CBSI3aHO C BBEJEHHBLIM BbIlIE NIOHSTHEM MOJHOTH CHCTEMBI.

Teopema 2. B cenapaGeavrom esxkaudosom npocrpancrée R
8CAKAS NOAHAA OPTOZOHANGHASL HOPMUDOBAHHAA CUCTEMA ABAAETCS
samknyTOil, U 06PATHO. :

Nokasareabctso. Ilyerb cucrema {pn} 3amkuyTa; Toraa,
KakoB Obl HH GBI 3jeMeHT [ & R, nocjaenoBaTe bHOCTb YaCTHYHBIX
cymm ero psga ®ypbe cxopurcsa K f. 1o o3nauaer, yTo JNHHEHHbIE
KOMGHHALMK 3J1EMEHTOB CHCTeMBl {®n} BCIOAY TJIOTHH B R, T. e. cu-
creMa {@,} nonna. O6paTtHo, nycTb cucreMa {@n} nosaua, T. e 1050
3J7eMeHT [ & R MOXHO CKOJMb YrOIHO TOYHO ANNPOKCHMHPOBATH JH-

n

HeHHOH KOMOHHAaIHeH Zakqak 3JIEMEHTOB CHCTeMH {(pn}; wacTHu-
k=] .

n
Has CyMMa kz CrQr pAaAa (Dypbe A9 f JAAa€T HEe MECHEE TOYHYIO
=]
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o0
annpokcumanuio. CienoBartenbro, pin kZl CxQr CXOAHUTCH K [, H pa-

BeHcTBO IlapceBasns Meer Mecro.

B npenbiayiieM nmyHKTe Mbl JOKasaju CyLIECTBOBAHHE HOJHBIX
OPTOTOHAJbHBIX HODMHDOBaHHBLIX CHCTEM B cemapabesbHOM eBKJH-
JI0OBOM mpocTpaHcTBe. IIOCKONBKY AAf OPTOTOHAJLHBIX HOPMHPO-
BaHHBIX CHCTEM IIOHSATHS 3aMKHYTOCTH H MOJIHOTHl COBNAjAalOT, Cy-
I(eCTBOBaHHE 3aMKHYTBIX OPTOTOHAJbHBIX CHCTEM B R He HyXKaaercst
B HOBOM JI0Ka3aTeJbCTBe, a NpPUBENEHHbE B MNpPeAblIyIIEeM IYHKTE
NpHUMephl HOJHBIX OPTOTOHANbHEIX HOPMHPOBAHHBIX CHCTEM SBJSIOT-
CSl B TO XK€ BpPeMd IpUMepPaMH 3aMKHYTHIX CHCTEM.

Brinle Mbl Bce BpeMsl IpefmoJsiaraju pacCMaTPHUBaeMble OpPTOro-
HaJbHblEe CHCTEeMbl HOPMHPOBaHHBIMH. MoxHO mepedopMyanpOBaTH
nonaTHa Kos¢poduunentos Pypoe, pana Oypbe u T. A. H AJisA JO6BIX
OpTOrOHaJbHLIX cucTeM. [lycth {@n} — npousBosbHasi OpTOroHa/b-
Has cuctema. Ilo Hell MOXKHO NOCTPOHTH HOPMHPOBAHHYIO CHCTEMY,

—¥_ Nas moboro f & R umeenm

COCTOALLYIO H3 3JIEMEHTOB Y, == Tonl
n

cn=(fa ‘pn)zm(f: ‘pn)

H
Cn .
Z CnPp = Z TouT &= Z AP,
n=1 n=| n=1
rjae .
a, = cn i (fv (Pn) (20)
" I @l lonl® -

Kos¢duumentsl a,, onpefnensembie dopmysoir (20), Mel HazoBeMm
xosgppuyuentanu Pypve snementa f no opTOroHaNbHOR (HEHOPMH-
poBanuo#l) cucteme {9n}. [loxcrasus B HepasencTso (18) BMecTo Cn
WX BHIpAXKEHHS Cn == An|l@nll u3 (20), nonyyaem

Zlofar<iip @1)

— HepaBeHCTBO Deccessi /st NPOH3BOJIBHOM OPTOTOHAMBHOH CH-
CTEMBI.

5. Moaunbsie eBKAHROBH mnpocrtparcrBa. Teopema Pucca — du-
mepa. HauuHast ¢ n. 3 MbBl paccMaTpuBaiu cenapalenbHbie eBK/IH-
JIOBBI IIPOCTPAHCTBA; C 3TOTO MOMEHTa MBI 6yIeM, KpoMe TOro, npej-
H0J1araTh, YTO pacCMaTpHBaeMble NPOCTPAHCTBA IOJIHBEL.

Hrak, nycts R — nonHoe cenapabesibHOe €BKAUAOBO HPOCTPaH-
¢TBO U {(n} — HEKOTOpast OPTOroHaAbHAass HOPMHPOBaHHAS CHCTEMaA
B HeM (He ofsi3aTenbHo nosuas). M3 uepasenctBa Beccenst cue-
ZAyeT, 4TO JAJf Toro utobwl umenaa €y, €, ..., Cn, ... CIYKUIA KO-
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spduunentamu Pypbe Kaxoro-an6o snementa f& R, Heo6xo-
JUHM 0, YTOOHI pAfNl

Ms

b I

4
1

S
li

cxoauacs. OKasbiBaeTcs, UTO B MOJHOM IIPOCTPAHCTBE ITO YCJOBHE
He TOJLKO HeoGXOAMMO, HO M HocTatoyHo. MMeHHO, cnpaBefjuBa
ciefyollas TeopeMa.

" Teopema 3 (Pucc— dumep). Mycro {pa} — npoussorvras
OPTOZOHAALHAS HOPMUPOBAHHAR CUCTEMA 8 NOAHOM €B8KAUCOBOM
npoctpanctse R, u nycro wucia

Cpiy €35 «aey Cpy oue
TaKo8sl, 4TO PAod :

2 < (22)

k=1
cxodurca. Toeda cyujecreyer Taxol srement [ & R, uto

ce==(f, @z
u
Ze==FN=IfPF
JoxasarteabcTtso. [Toroxum
n
fn= k; CrPr-

Torpa

n+p

" fn.+p — fn "2=” Cn+1Pn+1 + cee + cn+p(pn+p|F == & Z+l c:-
=n

Tak kax pan (22) cxoaurcd, TO OTCIOa B CHJIY NOJHOTH R BeiTe-
KaeT CXOAMMOCTb IOC/eI0BaTeNbHOCTH {fa} K HEKOTOPOMY 3JIEMEHTY

feR. lanee
(F, 9= {(Fn, @) + F — frn, @), (23)

npuyeM clpaBa NepBoe cjaraeMoe NPH N =i paBHO Ci, a BTOpOE
CTPEMHTCA K HYJIO NIPH 7 — 00, TaK KakK

[(F—Fn @) IUT—Faull - N@a

JleBast yacTb paBencTBa (23) OT n He 3aBHCHT; MO3TOMY, mepe-
XOJfl B HEM K IIpeJie]y NpH A —> 00, HoJyuyaeM, YTo

. (fv (pi)=ci



154 HOPMHUPOBAHHBIE M TOITOJIOMMYECKHE IMTPOCTPAHCTBA [TJL 111

‘Tak Kak, 1o onpejesieHuio f,

If—f.l=>0 npu n-—>oo,
“TO

cy=(f, ).

Vs

JleficTBUTENBHO,
(f — D cx — 2 Ckfpk)——‘(f, H— 2 c2—0
k=1 k=1 k=1

npu n—> oo,
YcTaHOBUM B 3aK/IOUEHHE CJEAYIOULYIO MOJE3HYIO TEOPEMY.
Teopema 4. [aa 17020 4T06bL OPTOCOHAALHASL HOPMUPOBAHHAR

cucrena {Qn} 8 noanom cenapabenroHom e8Kkaud080M NPOCTPAHCTEE

b6ovira noana, Heobxodumo u AocTarouno, 4Tobel 8 R ne cyuwjecrso-
8AN0 HEHYAEB020 INEMEHTQ, OPTO20HAALHOZO 8CeM IAEMEHTAM CU-
crembl {Qn}.

OoxkasarenbctBo. Ilycts cucrema {¢n} noana u, ciexosa-
“TesibHO, 3aMKkuyTa. Ecan f oproronalien BCeM sJeMeHTaM CHCTEMB
{gn}, TO BCe ero ko3pPuuuentsr Pypoe pasHbl HyJa0. Torpa us pa-
Bencrea IlapceBans nonyyaem

(f! f)=k§lci=0,

T.e. f=0. :
O6GpartHo, nyctb cucreMa {@pn} He nosna. Torga B R cyuecrsyer
‘Takoll sjeMent g 7= 0, uro

(€. 9> X i (r1e ¢ =(g o)

Ha ocnoBanun teopemsl Pucca — Quiiepa cyuiecTByeT Takol 3Jje-
MeHT [ &R, uto

(ﬁm=%»1mn=;&

dnemeHT [ — g oproronaJjed BceM @;. V3 HepaBencTBa

(. h=2c<@ 9

caenyer, uto f — g #+ 0.

Ynpaxuenun 1. Ilycth H— nonHoe eBKIMAOBO NPOCTPAHCTBO (He 06s-
.3aTebHO cenapabenbHoe); TOrAa B HeM CYLIeC1BYeT NOJHAsi OPTOroHajbHas HOp-
MHPOBaHHasi cucTeMa {Qq} (cM. ympaxchenue 1 Ha ctp. 149). JlokasaTe, 4TO AJR
BCAKOro BekTopa f & H cnpaBeAnuBB! Pa3JaoKeHHs

f=>oa)oa =2 9a)%
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rfie B CyMMax, CTOSLIMX CnpaBa, HMeeTca He 6oOJee CUTHOro 4Wc/ia OTJHMUBBIX OT
0 caaraeMaix.

2. CucteMa {@,) BEKTOPOB eBKJIMAOBA NPOCTPaHCTBA R HaabiBaeTcs TOTAAb-
nod, ecnn B R He cyliecTByeT OTIHYBEIX OT O BEKTOPOB, OPTOrOHAJBHLIX KO BCEM
@q. Teopema 4 o3HayaeT, YTO B NOJHOM €BK/JHIOBOM IPOCTPAHCTBE TOTAJNBHOCTb-
CHCTEMbl BEKTOPOB SKBHBAJEHTHZ €€ NoJHOTe. IToKa3aTh, 4To B HeNOMHBIX OpoO-
CTPAHCTBAX MOTYT CYINECTBOBATb TOTaJbHble, HO HE TOJHBIE CHCTEMBI.

6. I'mabbeproBo mpoctpancrso. Teopema 06 naomopduame. ITpo--
JO/DKUM  PAacCMOTPEHHe MOJHBIX €BKJMIOBBIX TNpocTpaHcTB. [lpw
3TOM HAaC, KaK H 10 cuX mnop, 6yayT nHTepecoBaTh GeCKOHEYHOMeEp-
HBi€ NPOCTPAHCTBA, a He KOHEYHOMEepHbIe, HCUepnbiBalollee OMUca-
HHe KOTODBIX AaeTcsl B Kypcax JinHedHOH anare6pbl. [lo-mpexuemy
Mbl, KaK npaBuJio, OyleM npeanoJaraTb HaJH4yue B paccMaTpHBae-
MBIX TPOCTPAHCTBAX CYETHOrO BCIOLY IVIOTHOTO MHOXecTBa. Bse--
JeM cJefyiolllee OnpesiesieHHe.

Onpenenenue 2. TlonHOe eBKJIHIOBO NPOCTPAHCTBO GecKo-
HEYHOTO YHCJA H3MEpPEeHHH Ha3blBaetcsi 2uAb0epTO8biM NPOCTPaH-

creomt).
Taknm o6pa3oM, rub6EpTOBLIM NMPOCTPAHCTBOM HA3BIBAETCH CO-
BOKyNHOCTb fI 3snemeHTOB f, &, ... MPOM3BOJBHOM NPHUPOMBI, YIOB-

JIeTBOpsIOllasi CJAeAYIOLUIHM YCJIOBHAM (akcHoMam).

I. H ectb eBKIHI0BO NPOCTPaHCTBO (T. €. JIHHEHHOE NpPOCTpaH--
CTBO C 3a/laHHBbIM B HEM CKaJISiPHbIM NPOU3BENEHHEM).,

IfI. ITpoctpanctBo H monHO B cMbicie Metpukd p(f, g)=
=|f—gll.

II1. TIpoctpanctBo H GeCKOHEUYHOMEPHO, T. e. B HEM A/
J1060r0 # MOXXHO HAHTH N JIHHEHHO HE3aBHCHMbBIX 3JE€MEHTOB.

Yame Bcero paccMarpHBaiOTCH cenapabesbHble THALOEPTOBB
NPOCTPAHCTBA, T. €. NPOCTPAHCTBA, YAOBJETBOPSAIOUIHE elle OmHOI
aKcHoMe.

IV.H cenapa6enbHO, T. e. B HEM CyleCTBYeT CYETHOE BCIO-
Ry IJJOTHOE MHOXXECTBO. ‘

ITpumepom cenapabesnbHOrO THABGEPTOBA IPOCTPAHCTBA MONKET:
CJYXHUTb JeHCTBUTENbHOE NPOCTPAHCTBO ly.

B nanbnelimem mbl 6yleM paccMaTpHBATh TOMBKO Cenapabelb-
HBIA cayyai.

Ananornuno onpesenennio 2 u3 § 1 1Ba eBKANAOBBIX MPOCTPAH-
€TBa, R u R*, Ha3LIBAIOTCA U3OMOPPHOIMU, €CNA MEXKIY HX 3/eMeH-
TaMH MOXKHO YCTaHOBHTb B3aHMHO ORHO3HAYHOE COOTBETCTBHE TaK,.
4TO ec/H

x>, yey

(x, y=R; x*, y’=R"),

') Mo umenn 3naMenntorc Hememkoro MateMatuka J. TunbGepra (1862—
1943), koropuifi BBesr 5T0 mMomsTHE.
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TO

Ety—xt 4y,

ax <> ax*

H

(x, =1, ).
Hnaue rosops, H30MOpHHU3M eBKJIHAOBBIX NPOCTPAHCTB — ITO B3aUM-
HO OJHO3HAYHOE COOTBETCTBHE, COXpaHfllee KaK JHHeHHble omne-
painuH, onpejesieHHble B 3THX NPOCTPAHCTBAX, TaK M CKalspHOe
IIpOU3BeeHHe.

Kaxk u3BecTHO, 10GBle 1B N-MePHBIX €BKAHNOBBIX NPOCTPAHCTBA
H3oMOphHBl MeXay Co60H H, CjaeloBaTes]bHO, KaXJoe TaKoe Ipo-
CTpPaHCTBO M30MOpPOHO apudMeTHuecKkoMy mpoctpaHctsy R™ (mpu-
mep 1, n. 2). EBknugoBsl npocrpaHcTBa OECKOHEUHOro YHCJIA H3-
mepenuil He oGs3artesbHo usomopdust apyr apyry. Hanpumep, npo-
crpaHcTBa Iy u Cofa, b] mexnpy coGoit He u3oMopdHEL. DTO BHIHO,
HanpuMep, U3 TOTO, YTO IEepPBOe M3 HUX IIOJHO, @ BTOpPOE — HeT.

OnHaxo uMeeT MeCTO CJAeAYIOLIHH (paKrT.

Teopema 5. JIwoboie 08a cenapabenrvroix 2urbbepTosslx npo-
CTPAHCTBA UBOMODPGHLL mexOy coboll.

HokxasaTteabcTso. [Tokaxem, uTo Kaxnoe runb6epTOBO NMPO-
crpauctBo H uzomopduo npoctpauctsy lo. TeMm cambiM Gymer no-
Ka3aHo yTBepkKlIeHue TeopeMbl. BriGepem B [/ nmpoussosbHylO moJ-
HYI0 OPTOTOHAJIbHYIO HOPMHPOBAHHYIO CHCTeMy {@n} H NOCTaBHUM B
COOTBETCTBHE 3JeMeHTy [ & [ COBOKYMHOCTb Cy, C2, ..., Cn, ... €O

oo
kospduuuentos Pypbe mo stoft cucreme. Tak Kak kzl ¢} < o0, To

nocJea0BaTeabHOCTb (€, €2y +.., Cn, ...) €CTb HEKOTOPBIH 3JeMEHT
u3 l,. OGpartHo, B cuay teopeMbl Pucca— @uinepa BCsIKOMY 3Jie-
Meuty (€1, €2, ..., €n, ...) U3 Iy OTBeyaetr HEKOTOPbLIli 3/J€MEHT
f e H, umetowuit uucaa ¢y, €3, ..., Cn, ... CBOUMH KO3 dunuenra-
My @ypbe. YCTaHOBJIEHHOE COOTBETCTBHE MEXIy 3jleMeHTaMu u3 H
B [y B3auMHO oaHo3HauHo. [Jasee, ecin

fFer(cpy €op «vvy Cpy 0 2)
H
gH(dlv d2: ey dn) "')y
TO
f+g‘—>(cl+dl7 C2+d2’ vevy Cn+dn) '0')
H
af < (acy, acq, ..., @y, - ..),

T. €. CyMMa IePexXOJHuT B CYMMY, a NPOH3BeJeHHe Ha YUCJIO — B NPO-
H3BefleHHe COOTBETCTBYIOLIEro 3JIeMeHTa Ha 3TO Xe uHciao. Hako-
Hell, u3 paBeHctBa [lapcesand ciaenyer, 410

G, =23 cude e
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JLefCTBHTENBHO, H3 TOrO, YTO

¢ h=3%c @o=2a
: 4

G+ef+a=0D+2( 9+ o=
=nz=:1(c” + d")2 =n-z=:lc?l +2 nz=:1 e +nz:l d?‘

poitekaer (24). Takum ob6pas3om, ycTaHOB/IeHHOe HAMU COOTBETCTBHE
MexXIy aJeMeHTaMu npoctpaHcTB M u [y meficTBUTENbHO siBAsSETCA
H30MOPPUIMOM.

JoxaszaHHas TeopeMa O3HayaeT, YTO, C TOYHOCTHIO IO H30MOD-
«bu3ma, cymecTByer JHIIb ONHO (cenapabesbHOe) TrUaAbGEPTOBO
npoctpancTso (T. e. cucrema axcuoMm I—IV mosnwa) wu uro mpo-
CTPAHCTBO l3 MOXXHO paccMaTpHBaTh KaK ero «KOOPAHHATHYIO pea-
JIU3a1HKI0», NOLOGHO TOMY KakK n-MepHoe apudMeTHUECKOe MPOCTPaH-

n

CTBO CO CKaJISIPHBIM IPOU3BeJeHUEM Z Xy, npeacrasaser coGoi
g i=1

KOOPAHHATHYIO peasi3alHio eBKIHJ0BA NPOCTPAHCTBA N M3MEpPEeHHH,
3aJAHHOTO aKCHOMAaTHUECKH.

Ipyryio peanusauio rujib6eproBa MPOCTPAHCTBA MOKHO MOJY-
uHTb, B3B (yHKIHOHAAbHOe mpocTpaHcTBo Cola, b] u paccmorpes
‘ero nonoJHenHe. JlefCTBUTENbHO, JIETKO MPOBEPHUTb, UTO IIONOJHE-
HHe R* BCAKOro eBKJAMAOBA NpocTpaHcTBa R (B TOM CMBICJIe, Kak
Mbl ONpEeJSHIH I[OIOJHEHHE METPHYECKOro MpocTpaHcTsa B § 3
ri. II) craHoBuTCSt JMHEAHBIM eBKJHIOBHIM NPOCTPAHCTBOM, €CJ/H
B HEM OIpENeJHThb JUHEHHbIE OMePAalUuH U CKaJSPHOE NPOU3BEEHHUE,
NpPONOJKAsA WX [0 HENpPepbLBHOCTH ¢ MNpPOCTPaHCTBa R, T. €. mo-
Jaras

x+y=lim(x,+y,), ox=lim ax,
n-»oo n->o

(x) y)= lim (xm yn)’
n->o0

The Xn—>X U Yn—>Y, Xn, Yn = R. (CyuiecTBOBaHHE BCEX 3THX Mpe-
JIleJIOB H HX HE3aBHCHMMOCTB OT BHIGOpA nocaenoBatesnbroctell {xn} #
{y»} nerko ycranasausaercs). Torga nomosiHeHHe MPOCTPAHCTBA
Cla, b] 6ymer nonHbIM eBKJHIOBBIM NPOCTPAHCTBOM, NUEBHIHO, Gec-
KOHEUHOMEpHBIM 1 cenapalesbHbIM, T. €. THJAbOEPTOBLIM TPOCTPAH-
ctBoM. B ruase VII Mbl BepHEMCSt K 3TOMY BONPOCY U IIOKAXKeM, YTO
Te 3/1eMEHThI, KOTOpbie HYKHO npucoeAuHuTb K Cyla, b], uto6sl mo-
JIyUHTh IIOJIHOE IPOCTPAHCTBO, TOXKE MOJKHO NMPEACTABUTb KaK (PyHK-
HHH, HO TOJMbKO Yy¥Ke He HelpepbiBHble (a MMeHHO, Kak (yHKuuH,
KBajpaT KOTOPbIX CYMMHDyeM B cMbicie JleGera).
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7. NMopnpocTpancTBa, OPTOTOHAJIbHBlE JONOJHEHHH, nApsAMas
cymma. B cooTBeTcTBHH ¢ oOmMMH onpeleleHHAMH § 3 aunedroirn
MHO2006pasuem B THAbOepTOBOM mpocTpaHcTBe /{ Mbl HasoBeM Ta-
Kyl0 COBOKYNHOCTb L 3siementoB us H, uto ecmm f, gL, 10
af +Bg=L pas mobuix uhcen oo v B. 3aMKHYTOe JHHEHHOE
MHOrooGpasue Ha3biBaerca nodnpocTpaxcreom. IlpuBeleM HEKOTO-
pbie npuMepbl NOAIPOCTPAHCTB FHIbGEPTOBA MPOCTPAHCTBA.

1. Ilycts h — npousBoabHbIl 3neMent u3 H. CoBOKYNHOCTH Beex
sneMeHTOB [ & H, oproronanbHbix K h, o6pasyer 8 H noanpocTtpas-
CTBO.

2. ITycts H peanu3oBaHo Kak Iy, T. €. €ro 3JeMEHTH CYyTb TaKue

TOC/eI0BATENbHOCTH (X1, X2, ..., Xn, ...) HHCEJI, UTO Zx,ﬁ < oo,
- k

DnieMeHTHl, INOAYHHEHHblE YCJOBHIO X; == X, OGpasylOT MNOANpPO-
CTPAaHCTBO.

3. Tlyctb cHoBa H peann30BaHO KaK MPOCTPAHCTBO ly. DieMeHThE
Xx=1(X1, X2, ..., Xn, ...), Y KOTOPHIX X, =0 mpu n=2, 4, 6, ...
(¥ xn npousBoabHH IpH N =1, 3, 5, ...), o6pa3yioT nognpocTpaH-
CTBO.

Unrarenio peKOMeHAyeTCH NPOBEDHTb, YTO yKa3aHHbBIE B MpHMe-
pax 1—3 COBOKYIMHOCTH BEKTOPOB HEHCTBUTENbHO SIBJASIOTCS NOA-
IPOCTPAHCTBAMH.

Bcesikoe noanpocTpaHCTBO ruab6eproBa NMpocTpaHcTBa Jubo sB-
JseTcss KOHEUHOMEPHBIM €BKJAHIOBBIM IPOCTPAHCTBOM JubO camo
apenacrasnasier co6oi ruab6epToBo mnpocTpaHcTBo. [leficTBUTENBHO,
cnpaBeasnuBocth akcuoM I—II1 nas xaxporo takoro moamnpocrpas-
CTBa OuEBH[IHA, a CHPAaBeMJHBOCTb akcuoMmbl IV BhiTekaer u3 ciae-
Iaywollel JeMMBL.

JTemwma. Jwboe noomnoxecrso R’ cenapabearvrozo merpuue-
cxo20 npocTpancrea R camo cenapabervro.

JlokasarteabcTso. I[lycts

&, & vvey By o
— CYeTHoe BC}OlIy MJOTHOE€ MHOXECTBO B R n
a,= inf p (&, n).

neR’

s mo6bIX HATYPANbHBIX 7' U M HalJeTcs Takas TOUKA Nn, m < R/,

4T0
0 Enr Mo m) <y + 1/m.

Ilycte £ >0 u 1/m < ¢/3; nas moGoro n & R’ Hafinercs Takoe n,
ut0 p(En, M) << €/3 H, CIeIOBaTENbHO,

0 Go N ) < @y + 1fm < e/3 + /3 =2¢/3;

HO TOrAa P(M, Nn, m) << &, T. €. He 0ojiee YeM CUETHOE MHOXKECTBO
{Nn,m} (n,m=1,2, ...) Bciony miorTHo B R’.
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IoanpocrpaHcTBa ruib6epToBa NPOCTPAHCTBA 06,/13Jal0T HEKO-
-TOPbIMH CIIELIHaJbHEIMH CBOHCTBAMM (HE HMEKOUIMMH MecTa AJd
TIOANPOCTPAHCTB INIPOH3BOJbHOrO HODMHPOBAHHOIO MPOCTPAHCTBA).
DTH CBOMCTBA CBSI3aHbl C HaJHYHEM B THJIbOEPTOBOM MPOCTPAHCTBE
CKaJ/ISIDHOTO TPOU3BENEHHS H OCHOBAHHOIO HA HEM MOHSATHSI OPTO-
rOHAJbHOCTH. '

[IpuMeHUB npouecC OPTOroHaNM3ALUH K KakOH-TH60 CUeTHOH
BCIOLY IJIOTHOH IOCJENOBATENBHOCTH 3JEMEHTOB [POHM3BOJBHOrO
MOANPOCTPAHCTBA THJAbGEPTOBA NPOCTPAHCTBA, MOJYYAEM CJEAYIO-
ILYIO TEOpEMY.

Teopewma 6. B kaxdom nodnpocrparcree M npocrpancrsa H
£00epocuTCs OPTOCOHAALHAR HOPMUPOBAHHAA cucTema {Qn}, AuHel-
Hoe 3ambikanue KoTopoil coenadaer ¢ M.

Ilyere M — nopnpoctpaHcTBO ruibfeproBa mnpocrpaHcrBa .
O603HaunuM uyepes

ML=HOM

MHOXKECTBO 3JIeMeHTOB g & [, opTOroHa/ibHbBIX KO BCEM 3JIeMEHTaM
fe M, u nokaxeMm, uto M‘ ToXe eCTb MOANPOCTPAHCTBO MPOCTPAH-
crBa H. Jlunelinocte M+ oueBmaHa, Tak Kak u3 (g, [)= (g2 )=
= 0 BhiTekaeT (a8 + @282 f)=10. Jns nokasarenbcTBa 3aMKHY-
TOCTH LONYCTHUM, YTO 3JEMEHTHl gn npuHamaexar ML u cxomsrcs
kK g. Torna nnst moGoro f = M

(& N= ,,li,“l (8n, ) =0,

d NOTOMY & TOXKe BXoAHuT B ML,

IMoanpoctpanctBo ML HasbiBaeTcs OpPTO20HAAbHOIM OOnoAHE-
Huem mopnpocrpancrea M. :

W3 Teopempl 6 jierko nosyuaercs cienyiouias Teopema.

Teopema 7. Ecau M — (3amxnyroe!) auneiinoe nodnpocrpan-
€180 npoctpancTéa H, 10 110606 srement f = H eduncreennoim 06-
pasom npedcrasum 6 sude f="h-h’, 20e heM u K = ML

HdokasarteabcTBo. JlokaxeM cHaua/na CylL(ecTBOBaHHE Ta-
Koro pasJoxenus. Ilig storo Haiinem B M NOJHYIO OPTOrOHA/bHYIO
HOPMHPOBAHHYIO CHCTEMY {(n} H MOJOKUM

h=n§—.:1 CnPu» cn=(f’ q)n)'

0
. 2 -
Tak kak (mo HepaBeHcTBY Deccenst) psg nz=:[cn CXOIHUTCS, TO 3J1€

MeHT h cymectByer H npuHamiaexur M. [Toaoxum
h =f—h.
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OueBuano, uto Aas Bcex n (A', ¢p) = 0 H, NOCKOJbLKY NPOU3BOJIb-
Hbli snemenT § ¥3 M npencrasum B BUle

00
t= Z 2P,
n=1
unMeeM

(W, 9= X0 (', 02) =0,

T. e. =ML
IlOHyCTPIM T€Nnepb, 4YTO, KpOME NOCTPOCHHOIO HAMH Pa3JoXeHUus
[ = h+ h’, cymecTByeT Apyroe pasfioxeHue:

f=mh+h, LM, hesML,

Torna npu Bcex n
(hlv ‘pn) = (fa q)n) =Cyp,

OTKYZa CJleAyeT, UTo
hi=h, hi=FH.

U3 teopeMbl 7 BHITEKAIOT HEKOTOPHIE MOJIE3HbIE CJIENCTBHS.

Caencreue 1. Oproconarvroe donoanenue K OpTO2OHANGHOMY
Oonoanenuro aunelinozo noonpocrpancrea M cosnadaer ¢ camum M.

Takum 06pa3oM, MOXKHO TOBOPHTb O B3aHMHO JNONOJHHTEIbHBIX
noanpocrpancreax mpocrpancrsa . Ecau M u ML — nBa rtakux
NONOJIHSIOWHX APYr ApYra A0ANpocTpanctsa H{@,} {@,}—nonusie
(cootBercTBeHHO B M n M=) oproroHasbHble CHCTEMEI, TO COefHHE-
nue cucreM {¢,} ¥ {@,} 1aeT NONHYIO OPTOrOHAMbHYIO CHCTEMY BO
pceMm npocrpancTse f. [TosToMy HMeeT MecTO cieACTBHE:

Cnencreue 2. Kawdas opTO2OHAAbHAA HOPMUPOBAHHAA CU-
cTema moxcer 6ouiTo pacutupena 00 cuctemsl, nosroti 8 H.

Ecau cucrema {@n} KOHeuHa, TO YHCJIO BXOASILIHX B_Hee 3Je-
MEHTOB PaBHO pPa3MepHOCTH NOANpocTpaHcTBa M, nopoxaeHHOro
{¢n}, u XopasmepHocTu moanpocrparcrsa ML, Takum o6Gpasom, no-
JyyaeM elle OJHO CJeJCTBHE:

Cnencreue 3. OprozoHarsHoe JonosHerue K RPOCTPAHCTSY
KOHEUYHOU PasMEepHOCTU N umMeeT KOPA3ZMePHOCTs N, U Hao6opoT.

Ecan xaxabiii BekTop fe& H npexcrasim B Buge f=h + 1,
heM, W= ML (M- —oproronanesHoe ponosinedue M), To roso-
paT, uto H ectb npamas cymma B3aMMHO OPTOTOHAJMbHBLIX NOAIPO-
crpaicte M n M+ u numyr

H=M®M*.

¢lcHO, YTO MOHSITHE NMPSIMOH CYyMMBI MOXeT OBITb HeNnOCPeICTBEHHO
060611eHO Ha J1000e KOHEUHOe HJHM JaKe CYeTHOe YHCJI0 MNOATPO-
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CTPaHCTB; HMEHHO, TOBOPAT, uTo H ecTb mpsmMas cyMMa CBOHMX MOA-
npoctpaHcts My, My, ..., My, ...

H=M1®M2@ cee @Mn@...,
eCcJn

1) mommpocrpancrBa M; monapHo OpPTOTOHAaJIBHEL, T. €. JIOGOH
BeKTOp u3 M; opToronasen Jjio6omy BekTopy u3 My npn i'5= k;
2) Kaxibli seMeHT [ & H MoxeT ObITb NpeaCTaB/aeH B BHJE

f=h1+h2+ e +hn+ ey hnEMn,
npHYEM €CJIH YHCJIO MOATPOCTPaHcTB My GeCKOHEUHO, TO Yk, P —
n

CXOISIINACH pAan. Jlerko TNIPOBEPHUTH, UTO €CJH TaKoe NMPeACTaBJCHHE
SJIeMEHTa f CyHeCTBYET, TO OHO €JHHCTBEHHO H 4TO

ufu2=2n‘,n Ry IR

Hapsiny ¢ npsaMo#i cyMMO# NOANPOCTPAHCTB MOXKHO TOBODHTb
O MpsiMOA CyMMe KOHEUHOIO MJH CYETHOrO YHCJAa IPOU3BOJIbHBIX
runbGepToBBIX MpocTpancTs. Mmenno, ecin Hy n Hy — nBa runnbep-
TOBBIX NMPOCTPAHCTBA, TO MX INpsiMas cymMma H onpepessiercs cie-
AyIoLUM 06pa3oM: 3/1eMeHTHl NpocTpaHcTBa 1 — 310 BCeBO3MOXHbIE
napol (A, he), rne hhe H,, hp < H,, a ckanspHoe Npou3BeseHHe
IOBYX TaKHUX Iap paBHO

((h1, ho), (hi, h2)) = (A1, hi) + (he, h2).

B npocrpanctse H comepxarcsi, OYeBHAHO, B3aHMHO OPTOrOHa/b-
Hble IOANPOCTPAHCTBA, cocrosimue u3 nap suga (A, 0) u (0, Ay) co-
OTBETCTBEHHO, MEPBOE H3 HHX MOMHO €CTEeCTBEHHBIM 00pa3oM OTO-
KAECTBATb C MpoctpaHcTBoM H;, a BTOpoe — ¢ mpocrpaHcTBoM Ho.

AnanoruuHo onpejensierca CymMMa JioO0TO KOHEYHOIO 4YHciIa
npocrpancts. Cymma H=) @H, cueTHoro uucia TpOCTPAHCTB
Hy, Hy, ..., Hy, ... onpefensierci TaK: 3JeMEHTHl TNIPOCTPaKCTBA
H — 3T0 BCEBO3MOXKHbi€ NOCAeI0BATeJbHOCTH BULA

h=(hl7 kQ; LS ] hm '-') (hnEHn),
rakue, uto Xl h,|P < oo. Ckansipuoe npoussenenne (h, g) sie-

MmenToB A n g u3 H pasho
2. (hay &0).

8. XapakTepHCTHYECKOe CBOHCTBO €BKJMJAOBBIX NPOCTPAHCTB.
Pacemotpum caenytomuii Bonpoc. Ilyere R — HOpMHpOBaHHOE mpo-
crpanctBo. KakuM JONOJHHTENbHBIM YCJIOBUAM AOMKHA YAOBJIETBO-
pATb HOpMa, onpeleseHHas B R, uto6bl MpOCTPaHCTBO R GBUIO eB-
KJAHJIOBBIM, T. €. 4TOObl HOPMa B HeM ONpeJesisaNach HEKOTOPHIM
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CKanapHbIM npouspelenHeM? lHade roBops, Kak 0XapaKTepH30LATL
€BKJINJIOBBl TIPOCTPAHCTBA B KJacce BCeX HOPMHPOBAHHBIX MPO-
crpancts? Takylo xapaKTepHCTHKY JaeT cleflyolias teopema.

Teopema 8. [aa 1020 uT06b61 HOPMUPOBAHHOE NPOCTPAHCTBO R
66120 e8KAUO0BbIM, HEObX00uMO U JOCTATOHHO, 4TOObL OAst At06bIX
08Yyx 34eMEHTO8, [ U g, BLINOAHAAOCH DOABEHCTEO

IF+glP+IF—glP=20FF+1glP- (25)

INockoabky f+ g u f— g —3To anaronanu mapasJenorpamma,
TIOCTPOEHHOTO Ha CTOPOHAaX [ u g, paBeHCTBO (25) Bbipa)kaer u3-
BECTHOE CBOMCTBO MapaJjJesNorpaMMma B eBKJIHIOBOM NPOCTPAHCTBE:
cymma K8aodparos duaeonaiell RAPANAENOZPAMMO PABHA CYMME
Keadparos scex e20 cTopor. TakuM 06pa3oM, HEOGXOIUMOCTh YCIIO-
Bus oueBHAHA. [JokaxeM ero mocratounocts. [Tosoxum

F, @ =5Uf+eglr—1f—gp, (26)

W TIOKaXKeM, YTO eC/¥ paBeHCTBO (25) BhmosiHeHO, To PyHkuus (26)
yIOBJEeTBOPSieT BCEM akKcuoMaM cKaasapHoro mnpoussenenusi. Ilo-
CKOJIbKY TIpH [ = g umMeem

(, D=7 U2 P—IF—FR=IFF, (27)

370 ¥ OyAeT TO CKaJfApHOe NpPOU3BeJeHHe, KOTopoe NMOpOXaer B
npocTpaHcTBe R 3ajaHHYI0 TaM HODMY.
ITpexne Bcero, u3 (26) cpasy BHAHO, 4TO

(F, 9=, 1),

T. €. CBOHCTBO 1) CKaJsipHOro NpPOU3BeLeHHs BhIMONHeHo. Kpome
toro, B cuity (27) umeer mecto u cBOoHCTBO 4). Ilasi ycraHOBJeHHS
cBoficTBa 2) paccMOTpUM (QYHKUHIO TPEX BEKTOPOB

©(f, g =4[ +g b —(, b —(g h

T. €.
@, g W=If+g+naP—If+g—rP—
—Nf+hPHIF—hIF—llg+hIP+1g—RIP, (28)

M TIOKajKeM, YTO OHa TOXKIECTBEHHO paBHa HyJ0. B cuay (25)
uMeeM

Wf+ghlP=20ThrP+20glP—IfEh—gl"
IMopcraBuB cooTBeTCTBYIOIME BRIpaxeHust B (28), monyuum

O, g h=—lf+h—gPF+If—h—glP+
+If+hF—If—hrF—lg+hlF+lIg—hIP (29)
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BssB noaycymMmmy (28) u (29), umeem

o(, & h =i(llg+h+le+llg+h—le)¥
gUe—h+TF+Ig—h—F)~lg+hP+lg—hF.

B cuay (25) nepBoe cjaraeMoe paBHO

lg+hP+IFIR
a BTOpPOE€ — pPaBHO
—lg—hP—IFR
Tang o6pa3om,
@(f, g, h)=0.

YcraHOBHM, HaKOHel, CBOACTBO 3) — OQHOPOJHOCTb CKAJ/SPHOro
npoun3sBefieHusa. PaccMOTpuUM JJ1st 3TOro npu J06bX GPHKCHPOBAHHBIX
f v g dyskuunio

o) =(cf, @ —c(f, &)
U3 (26) cpasy caenyer, uto
1
e(0)=—5(lglF—1lg)=0

B @(—1) =0, nockonbky (—f, g)= —(f, g). Ilosatomy pas nwo6oro
LeJIoro 1
(nf, @ =(sgnn(f+ ... +/), &=

=sgnn[(f, &+ ... +(, @l=Inisgnn(f, @ =n(f, g),
T.e. ¢(n)=0. Ilpu neasix p, gu g0

(21 &)=r (55 g)=2q(11 e)=20 )

T. €. ¢(c)=0 npu Bcex palHOHAJbLHBIX C; NOCKOJBKY (PYHKUHA @
HelnpephIBHA,
@ (c) =0.

Tem cambiM Mbl nokazanau, uto OGyukuus (f, &) obaajgaer Bcemu
CBOFICTBAMH CKaJISIPHOTO NPOU3BELEHMNS.

IMMpumepsn. 1. Paccmorpum n-mepuoe npocrpanctso R, B Ko-
TOpOM HopMa onpeznenesa ¢opmyJon

Il = (Z | % V')”p.

IIpu p > 1 Bce aKCHOMBI HOPMBI BBITIOJIHEHbI, OJHAKO €BKJIHIOBBIM
npocrpanctsoM R, 6yner TosbKo npu p = 2. JeficTBHTEbHO, pac-
cmotpuM B R; nBa BekTopa:

f=(l? 17 O) 0’ MR O)a

g=(1: _la 01 0) ey 0);
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nMeeM

f+¢=(20,0,...,0),
f—g=(@,20,...,0),

Ifl,=lgl,=2", (f+gl=1f—glhb=2,

TaK YTO TOXKIECTBO MapaJjenorpamma (25) mpu p = 2 He BBINOJ-
HseTCH. ’

2. PaccMOTpUM MPOCTPAHCTBO HENPEpPHIBHBIX (PYHKUUA HA OTpe3-
ke [0, /2], TTonoxum

OTKyJla

f()=cost, g(t)=sint.
Ifl=lgl=1

If+gll= max [cost—+sint|=4/2,
o<t n/2

If—gll= max |cost—sint|=1.
o<iCn/2

Vimeem

"

OTciofa BUAHO, UTO
Ni+glB+IF—glF==20FIF+1gP.

Takum oGpasom, nopmy npocrpancrBa C [0, n/2] Heab3ss 3amarb ¢
NOMOLUbIO KaKOro Gbl TO HH ObLIO CKAJsIPHOTO mpousBefeHus. Jlerko
BHJEeTh, YTO M NPOCTPAHCTBO HenpepnBHBIX ¢yHkuuir Cla, b] na miwo-
6oM oTpeske [a, b] He eCTb eBKJIHAOBO MPOCTPAHCTBO.

9. Komnuaekcusie eskaugosbl npocrpancrsa. Hapsay ¢ neicrsu-
TeJbHBIM MOXKeT ObiTb BBEIEHO W KOMIJEKCHOe eBKJHJOBO Ipo-
CTPaHCTBO (T. €. KOMILVIEKCHOe JIMHefHOe MPOCTPAHCTBO CO CKaJsp-
HbiM npousBeneHuem B HeM). OnHako akcuombl 1)—4), chopmyn-
poBaHHbBIe B HauaJe 3TOro naparpada, He MOryT ObiTh B KOMILIEKC-
HOM NPOCTPAHCTBE BBINOJHEHB OJfHOBpeMenHo. [leAcTBUTENIbHO, H3
1) n 3) caenyer

(Ax, Ax)=A%(x, x),

OTKyZ1a npu A = i uMeeM

(ix, ix) = —(x, x),

T. €. CKaJsipHble KBAaAPAaThl BEKTOPOB X H iX He MOryT ObITb OIHO-
BpPEMEHHO noJoXuTeNbHbl. HHbIMK cloBaMu, akcuombl 1) u 3)
HecoBMecTUMBl ¢ akcuomoit 4). [ToaTomy akcHOMBI, ¢ MOMOILbIO KO-
TOPHIX Olpee/sieTcss CKaJsipHOe NpOou3BefeHHe, B KOMIIEKCHOM
c/lyuae [JOJIXKHbl OBITh HECKOJBKO H3MEeHeHbl N0 CPaBHEHHIO C Aei-
CTBHTENbHBLIM. B KOMIJIEKCHOM NpPOCTPaHCTBe CKa/jdsipHOE NpOH3Be-
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JIeHHe Mbl ONMpeJe/HM KaK YHCJAOBYIO (KOMILIEKCHO3HauHyi0) ¢YHK-
M0 ABYX BEKTOPOB, YAOBJETBOPAIOHWIYIO CJAEAYIOIIUM YCJIOBHSM:

1) (x,y)=(y, x),

2) (M, y)=A(x,Y),

3) (%14 x2, y) = (%1, ) + (%2, 4),

4) (x,x) =0, npuueM (x, x) >0, ecin x = 0. (Takum oGpasom,
Mbl BHECJIH IIONPAaBKy B NEPBYI0 aKCHOMY, COXPAHUB TPH OCTaJbHbIE
6e3 usmenennit.) Y3 ycnosuit 1) um 2) caemyer, uto (x,Ay)=

=M (%, y). IleficTBUTENbHO,
(¥, ) = (hy, ©)=A(y, x) =1(x, y).

Xopolo H3BEeCTHHII NMpHMep KOMIUIEKCHOTO €BKJHI0BA NPOCTPaH-
€TBa n HU3MepeHHH — 3TO JHHeHHoe npocrpaHctBo C* (§ 1, nmpu-
Mep 2), B KOTOPOM CKaJIsipHOe MPOU3BEJeHHE 3J1eMEHTOB

x=(xlv Xoy o0 ey xn) H y=(y17 Yoy + v vy yn)
onpeneaserca GopMyJIoH

(x’ y) == ; xkgk'

Kak u3BecTHO, BCAKOE KOMIUIEKCHOE eBK/JIHIOBO IPOCTPAHCTBO pas-
MEPHOCTH 1 U30MOPGHO 3TOMY NPOCTPAHCTBY.

TpumepaMu 6eCKOHEUHOMEPHBIX KOMIIJIEKCHBIX €BKJIUIOBBIX NpPO-
CTPAHCTB MOTYT CJYXHTb!

1) KOMMJIEKCHOE MpPOCTPAHCTBO [, B KOTOPOM 3JI€MEHTH — 3TO
TIOC/IEI0BATENBHOCTH KOMIVIEKCHBIX YHCeN

x=(xlv Xgy vooy Xpy "')’

YOBJIETBOPSIOIIHE YCIOBHIO

0o

21 xn P < oo,

n==

A CKaJspHOe Npou3BeeHHe onpeaensercs GopmyJon

00
(x! !/) = Z xn!;'n;
n=l .
2) mnpocrpanctBo Cola, b] KOMI/IEKCHO3HAYHBIX HeNpPepbIBHBIX
$yHKUMEA HA oTpesKe [a, b] cO cKaMAPHBIM NMPOU3BEACHHEM
b
¢ a={iozg®ar
a
B koMm/iekcHOM eBK/IMAOBOM NPOCTPAHCTBE AJMHA (HOpMa) Bek-
TOpa onpejensercs, Kak H B IeACTBUTENbHOM CJyuae, popmy/0i

2 1= 4/(x, x).
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IMousiTHe yraa MeXAy BeKTOpaMH B KOMIUIEKCHOM cayuae OObIYHO

)

He BBOJAT (MOCKOJNbKY BeJHYHHA Tf% BooOllle roBOps, KOM-

MJIEKCHA H MOXeT He ObITb KOCHHYCOM KaKoro- -nubo peficTBHTE b~
HOTO yIJa); OJHAKO TOHSITHE OPTOrOHAJbHOCTH COXPaHseTcs: 3Jje-
MEHTBl X H § Ha3bIBAIOTCA 83AUMHO OPTOZOHANbHBIMU, ecan (X, y) =
= 0.

Ecan {@pn} — kakan-1160 opTOroHasjbHasi CHCTEMa B KOMILJIEKC-
HOM €eBKJIHIOBOM npocTpaHcTtBe R, W [-— NpOH3BOJBHBIA 3/MeMEHT
13 R, 10, KaK 1 B neﬁcmmenbﬂom cJjyuae, 4ucaa

% (F, ®n)

Ha3bBaloTCA Koaguyuenranu Dypoe, a pan
2 4.9,
n

— padom DPypve sneMenta | mno oproroHanbHOH cucTeMe {Pn}-
Hmeer MecTo HepaBeHcTBO bBeccens:

gucpnlﬂa,, P<(F, ).

Gn ||<p|

B uyacrHocTH, ecin cucreMa {@n) _OPTOTOHA/IbHA H HOPMHPOBAHA, TO:
Koappuunenter Pypbe no Takol cHcTeMe ONpenensioTcs d)opmw

JiaMH
n = (f’ ‘Pn);
a HepaBeHCTBO Beccens umeer BUJ

§|cn R, ).

[TonHoe KOMIIEKCHOE €BKJAHAOBO NMPOCTPAHCTBO OECKOHEUHOH pas-
MEPHOCTU HA3bIBAETCH KOMNACKCHOIM 2UAbOEPTOBbIM NPOCTPAHCTEOM.
Ha komnnexkcHblll ciyuafi mepeHocHTcss TeopeMa 06 H3oMopduame
TUAbGEPTOBBIX NPOCTPAHCTB:

Teopema 9. Bce cenapabeabrovie Komnaexcnvie euavbeprosor.
npoCTPAHCTEA UBOMOPPHbL mendy co6oil.

[pocreiimieii peasusanuefl KOMIUJIEKCHOTO ruik6epToBa 1po-
CTPAHCTBA SIBJSIETCS KOMILJIEKCHOE NPOCTPaHCTBO ly. C apyroh, pyHk-
[ HOHAJbHOH, peaJju3alliell KOMIJIEKCHOTO TuJb0epToBa MpoOCTpaH-
CTBa MBI NMO3HaKOMuMcs B .1 VII.

[IpemocraBisieM YHTaTeJi0 NPOBEPUTb, YTO BCE TeOPeMbl, AO-
Ka3aHHbIE Bblllle AJA JEeHCTBHTE/bHBIX E€BKJIHAOBLIX, B YacCTHOCTH
ruab0epTOBbIX, NPOCTPAHCTB, CNPaBeMJIMBH (C HE3HAYHTEILHbLIMME
M3MEHEeHHSAMH, YUHTBHIBAIOLMMH KOMILIEKCHOCTb CKaJApHOrO NpoH3-
BeJeHHs) M IJ/151 KOMIVIEKCHBIX NPOCTPAHCTB.
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§ 5. TonoaornyecKkue JUHEHHBIE NPOCTPAHCTBA

1. Onpenenenne ¥ npuMepbl. 3aflaHHe HOPMbI — JIMIIb ONHMH M3
BO3MOXKHbBIX CMOCOGOB BBENEHHA TONOJOTHH B JHHEHHOM MPOCTPaH-
crBe. Pa3Butne Taknx o6nactell QYHKIHOHAJBHOTO aHaJH3a, Kak
Teopud o6o06meHHbX PyHKUHH (0 HUX OyZeT CKa3aHo B
ciaefyloulefl riaBe), TMOKas3asno, YTO BO MHOTHX CJydasx I[10J1e3HO
paccMaTpUBaTh JHHeHHbIE IPOCTPAHCTBA C TOMOJIOTHEH, 3a4aBaeMoii
He C NOMOULbIO HOPMBI, 4 KAKHUM-JINGO HHBIM CITOCOGOM.

Onpenenenue |. MHOXKecTBO E Ha3biBaeTCst TONOAOSUUECKUM
AUHEIHbIM RPOCTPAHCTBOM, €CIH

I. E npencrapasier co6oll JinHefiHOe MPOCTPAHCTBO (C YMHOXKe-
HHEM 3JeMEHTOB Ha JeHCTBHTE/NbHbIE HJIH KOMIIEKCHBIE YHCa).

11. E siBnsieTcst TOMOJOTHYECKHM IPOCTPAHCTBOM.

1I1. Onepaunu ciaoxeHHs M yMHOXeHHs Ha yucia B E Hemnpe-
PHIBHEI OTHOCHTENbHO 3ajaHHoil B £ tononoruu. [loapoGuee nocnen-
Hee yCJIOBHe 0311ayaeT clelyioLee:

1) ecam 2o = xo+ Yo, TO AN Kaxkgo# okpectHOocTH U TOUKH 2
MOJXKHO yKasaTb Takue okpectHoctH V u W Touek Xo U Yo cooT-
BeTcTBeHHO, uT0 X +y=Umpunx eV, y=s W;

2) ecan apXo = Yo, TO A5 m060H okpectHocTH U touku yp cy-
1eCTBYIOT TaKad OKDeCTHOCTh V TOYKH Xo M Takoe uucjio e > 0,
yroaxes Unpu |la —w|<eumxe V.

M3 cBssy, cyumecTByioue#l B JHHEHAHOM TONOJOTMYECKOM Ipo-
CTPaHCTBE MeXAY aJjre6paHuecKHMH ONEpauUsiMH U TOIMOJOrHeH,
BbITeKaeT, YTO TOMOJIOTUSI B TAKOM MPOCTPAHCTBE IOJHOCTbIO Ompe-
JensieTcs 3ajaHueM CUCTembl OKpeCTHOCTel Hyas. elicTBHTENbHO,
NyCTh X — TOYKa JIMHEHHOrO TOMOJIOrHYecKoro mpocrpaHcrsa E, u
U — uexoropast okpectHocts Hyass B E. Torma U - x— «casur»
BTOH OKPECTHOCTH Ha X — eCTb OKPECTHOCTb TOYKU X; OUEBHIHO, UTO
Jwbas OKPecTHOCTb 000 TouKu x¥ & E moxeT GbiTh NOJyueHa Ta-
KHM Croco60M. -

W3 HenmpepbIBHOCTH ONepaluil CHAOXKEHHST 1 YMHOXEHHUS Ha yHciaa
B TOTOJIOTHYECKOM JIHHEHHOM mpocTpaHcTBe E HeNoCcpeCTBEHHO Bbl-
TeKaloT CJAeAYIOUHe YTBepKACHHS.

1. Ecau U, V — orkpoitote muomecrsa 8 E, To u mHoxnecrso
U + V (1. e. COBOKYIHOCTb BCeX 3/1eMeHTOB Buna x + y, x= U, y =
= V) orkpuro.

2. Ecau U orkpoiro, To u muoocecrso AU (T. e. COBOKYNHOCTb
BCex 3/7eMeHTOB BUIA Ax, x = U) npu arobom A %= 0 0TKpHITO.

3. Ecau F samknyroe mroowecreo 8 E, 10 u MF samknyro npu
At060M M.

ITpumepsor. 1. K romosoruyeckum JuHefHBIM IIPOCTPAHCTBAM
OTHOCATCSL TpeXJe BCero BCe HOPMUPOBAHHBIE INPOCTPAHCTBA.
JleficrBUTENbHO, H3 CBOHCTB HOPMBI CPa3y cJeAyeT, YTO ONepaluu
CJI0XKEeHHST BEKTOPOB H YMHOMEHHS HX Ha 4uCiIa B HODMHPOBAaHHOM
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NPOCTPAHCTBE HENpPEepBIBHBL B TOH TOIOJOTHH, KOTOpas onpene-
Js1eTCsT HOPMOH.

2. 3apaauM onpejesSIOUIYI0O CHCTEMY OKPECTHOCTEH HYJs B MpO-
crpaHcTBe R® BCeBO3MOMHBIX YHCJIOBBIX NOCJAEOBATENbHOCTEH X =
= (X1, X2, ..., Xn, ...) Tak. Kaxnas oxpecruocts U(ky, ..., k& €)
onpejensieTcsd UEJIBIMH UHCIaMU Ry, ..., R, u uyuciaom & >0 u co-
cTouT u3 Bcex Tex ¥ & R™, KoTOpble yA0BNETBOPSAIOT YCIOBHAM:

[xe, | <e, i=1,2,...,r

Jlerko mpoBepuTb, 4TO 3ajaHHe 3TOH CHCTEMbl OKPECTHOCTEH mpe-
Bpamaer R* B juHelHoe TomoJorunueckoe npocrpaHctBo. (Hapsny
¢ R® MoxXHO paccMaTpuBaTth npoctpaHcTBo C® BCex KOMIJ €K C-
H bl X TOCJe0BaTeNbHOCTEH. )

3. Ilycrs K|a, b] — npocrpancTBo Geckoneuno muddepenuupye-
Mbix ') dyHkumnit Ha otpeske [a, b]. Tononoruio B K{a, b] onpenenum
C TOMOILBIO CJleflylolled CHCTeMBI OKpecTHocTell Hyns. Kaxpas ra-
Kasg OKPecTHOCTb Uw, ¢ ONpenensieTcss HOMEPOM M u YHcIoM & > 0
¥ COCTOMT H3 BCeX QYHKUHME ¢, yIOBJIETBOPSIOMIHX HEPABEHCTBAM

le®(x) | <e, k=0,1,2, ..., m,

rie ¢* —npousBojaHas k-ro nopaaka ot GyHKULUU @.

Tot ¢dakr, 4yTo B TONOJOrHYECKOM JHHEHHOM IPOCTPAHCTBE TOMO-
JIOTHsl CBSI3aHA C JIMHEHHBIMH ONepalHsiMH, ONpeleseHHbIMH B HeM,
HaK/IajblBaeT HA €ro TOIOJIOTHIO NOBOJIBHO JKEeCTKHE OrpaHnyeHHs.
HMenuo, 8 Tonoaoeuueckom aunetinom npocrpancree E touka x w
He colepocaujee ee 3AMKHYTOE MHONECTBO UMEIOT Henepecekaro-
wuecs OKpecTHOCTU.

ITpun nokasarenbcTBe 3TOrO YTBEPKIAEHHS NOCTATOYHO PacCMOT-
peTb Touky x = 0 u mo6oe He colepiKalliee ee 3aMKHYTOE MHOXKe-
crBo F. Tlonoxum U= E\ F. B cuny HenpepblBHOCTH omepalun
Boiuutanusi B E wmafigercs Takaa okpectHocth Hyas W, uro
W — W c U. B kauectBe W MOXHO B3Tb nepeceueHune OKPeCTHO-
creit nyng W, u W, rakux, urox—y=sU, ecnu x= W, n ys W,.
ITpoBepuM, uTO 3aMbikaHHe oKpecTHocTH W conepxurcsi B U,
Ilycts y =[W]. Torma kamaas OKpecTHOCTb TOUKH Y, B YACTHOCTH,
y+ W, comepxkut Kakylo-nub6o Touky 2 u3z W. CuaenosaresnHo,
z—yesW, r.e.ye W— W< U, uro u yrBepxaanoch. Ilpu stom
W u E\ [W]— uckomsie okpectHocTH ToukM O M mHOXKecTBa F co-
OTBETCTBEHHO.

Tomosiornueckoe MPOCTPAHCTBO Ha3biBaercsl I (-POCTPAHCTBOM,
eCJIi OHO YROBJIETBOPSIET aKCHOMe OTAeJuMOCTH Ty, T. €. eCcJau Jio-
60e ero OIHOTOYEYHOE MOJMHOXKEeCTBO 3aMKHYTO; OUEBHJHO, YTO JIH-
HeHHOe TOIOJIOTHYECKOe IPOCTPAHCTBO ecTh 1;-IIPOCTPAHCTBO TOTAA

') T, e, uMelOUIUX NPOH3BOAHLIE BCEX TOPAAKOB,



% 5] TOMOJIOTUUYECKUE JIMHEMHBIE MPOCTPAHCTBA 169

M TOJIbKO TOrJa, KOrJa IepeceueHHe BCceX OKPeCTHOCTell HyJd He
COIEPXKHT HEHYJIEBBIX 3/MeMeHTOB. TomoJoruyeckue NpPoOCTPaHCTBA,
YAOBJETBOPSAIOINE AKCHOMAM OTAenuMOCTH 17 u Ti, Mbl Ha3Badu
B ra. Il peeyasproimu; u3 gokazaHHOrO B NpenbliymeM aG3alle cie-
ZLyeT, 4TO TOnoaoeuueckoe aunelnoe Ti-npocTpancrso peeyrspHo.

B HOpMHpOBaHHBIX NIPOCTPAHCTBAX BAXKHYIO POJib UTpaeT MOHSH-
THE OTPAHHYEHHOTO MHOXKEeCTBA. XOTS TaM 3TO MOHSITHE BBOJHTCS
TIPH NOMOIUKM HOPMBI, OHO MOXeT OLITh ecTecTBeHHO chopMynaupo-
BAHO M IS JTIOOBIX JIHHEHHBIX TONOJOTHYECKUX [POCTPAHCTB.

MuoxectBo M, nexalllee B TOMOJOTHUECKOM JIHHEHHOM TpO-
cTpaHCcTBe E, HA30BeM 02panHuUueHHbIM, €CNH JJISl KaXKIOH OKpesTHO-
cru nyas U cymecrsyer takoe n >> 0, yto AU > M npu Beex |A] >
> n.

Slcho, YTO /I HOPMHPOBAHHBIX MPOCTPAHCTB 3TO MOHSITHE Orpa-
HHYEHHOCTH COBNAJlaeT C OrPaHMYEHHOCTBIO MO HOpMe (T. e. ¢ BO3-
MOKHOCTbIO TOMECTHTb JaHHOE MHOXECTBO BHYTPb HEKOTOPOro
wapa |lx[l << R). IlpocrpancTBo E Ha3bIBaeTCst L0KAAbHO 02PaAHULEH-
HbiM, €CTIM B HeM CYIIeCTBYeT XOTd Obl OJHO HENyCTOe OTKPHITOe
OTpaHHYeHHOE MHOXeCTBO. Bcskoe HOPMHPOBaHHOE MpPOCTPAHCTBO
JIOKaJibHO orpaHnueHo. ITpumepoM npocTpancTBa, He SABJASIONIErocs
JIOKaJIbHO OrpaHMYeHHBIM, MOXeT CJAYyXKHTb npocTpaHcTBo R®, yka-
3aHHOe B npumepe 2 (mokaxure 3T1o!).

Ynpaxuennsa 1. Ilycre E — Tononornueckoe JuHEAHOE NPOCTPAHCTBO;
JIOKaXHTe CNpaBeJJHBOCTD CAEXYIOWHX YTBEPKAEHHI:

(a) mHoxectBo M — E orpaHuYeHO TOTAa M TOJILKO TOTAA, KOrAa AAA J060i
TOC/IeIOBATENbHOCTH {¥n} © M u m060il MOCNAEZOBATENLHOCTH  MOJOKHTENbHBIX
ancen {€»}, cTpeMAWeACs K HYJIO, NOCAELOBATEIBHOCTE €nXn CTPEMUTCA K HYJNIO,

(6) ectu {xp}e i ©E H xn—>X, TO {Xn)— OrpaHHUEHHOE MHOKECTBO;

() ecau E JnoKanbHO OTpaHHYEHO, TO B HeM BBINOJHSETCS TepBas aKCHOMa
CYETHOCTH.

Buinonena nim nepBast akCHOMa CUETHOCTH B mpocTpancTBe R™?

2. Mu CKaXxeM, u4TO MHO2KeCTBO M B TONOJIOTHYECKOM JIHHEHHOM npocTpau-
ctBe E nozaowjaerca oxpectnoctblo Hysas U, ecau cyuiectsyer takoe A > 0, uto
AU D M. [okasaTh, 4TO B JIOKAJbHO OrPAHHYEHHOM NPOCTPAHCTBE CYLIECTBYET
dyHAaMeHTaNbHASL CHCTEMA OKDECTHOCTEH HYJs, B3aHMHO NOTVIOWAIOUIMX  ApYT
Apyra. UTO MOXHO NpHHATb 32 TAKYI CHCTEMY B HODMHPOBAHHOM TPOCTpaHCTBe?

2. JlokaabHass BBINYKJAOCTh. [IpOU3BOJIBHBIE TOMNOJOTHUYECKHe
JIMHEUHBIe INPOCTPAHCTBA MOryr o6jajath CBOHCTBAMH, CAHIIKOM
YK 1aJleKUMH OT MPHBBLIYHBIX CBOHCTB €BKJHMIOBBIX HJIH HOPMHPO-
BaHHBIX NPOCTPAHCTB. Ba)kublll Kjaacc mpocrpaHcrs, Gojee oBmiux,
YeM HOPMHMPOBAHHBIE, HO COXPAHSIOUIMX MHOICHe CBOHCTBA HOC/e[-
HHUX, 00pas3yIOT TAaK Ha3blBaeMble AOKAALHO BbINYKAbIE TPOCTPAH-
CTBA.

Onpenenenue 2. Tonosoruyeckoe JHHEHiHOE MPOCTPAHCTBO
Ha3bIBAETCA AOKQAAbHO BbINYKAbIM, €CITH B HEM BCSAKOE HEmycToe
OTKPLITO€ MHOXKECTBO COAEPHKHT HenyCcToe BBLIMYKJIOE OTKPHITOE MOK-
MHOXECTBO.
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3aMmeTuMm, YTO eCJH TNPOCTPAHCTBO L JIOKAJNbHO BHINYKJIO, TO:
nasa mo6oit Toukn x € E u mobGoit ee okpectHoctd U nalzercs Tta-
Kas BhIIyKJasi ee oKpecTHOCTb V, uto x & V < U. [leficTBurennHo,
NOCTAaTOYHO NPOBEPHTb CHOPABEMAJHBOCTb STOTO YTBEPMKAECHHA st
toukn x = 0. Ilyers U — kakasi-uubyab OKpeCTHOCTb Hyas. Haii-
nercsl takas okpectHoctb Hyas V, yto V—V < U. Tak kak E no-
KaJIbHO BBIMYKJO, TO HAMJAETCS HENyCTOe BHIYKJI0E OTKPBITOE MHO-
x)ectBo V' <V, nyers y= V/, torna V' — y— Boinykaas oxpect-
HOCTb HYJISI, cofepiKamascs B U.

Bcaxoe HOpMHpPOBaHHOE NIPOCTPAHCTBO JIOKAAbHO BHINYKJIO. Hef-
CTBHUTEJIBHO, B HEM JII060€ HENYCTOE OTKPLITOE MHOMECTBO (OAEPKHUT
HexkoTopul# Wwap. Takum o6pasoM, 8CAK0e HOPMUPOBAHHOE RPOCTPAH-
CT80 AOKQALHO O2PAHUYEHO U AOKAAGHO 8blNYyKAO0. MOXKHO MHoKa-
3aTh, YTO, IO CYILEeCTBY, HOPMHPOBAHHBIMH {IPOCTPAHCTBAMU W HC-
YepnbIBAaeTCS KJAcC NpPOCTPAHCTB, oOO6JafgaioluX OCOHMH 3STUMW
cBofictBaMu. lmenHo, Ha30BeM JuHEHHOE TOMNOJOTHYECKOE IIPO-
CTpaHCTBO E HOpmupyemoim, eclid Ta TONOJOTHS, KOTOPAsi MMeeTCs
B E, Moxer 6bITb 3aJlaHa ¢ MOMOLIbIO HEKOTOpO# HOopMbl. MMeer Me-
CTO CJefylolllad TeopeMa: 8CAKOe OTOeAUMOe NOKAAbHO B8blNYyKAOE
U NOKAAbHO 02POAHUYEHHOE AUHELHOe TON0A0ZUYECKOe NPOCTPAHCTEO
HOpMUpYemo.

YnpaxHenusa 1. Jlokaxure, 4To OTKpbITOe MHOXecTBO U B Tomomoruye--
CKOM JIHHEAHOM NPOCTPAHCTBE BBINYKAO TOTAA M TOJbKO TOTAa, Koraa U -+ U =
= 2U. :

2. Ilycte E — nuHefiHOe NPOCTPAHCTBO; MHOXecTBO U < E HasbiBaetcs cum-
merpuunbim, ecin U3 x = U crepyer—x = U. Tlyets % — cemeiicTBo Bcex BHI-
NYKJBIX CHMMETPHUHBIX IOJMHOXKECTB NpOCTpaHcTBa E, cOBHAajaloUlUX CO CBOUM
anpoM (cM. § 2). JlokasaTb CnpaBeiJIHBOCTb CJAELYIOUIHX YTBEPXKIAEHHH.

(a) CemeiicTeo # sBAseTC ONpPEeXENSIONIMM CeMefCTBOM OKPECTHOCTEH Hyas
JISl HEKOTOPOH JIOKaJbHO BHINYKJOH OTHENHMON TOMOJOTHH B npoctpaHcrse E
(3Ta TOMOJNOTUS Ha3biBaeTCss A0ePHO-8bINYKAOLL).

(6) SlmepHO-BHINYKJ1ash TOMOJOTHSI SAIBJSIETCS CHJbHEHIUEH H3 JIOKaJbHO Bbl-
NYKJLIX TOMNOJIOTHH, B KOTOPHIX JIHHeHHble onepanun B E HenpepbiBHbI

(B) Besixnit anHefinbli gyHKunoHan Ha E HenpepbiBeR OTHOCHTENBHO fAAEp-—
HO-BBINYKJOH TOMOJIOIHH,

3. CueTHo-HOpMHpOBaHHble mpocrpaHcTBa. OueHb BaXKHBIM IS
aHa/ u3a KJaccoM JIMHEHHbIX TONOJIOTHYECKHX NPOCTPAHCTB OKasa-
JIHCh TAK HA3blBAEMBIE CUETHO-HOPMUPOBAHHblE NPOCTpaHcTsa. s
TOro ytoGnl ¢hOPMYJIHPOBATH COOTBETCTBYIOLlEE OIpelNeSeHHe, HAM:
NMOHAaTOGHUTCS OJHO BCIOMOTraTe/NbHOE TOHATHE.

Ilycte B sunefinoM npocrpaHctBe E 3anaubl aBe HOpMul |[-|, w
l-ll2. OHH Ha3LIBAIOTCA CO2AQCOBAHHBIMU, €CN BCSIKAs NMOCJAeNloBa-
TeNbHOCTb {X¥n} u3 E, dyHmaMenTasibHas O KaXIOH M3 3THX HOPM
U CXOAfLlascs K HEeKOTOpOMY mpeledy x < E no OfZHOH H3 HUX,
CXOJMTCSl K TOMY Ke Npelesy X U 110 BTOPOil HOpMe.

ToBopaTr, uto HopMa |-ll; we caabee, uem |[i-li;, ecnn cymeciByeT Takas no-
crostHaast ¢ > 0,uro [|x;]) = ¢ [xll; ang Bcex x = E.
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Ecan nepBas HopMa He caabee BTODO#, a Bropas — ke cjalee nepBOf, TO 3TH
JIB& HOPMbI Ha3blBAIOTCH IK6UBAACHTHoIMU. JIBe HODMBI Ha3BIBAIOTCS CPABHUMbIMU,
€CJIH OfHAa H3 HUX He cnalee APYrou.

Onpenenenue 3. CHCTHO-HOPMUDOBAHHOIM TIPOCTPAHCTBOM
‘Ha3bIBAETCH JIHHeHHOe NpocTpaHcTBO E, B KOTOPOM 3ajJaHa cyeTHasl
CHCTeMa TOMapHO COrNacoBaHHBIX HOPM |l |ln. Besikoe -cuetHo-HOp-
‘MHPOBAHHOE NPOCTPAHCTBO CTAHOBUTCHA JHHEHHBIM TONMOJOTHUECKHM,
.€CJIH 32 ONpPefeNAIOILyI0 CHCTEMY OKPECTHOCTeH HYJIs MPHHATb COBO-
KYIHOCTb MHOXeCTB Us, ¢, KaXK[0e U3 KOTOPHIX ONpelessieTcss HoMe-
‘POM 7 U TMOJIOXKHTEAbHBIM UHCJOM & H COCTOHT H3 BCEX TeX SJeMeH-
0B x & E, XoTOpbHIe yA0BJIETBOPAIOT YCIOBHSIM

Ixih <e, ..., [xl <e.

Mpbl nmpenocraBisieM YHTATeNIO0 NMPOBEPHTh, YTO TaKasg CHCTeEMaA
“OKpeCTHOCTEH HyJsi JeHCTBHTeJabHO omnpelensier B E Tomosoruio, B
KOTOPOH Onepaluy CJAOKEeHHUS 3JIeMEHTOB H YMHOXEHHA HX Ha 4Hcia
‘HerpepbIBHBI.

3aMeTHM, 4YTO BCSKO€ CUYETHO-HOPMHPOBAHHOE HPOCTPaHCTBO
‘YAOBJIETBOPSIET IMEPBOH AaKCHOME CYETHOCTH, IOCKOJbKY CHCTEMY
okpectHocTel HyJas1 Uy , MOXKHO 3aMEHHTb (He U3MeHSsT TOMOJOTHH)
CYeTHOH MOACHCTEMOH, B KOTOPOH & NMPUHHMAET JHlIb 3HaueHds I,
1/2,1/3, ..., 1/n, ... DBosee TOro, TONOJOTHSI B CUETHO-HOPMHPO-
BaHHOM IPOCTPAHCTBe MOXKeT ObITb 3aJaHa NPH MOMOLUH HEKOTOPOH
MeTpHKH, HalpHMep, TaKOH:

o (x, y)=Z{2'" etk s yeE (1)

Tlpennaraem duratenio npoBepuTb, 4TO (QYHKUHS p(X, y) yHOBJe-
“TBOPSIET BCEM aKCHOMAaM PACCTOSIHHUSI ¥ MHBAPHAHTHA OTHOCHTEJIbLHO
cnpuros (1. e. p(x+2, y+2)=p(x,4), x, y, 2= E) u uro no-
poxKjaemas €l TONOJIOTHSI CoBmajaer ¢ MCXOAHOH. Takum o6pasom,
‘MBI 110J1y4aeM BO3MOXHOCTb FOBOPHTb O IOJIHOTE CYETHO-HOPMHPO-
‘BAHHOTO NPOCTPAHCTBA, IIOHHMASA 1IOJ 3THM HOJHOTY OTHOCHTEJIbHO
BBEJICHHOH Bbllle METPHKH. 3aMeTHM ellle, YTO MOCJAeL0BATENbHOCTD
{x1} ¢yunamenTasbHa OTHOCHTEJbHO MeTpuku (1) Torma u ToJbKO
-TOrJa, KOrfa oHa QyHJaMeHTaJbHa OTHOCHTENbHO KaXXIOH M3 HOPM
l-lln, n cxomurcs (B 370t MerpHke) K 3jeMeHty ¥ & E Torma u
“TOJIKO TOT/ld, KOTJa OHAa CXOJHTCA K X MO Kaxmol u3 HopMm |- [ln.
HHpiMu cj0BaMM, NONHOTA CYETHO-HOPMHPOBAHHOTO NPOCTPAHCTBA
-03HAYaeT, YTO B HEM BCAKAf IOC/JEIOBATENbHOCTb, QYHIaMEHTaJb-
Has 0o Kaxnao# u3 Hopm |- |ln, cxonurcs. :
[Tpumepsn. 1. BaXHBM npHMEpOM CYETHO-HODMHPOBAHHOTO
TIPOCTPAHCTBA CJYZKHT PACCMOTPeHHOe Bbillle mpoctpaHcTBo K [a, b]
©eckoHeyHO AuddepeHUHPYeMbIX QYHKLUHH Ha OTpe3Ke, €C/H CUH-
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TaTh, 4To HopMa |-flm B 3TOM npocrpanctBe onpepensercs Gop-
MYJIOH
Ifllm==sup |f®(@)]
asi<gb
0Kk m

OueBusiHo, UTO BCE 3TH HOPMBI COIJIACOBAaHbI MEXAY €060l W uTO
oun ompepeasior B Kla, b] 1y camyw rtomonoruio, Koropas Obiia
ONUCAaHa BhIllE,

2. ITyctb So — NPOCTPAHCTBO BCeX GECKOHEWHO AHGdepeHiupye-
MBIX QYHKUHI HA MPSAMOH, CTPeMSAIIHMXCH Ha OECKOHEUHOCTH K HYJIO
BMeCTe CO BCEMH CBOMMHM NPOHM3BOAHBIMH GbicTpee, ueM 1/|¢| B sio-
60ii cTemeHH (T. €. yNOBJETBOPSIOIWHX YCaoBuiO [Rf@(1)—>0 npu
[¢|—> oo mpu m06bix PurcHpoBauubix £ u ¢). B 3toM npoctpaucTse
ONpeJesIHM CYETHYIO CHCTEMY HODM, NMOJIOIKHB

Iflla=sup |#°®)|, m=o0,1,2, ...
kog<m
—o<t< o

HeTpyZHO NMpOBepHTb, YTO 3TH HOPMBI COIJIaCOBAHBI MeXAY COGOM.
Taxkum 06pa3oM, S -— CIETHO-HOPMHPOBAHHOE NPOCTPAHCTBO.

3. BaxHbli yacCTHBIEH cJayyafi CYETHO-HODMHPOBAHHBLIX MpO-
CTPAHCTB — TaK Ha3blBaeMble CYETHO-THJIbOEPTOBbl INPOCTPAHCTBA..
IMycte H — nunefiHoe npoCTPaHCTBO, B KOTOPOM 3ajaHa CueTHAst
cHcTeMa CKaJIsipHLIX NPOH3BENEHHH (@, P)n, IPHUEM DPEANONONKHM,

4TO HOPMBI I]qniln=1/(cp, @),, OTBeyalollMe 3THM CKaJSIPHBIM . 1PO-
H3BeJleHHUsIM, COrMacoBaHbl MexAay co6oll. Ecau takoe npoctpancrso
TOJIHO, TO OHO Ha3BIBAETCS CHETHO-2UAb6epTO8bIM TIPOCTPAHCTBOM.

4. KoHKpPeTHHIM NpPHMEPOM CYETHO-THIbGEPTOBA TNPOCTPAHCTBA
MOXET CJAYXKHTb cjaenyloulee npocrpaHctBo. Ilycts @ — coBokyr-
HOCTb BCEX TaKHMX YHMCJOBBLIX NocjenoBaTenbHocTell {xn}, Mg Koro-
pHIX NIPH Ka’KA0M LesoM & = 0 pan

0

D nkx2

n=I

CXOAHUTCS. 3aflaiuM B 3TOM INPOCTPAHCTBE CUETHYIO CHCTEMY HODM,

NOJIOKHB
00
Il xll, = Zx nkx2,
2

HeTpyaHo npoBepHTb, YTO 3TH HOPMBI COTJIaCOBaHBI MeXLy coGOlt
1 yto @ MOMHO B YKAa3aHHOM Bblllie cMbicje. SIcHO, YTO KaXKIAyi0 H3
HOpM ||+ {lx MOXKHO 3a1aTb € MOMOLIBIO CKAJSAPHOTO NPOU3BELEHHS

*, Y= '12_:1 %0y,
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7. e. @ ecTb cueTHO-THAbGepTOBO MpocTpaHcTBO. OHO Ha3LIBaeTCs
npocTpancTéom OulcTpo ybolsarowux nocaredosaresvHocTel.

Ecan E — cueTHO-HOPMHPOBAaHHOE IIPOCTPAHCTBO, TO 3aJaHHbIE
B HEM.HOPMBbI ||+ |lx MOXHO CUMTaTbh YIOBJIETBOPSIOMNMH YCJIOBHIO

Ixle <<l mpa k<, 2
TaK KaK HHaye Mbl MOTJIH Gbl HOPMHI ||x]|x 3aMenuTH HOpMaMHu
el =sup (Nl Nxly « .oy Ixlly),

onpefessiiolMMy B E Ty e caMylo TONOJIOTHIO, YTO U HCXONHAs CH-
crema HopM. [Tonoauns npocrpanctso E no kaxno# u3 nopm ||z,
Mbl TIOJYYMM CHCTEMY IOJHBIX HOPMHPOBAHHBIX NPOCTPaHCTB Ex.
IIpu 31OM H3 coOTHOWEHHs (2) ¥ COTJacCOBAHHOCTH HOPM CJie/lyerT,
YTO HMEIOTCH eCTECTBEHHble BJIOKEHHs

E,DE, mpn k<l

Takum 06pa3oM, KaXXAOMY CYETHO-HOPMHPOBAHHOMY NpPOCTPaHCTBY
E MOXHO COTIOCTaBHTb YOLIBAIOWIYIO 1I€NOYKY NOJHBIX HOPMHPOBAH-
HbIX TPOCTPAHCTB

EioE,> ... DE;D ... kﬂnEkDE'

MoOXHO TOKa3aTh, YTO NPOCTPAHCTBO E MOJHO TOrja M TOJBKO TO-
[+

raa, Korna E= ﬂ E, (mokaxure sto!). Tak, nanpumep, npo-
1

crpanctBo Kla, b] 6eckoHeuno nauddepennypyeMbx GyHKUHHE Ha OT-
peske [a, b] ecTb mepeceyeHne NONHBIX HOPMHPOBAHHLIX NPOCTPAHCTB
Crla,b] (n=0,1,2, ...), rae Ca, b] cocTouT u3 QyHKUHH, HMelO-
IUHX HenpepbiBHBE NPOU3BOJHBIE 1O 7-TO NOPSAKA BKJIOUMTEIbHO,
4 HOpMa B HeM onpenensiercst GOPMyJaoH

Ifl.= sup |f® (@]
astgh
0<k<n

B 30-x roaax, Korna B OCHOBHOM B paborax Danaxa Obia mocrpoena Teo-
pHS JHAEHHBIX HOPMUPOBAHHBIX MPOCTPAHCTB, CJOMKHJIOCH BIeYarT/IeHHe, YTO 3ITOT
KJacc NPOCTPAHCTB AOCTATOYHO MIMPOK AJsi TOTO, YTOOB OOCIYXHBAThb BCE KOH-
KpeTHhE HYXAbLl aHanu3a. BrocnencTBHH, OJHAKO, BHISICHHJIOCH, YTO 3TO He TaK.
Oxasanoch, YTO B Psiie BONPOCOB BaXKHbl TakHe IPOCTPAHCTBA, KaK NMPOCTPAHCTBO
GeckoneuHo AHGdepesnupyeMbix GyHKIHA, NPOCTPAHCTBO BCEX YHCJOBBIX IOCIENO-
BateabHOCTeN R™ WM Apyrue npocTpaHcTBa, B KOTOPBIX €CTECTBEHHas AJS HHX TO-
NOJNOTHSl He MOKeT OLIThb 3ajlaHa ¢ TMOMOWbI0 Kakoi Gbl TO HH GbBLIO HOpPMBL Ta-
KM 06pa3oM, JHHeiHBe MPOCTPAHCTBA — TONOJOTHYECKHE, HO He HOPMHpYeMbie —
3T0 BOBCe He 00S3aTENbHO «IK3OTHKA» WiH «maToaorusi». Hao6opor, HeKoTopbie
M3 3THX NPOCTPAHCTB NPEACTABASIOT 060N He MeHee €CTECTBEHHHIE H BaKHble 06-
o6ueHnsl KOHEYHOMEDPHOTO eBKJANMAOBA NPOCTPAHCTBA, YeM, CKaXXeM, IMIbGepToBO
[POCTPAHCTBO,



FrTABA IV

JIMHEARHDBIE ¢ YHKLLHOHAJIBI
H JIHHENHDBIE ONEPATOPDI

§ 1. HenpepbiBHble aHHelHbIE (DYHKIHOHAJBI

1. HenpepbiBHble JaHHEHHbIEe (GYHKUHOHAJB! B TOMOJOTHYECKHUX
JuHeitHbix npocrpaHcTBax. B § 1 ra. III Mbl yxe paccMaTtpuBaiau
dyHKUMOHANB, OnpejeseHHble Ha JWHeHHOM npocTpancTBe. Ecau
peub uaer o (YyHKUHOHA/JIaX, 3aJaHHBIX HAa TOMNOJNOTHYECKOM
JUHeHHOM NPOCTPAHCTBE, TO OCHOBHOI HMHTEpeC MpeJCTaBJsIOT He-
Npeph BHb e QYHKUHOHAJBL;, KaK 06bIYHO, GyHKUUOHAA f, onpexe-
JIeHHBIH Ha npoctpaHcTtBe E, Ha3blBaeTCs Henpepui8HbIM, €CA ISt
BCSKOTO xp & E u Besikoro e > 0 cywecTsyer takas okpectHocTh U
3JeMeHTa Xg, UTO

[fx)—Ff(x)I<e mpu xeU. (1)

Dro onpeneneHre OTHOCHTCS, B YACTHOCTH, H K JUHEHHBIM QYHKIHO-
HaJaaMm. _

Ecnin E—KoHeyYHOMEpDHOE TONOJOTHYECKOe JHHEHHOe Npo-
CTPAHCTBO, TO BCSKUE MUHeHHBIA QyHKUHOHAN HAa E aBTOMaTHYECKH
HenpepbiBeH. B ofueM ciayuae H3 JHHEHHOCTH (YHKIHOHAIA ero
HEeNpPEpbIBHOCTb HE BLITEKAeT.

Cuaenyoliee yTBep:KAeHHe CYIIeCTBEHHO IJISi faJbHeHIIero, XoTs
H TIOYTH OYEeBHIHO.

Ecau aunelinoil pynkyuonas | nenpepoisen 8 Kakoi-aubo o0Hot
Touke x < E, 10 on Henpepoisen u 6ctody Ha E.

JelicTBuTeNbHO, TYCTh Yy — IPOU3BOMbHAsE Touka B E u mycts
e > 0. BuGepem okpectHocts U TOYKH X TaK, YTOOLI BLINOJHANOCH
ycaosue (1). Torma caBur 3TOH OKPECTHOCTH

V=U+(y—x)

6yjleT MCKOMOH OKPeCTHOCTbIO TOYKHM Yy, TaK Kak ecad 2 V, to
z+4 x—y e U n, cieposatensHo,

R —TWI=1Te—y+x)—Fx)I<e.

TaxuM 06pa3oM, DPOBEPSATb HENPEPLIBHOCTb JHHEHHOrO (YyHK-
110HaNa AOCTATOYHO B OfHOH TOuKe, HanpuMep B Touke 0.

Ecan E — npocTpaHCTBO C NMepBOH aKCHOMOH CUETHOCTH, TO He-
TpepLIBHOCTb JUHelHOro ¢yHkuuoHasa Ha E moxHO copMy/upo-
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BaTb B TePMHHAX TOCJAENOBATEIbHOCTEN: QYHKIMOHAJ [ Ha3biBaeTCs
HENpepbiBHBIM B TOUKe X & E, €Cu U3 X —> X CllefyeT f(xn)— ().
IIpoBepka paBHOCHJILHOCTH 3TOTO ONPE/ie/IeHUs HENPEePLIBHOCTH MPHU-
BEJIEHHOMY Bbillle (IPH HAJHYWM NEPBOH aKCHOMBI CYETHOCTH) mpe-
IOCTaBJSAETCS YHTATEJIO.

Teopema 1. [as 1020 utobbr auneiinoul ¢ynkyuonar f 6oir
Henpepoisen Ha E, neo6xodumo u docrarouno, 4robbl cyujecTéosara
TaKas OKPecTHOCTy Hyan 68 E, na Koropoi ¢pynkyuonaa f oepanuuen.

HokasarteanbctBo. Eciu dynknuonan f nenpepbiBen B Touke
0, To ana xaxaoro € > 0 cymecTByeT OKPeCTHOCTb HyJisi, Ha KOTO-
po#

[Fx)]<e.

O6parHo, nyctb U — Takasi OKpeCTHOCTb HYJIS, 4TO
1Fx)|<C mpn x&U,

e o
u nyctb € > 0. Torna il U ectb Ta OKpeCcTHOCTb HYJIsl, HA KOTOPOM

|f(x)| << e Tem caMbiM moKa3ana HenpepuiBHOCTb [ B Touke 0, a
3HAUHT, ¥ BCIOAY.

Ynpaxuenue. Ilycts E — Tononoruyeckoe JIKHHeHHOE NPOCTPAHCTBO; AO-
KaXXHTe CNPaBeUIHBOCTb CASAYIOUHX YTBEPKIEHHI.

(a) JInnefinwmii pynkunonan f Ha E HenpepbiBeH TOrZa M TOJbKO TOTAA, KOTAA
CYWECTBYeT Takoe OTKphiToe MHOXectBo U < E u Takoe uucao f, uto t &f (U)
rae f(U) — MHOXKecTBO 3HaueHnit f Ha U.

(6) Jlumeinnit dyukunoHan f ma E nenpepbiBen TOrma M TOJLKO TOrAa, KOTAa
ero anpo {x: f(x) = 0} samxuyTo B E.

(B) Ecam Beakuii nunelinbiii ynxuuoHan Ha E HenmpepblBeH, TO TOMoJOrHst B
E cosnanaer c_siiepHO-BHINYKNOH ToOmosoruell (cM. ynpaxnenne 2 na ctp. 170).

(r) Ecau E GeckOHEYHOMEPHO H HOPMHPYEMO, TO Ha HEM CYUIECTBYET He He-
OPEPHIBHBIN JHHEHHBIA QyHKIHOHAA (BOCHOJb3YiiTeCh cymiecTBOBaHHeM B E 6asuca
TaMmens; cM. ynpaxKHenue Ha ctp. 123).

(n) Tlycte B E cyuiecTByeT onpefefsiollasi CHCTEMa OKPEeCTHOCTelt Hyas,
MOUHOCTb KOTOPOH He NPEBOCXOAMT aare6paHuecKoil pasMepHOCTH NpPOCTPAHCTBA
E (1. e. Momnocty Gasuca Tameas B E; cM. ynpaxuenne na crp. 123). Torna ua
E cymecTByeT He HenpepbIBHbI NUHEHAHEIH (QYHKIHOHAJ.

(e) Has Toro uroOm JuHEHHBIA GYHKIHOHan [ 6bl1 HenpepuiBen Ha E, me-
0o6x0auMO, a B cAyuae, Korjla E yZOBJeTBOpsieT NepBOil aKCHOME CYETHOCTH, H
JOCTAaTOYHO, YTOOGb OH GBI OTPaHHYEH Ha KaXKIOM OrPAHHYEHHOM MHOMeCTBe.

2. JluneiiHbie (QYHKUHOHANBI HA HOPMHPOBAHHLIX NPOCTPAHCTBAX.
ITycts paccmatpuBaemoe mpocrpanctso E Hopmuposano. Ilo Teo-
peme | BCAKMEA HenmpepuiBHBIA JNHHeHHbIH GyHKUMOHaAJ [ orpanuyen
B HEKOTOpO#l OKpecTHOCTH Hyas. Ho B HopMupoBaHHOM mpocTtpaH-
CTBE BCSIKasi OKPECTHOCTb HYJIfl COLEPKUT LIap M, 3HAUMT, | orpaHu-
4YeH HA HEKOTOpoM wwape. B cuay nuueiiHocTH (QyHKUHMOHAJa 3TO
PaBHOCHJIBHO €0 OTPAHHYEHHOCTH Ha JI0GOM Iape, B YACTHOCTH, HA
ennnnyHoM [x||<< 1. O6paTho, U3 orpaunueHHocTH GYHKLHOHANA [
Ha e[IMHHYHOM LIape CJAedyeT, B CHIY TOH XKe TeopeMbl 1, ero Hempe-
PHIBHOCTD (BM6O BHYTPEHHOCTb 3TOr0 IIapa NPeACTaBaserT co6oit
OKPECTHOCTb HYJIf).
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Hrak, 8 HOpmuposanHoMm RPOCTPAHCTBe AuHelnbll QYHKYUOHAA
Henpepoieen 8 TOM U TOAbKO TOM CAy4ae, K0e0a e20 3HAYEHUS Ha
eOQuHUUHOM Wape 02PARUUEHbL 8 COBOKYNHOCTU.

IMycrs f — HenpepbiBHBIA JAHHEAHBIH DYHKIHOHAJ B HOPMHPOBAH-
HoM npoctpancree E. Hucio

I7l=sup 17(x)) @

T. €. TOYUHYIO BEPXHIOO rpanb 3Hauenuit |f(x)| wa equnuunom wiape
npocrpaHcTBa E, Mbl HasoseM Hopmou ¢yuknuonana f. Ormerum
cleayiollue NOYTH OYeBHAHbIE cBoicTBa [|f[:

1 1F1=supEL;
X0

3TO Ccpasy cJeJyeT U3 TOTO, 4TO [/ BCAKOro x 7= 0

Ifn(;u)‘ _If(ux||)"

2) dast moboro x = E

HFEISUFN-Tx 1. 3

Hemcrurenn:o, ecad x 5= 0, TO 3JeMeHT NPUHALNEKUT eNd~

IleI
HHYHOMY WIApy, C/IelOBATE/BHO, [0 ONpeNeseHHI0 HOPMbI (DYHKLHO-

HaJa, i f(
]f(ﬁ!‘)l s<if,

orkyaa caepyer (3). Ecam ke x=0, T0o B (3) cnpasa u caesa
CTOSIT HYJH.

Yunpaxuenne. Ilycte C = 0 — takoe 4ucio, 4to

() [<Clixl @

npu so6om x. Hokasate, uto [Ifl == inf C, rme inf Gepercs mo Bcem C, ynosue-
TBOPSIOLIHM HepaBeHCTBY (4).

PaccMoTpum npumephl JHHEAHBIX QyHKIHOHANOB B HOPMHPOBAH-
HBIX TIPOCTPAHCTBAX.

1. Tlyctb R™ ecTb n-MepHOe €BKJAHIOBO MPOCTPAHCTBO M @ — Ka-
KOH-1160 GuKcupoBaHHbI!l BekTOp B HeM. CKaJsipHOE MpPOH3BeneHHe

f(x)=(x, a),

rze x npoGeraer Bce R™, npeacrasisier coboll, O4eBUIAHO, JHHEHHbIN
¢yuxuuonan ua R B cuay nepasencrsa Komn — ByHsakoBckoro

1) =1, o) Il %l - Nalh (5)
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c/Iel0BaTeNbHO, 3TOT QYHKLUHOHA OrPaHHYEH, & 3HAYUT, H HElpepbi-
BeH Ha R™. M3 HepasencrBa (5) moJsiyuaem, uto

PO <pal.

lixll

Tak Kak npaBasi 4aCTb 2TOI'0 HEPABCHCTBA HE 3ABUCUT OT. X, TO

supl—r”ﬁ;%' <llal,

t. e. |[fI<lal. Ho noioxus x==qa, noayuum

@) 1=(a, @) =lalF, 7 e LBL_yq

Moatomy lIfll=lall.
2. HuTterpan

b
Mﬂ=&x@ﬂ,

rae x(f{)— HenmpepuiBHas ¢yuxuus Ha [q, b], npencrasasier coGoit
auHelHpll QyHkuronan B npocrpadcrse C{a, b]. dror dyHKIUHOHAN
orpaHuyeH, a ero Hopma paBHa b — a. JlelicTBuTENbHO,

b

Sxmw

a

[1(x)|= <max| () [(b—a) =l x[[(b— a),

npuueMm npu x = const gocTHraeTcsi paBeHCTBO.

3. Pacemorpum Gosee o6muit npumep. Ilyers yo(f)— dukcupo-
BaHHas HenpepbiBHas ¢yHkuus Ha [a, b]. Tlomoxum aas moGok
¢yuxuuu x (f)e Cla, b) ,

Fmy={ x®gt)at.

a

Aror pyuxruuonasn auaeed. OH orpanyuyeH, TaK Kak
b b

§x@ g @at|<ien iy at. (6)

a a

| F(x)|=

B cuny nuHeHHOCTH M OrpaHUUYEHHOCTH OH HemnpepbiBeH. M3 (6) cae-

AyeT OL€HKA €ro HOPMBbI:
b

FI<1yo) 1t

a

([lokaxure, 4TO Ha CaMOM Aeje 3[eCb HMeeT MeCTO TOYHOE paBeH-
¢T1BO!)
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4. Paccvorpum B npocrpancree Cla, b] auHellHblil gpyHKIHOHAN
6!0 (x) =X (tO))

yxe ynomuHasumuiica 8 . 5 § 1 ra1. III. Ero snauenue Ha QyHKUUK
x(t) ompenensiercsi Kak 3nauenne x({) B naHuo#l Touke fo. ficho, uTO

Fx (fo) | << 2,

npuyeM s x == const umeer mecro pasenctso. Otciona cpasy cie-
nyer, uto HopMa QyHkuMOHana d;, paBHa l.

5. B nio6oM eBKJHZOBOM npocTpaHCTBe X MOXMHO ONpeleHTb
audeidnsd QyHKUMOHAN Tak ke, Kak U B R", Bui6paB HekoTOpHH
(GUKCHPOBAHHLIA 3/eMeHT @ & X M NONOXKHB AJ9 mdoboro x & X

F (x)=(x, a).

Kak B cayuae R”, serko nposepuTb, 4TO IPH 3TOM
IFl=lall

B nasnbheiinieM Mbt 6yaeM paccMaTpUBaTbh TOJbKO HelpepbiBHbIE
JnHelHble PYHKIUOHAMBI, a CJIOBO «HETPepHIBHLIA» OyaeM AJs KpaT-
KOCTH ONyCKaTh.

[ToHATHIO HOPMBI JIHHEHHOIO (PYHKIHOHA/Ma MOXKHO JaTh CJelylo-
Iyl HarJsfHylo nHTepnperauuio. Ml yxe sugeau (ra. III, § 1),
YTO BCSIKOMY HEHYJeBOMY JHHeHHOMY (YHKIHOHAJNY MOXKHO COIO-
CTaBUTb FHIEPIIOCKOCTb L, onpefedseMylo ypaBHeHHeM

fx)=1.

Haiinem paccrosiuue d ot 3Toft runepmiockoctd Ao 1ouku 0. ITo om-
penenenunio, d = inf [x|. B cuny ouenku
i(

@I I#

Ha TUNepIyIOCKOCTH f(x) 1 6ynem umetsb | x| = 1/l f Il u, snaunur,
d = 1/IIfll. C apyroit CTOPOHEI, B CHJIY ONpefieleHHs HOPMbI [ nns
MOGOTO ¢ > 0 HaliieTcsl TaKoH 3JIEMEHT X, MOJAUMHEHHBIl YCIOBHIO

f(xe)=1, ut0
1> (Ifll—e)llxl;
NO3TOMY

d= inf ¥ <=7 T=s

IMockoabky &€ = 0 MpOU3BOJIbHO, OJNyYaeM
d=1Afl

T. e. HOpMQ AuHelH020 ynKkyuonara [ 06paTHa pacCTOARUIO 2unep-
naockoctu f(x) =1 or rouxu 0.
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3. Teopema Xana — baHaxa B HOPMHPOBAHHOM NPOCTPAHCTBE.
B § 2 ra. 11l mMbl nokasanu o6Gmyio teopemy Xaua — Baunaxa, co-
rJ1IaCHO KOTOPOH BCAKHi JMHEHHBIH (QYyHKUHOHAJT fo, ompeneseHHbIHR
Ha HeKOTOpoM noampoctpancTBe L nuneiiHoro npocrpancrtea E wu
yJOBJIETBOPSIOWIHE YCIOBUIO

Ifo(¥) I<<p(x) ' ™

(p — QuKCHPOBaHHBIH OXHOPOJAHO-BBLINYKJbIA ¢QyHKUHOHAn Ha [),
MoxeT GbITb MPOJOJKeH HAa Bce E ¢ coxpaHeHHeM 3TOro ycCJOBHS.
[IpuMenuTebHO K HOPMHDOBAHHBIM MPOCTPAHCTBAM 3Ty TeopeMmy
MOXXHO cHOPMYJIHPOBATH CJAEAYIOUWUM 06pa3oMm:

" Ilycre E — OQelicTsuresbroe HOpMUPOBAHHOE NPOCTPaAHCT80, L —
€20 nOONPOCTPAHCTBO U [o— 02PAHUYEHAHOLE AUHELHbLI PYyHKYUOHAN
Ha L. 3ror aunelinoul ¢ynxyuonar moxcer 6oito npodorxcen 0o He-
KOTOpo2o aunetinozo pyuxyuonara [ Ha scem npocrpancrse E Ges
yeeaudenus HoOpMeL, T. e. TAK, YTO

“ fO ”Ha L:‘” f ”Ha E-
l fO"HaL=k~

flcuo, uto kx|l — onHOponHO-BHOYKALIA (yHKUHMOHAN. B3ss ero s
KayecTBe p H NnpuMeHsas obuyio teopemy XaHa — Banaxa, nonyunm
TpebyeMblll pe3yJ/bTar.

Ora ¢opma teopemnt XaHa — Baunaxa ponmyckaer caenyouyio
reoMeTpHYeCKyI0 HHTEpIpeTaluio. ¥ paBHeHue

folx)=1 (8)

onpezensier B NOANPOCTPAHCTBE L rumepmnyoCcKOCTb, Jexaulyio Ha
paccrosiuu 1/lIfoll ot nyas. Ipoponkas dyukuuonan fo 6es ysesu-
yeHHs HOPMBI 10 QyHKIUHOHANA HA BceM E, Mbl MPOBOAUM uepe3 3Ty
YaCTHUHYIO MMIIEPNJIOCKOCTb «6OJMBLIYIO» THIEPIJIOCKOCTb BO BeeM E,
NpUYEM «He MO3BOJITEM» ell MPUGJIH3UTBCA K HYJLIO.

Komnnekcubli BapuaHT TeopeMbl XaHa — baHaxa (reopema 4a
§ 2 ra1. 111), maer HaM KOMMIJIEKCHBIA aHaJOr NMPeAbIAYIIeHd TeoOpeMbl:

[ycro E — Komnaexcroe HOpmMuposantoe npoctTpancreo, fo— au-
HelHblll OepaHuUdeHHbLl (QYHKYUOKAA, onpedeiseHHbll Ha noonpo-
crpancree L — E. Toeda cyujecreyer auneldnoits oeparuterolil
pynryuonaa f, onpederernoii na ecem E u ydosaersoparowud yc-

A08UAM
fW)=fx), x&L,

” f ”Ha E™ ” fO ”Ha L

YKaxeM HeKOTODhle BayKHble (haKThl, BHITEKAIOIHE U3 TEOPeMbl
Xana — BaHaxa mJIsi HOpMHDOBaHHBIX npocTpaHncTs. [IpeABapuTennHO

JleficTBUTENIBHO, YCTh



180 JIMHEPIHBIE ®YBKLMOHAJIL U JJUHEVIHBIE OIIEPATOPHI [T 1v

chesaeM cjelyiolilee 3aMeuaHue. BblOyKIoe MHOXKECTBO B JHueli-
HOM NPOCTPAHCTBE Mbl Ha3BaJH BLIIYKJAbIM TEJOM, €CJH OHO HMeeT
Henycroe sigpo. MOXHO 1oKasaTb, YTO B HOPMHPOBAHHOM MPOCTpaH-
CTBe PO MHOXKECTBAa COBNAjaeT, 0YE€BHJIHO, C COBOKYNHOCTbIO ero
BHYTPEHHHUX TOouek. TakuMm o0Gpa3oM, B HOPMHDOBAHHOM TNPOCTpaH-
CTBE BBINIYKJOE TeJO — 3TO BHIMYKJIOE MHOXKECTBO, HMEIOIlee XOTH
66l OfHy BHYTpeHHI00 Touky. OTciona W u3 teopembl 5 § 2 ra. I
BLITEKaeT CJedylolul (Qakr.

Caencrsue 1 (nepBasi teopema otunenumocts). lycte A u
B — suinyKkabie MHONCECTBA 8 HOPMUPOBAHHOM NPOCTpaHcTEe X, npu-
yem x0Ta Gbl OOHO U3 HUX, CKAjCeM A, A8AA€TCA BBINYKAbIM TEAOM L
e20 a0po He nepecexaercs ¢ B. Toeda cyujecrsyer Hewyresol He-
npepuienbLil aunednoLl Gynkyuonaa, pagdesarowuli A u B.

CyumecTsoBanue HeHyJeBoro (hyHKUHOHaJa, pasfienswolero A u
B, oGecneunBaercs camoi teopemod 5 § 2 ra. IIL. Tlokakem, uto
COOTBeTCTBYIOWMI PyHKUHOHAN 00513aTe1bHO HenpepuiBeH. JelicTBu-

TE€JbHO, €CNH .
sup f(x)<< inf f(x), (%)
xe€A x<=B

10 Qynkuuonan f orpannyen Ha A cBepxy. ITycTe xo— BHyTpeuuss
touka MHoxectBa A u U(xg)— ee mapoBas OKpeCcTHOCTb, lLIeJHKOM
aexamas B A. B cuny (9) dyuxuuonan f orpauuuen ua U (xo)
csepxy. Ho Toraa on orpanuuen Ha U(xo) u cHH3y (npoBennte 10-
KasaTteabcTBO!). Tak KaK JnHeAHbA PyHKINOHAM, OrpaHHYeHHbIR HA
KakoM-In60 1lape, HeNpepbiBeH, TO Hallle yTBepXK/eHHe NOKa3aHO.

Cnencreue 2 (BTOpas TeopeMa oraeauMoctu). [ycre A —
3AMKHYTOE MHONCECTBO 8 HOPMUPOBAHHOM npocTparcTee X u X=X —
Touxa, ne npunadaexcaujan A. Toeda cywecreyer nenpepoleHoil Au-
Helinblil pyHKYUOHAA, CTPO2O paddessroujull xo u A.

HeficTBUTENBHO, JOCTATOUHO B3SITh HEKOTOPYIO BHINYKJYIO OKPECT-
Hocte U TOukH xo, He mepecekaomyiocs ¢ A, u paccMoTpeTb QPyHK-
uuonaJj, pasaensiowuit U u A. (IlpoBeante nokasatesbCcTBO TOrO,
4yTO HeHyseBoH GyHKUHOHAA, pasiensiomwnil U u A, HenpeMeHHO
CTPOTO pasaensier xo U A.

Cnencrsue 3 (neMma 06 annyasarope). [Aaa 8cakoeo (3amk-
HyTo20) cobcTeennozo nodnpocrpanctea L 6anaxosa npocrpancrea
X cywecteyer Henyaesou Henpepoinbil Auxelnvil pyrkyuonas f,
pasHoil Hyaro Ha L.

JlencTBUTENbHO, NYCTh Xoe& L 1 [ — HenpepuiBHLIN JHMHEHHbLE
GYHKIHOHAJ, CTPOro pasiensiomwui xo u L:
f (x0) > sup f (x).
xsL

Torna f(x)=0 na L, Tak Kak WHaye BepXHAS TIPaHb ClipaBa
6hisia 66l paBHa - oo,
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COBOKYNHOCTb (YHKUHOHAJIOB, PaBHBIX HYJIO Ha JAaHHOM MOJ-
NpOCTPAHCTBE, HA3BIBAETCSI QHHYAATOPOM ITOTO MOANPOCTPAHCTBA H
o6osnauaercs L™ 1),

CnencrtBue 4. Ecau xo— HeHYAeB80l 3NeMEHT 8 HOPMUPOBAH-
HOM NPOCTpancT8e X, TO CYU,eCT8YeT TAKOL HenpepsLeHbLll AuHeliHbLl
¢ynxyuonar f Ha X, uro

=1 u f@)=lxl o)

HeficTBUTEIbHO, OonpeneauB cnepBa QyHKUHoHAN [ HA oxHOMeEp-
HOM TIOAIPOCTPAHCTBE, COCTOAUIEM M3 3JEMEeHTOB BHIA aXg, (opMy-
Joit f(axe) = allxll, a 3aTeM npoao/KuUB ero 6e3 yBeaUUYEHHST HOP-
Mbl Ha Bce X, Mbl ¥ TOJTyuuM (YHKLHOHAJ, YIOBJETBOPSIOMHE YC/I0-
Busim (10).

3ameuyanue. [lus NpoH3BOJNBHBLIX JOKaJbHO-BBIMYKJBLIX MpO-
CTpaHCTB cJeAcTBHa 1—3 ocTaioTcs B cuie 6e3 H3MeHEeHHH, a cief-
cTBHe 4 MOXeT GHITb 3aMEHEHO YTBEPKACHHEM: AJI BCAKOro xo # O
CylIeCTBYeT TaKOH HeNpepbIBHBIN JUHEHHBIH GyHKUHOHAA f, 4TO
f(xo0) # 0.

4. JInneiiHble (YHKUHOHANBI B CYETHO-HOPMHPOBAHHOM HNPOCT-
panctee, Ilyctb E — CYeTHO-HODMHPOBaHHOE NPOCTPAHCTBO C HOD-
mamu [|-llx (=1, 2, ...); He orpanuunuBasi OGLIHOCTH, MOXHO CUH-
Tath (cM. ctp. 173), uro ans Besikoro x & E

Ixh<lxh<...<lIxlL<... (11)

IMycts f— HenpepbiBHBbIA NHHeARBIH QyHKuHoHan Ha E; torna B E
CYLLECTBYET OKpecTHOCTb Hyast U, Ha KoTtopwiil [ orpaunuen. B cuay
onpejieJeHns TONOJOTHH B CYETHO-HOPMHPOBAHHOM IPOCTPAHCTBE
HalAyTCsl TaKoe HaTypasbHoe k n Takoe € >0, uto wap B .=
= {x :l|xllx << &} nenurom nexwur B U; Torna ¢ydkunonas [ orpanu-
YyeH Ha 3TOM Iiape ¥ NOTOMY OrpaHHYeH ¥ HENPEepLIBEH OTHOCHTEJNb-
Ho HOpMbI || - |z, T. e. cywectByer Takoe C >0, 4to

Ifx)I<Clxl, xeE.

C apyroil CTOPOHBI, OYEBHJIHO, YTO €CJHM JIMHEHHBI (YHKLIHOHAM
orpaHuyeH No Kako#-1u6o u3 HopM |- |ln, To oH HempephiBen Ha E.
Takum o6pasoM, ecau Ej — samac Bcex JHHEHHBIX QYHKUHOHAMOB
Ha E, senpepbiBHBIX OTHOCHTEJBHO HOPMSEI || -|ln, a E* — 3anac Bcex
JIMHERHBIX HeNmpepLBHLIX QyHKUHOHAMO0B Ha E, To

E= ) E. (12)

'Y B § 4 ra. 11] Mbl 0603Ha4YuAH TaK OPTOrOHAJbHOE NONOJHEHHE MOANpO-
CTPAaHCTBA B €BKJHIOBOM NPOCTpaHCTBe. Kak 6yaeT BHIHO B Cie/lyiolleM napi-
rpade, B €BKJAMAOBOM NPOCTPAHCTBE NOHATHS OPTOTOHANbHOTO HONOJHEHHS M aH-
HYJNTOPa PABHOCHJbHL, NO3TOMY COBNajeHHe 0GO3HAUECHHH OnNpaBAaHO,
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Kpowme Toro, us ycnosusi (11) cnenyer, uto
ElcEc...cEc...

Ecan [ — HenpepbiBHbifl JuHelnbifi GyukiuuoHan Ha E, 1. e. f &= E¥,
TO ero nopsadKom Ha3bIBaeTCsl HaUMeHblIee U3 YUCeN M, I/ KOTOPBIX
fe=E% B cuny pasenctsa (12) kanmOeui nenpepoigHoil rurelinoii
Pynkyuonaar Ha E umeer xoneunotid nopadok.

§ 2. ConpsikeHHOE NMPOCTPAHCTBO

1. OnpeneneHue CONPsKEHHOro mpocrpaHcrsa. [yt JHHEHHBIX
$YHKLHOHAIOB MOXHO ONpe/e/HTb ONEPalHH CJIOXKEHHS U YMHOXe-
HHA ux Ha uucaa. [lyctb fi u fo— nBa nuHelHBIX QYHKUHOHAJA HA
HEeKOTOpPOM JuneidinoM npoctpancrse E. Ux cymmodi fy+ [, Hasw-
BaeTCs JIHHEHHbIA PYHKIHOHA

f)=F®+f(x), x=E.

ITpoussedenuem af; nuneiinoro GyHKUHOHANAA f; HA YHCIO & Ha-
3piBaercs QyHKLUHOHAJ

f)=ofi(v), r<E.
PasenctBa, onpenensiiomue f; + fo u of;, MOXKHO 3anucaTh U Tak:
(fi+F @ =)+ f2(x),  (af) (x) =0f (x).

Sicno, uto cymMa f; + f» u npousBelenue of; MpeacTaBJSOT CO-
6of auHeilHbie yHKUHOHAAb. Kpome Toro, eciu npocrpaictso E
TOMOJNIOTNYECKOe, TO W3 HENPepbBHOCTH GYHKIHOHAMOB f; u fy cae-
ayer, uto fi + f2 u af; Toxe HenpepriBHBH Ha E.

Jlerko nmpoBepHTb, YTO TaK ONpe/eseHHbie ONepalHH CJI0KEeHHS
$YHKLHOHANIOB M YMHOXEHHs HX Ha YHC/JIa YAOBJIETBOPSIOT BCEM
aKcHOMaM JHelHoro mpocrpaHcTBa. MHaue roBopsi, COBOKyNMHOCTb
BCEX HENpepPbLiBHBIX JHHEHHBIX QYHKIMOHAJOB, ONpeJle/ieHHbIX Ha He-
KOTOPOM TOIOJIOrHYECKOM JIMHEeHHOM npoctpaHcTBe E, o6pasyer sin-
Hefinoe npocrtpanctBo. OHO HA3bIBAETCS NPOCTPAHCTBOM, CONPANCEH-
Howm ¢ E, 1 o6o3uavaercst £*.

Yunpaxueune COBOKYOHOCTb BCeX JIHHeHHBIX (QYHKIHOHANOB HAa E, He
06s13aTeabHO HenpepbIBHBIX, Ha3blBaeTcs a/leeﬁpauttecxu CONPANCEHHbIM TIPOCTPAH-

cTBOM U 0603Hauaerca E™. [IpuBecTH NpUMEp TONOJOTHYECKONO BEKTOPHOTO Hpo-
ctpanctBa E, Takoro, 4TO
E* 5= E*,

B conpsixkeHHOM mpocTpaHcTBe E* MOXKHO pa3JHYHBIMH crocoGa-
MH BBECTH TONOJOTHIO. BaxkHellllue U3 HUX — 3TO CUALHAA W CAQ-
6aa TONOJIOTHH.

2. CuabHas TONOJIOrHs B conpsixkeHHom npoctpancree. Haunem
¢ TOrO NPOCTelIero caydasi, KOraa HCXOQHOe MPOCTPAaHCTBO E HOp-
MupoBaHo. Lyl HenpepbIBHBIX JHHEHRBIX (QYyHKIHOHAMOB, 3aJaHHBIX
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Ha HOPMHPOBAHHOM IIPOCTPAHCTBE, Mbl BBEJM MOHSATHE HOPMBI, TO-
JIOXKUB
[F{x)]

'lfll=§i%W'

DTa BeqMuHHA YAOBJETBOPSET BCeM TPeGOBAHUAM, CONEPKALIIMCS B
onpejeseHHH HOPMHPOBAHHOTO NPOCTPAHCTBA. JleHCTBHTENbHO,
1) [Ifll > 0 nas mo6oro HeHyseBOro JUHEHHOro $yHKuHOHana f,

2) lefll=lal-lIfl,

3) Ilfy + foll = sup LI LRI <
xX#0

X fy (x) !
sup L+ sup Ll =i 17
TakuM o6pasom, npocTpaHcTBO E*, coNpsiKeHHOe K HOPMHUPOBAHHO-
My, MOXHO HAaJeJHTb e€CTeCTBeHHOH CTPYKTYpOH HOPMHPOBAHHOTO
npoctpanctBa. Tonosorus B £* oTBeyaioilast BBeleHHON HOpMe, Ha-
3niBaeTca CuAbHOU Tonoaoeuell B E* )Kenas noguepkuyrts, yrto E*
paccMaTpuBaeTcsl KaKk HODMHDOBaHHOe HNPOCTPAHCTBO, Mbl Gyjem
BMecto E* nucars (E* [I-1).
YcTaHOBUM ciefyiolliee BaKHOe CBOHCTBO NMpPOCTPAHCTBA, CONMPS-
EeHHOTO K HOPMHPOBAHHOMY.
Teopema 1. Conpsascennoe npocrparcreo (E* |I-1) noano.
HDoxaszateabctBo. Ilycts {fn} — dyunamenranbuas nocae-
JIOBaTeJNbHOCTb JHHEHHbIX yHKIHOHaN0B. Torna nas Kaxugoro >0
nainercs takoe N, uto |Ifn — fmll << & mas Bcex n, m = N. Orciona
s mo6oro x & E nonyuyaem

lfn(x)"_ fm(x)lgnfn'—fm”‘”x”<3”x”’

T. e. npy Jmo6om x & E uncaosas nociaenoBatenbroctb {fx (%)} cxo-
JIMTCA. _
IMonoxum

)= lim £, (1)

Ilposepum, uto [ npencrasasier co6oil HeNpepuIBHbIA JHHENHbLT
dyukunonan. JIMHeAHOCTb MPOBepsieTCs HEMOCPEeACTBEHHO:!

flox + By) = ,,IL"L fn(ax + By) =
= lﬂ’l, faf, (x) + Bfn (1)] = of (x) + Bf ().
Jns nokasaTesqbCTBa HENPEPLIBHOCTH GYHKIHOHANA [ BepHeMcs

K HepaBeHCTBY |[fn(¥)— fm(X)|<<ellxll u nepeiinem B Hem x npe-
Leny Ipu m-> 0o; NOMYUUM

1F) —Fa@<elx].
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Orciona BbiTekaer, uto ¢GyHKuHoHan f—f, orpanuuen. Ho rtorma
OrpaHHYeH, ¥ 3HAYHT, HenpephiBeH H GYHKIHOHAN [ = fn -+ (f — fn).
Kpome Toro, orciona xe cienyer, uro |If — foll << e pnsBcexn =N,
T. €., uT0 {fn} cxomures K f.

[TonuepkneM eme pas, 4To 3Ta TeOpeMa CIPABENHBA HE3ABHCH-
MC OT TOrO, MOJHO HJH HeT HCXOZHOE HPOCTPAHCTBO.

3ameuaHnue. Ecau Hopuuposannoe npocrpancreo E He noano,
a E — e20 nonoanenue, To npocrpancrea E* u (E)* usomopgHot.

HeiictuTesnbHo, ecau £ Bnoxeno B E B KauecTse BCIOAY NJOTHO-
ro NOJMHOXKeCTBA, TO BCSIKUH JIMHEHHBIA HenpepbiBHbIA Ha E ¢yHK-
uxoHan [ npopo/Kaercst mo HenpepouiBHOCTH ¢ E na Bce E. O60o3ua-
YuM 3TO (eAUHCTBeHHOe!) npoaomKenue . dcuno, uto f & (E)*, |Ifll =
=|Ifll, u uto Beaxuii ¢pyHxuuonaa us (E)* cryKuT Npoao/IKeHHEM
HEKOTOporo ¢GyHkuuonasa u3 (E)* (a HMeHHO, CBOEro CyxéHus Ha
E). Crenosateabno, otobpaxenue f—>f npeacrasaser co6ofi u3o-
Mop¢Hoe oToGpaxkenue npocrpancrtsa E* na Bce npoctpanctso (E)*.

Onpesnenum Tenepb CUAbHYtO TONOAO2UIO B TIPOCTPAHCTBE, COMPS-
MEHHOM K MPOHM3BOJIBHOMY JIMHEHHOMY TONOJOrH4ecKkoMy. B mpo-
CTPAHCTBE, CONPSIKEHHOM K HOPMHDOBAHHOMY, Mbl OIpEeIeJHIH
OKPECTHOCTb HYJIsi KaK COBOKYNHOCTb (DYHKIHOHAJIOB, YAOBJETBO-
PAIOIHUX YCIOBHIO

Ifl<e.

Mnaue roBops, 3a OKPECTHOCTh HYJIS B pocTpancTse E*, conpsixken-
HOM K HOPMHPOBaHHOMY, MPHHHMAETCSl COBOKYMHOCTb (PYHKLHOHA-
JIoB, At Kotopeix |f(X)|<C e, Korna x mpoberaer B E enuHHYHBL
wap |lx|l << 1. Beps BceBO3MOXHbIE &, TOJYYHM ONpeesIONLYI0 CH-
cTeMy okpecTHocTelt Hyasi. B ciyuae, korna E — He HOpMHpOBaHHOe,
a TONOJIOTHYECKOe JIMHEHHOe MpPOCTPAHCTBO, BMECTO eIHHHUYHOrO
wapa B £ ecTecTBEHHO B3ATb NPOM3BOJBHOE OFPAHHUYEHHOE MHOXe-
crBo A. OxpectHocts Hynsi Ug, a4 B E* onpenesnsietcs Kak cOBOKyN-
HOCTb JIHHEHHbIX PYHKIHOHAJOB, YNOBNETBOPAIOLUINX YCJOBHIO

[f(x)|<e mnpu Bcex xe< A.

Bapbupys € u A, nonyuum onpenessiOIyi0 CHCTEMY OKPECTHOCTEN
nyas B E. .

Urak, cusrbnas ronoroeus 6 E* 3anaercsi COBOKYIHOCTbIO OKPeCT-
HOCTell HyJf, 3aBHCSIUUX OT MOJIOXHUTEIbHOTO YUC/AA € H OrPAHHYEH-
soro MHOXectBa A < E. Mbl He GylieM 3/ecb poBepATh, XOTS 3TO M
HECOXKHO (cM., Hanpumep, [9]), 4TO Takas cucTeMa OKpecTHOCTel
NeACTBUTENIbHO npeBpaulaer E* B suHefiHOe Tomosoruueckoe mpo-
CTpaHcTBO. SIcHO, 4TO B CJAyyae HOPMHPOBAHHOrO NpocTpaHcTBa E
TOJMbKO 4TO ONUCAHHAsA CHJbHAs Tonojorus B E* cosmamaer ¢ Toii,
KOTOpas onpefensach ¢ MOMOUIBIO HOPMBI.

3aMeTuM, YTO CHJIbHAs TONOJIOrHsl B E* 0653aTe/bHO YI0BJIETBO-
psieT aKCHOMe OTAeNHMOCTH T U JIOKaJbHO BBINYK/Aia (HE3aBHCHUMO
or . tonosorun B E). IeiictButenvHo, ecau fo = E* u fo5£0, ToO
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HallleTcs Tako#H 3ayeMeHT Xp& E, uro [o(xo) %% 0; NoJoKHM & =
1
=5 fo(xo) | m A=={xe}, Torma foet Ue 4, T. €. E*—T,-npoctpan-

c¢TBO. s NOKa3aTeNbCTBA JIOKAJbHON BHINYKJIOCTH CHJBLHOH TOMO-
Jgorun B £* 10cTaToOyHO 3aMeTHTh, 4TO s Jioboro ¢ > 0 u awboro
orpannuenHoro A < E oxpectrHocth U, 4 Bbiykiaa B E..CuabHyw
TonoJioruio B E* 0603HauUWM CHMBOJOM b; Xejas MOAYEPKHYTHb, YTO
E* paccmarpuBaercss B CHJAbHOH TONOJIOTMH, Mbl OyAeM IHCATH
(E*, b) BMmecTO E*.

3. Tpumepsl conpsiKeHHBIX MPOCTPAHCTB.

1. Ilycts E — n-MepHOe JHHeHHOe NPOCTPAHCTBO (IeHCTBUTEb-
HOe HJH KoMmJekcHoe). BoiGepem B HeM KakoH-HROYAb 6asuc ey, . ..
..., €n; TOTLA BCSIKUl BeKTOp X & E 0QHO3HAYHO HPEACTABHM B BUIE

n
x = ), x;6;. Ecau [ — nunefinbii ¢ynkuvonana Ha E, To ficHo, uto
=

n
f(x)= _Z] [ (e xi; (L

=
CJ1ef0BaTeNbHO, JHHEHHBH (QYHKIHOHAJA OLHO3HAYHO ONpefessieTcs
CBOUMH 3HaueHHsIMH Ha BekTopax 6asHca e, ..., €n, IpPUUEM 3Th

3HAYEHHs MOXHO 3a/laTh NPou3BoJbHO. Onpenenum nuueiHbie QyHK-
nuoHasn gy, ..., n, 1oJsaras

I

{1, ecan i
gie)= 0, ecan i

OueBuaHoO, 4TO 5TH (QYHKUHOHAJBI JHHEHHO HE3aBHCHMBL. SICHO, uTO
g;(x) = x;, nosaroMy popmyay (1) MOXHO 3amucaTth B BHJE

F0 =% Heda .

TakuM 06pa3oM, QyHKUHOHANB g1, ..., n cOCTaBJAAOT Gasuc B
npocrpancrse E* T. e. E* ectb n-MepHOe JIMHENHOE NPOCTPAHCTBO;
6asuc g1, ..., &n B E* Ha3bBalOT J80LUCTBEHHbIM IO OTHOLIEHHIO K
Gasucy ey, ..., én B E.

PasnuuHble HOPMbl B NPOCTPAaHCTBe E HHAYUMPYIOT pasfuudbie
HOpMbI B E*. BOT HeCKo/bKO MpHUMepoB Map COOTBETCTBYIOWHX ADYT
apyry Hopm B E u E* (uurarenio peKOMeHAyeTcsi aKKypaTHO Mpo-
BECTH COOTBETCTBYIOLIME J0KA3aTeNbCTBA):

@) | xll= (él ‘. 12)'&' e (,i' : F)'/,;
o 1i=(Erar) " - (i)

i,

e

1 1
;+7‘—1’
I<p<oo;

-e
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© Ixl= sup Jxil W= 2 1Feh

Stsn

(d) nxu=i;|xi|, I7ll=sup Ifil

I<ign

B stux dopmynax xi, ..., Xn — 3TO KOOpAUHATH BeKTopa ¥ = E
B Gasuce ey, ..., en, a fi, ..., fn— KoOpAHHATH (GYyHKUHOHANA
f e E* B npoficteenHom Gasuce g1, ..., Sn.

Ynpaxuenue [lokasaTp, YTO BCe IEPeYHCIEHHbiE HOPMBI ONpENEAIOT B
n-MEDHOM NPOCTPAHCTBE OLHY H TY K€ TOIOJOTHIO.

2. PaccMOoTpuM IPOCTPAHCTBO Co CXOAAIMXCS K HYJIO TMOCJAEL0-
BaTeNbHOCTEH X == (X, X3, ..., Xn ...) c HOpMoO# || x[|=sup|x,| n

n
NOKaXkeM, UTO conpsaxcexrtoe Kk Hemy npocrpaucreo (cg, || « ) uso-
MOpPrO npocTpancTsy Iy 8cex abcortOTHO cymmupyemoix nocaedosa-
(o]

reavrocreld | == (f1, fo, - .., fa, ...) ¢ Hopmoit || f||= lefn [. Jlio-
=

6asi mocsaefoBaTeNbHOCTb [ & [y onpenesisier B MPOCTPAHCTBE Co JH-
HelHbll orpaHuYeHHBIH GYHKIHOHAJ [ O dopMyJie

W= f @
sicro, uto | f (x)] :qu:m, rak uro ||f < Z L I<IFIL

Paccmorpum B ¢ BexTopr

e=(1,0,0,...,0,0,...),
e2=(0 1,0,...,0,0,...),
—»(O 0 O 1, 0,...)
(N) === In —_
4 TONOXHM X Z 5T e (ecma fa=0, TO CUHuTaeM, q'ro“ =
——0) Torpa x(MEco ]ixW) 1<lu
N N
Fmy =3 )= 1fal,
n=1 n==I1
tak wto0 lim f (x®™) = 21 7a1 =11 Crenonaremso, 1= X1k
N> oo n= n=.

COonoCTapyasad 3TO C JXOKa3aHHbBIM BbIlIE HpOTHBOHOJXO)KHbIM Hepa-
) o

BEHCTBOM, sakjiouaeM, uto |f|= Zl | fot=0 Tl
nw=
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TaxuM 06pasoM, Mbl NOCTPOHJH JHHEHHOE H3OMETpHUe-

ckoe oToGpaxeHHue f— [ NpocTpaHCTBa /; B NpOCTPAHCTBO Cj;
OCTaeTcsl NPOBEpPHTb, 4TO 06pas NPOCTPAHCTBA I; NPH 3TOM OTO-
6pakeHHH COBNAjAaeT CO BCeM Cj, T. €. YTO BCAKHH QYHKUHOHAM

f =c; npencrasum B Bume (2), rae f={f.}=1,. Has Bcsakoro
p o0

x={x,,} € ¢y IMeeM X = Z Xn€,, NpHUYEM DsA, CTOAMUHA cnpasa,
n=1
N

CXOMTCS B €y K 3JIEMEHTY X, HGO |x — ). X,e,
n==!|

=sup [ x,|—>0
n>N

npn N -—>oo. Tak xkaK ¢yskuuoHas | & c; HenpepmBen, To [ (x)==
oo i 00

= ). x,f (e,); nosToMy mocTaTouno NIPOBEPHTD, YTO Z I (en) | < oo.
n==1 ne=1

f (en)

Ioaaras xV) = =
— | [ (ep) |
n==|

e, B 3aMmeuvas, uTo xM e, ||+ ||,

HMEEM

N N
Y 1Tt 1= Hekf ) e <,
n=} n==1 n

00
OTKyNa B CHJy mpoussosibHocT# N 3akmiouaem, uto 3. | f (e,) |< .
n=1

3. Herpyauo nokasartb, 4TO NMpOCTPaHCTBO /i, conpsikeHHoe K
npocTpaHcTBY /1, H30MOP(HO NPOCTPAHCTBY M, COCTOALIEMY U3 BCEX
OrpaHHYEHHBIX nocjenoBaTesbHOCTed X = {X»} ¢ Hopmo#n |lx|| =
= sup|ta|.

4. Tlyetb p > 1 u lp — NPOCTPAHCTBO BCEX NOCJAEAOBATENbHO-
creit X = {Xn}, L1 KOTOPBHIX

o l/p
llxii=(n§__;llxn 1”) < oo;

MOXHO [0Ka3aTb, UTO CONMPSKEHHOE K HeMY NpPOCTPaHCTBO [, u30-
MopbHo npocTpancTBy lg, 1/p + 1/g = 1. O6mui Bug nuHeliHOrO He-
npepuiBHOro GyHKUHOHANa HA [p:

0=2 Tt x=tud=l, f=()el,

JloxasaTenbCTBO OCHOBAHO HA NpHMeHeHWH HepaBeHcTBa [esbaepa.
5. BpIicCHUM CTPYKTYpPY NpPOCTPAHCTBA, CONMPSMKEHHOTO K THJb-
GepTOBY.
Teopema 2. [lycte H — deiicrsuresvroe 2unvbeproso npo-
CTpancTeo. Jaa 6CAK020 HENPEPOLIBHOZO AUHEHH020 (PyHKYUOHAAA |
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na H cyuecreyer eduncreennoili anement xo = H, rakoi, 4to
f(x) = (xr xO)) re H; (3)

npusen | f Il = |l %o ll. O6parno, ecau xo = H, 10 hopmyra (3) onpe-
dessier TakoU Henpepoiroili auHelinoll ¢yukyuonaar f, uro ||fll =
= |lxoll. Taxum ob6pasom, pasencrso (3) onpedesser usomoppusm
f—> xo mexcdy npocrpancrsamu H* u H.

Hoxasarenbctno. OueBUAHO, YTO AJ1s BCIKOTO Xo & H dop-
myJa (3) onpenensiernuHefiHelil pyHkunonaa ua H. Tak kak| [ (x) |=
= (x, x0) | << x|l -l %0lf , TO 3TOT hyHKUMOHAN HempephIBeH, a TaK
KaK [(xo) == Il xo 1%, o [l = |l xo . [Tokaxem, uTo BCsAKuET Hempe-
PHIBHbIH JHHeNHbIH pyHKnHoHan f Ha H npeacrasum B Bue (3). Ecau
[ =0, To monaraem xo == 0. Ilycrb teneps f =0 u Hy = {x:f(x) =
= 0} — anpo ¢yukuuonana f; tak kKak [ HenpepbiBed, To Ho—
3aMKHYTOe JuHeHHOe noanpoctpadctBo B H. B n. 6 § 1 ra. III
OblJI0 MOKA3aHO, YTO KOPA3MepPHOCTh IApa JIOGOro JHHEHHOro (yHK-
nuonajsa pasHa 1. [Tostromy, yuurbiBasi cieficTBHe 3 TeopeMnel 7 H3

§ 4 ra. 11, sakiouaeM, 4To OPTOroHaJIbHOE JOmOMHeHHe Hg K moa-
npocTpancTBy Ho OAHOMEpPHO, T. €. CYIIECTBYyeT TakKol (HeHy/AeBO#)
BeKTOD Yo, OPTOTOHANbHBIA K Hy, uTO BCSIKMIl BekTOop x & H oauo-
3HAYHO INPEACTAaBHM B BHAE X ==y -+ AYo, r'fe y < Hy. Ouesunno,
MOXHO CcuHTaThb, 410 |l Yo Il = 1; monoxkum xo = f(yo) yo. Torna mns
Jo6oro x & H nmeem

x=y+ Ay, y<H,
f (x) = Af (4o),
(%, x0) = A (Yo, Xo) == A (Yo) (Yo, Yo) = Af (Yo).

Takum o6pasowM, f(x) == (x, xo) ans Bcex x = H. Ecau [ (x) = (x, x{),
xe H, 10 (X, Xo— x0)=0, oTKyza, mojarasm X==Xx,— xj, noay-
yaeM, 4TO Xy=X.

3ameuyanus . ITyctb E—HenmoHOe eBKIUIOBO NIPOCTpaH-
cTBO, a H — ru/ib6epTOoBO MPOCTPAHCTBO, ABJSIOUIEECS ero MOMoJHe-
nneM. Tak kak mpocrpaucrsa E* u H* usomopdunl (cM. 3aMeyanue
Ha crp. 184), a H* usemopdro H, TO cnpaBeAsHBO cjeldyollee
yTBEPKAEHHE: npocTpancTeo E*, conpaxennoe K HenosHomy eskau-
0dosy npocrpancrsy E, usomoppro nonoanenuro H npocrpancrea E.

2. Teopema 2 cnpaBeisnBa MW /IS KOMIIEKCHOTO THJAbGEpPTOBa
TPOCTPAHCTBa (LOKA3aTeNbCTBO B TOUHOCTH TO XKe, C 3aMEHOH JHIIb

X0 == [{yo) Yo Ha xo == [ (Yo) Yo). EAMHCTBEHHOE OT/NHYHE KOMMJIEKCHO-
ro caydasi OT JAeHCTBUTENBHOTO COCTOHT B TOM, 4TO Tenepb otobpa-
xeune H B H* comocrasasioumiee sieMeHTy Xo& H dyHKUHOHAM
f(x)=(x, xo), SABJSETCH CONPANCCHHO-AUHEUHBIM HU3OMOPDHIMOM,

T. €. 3JIeMeHTY AXo oTBeuaeT QYHKIHOHAM Af.
6. B mpumepax |—5 paccmartpuBasiuch HOPMHPOBAHHBIE MPO-
cTpaHcTBa. PaccMOTpuM Terneph mpOCTPaHCTBO CYETHO-HOPMHPOBaH-
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Hoe. [Tycte @ — peficTBUTENBHOE CYUETHO-TUIIBOEPTOBO POCTPAaHCTBO,
cocTosillee M3 BCeX mnocseaoBaTeqbHOCTel X = {x,}, ans KoTopbix

oo s
llxllk=(z nkxi) < oo mpu Bcex k=1, 2, ...

n==

‘Cxansipuble npousseienus 8 @ cyrb
(x’ y)k=z nkxnym kzla 2) L
n==l

TlpocrpancTBo @ co ckanspuplM nNpousBeneHueMm (-, -)p siBAsieTcs
€BKAHAO0BLIM; nycTh D — ero nonosHenue. Jlerko Bumetb, uto @
MO{HO OTOXIECTBHTb C THJIbGEPTOBHIM NPOCTPAHCTBOM BCeX MOCJe-
nosartesnbHocTell X = {xn}, y KOTOpBIX ||x|[x < 00. B cuny teopemnl 2
npoctpancTBo Dk, compsikenHoe K O, uzomopdHo npocTpaHcTBy
®@; npu 3TOM H30MOp(DH3IME KaXAOMYy HENPepLIBHOMY JHHEHHOMY
dyunrunonany f e D conocrapisercs Takas NOCAELOBATENbHOCTD

7= {fx}, uto . .
Ilfll=(Z{ n’“lfnl"’) < oo,

[0 =0 Th =2 rtfn ¥=(r) e,

H 06paTHO, KaXast TAKasl MOC/IEI0BATEIbHOCTD ONPENENALT d/IeMeHT
3 @:. Onpeneanm tenepp ¢yukuuonan fe D wue nocneposa-
Teabroctbio {fn}, a mocnenosatesnbuocTbio- {gn}, rae gn = ntf,. To-
raa

0o

d Ya
f(x)-—-—- Zl Xn8p W "f""—"(nz::l n‘kgﬁ) .

n=

Takum o6pasoM, Di MONKHO OTOXKIECTBUTH C FHJAbGEPTOBBIM MPO-
CTPAHCTBOM NOCJ/Ie/IOBATENbHOCTEH {gn}, YAOBJIETBOPSIOMIHX YCIOBHIO

Y, n kg < oo, ()

n=l!

U CO CKAJSIPHBIM NPOH3BedeHUEM
[
0 @Y — -~
(g, g®) = X, n—*gig®,
=l

L]
Tak xak (D"=kUl ®%, To @* — mpocTpPaHCTBO BCEX MOCJEN0BATENDb-

HocTell {gn}, NI KaXKIOA M3 KOTOPBIX CyUIeCTByeT cBoe R, Takoe,
4TO BHINMOJHSAETCS ycaoBue (4).
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3HaueHue KaXA0Oro Takoro QyHKLHOHa/Aa ONpefeneHO Ha Jai060oM
o0

snemente x = {xn} & @ u pasuseTCs ), £,8,.
n=1

Hrak, eciu npocrpanctBo @ ectb nepeceuenne yOnlBaio e i
1eNnOouKy ruab0epTOBbIX NPOCTPAHCTB

0= ﬂ o, O,o0,o...0P0,>...,
k=1

70 @* ecTb CyMMa BO3pacTaloll el LHeNouYKH rHab6epTOBLIX NMPO-~
CTPaHCTB

o= 0, Pchc.. cdic...
k=1

Yno6uo Beectn o6o3nauenne Op = @_;. Ecau eme o603uauuts npo-
crpaucTBO [y yepe3 @o, TO MBl NONYYHM Takylo GeCKOHeuHylo B ofe
CTOPOHBI LENOYKY FHAbGEPTOBBIX MPOCTPAHCTB

Lch,c...cOcOQcb=...cO ...,

B Kortopoit @ =@_, npn Kaxiom k=0, =1, =2, ...

4, Bropoe conpsixXeHHOe NPOCTPAHCTBO. TakK KaK HelnpepbiBHbHIE
JAuHefinble GYHKUHOHAJb Ha JIMHEHHOM TOMOJIOTHYECKOM IPOCTpaH-
crBe E camp 06pa3yiloT JHHefiHOe TONOJOrHYeCKoe NPOCTPaHCTBO, —
conpsixkenHoe K E mpocrpancrso (E*, b), —TO MOXHO roBODHTb O
npocrpatcree E** HenpepbiBHbIX JIMHEAHBIX (QyHKUMOHA/OB Ha E*,
T. €. 0 8TOPOM CONPANEHHOM K Ewunr n

SameTuM, uTO BCAKHH 3J€eMeHT Xo u3 E onpenenser HeKOTO])le
AMHeHHb GyHkuuonaa Ha E*. JleficTBHTe/NbHO, NOJOXKHM

¥, (=1 (%), (5)

rle xo — (UKCHpPOBaHHBIN 3jeMenT u3 E, a f npoGeraer Bce E*. Pa-
BEHCTBO (D) CTaBUT B COOTBETCTBHE KaXAOMY [ HEKOTOpOE 4:icao
%, (f), 7. e. onpenensier pynxunonas na E*. Tak Kak npu stom

Y., (af] + Bf2) =af (xo) + Bf, (xo) =P, (fl) + 8¢, (fz),

TO 3TOT YHKIIHOHAJ JHHeEEH.

Jlanee, Bcskuit Takod ¢yHKUMOHAN HenpepoiBeH Ha E*
B camom jnene, nyctb € > 0 u A — orpaHuueHHOe MHOXecTBO B E,
cogepxauiee xo. Paccmorpum B E* oxpecrHocts myas Uf(e, A). Tlo
onpenesennio U (e, A), nmeeM

|b, (D]=|f(x)|<e mpn [f&UCe, A).

Ho 310 osHauaer, uto ¢yHKuMOHa1 P, HenpepbiBeH B Toqxe 0,
a cJeloBaTeNIbHO, U Ha BCeM npoctpaHcTee E*.
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Mbl noayuunu, Takum o6pasoM, otobpaKeHHe BCero MPOCTPaH-
ctBa E Ha HeKOTOpOe NMOAMHOXKECTBO mpocTtpaHctsa E**. Ito oro-
6paxenue, oueBUAHO, auHeliHo. Takoe oto6paxenne £ B E** Ha3bl-
BaeTCsl ecTecT8eHHbiM OTOOpaxcenuenm npoctpanctsea E eo sropoe
conpsscennoe. O6oznaunum ero . Eciu na E ectb 10CTaTOYHO MHOTO
JuHeHHbIX (QYHKUHOHAJAOB (Hanpumep, ecnd E HOPMHPOBAHO uJH
XOT OBl JIOKAJbHO BHIMYKJIO H OTAEJHMO), TO 3TO OTOOpaXKeHHe
B3aMMHO OJHO3HAuyHO, TaK KakK TOT[a OJs JIOObIX ABYX Pa3JIHYHBIX
x', x" = E cymectsyer Takoil O¢yukuuonan f e E*, uro [(x')+
= f(x"’), 1. e. ¥, u Y, — pasanunple Gynkuuonans Ha E*. Ecan
K Tomy ke n(E)= E** 10 (OTAeIHMOe JIOKAJbHO BHIMYKJOE) TpO-
crpanctBo E HaswiBaercs noaypegrexcusnsim. B mpoctpancree E**
(kak conpsikeHHoM K (E* b)) MOMXKHO BBECTH CHJbHY!O TONOJIOTHIO,
KoTOpyio Mbl 0603Hayum b* Ecan npocrpancrso E nosaypedJexcus-
HO M orobpaxenue n: E—>E** HenpepnBHO, TO E HasbBaercs
pedrexcusHoim TPOCTPaHCTBOM. MOXKHO MOKa3aThb, 4TO OTOOpaXKeHHe
n~! Bcerga HenmpephiBHO, noatoMy ecau E pegaexcusno, 10 ecte-
creennoe orobpasncenue n: E — E** npedcrasaser coboid uzomop-
Qusm mexcdy aunelinvimu TOnOAO2UYECKUMU npocTpancTeamu E u
E** — (E**, b*) . '

[MockonbKy Mbl MOXKeM Tenepb KaxXAblil sjgeMeHT u3 E paccmar-
puBaTh elle W KakK 3JeMeHT npocrpaHcTBa E**, ynobuo ass 3Hadve-
HUi JuHefiHoro ¢yHkuuonana fe E* sMecro 3amucu f(x) BBecTH
6os1ee cHMMeTpHYHOe 060o3HaUeHHe:!

()= (f, x). (6)
Tpn ¢urcuposannom [ < E* mMbl MoxeM paccmarpuBath (f, X) kKak
¢yukunonana Ha E, a npn GUKCHPOBAHHOM X — KaK (YHKIHOHAJ Ha
E* (npn 5TOM y¥Ke X BBICTYIAeT B POJM JeMeHTa u3 £**).

Ecau E — Hopmuposanuoe npoctpancréo (CneLoBaTeAbHO, HOP-
MupoBaHbl M npoctpaHctBa E*, E** u T. 1.), TO ecrectéennoe oro-
6pamxcerue npocrparcrea £ 8 E* ecrto usomerpus.

IleficTBUTENBHO, IyCTh X — 3JeMeHT u3 E. O603HayuM ero Hopmy
B E cumBosoMm | x|, a Hopmy ero oGpasa B-E** cumsosom |x[l2. ITo-
kaxem, uto |lxll=/lx]ls. IIycTb f-— NPOM3BOJILHBIA HEHY/IEBOW 3ie-
ment u3 E* Torpa

(5 )
HEOIIF-Txl, T oe xl=—
H, NOCKOJIbKY JleBasl 4yacTh MOC/AE/HEro HePaBEeHCTBA He 3aBUCHT OT f,

Il x| > sup '—(fﬁ)'=llxlla-

C npyroit croponsl (ciencrBue 4 TteopemMbi Xana — Banaxa gmad
HODMHpPOBAHHBIX NPOCTPAHCTB), IJIA KaxXHOro xo < E Haijerca Ta-
KO#i HenyseBOH JIMHelHbIH (YHKIHOHAA fo, UTO

| (Fo, %o} =1 foll - %o, )
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HO3TOMY
Ixl= sup LoDl 0,
feE*
T. e. lxll=Ixllz, uro u TpeGoBanoch noxasatb. TakuM oGpa3om, HOp-
MHpOBaHHOe npocTpaHcTBo E H3oMeTpuuHo (BooOllle roBOps, He-
3aMKHYTOMY) JinHeHHOMY MHOrooGpasuio st(£) B E**; oToxAeCTBIAA
E ¢ n(E), MOXHO cuuTath, uto £ < E*.

Y3 n30MeTpHUYHOCTH ecTecTBeHHOro otobpaxKenuss s: E — E**
IUIsi HODMHPOBAHHLIX MPOCTPAHCTB CJENYeT, UTO HOHATUL NOAYpeqd-
NEKCUBHOCTU U pepAeKCUBHOCTU OAS HOPMUPOBAHHLLX NPOCTPAHCTS
cosnadaror.

TTocKoNbKY NPOCTPAHCTBO, CONPAXKEHHOE K HOPMUPOBAHHOMY, 701~
HO, 8CAKOe pehieKCUBHOe HOPMUPOBaHHOe npocTpanctso E noaro.

KoneunomepHuble €BKJAUIOBB NPOCTPAHCTBA H THJILGEPTOBO MPO-
CTPaHCTBO NPEACTABJSAIOT cO60H NpocTeiilline NpHMepsl pedaeKcus-
HbIX NPOCTpaHCTB (ANs HUX Aaxe E — E*).

[TpocTpaHCTBO €p CXOASIIHXCA K HYJIO TOC/Ael0BaTeNbHOCTEN
npejacrasiaser co6oi npuMep NOJHOro HepedEeKCHBHOrO NpPOCTPaH-
ctBa. JleficTBHTENbHO, KAK MBI NOKasaJsu Bbille (npumep 2 § 2), co-
NPSIXKEHHBIM K Co AIBJSETCS NMPOCTPAHCTBO [i BCeX aOCOMIOTHO CXOAs-
IIHXCSl YMCJIOBHIX PSZIOB, KOTOPOMY B CBOIO OYepelb COMPAKEHO Mpo-
CTPAHCTBO 1M BCEX OrpaHUYEHHBIX NOCJIe]0BaTeNbHOCTEH.

IMpoctpanctso C[a, b] HenpepbIBHBIX QYHKIHHA HAa HEKOTOPOM OT-
peske [a, b] Toxe HepedaekcuBHO. MBI, 0HaKo, He 6yeM 37eChb NpH-
BOJMTb 10Ka3aTeIbCTBA 3TOTO YTBEPKJeHHd !).

[TpumepoM pedeKCHBHOTO IPOCTPAHCTBA, HE COBINAJAIONULErO CO
CBOMM CONIPSIXKEHHBIM, MOXKET CIYKHTb Ip mipu 1 << p %% 2 (TaKk Kak
=1, toe lfp+1/g=1, T0o Iy =13=1p).

Yunpamxuenue. Jlokaxure, 4TO 3aMKHYTOe MNOJINPOCTPAHCTBO pedJIeKcUB-
HOr0 INpOCTPAHCTBA pe(leeKCHBHO.

§ 3. CnaGas Tonojorus M canabas CXOAHMOCTb

1. Cnabas TonoJoruss H caafas CXOOHMOCTb B JHHEHHOM TOMO-
JIOTHYECKOM mpocTpaHcTBe. PaccMOTpUM JIMHEHHOE TOMOJOTHUECKOoe
npocTpancTBO E M COBOKYMHOCTb BCeX HenpepbiBHBIX (YHKUHOHAJOB

na HeM. Ecan [y, ..., fn — NpOH3BO/NBHBIH KOHEUHBIA HAbOp TaKHX
GYHKUHOHAJIOB ¥ € — MOJIOXHTEIbHOE YHCJO, TO MHOXKEeCTBO
{x: [fi(x)1<e; i=1,2, ..., n} (1)

oTKpHTO B E U comepxut touky 0, T. e. npeacraBaser co60H Heko-
TOPYIO OKpecTHOCTb HyJsd. IlepeceueHne ABYX TaKHX OKPECTHOCTel

') MoxHo nokasaTh Jaxe caelyiolllee Gojlee CHIbHOE YTBEPMKAeHHE: He Cy-
meCTByeT HHKAaKOTO HOPMMPOBAHHOTO NpPOCTpaHCTBa, AAa kKoroporo Cla, b]
6b1s10 Gbl CONpPAMKEHHBIM NPOCTPAHCTBOM,
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BCErJla COJNEPXKHUT MHOxKecTBo Buaa (1), u, caemosatenbHo, B E
MOXHO BBECTH TOINOJIOTHIO, IJisi KOTOPOH COBOKYMHOCTb MHOXKECTB
puja (1) Gyner onpenensiomeil cucreMoi okpectHocreil Hyas. OHa
HasbiBaeTcs caaboii Tonoaroeued npocrpancrsa E. Cna6as Tomoso-
.rusl B E— 310 camas cnabas M3 TONOJOTHH, B KOTOPOH HENpPEPHIBHBI
Bce JHHelnbe (QYHKLHOHAJb!, HENPepbiBHbIE B HCXOAHON TONOJIOrHH
3TOr0 NPOCTPAHCTBA. '

$lcHO, 4TO BCSIKOE MHOXKECTBO B E, OTKpHITOE B cMbicae caaboi
TOTIOJIOTHH, OTKPHITO H B HCXOJHOH TONOJOrHH mpocrpaHcrsa £, of-
HakKo oGpaTHoe, BooGlle roBops, HeBepHO (MHOXecTBa Buaa (1) wue
006s3aHbl  06pa3oBbLIBATb ONpPENEJSIOIYI0 CHCTeMY OKPeCTHOCTeH
HyJst B ucxoauoi Tonosoruu). ITo TepMHHOJOrHH, NPUHATOH HAMU
B § 5 ri. 11, 310 03Hauaer, uto csnabas TomoJOTHA npocrpaHcTBa E
caaGee, ueM ero HcxoaHas Ttonojorus. Tem cambiM onpabr -
BaeTcs NMPUHATOE /LIS Hee Ha3BaHHUe.

Ecau B E cymwecTByer JOCTaTOYHO MHOTO HENPEPBIBHBIX JIHHEII-
HHX (QYHKUHOHAJOB (HanpuMep, eciau £ HOpMHpOBaHO), TO cjabas
tonosiorust B E ynoBnerBopsieT akcHoMe otaeaumoctu Xaycnopda.
Jlerko TakxXe IPOBEPHTb, YTO ONEPALHH CJHOKEHHS H YMHOMKEHHS
Ha uHcaa, onpejeneHHble B E, HempepbIBHbI OTHOCHTENbHO CJ1aboMH
TOMOJIOTHH ITOTO NPOCTPAHCTBA. _

Jlaxe B ciiyuyae HOPMHPOBAHHBIX NIPOCTPAHCTB c1abas TOMOJOTHS
B £ MoXeT He YIOBJETBOPAThb NepBoii akcHoMme cuetHocTH. Creno-
BaTeJbHO, 3Ta TOMNOJIOTHS, BOOOLLe TOBOPsl, HE ONHCHIBAETCS Ha
A3blKe CXOASLIUXCS TocJaefoBaTelbHOCTel. TeM He MeHee CXOMH-
Mocth B E, ompeaensiemast 3TOH TOHOJOrHeH, npeicrasnsier co0of
BaxHoe nousirne. OHa HasbiBaeTcd c.1abod cxooumocTero. B ornu-
ype OT Hee, CXOIUMOCTb, ONpele/sseMyl0 HCXOZHOA TomnoJiornel npo-
crpanctBa E (Hopmoi#i, ecii E HOPMHPOBAHO), Ha3bIBAIOT CUAbHOU
CX001UMOCTHIO.

TTousitne cna6Goil CXOOAUMOCTH MOXHO CHOPMYJIUPOBATH CJAEAYIO-
KM 06pa3oM: I0CAEeJOBaTeIbHOCT {Xn} 3MemeHTOB M3 E Hash-
BaeTcsa caabo cxodauwelica X xoe E, ecan ana mo6oro Hempepois-
HOro JIMHelHOro QyHKIuoHakla ¢(x) Ha E uncioBas mocnenoBarteb-
Hoctb {@(xn)} cxomurcs X @(xo).

JelcTBUTENbHO, CUHTAA AJs TPOCTOTHE Xo == 0, NIpeanoJoxKum,
uto @(x,)—>0 npu Becsikom ¢ = E*. Torma ans Bcakoid ciaboit
OKPECTHOCTH

U={x:|lg:(x)l<e i=1,2, ..., k}

tTouku 0, Hafigerca Takoe N, uto x, U mnpu Bcex n =N (nasa
3TOTO JOCTAaTOYHO BhIGpath Ni Tak, uto |@i(Xa)|<<e npu n>=N;
u 3ateM nojoxutbh N = max N;). O6partno, ecau 1as Kaxao# cia-
6oit okpectHocTu Hys1s U cymectByer Takoe N, uto x» & U ana Beex
n=>= N, 10 ycioBue @(¥n)—>0 npu n->oo, OUEBHAHO, BHUIOJHEHO
st kKaxaoro ¢pukcuposanuoro ¢ € E*. U3 rtoro, yro cnabas tomo-
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sorus npoctpancTsa E cnaGee ero CHIbHOH TOMOJIOTHH, CIEAYeT, 4TO
8CAKAR CUABHO CXO0AWAACA NOCAO0BATENBHOCTL CX00UTCR U cAab0.
O6parHoe, BoOG1Lle TOBOPsi, HEBEPHO (CM. NPHMEpPHI HUXKE).

2. Cnabaa cXOaHMOCTb B HOPMHPOBaHHBIX NMpocTpaHcTBax. Pac-
CMOTPHM NOAPOGHee MOHATHE CAa6OH CXOAHMOCTH NPHMEHHTEJIbHO
K HOPMHPOBAHHBIM TIPOCTPaHCTBAM.

Teopema 1. Ecau {x,} — crabo cxodawasaca nocaedosarenso-
HOCTb 8 HOPMUPOBAHHOM RNPOCTPAHCTBE, TO CYWeCT8yeT TaKoe Nno-
croannoe uucao C, 4to

x. I <<C.

Wnaue rosops, scakas caabo cxodaujaaca nocaedos8atesrbHOCTs
8 HOPMUPOBAHHOM NPOCTPAHCTEE 02PAHUYEHA.
HokaszarteabcTtBo. Paccmorpum B E* MHOXKeCTBA

Aen=A{f: |(F, xa) IS<E}, &k, n=1,2, ...

STH MHOXeCTBa 3aMKHYTH B cuay HempepbiBHOCTH (f, Xn) Kakx
$ynkuuu ot f npu GUKCHPOBAHHOM Xn. CJiieOBaTeNbHO, 3AMKHYTHI
Lod

(Kak nepeceyeHus 3aMKHYTHIX) W MHOXecTBa A, == ﬂ Apy. B cuny
n=1

cnaboii cxonuMocTH {xn} mociemoBaTenbHOCTb (f, Xn) oOrpannuena
aas xaxpgoro [ & E*, nosromy

]
E.= U Ak'
k=] ,

Tak xak npocrpauctso E* mosno, T0 nmo reopeme Bapa (§ 3
ra. II) xotb opHO u3 MHOXKeCTB Ap, CKaxeM A, JOJKHO ObITh
nJI0THO B HekotopoM wape B[fo, e}, a Tak kak Ag, 3aMkHYTO, TO
3TO O3Hayaer, 4To

B [fO: 8] == Ako'

Ho 3T0 3HauuT, 4TO NOC/JENOBATeJbHOCTb {X¥n} orpanuueHa Ha
wape Blfo, €], a cnrenoBarensbho, u Ha Jo6oMm mwape B £¥ B yacTHo-
CTH Ha eJMHUYHOM llIape 3TOro mpocrpaHcrsa. Takum oGpasoMm, no-
C/le/l0BaTeNbHOCTb {Xn} OrpaHuYeHa KaK MOCJENOBATEbHOCTb 3Je-
meHntos u3 E**. Ho B cuily M30MeTPHYHOCTH €CTECTBEHHOTO BJOXKe-
uua E B E** 310 03Hauaer orpaHuyeHHocTb {X»} u B E.

3ameuanune. [Ipy poxasateqbcTBe OrpaHHYEHHOCTH MOCJIENOBATEbHOCTH
{x»} no HOopMe Mbl BOCHIOJb30BAJHCh JIHIUb TEM, YTO YHCJOBas MNOCJEeROBAaTE/b-
Hoctb (f, X») orpauuuesa mpu kaxaoM [ & E* TaxkuM o6pa3oM, ecau NocaexoBa-
TenbHocTh {Xn} B E TakoBa, uTO YHCAOBAsi NOCAENOBATENbHOCTDb (f, Xn) orpanuuena
npu Kaxaom | € E*, 10 cyumectByer Takas moctosnHaa C, ato [x.ll << C. dro
yTBEepXKIeHHe MOXHO OGOOWHTL: 8CAK0e caab0 oepanudennoe (T. €. OrpaHUYECHHOE
B caaGoil Tonosoruu) nodmuoxecreo Q nopmuposannozo npocrpancrea E curbno
ozpanuyero (T. €. COHEPIKHTCS B HEKOTOpOM Inape). JleficTBHTENBHO, HONYCTHM,
HalJeTcs Takas TNOCAefoBaTeNbHOCTh {¥n} < Q, uto lxnll — o0 npu n—>- oo,
Tak xak Q caaBo OrpaHHUYEHO, TO M MHOMKECTBO {Xn} cnab0 OTPaHHYEHO, T. €. MO-
rJoniaercss Mo60i ¢i1a6ofi OKPeCTHOCTBIO HYJf; B HacTHOCTH, AJa JmoGoro f e E*
naiizercs Takoe N, uto {xn} = N{x: |(f,x)| < 1}, otxyma |[(f,xa)| <N mas
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Bcex n. Ho 3T0 B cuay clenaHHOro BHIIE 3aMeUaHHsl NPOTHBOPEUHMT NPEANOJONKE-
BHIO |xsll —> oo, Ecau yuecTb, 4TO caabast OTpaHHuUEHHOCTh MHOXecTBa Q O3Ha-
YaeT, YTO Ha HeM OrpaHHueH JIOGOH HENpPEPHBHHA JHHeAHHA (YHKUMOHAN, TO MH
NPHXONHM K CIENYIOUIEMY BaXXHOMY Pe3YJbTaTy: 048 T020 urobvt noOMHONECTEO
Q HOpMUPOBANKO20 NPOCTPAHCTEA GHIAO 02PAHUYMEHO, HEO6X00UMO u G0CTATOYHO,
470661 Ha Q 6bia ocparuden mobod pynkyuonaa [ < E*,

Cnepywomas teopeMa yacto GplBaeT noJie3Ha JJs PaKTHUECKOH
NpPOBEPKH €1a60H CXOAMMOCTH TOH WM HHOH TNOCJEN0BATENbHOCTH.

Teopema 2. ITocredosareavnocTo {x.} 31eMeHTO8 HOPMUPO-
sannoeo npocrpancrsa E caabo cxodurca k x = E, ecau:

1) llxnll czpanuuenor 8 cosoxynnocru nexoropod koncranrod M;

2) f(xn)—>f(x) Oan scaroco [ A, ede A — nexoTopoe mHOdNe-
CT80, AuHelinas 060404Ka KOTOPO2O 8cl00Yy naoTHa 8 E*,

JdoxkaszarteabcTBo. U3 ycnoBus 2) u onpenenenuss AefiCTBHR
Haj JiHHeHHBIMH QYHKUHMOHAJaMH CJAefyeT, YTO €CJAH ¢ — JuHeHHas
KOMOHHAIlHA 3JIeMEHTOB H3 A, TO

@ () —> @ (x).

TlycTb Tenepb @ — M POM3BOAbHBM I aneMeHT 3 E* u {pr} — cxo-
AALLASiCA K ¢ TIOCJelOBATENbHOCTh JHHEHHBIX KOMGHHAUHUH 3/eMeH-
toB u3 A. [Tokaxewm, uto @(x,)->»¢(x). Ilyctb M Takoso, uto

I ISM(n=1,2,...) n [xI<M.

Ouennm pasHoctb |@(%n)— @(x)|. Tak Kax Qr—> @, T0 A5 JiO-
6oro € > 0 cymecrsyer Takoe K, uto [l¢ — @ull << € nas Bcex & = K.
Iostomy

Iq)(xn)'—(p(x)Igl(P(xn)_‘pk(xn)l+|q)k(xn)_(pk(x)I+
Flop () — @ (x) I<eM + eM 4| gy (x,) — @, (%) .

Ho, mo ycinoBuio, @n(%n)—>@r(x) npu n—>oo. CuaexosaresbHo,
@ (xn)— @(x)—0 npu n—> oo aas BesKoro ¢ e E*.

ITpumeps. IlocMoTpuM, KaKoi CMBICA HMeeT MOHsATHE CJAAGOR
CXOJHMOCTH B HEKOTOPHIX KOHKPETHBIX NMPOCTPAHCTBAX.

1. B xoneuHomepHOM e8KkAu0080M npocTparcTée R™ cinabasi cxo-
IVMMOCTb COBMajaer ¢ CHUJAbHOM. J[efCTBHTENbHO, IYCTb €, ...,en —
KaKoii-1u6o OpTOroHaJbHHE HOpMHpOBaHHBIH 6asnuc B R™ u {x,} —
nocnenoBaTeJbHOCTh B R™, cna6o cxomamiasics K 3JE€MeHTY X.
Tlycro

x,=xPe 4 ... FxiMe,
H
x=xWe 4 ... + xine,,
Torpa
) = (%, ) > (x, €)=,

D I Y . e & »

X =(x,, e,) > (%, &,) = x(_"’,
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T. €. MOCJefOBaTeJMbHOCTh {Xn} TOKOOpAMHATHO cxoxutca K x. Ho
TOTa

n 2
o (X ¥) = (; (s — xM)?) -0,

T. e. {Xn} cunbHO cx0AHTCH K x. [TOCKO/IBKY H3 CHJILHOH CXOAMMOCTH
BCErja BbITeKaeT cnabasi, PaBHOCH/IBHOCTb 3THX CXOJAHMOCTEH B R™
ROKa3aua.

2. Caaban cxodumocte 8 ly. Jas cnaGolt cxOJUMOCTH OT P @ H H-
YeHHOH mocaefoBaTe/IbHOCTH {Xx} K X HOCTATOYHO, UTOGLI BHINOJI-
HSJIUCh YCOBHUSA

(xk, e,)=x§;’)—>x‘”=(x, el), i=1, 2 ...

i
e=(1,0,0...), e=(10...),...

HeficTBuTeNbHO, JUHEHHBIe KOMOHHAUUH 3/1eMEHTOB €; BCIOAY IJIOT-
HbHl B mpocTpaHcTBe [y (coBmazamolieM, Kak Mbl BH/IEJNH, CO CBOUM
conpsxeHubiM). Ilo3ToMy Halle yTBepXJeHHe BbITEKaeT U3 Teo-
pemnl 2.

Takum o6pa3oM, caabast CXOAUMOCTb OrpaHHYEHHOH MNOCJAeN0-
BaTesibHOCTH {Xx} B [3 0O3HAuaeT, YTO yMuC/I0BasK MOCAENOBATENBHOCTD
x) KOODIAMHAT 3THUX BEKTOPOB CXOAMTCS AJIsl Kaxporo i=1, 2, ...

Wnave rosops, cnabas CXOAHMOCTb COBMaJaerT C MNOKOOPAHHATHOH
(npu ycioBun orpannyenHoctu). HerpyaHo Bunets, uto B [lp ciabas
CXOIUMOCTB He coBmajaeTr ¢ CHJIbHOM. [leficTBUTENbHO, TTOKAXKEM, YTO
MOCJIeAOBATEAbHOCTb €y, €3, ..., €n, ... ciabo cxoautca B [y Kk 0.
Besakuit aunelinbiil pynkuuonan f B [y 3anucbiBaercss Kak cKagaspHoe
npoussenenne f(x) = (x, a) Bekropa x & [, Ha HeKOTOpPHIl HHKCHPO-
BaHHbIH BEKTOp a = (a, Gy, ...). [loaTOMY f(€r) = an, ¥ MOCKONLKY
an —> 0 npu n—> 0o Aas BCIKOrO a € Iy, nomydaem

lim f(e,)=0
n-»oo

ANS KaXkAoro JuHeiHoro Gpyukiuonana B ly.
B 10 Xe BpeMs B CHJbHOM CMBICJe IOC/IEN0BATENbHOCTb {en}
HY K KAKOMY NpeJesty He CXOAMTCH.

Ynpaxuenus 1. ITycTs nocieqoBaTebHOCTb {X,} 97AeMeHTOB ruabGep-
ToBa npoctparctea H caa€o CXOAMTCHA K 9JeMeHTY X, npuueM || x, || -> i x| npn
n — oo. JloKa3arh, Y4TO B 3TOM CJAyuae IOCAELOBATENLHOCTD {X;} CHIBHO CXOAMTCA
Kx, T.e{x,—x[|>0

2. JokasaTh, uTO yTBepXKAEHHE YNPaKHEHHS | COXpaHUTCA, €Cld YCJAOBHE
lxn ) > || 3amennts ycnosuem [x,<KUxl ama  Beex n wam  ycrosueM

lim x| <[ x|
n->o

3. MMycrs H — (cenapaGenbHoe) ruiabGepTOBO MPOCTPAHCTBO H Q — ero orpa-
HHueHHOEe NMOAMHOecTBo. Torma tomoJorua B Q, mugynupyemas caabol TomoJso-
rueji npocTpancTBa H, MOXeT ObITb 3ajlaHa HEKOTOPOi MeTPHKOI.

4. JloKaxXuTe, YyTO BCAKOE 3aMKHYTOe BBINYKJ Oe INOAMHOXECTBO THAbOep-
TOBa NPOCTPAHCTBA 3aMKHYTO B ¢Ja6of TOMOJOrMM (B YacTHOCTH, BCAKOE 3aMKHY-



$ 3] CJIABASl TOMOJIOTHST U CJIABAS CXOIUMOCTh 197

Toe JRHefiHOe MNOANPOCTPAHCTBO TIHALOGEPTOBA NPOCTPAHCTBA ¢Aal0 3aMKHYTO).
TIpHBeAHTE NpPHMEP 3aMKHYTOrO MHOXECTBA B THIBGEDTOBOM MPOCTDAHCTBE, He
ABNAIOIErocst ¢/1ab0 3aMKHYTBIM.

3. Caaban cxodumocte 8 npocrpancrée Cla, b] uenpepotsnbix
pynryuil. Iycrb {x, (t)} — nocnenosarensHocts GyHkuuit us Ca, b},
cnabo cxopaumasca K Qyukuun x(f). ITocnenosarenbHocTs {xn(f)}
orpannuena no Hopme Cla, b]. Cpeau GyHKIHOHAJIOB, ONpeae/eHHbIX
na ([a, b], umMelorcsi, B 4aCTHOCTH, (PYHKUHOHANBI Oy, KAXKALIA U3
KOTOPhIX €CTh 3HaueHHe QYHKLHH B HEKOTOPOH (HKCHPOBAHHOU TOY-
Ke to (cm. mpumep 4 n. 2 § 1). laa kaxzgoro takoro dyHxiHOHANA
¢, yC/Ja0BHe

Bt, (Xn) — B4, (x)

Xn (tO) —>X (tO)-

Taxum o6pasoM, ecam NOCAeAOBaTEeNbHOCTh {xn(f)} cnabo cxomur-
€fl, TO OHa:

1) paBHOMepHO orpaHuuena, T. e. |¥n(f)|<< C npn Bcex n =
=12 ... nas<t<;

2) cxomuTcs B KaXKJIOH TOUKe.

MoxHO noKasaTb, 4YTO COBOKYIHOCTb 3THX [ABYX YCJOBHH He
TOJNBKO Heo0XoAHMa, HO H AOCTATOYHA AAf caaGol CXOAUMO-
CTH TmocsenosarteabHocTH {xn ()} B Cla, b]. Mluaue roBops, crabas
cxonumoctb B Cla, b] coBnagaer ¢ noroueuHoit (npu ycJaoBUHM Orpa-
HHYEHHOCTH).

SIcHO, 4TO 3Ta CXOZMMOCTb HE COBMNAJAET CO CXOAHMOCTBIO MO
nopme Cla, b], T. e. paBHOMEPHOIl CXOAMMOCTBIO HeNpPephIBHbIX QYHK-
uni. (IIpuBenure cooTBeTCTBYIOLIME NpUMED.)

3. CnaGas Tomosorust u caabass CXOHMMOCTb B COMPSAKEHHOM
npocrpanctee. B n. 2 npeaniayumero naparpada Mbl BBEIH B CONpsi-
2KEHHOM TNpocTpaHcTBe E* TONOMOruI0, Ha3BAHHYIO HAMH CHJBHOM,
TIDHHSIB 32 CHCTEMY OKPECTHOCTEH HYJf COBOKYIIHOCTb MHOMXECTB

BHJA
U, a={l: F(¥)I<e, x4},

‘O3HAayYyaer, 4yTo

TRe A — IPoM3BOJIbHOE OrpaHHYeHHOe MHOXKeCTBO B E, a & — npous-
BOJIbHOE MOJIOKHTEIbHOe 4ucao. Ecim Mbl 37iech BMeCTO Bcex orpa-
HHYEHHBIX MHOXKeCTB Oy/leM pacCMaTPHBATH BCE KOHEUYHLI € MNOA-
mHoxecTBa A C E, To MBI NOJNYYHM TaK Ha3bIBAEMYIO CAabyw TO-
noaoeuto 8 conpaxcennom npocrparcrse E*. TlockosibKy Besikoe Ko-
HeuHoe MHOXeCTBO A < E orpanuueno (oGpartHoe, BooGule roBops,
He BepHO), SICHO, YTO caabasi romosorusi mpocrpaHcTBa E* ciabee,
YeM CHJIbHAA TOIOJIOTHS 3TOrO mpocTpaHcTBa. BooGuie rosops, stu
_IB€ TONOJIOTHU HE COBMAJAIOT.

Cna6as rtomosorus, pBefeHHasi B E*, ompefessier B 3ToM mpo-
CTPAHCTBE HEKOTOPYIO CXOAMUMOCTb, HasbiBaeMylo caabod cxodu-



198 JIMHEPIHHE ®YHKUMOHANBL U JTUHEPRHHE OMEPATOPH T 1¥

moctoro pynkyuonaros. Cnabas CXOAUMOCTb JHHEeHHHX (yHKIHO-
HaJIOB NpeAcCTaBJaseT co00H BaXKHOe MOHATHE, Hrpalolliee CyllecTBeH-
HYI0O poJb BO MHOTHX BONPOCaxXx (YHKUHOHAJBHOIO aHajiu3a, B
YaCTHOCTH, B TEOPHH TaK Ha3biBaeMbiX 0GOGLIEHHBIX (YHKUHI, O
KOTOpbIX OyZeT UATH peyb B CileAyiolleM maparpade.

Cna6as CXOZHMOCTb NOC/NENOBATENbHOCTH {@n} JIHHEHHBIX QYHK-
. IIHOHAJIOB €CTh, OYEBHIHO, CXONHMOCTh 3TOH MOC]AEN0BATENbHOETH
Ha KaXkaoM G HKCHPpOBaHHOM 3jgeMedTe u3 E. HupMu ciosamy,
NIOCJIeI0BATENbHOCTb {Qn} Ha3bIBaerTcs caabo cxodauletica k ¢ < E*,
€CcJi /151 KaXA0ro X & E BHINOJHEHO COOTHOIIEHHE

Pn (x) = @ (x).

$IcHO, YTO M B CONpPSI)KEHHOM HNPOCTPAHCTBE INOCJEI0BATEIbHOCTD,.
CXORAIAACS B CH/IbHOM TONOJOTHH, CXOLHTCSI M ¢1a6o (HO He Ha-
o6opoT).

Ilyets E (a caenoBartesnibHo, H E*) — 6aHaxoBO NPOCTPAHCTBO..
Hmeer MecTo cienyiomasi TeopeMa, aHaJOTHYHAS Teopeme 1.

Teopema 1* Ecau {fn} — caabo cxodawanca nocredosarens-
HOCTb AUHelHbIX (PYHKYUOHAA08 Ha 6AHAX080M RPOCTPAHCTEE, TO
cyujectayer Takoe nocroanHoe uucao C, 41o

”fnll<C1 n=1,2 ...

Hnaue roBop4d, scakas c1abo cxo0au,asca nocae0o8aTesbHOCTb 34e-
MEHTO8 NPOCTPAHCTBA, CONPANCEHHO20 O6AHAX08Y NPOCTPAHCTEY,.
02pAHUYEHA NO HOPME.
JoKa3aTenbCTBO He OTJIHYAETCS OT JOKAa3aTesqbCTBa TeOpeMmul I.
Cienyrouiasi TeopeMa BIOJIHE aHAJOTHYHA TeopeMe 2.
Teopema 2* [locaedo8aTerbHOCT AUHEUHBIX GYHKYUOHAAO0S:
{on} us E* caabo cxodurca k ¢ = E*, ecau:
1) ara nocaedosaresrvHocTo O2panuyena, T. e.

le I<C, n=1,2,..,

2) coorHowenue (@n, X)-> (@, X) BbLNOAHEHO Oan 6CeX X, npu-
HAONeHAUUX HEKOTOPOMY MHONECTBY, AuHelinble KOMOGUHAYUL 3/e~
MENT08 KOTOPO20 8ct00Yy naoTHbE 8 E.

HokasatenbCcTBO TO Xe, UTO B TeopeMe 2.

Pacemorpum npuMep. Ilyers E ects mpoctpancrso Cla, b] ne-
npephiBHBIX QYHKUMA ') H

¢ (x) =x(0),

T. e. ¢ ectb §-dyukuua (cm. § 1, n. 2, npumep 4). Ilycrs, nazee,
{ 9n(f)} — nocienoBaTeNLHOCTD HENPEPHIBHLIX QYHKLHH, YAOBIETBO~

1) Mu cunraem, uto 0 = [a, b]. MoxHo OnJ0 6B, KOHEYHO, BMECTO TOYKM
{ = 0 B3sTb A106YI0 APYIyIo,
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PRIOIMX CleAYIOUIHM YyCJOBHAM!

1) . (()=0 mnpu [t|>1/n, @,()=0;
]

2) S%ww=n

a

“Torpa past Awo6Goit HenpepuiBHOM Ha [@, b] dyukuuu x(f) ¢ noMolusio
“TeOpeMEl O CPefiHeM NoJyyaeM

b i/n
{on0r@dt= | (0@ dt>x0) mpr n—>co.
a -1/n

Bripaxxenue .

et xat

TnipeacraBasier cobok NuHeHHbIH ¢yHkuHoHan Ha Cla, b]. Takum o6-
pasom, §-QYHKIHIO MOXHO NPEACTaBHTb KaK npejes B CMbIC/eE Cja-
Bol CXOLUMOCTH JHHeHHBIX ¢dyHKUuHOHadoB Ha C[a, b] nocnenosa-
“TeJIbHOCTH «OGBIYHBIX» QYHKUHH.

3amevanne. [IpoctpancTBo E* snHeliHbix GYHKUHOHA/MOB Ha
HEKOTOPOM fipocTpaHcTBe E MBI MOXEM pacCcMaTpPHBATh [BOSIKO:
/Y KaK MPOCTPAHCTBO, CONPSIXKEHHOe K HCXOJHOMY IpOCTPaHCTBy E,
MJH Ke CYHTaTh caMo E* OCHOBHBIM NpPOCTPAHCTBOM M CBSI3BLIBATH
¢ HMM CONpsSI)KEHHOe K HeMy npocrpaHcTBo E**. B cooTBercTBuH
C 3TUM Mbl MOXKeM B E* BBOAHTb €/1a6yI0 TOMOJIOTHIO ABYMS CIOCO-
-6aMu: A160 KaK B POCTPAHCTBEe (PYHKIHOHAJIOB, ONpENeNsis OKpecT-
HocTH B E* ¢ MOMOILBIO BCeBO3MOXKHBIX KOHEYHBIX HAGOPOB 3JeMeH-
-t0B U3 E, 160 KaK B OCHOBHOM NPOCTPAHCTBE, C NMOMOLIBIO MPO-
crpanctBa E**. B cayyae pedsieKCHBHOrO NMpPOCTPAHCTBA 3TO, pasy-
MeeTcs, OHO M TO Xe. Ecnu ke E He ped/ieKCHBHO, TO 3T0 — ABe
pasauunbie Tonosorud B E*. UroGel n36exkaTb BO3MOXKHOMH 31ech
TyTauulbl, 6yaeM ciabyio TOMOJOrHIO, ONpefeasieMyl0 B OCHOBHOM
TpocTpancTBe (T. e. TonoJoruio B E* onpeleiseMyio ¢ NOMOIbIO
E**) nasbiBaThb npocTo caabold Tonoaoeued, a cnabyi0 TONOJIOTHIO
B npoctpaHcTBe (yHKUHOHAMOB (T. e. TomoJoruio B E*, onpenense-
Myl ¢ noMombio E) HaspiBaTh x-c4ab0d Tonoaoezued. QuesBuaHo,
4TO *-cnabas ronosorua B E* cnaGee, yem cnabasi TOnoJgOrus mnpo-
crpadcTBa E (T. e. B ¢1a60# TOMOJIOTHH HE MEHbIe OTKDPBITBIX MHO-
2KeCTB, 4eM B %-CJ1a6OH TOIOJIOTHUH).

4. OrpaHHYeHHble MHOMKECTBA B CONPSKEHHOM NPOCTPAHCTBeE.
‘B pasnnuHblX NPHMEHEHHSX TIOHATHA CJa60H CXOAUMOCTH JHHEHHBIX
<D YHKUHOHAJIOB BAXKHYIO POJIb MrpaeT CJeAylollas TeopeMa.

Teopewma 3. Ecau E — cenapabeavroe aunetinoe HOpmuposan-
HOe npocTPAncT8o, TO 8 A060L O2panuveHHOU nocaedos8aTesbHOCTU
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HenpepuieHbix AUHeUHbiXx PyHkyuonasoe Ha E codepicurcsa caabo
cx00auanca nodnocaedo8aTeAbHOCTS.

HokaszartenbcTBo. BeiGepem B E cueTHoe BClOAYy MJIOTHOE
MHOXeCTBO (X1, Xg, ..., Xn, ...). Ecau {pn}— orpannuesnas (mno
HOpMe) MOcC/TeN0BaTeNbHOCTh JIMHEHHBIX (YHKUHOHal0B Ha E, 1O
UHCJI0BAS NOCAeJOBATENbHOCTD

@1 (%), @2(x1), o -vy Py (xl): oo

orpaunuena. [Tostomy u3 {gn} MOXKHO Tak BHOpATL MOANOCJIENOBA-
TEJIBHOCTD . :

q)(ll)y ‘Pél); S ] ‘Pﬁ,l), LS ]

(1 (1 1
uTo6bl YK C/I0Bast nocaeoBaTenbHoCTh @ (%)), @ (%), ..., @ (%), - -
cxonuaack. Jasee, H3 {(p‘n”} MOXKHO TaK BHIGPAaTh MOANCC/ENOBA-
TEJBHOCTD .
q)(]z)r ‘p(QQ)a e vy q)g): L ]

YTOGHI CXOAMIACH IOCAENOBATENBHOCTD @Y (X,), PP (X,), -+es 92 (X,), ..o
IMponosxasi 3TOT NPOUECC, NOJYYUM TaKyl0 CHCTeMY HNOC/IeA0Ba-
TeJIbHOCTEH

o, o), ..., @, ...,

o2, o2, ..., ¢D, ...,

(kaxas U3 KOTOPHIX COZepXHTCA B npeawaymed), uto {9®} .cxo-
ANTCS B TOUKAX X, X2, ..., Xn. TOrJa, B3SIB «1HArOHAAb»

o0, o, ..., G, ..

Mbl TONYYHM TaKylo NOLNOCJAEN0BATEIbHOCTb JHHEHHBX QYHKIHOHA-
JIOB, YTO (pﬁ"(xn), P (xn), ... cxounutcs aas Bcex n. Ho rorma
(B cuny TeopeMbl 2*) mnocieposateabHocts ¢ (x), @@ (x), ... cxo-
quTes M s Joboro x  E. -

drta TeopeMa BMecTe C TeopeMoi 1* o3nayaeT, UTO B NpPOCTPaH-
ctBe E*, conpsikeHHOM cenapabelbHOMYy 6aHaxoBy NpPOCTpPafiCTBY,
OrpaHHYeHHble NOAMHOXECTBA, H TOJNbKO OHH, SIBJSIOTCA CYETHO-
NpefKOMIAKTHBIMYU B #-cj1a6oi TonoJorun. ITokaxewm, uto Ha camom
Jlesle 31eChb MMeET MEeCTO NpPeJKOMNAaKTHOCTb, @ He TOJbKO CyeTHast
pPeJKOMIAaKTHOCTb.

JlokaxeM npexje BCero CaelylOllyI0 Teopemy.

Teopema 4. [Tycre S*—3amxnyroui edunuunsii wap npo-
crpancrea E*, conpascennozo K cenapabesbHomy HOPMUPOBAHHOMY
npocrpancrey E. Tonoaoeuro, undyyuposannyro 8 S* x-caabod To-
noaoeuets npocrparcrea E*, moxno 3adare npu nomouju merpuxu

of, =22 "1 (F—g xu)l, (2)
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20e {x.} — HekoTOpOe ukcuposanHoe cueTHoe 8CHOAY NAOTHOE MHO-
H#.ecT80 8 edunuyrom wape S npocrparctsa E.

JdorkaszateabctBo. ScHo, uro ¢yukuun p(f, g) oGaanaer
BCEMH CBORCTBAMH PAaCCTOSIHUA; KpOME TOFO, OH4 HHBADHaHTHA OT-
HOCHTENIbHO C/IBHIOB:

o(f+h g+ m=0( 0.

Tlos3TOMYy [0CTaTOYHO NPOBEPHUTb, YTO CHCTEMAa OKPECTHOCTeH
Hyas, onpefensieMas B S* caaboft Tomosiormelt mpocrpanctsa EF,
3KBMBAJEHTHA CHCTEMe OKPEeCTHOCTeH HyJas, ompeneasieMoil B S*
paccrosinueMm (2), T. e. yTo a) JO6OH «wap»

Q={l: p(},0)<e}

COIEPKUT mepeceyeHHe S* ¢ HEKOTOPOH C1aGoH OKPECTHOCTHIO HYJIS
B E* u uto 6) BcsiKasg csaabasm OKpeCTHOCTb Hyas B E* comepxur
fepeceyeHne S* ¢ HEKOTOPHIM Q..

Bui6epem N Tak, uto 2% < ¢/2 u paccmoTrpum c1abyio OKpecT-
HOCTb HYJA

V=Vxl..-.xN; e/2={f: l(f, xk)|<8/2, k=12, ..., N}

Torpa, eciu f&S*NV, to

N oo
p(F, =) 27", x) I+ Y, 27" (F xa) IS
n=l

n=N+I1

27" i 27" <e,

n=N+1

e
<3

1M1=

—

T.e. S'NV Q.. Tem cambiM yTBepxkiaedue a) jpokasauo. Ilokxa-
xem yrBepxkaenue 6). I[lycts

U=Uy,...ypo=1{F1(F, 9)1<8, k=1,2 ..., m

— HexoTOpas #-cjjabasi OKpPecTHOCTh HyJas B E*. MoXKHO cuHTaTh,

yro lynl << 1, #=1,2, ..., m; Tak KaK MHOXKecTBO {x,} BCOAY
nioTHO B S, TO HafiAyTcs Takue HoMepa My, ..., Mm, YTO
V90— %0, | <8/2, k=12, ..., m Tlycte N =max(ny, ..., Nm)

1 e=2"Wts Torxa npu f = S'NQ, u3 HepaseHcTB

3 271G, 5 <o
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noayuaewm, uyto | (f, ¥») | < 2"e; B wacrtHocry,
|(F, %a,) | < 2"*e < 2%e=1/2.
CaenoBaresibHO, fJisi Bcex k=1, 2, ..., m nonyuyaem

(s 9) || (Fs #ng)| | (F 9n— %) | <2+ FU- |4 — %, | < -

Takum o6pasom, S* (1 Qe = U. Teopema nokasaua.

$lcHo, uTO 3TOT pe3yJbTAaT aBTOMATHYECKH PACIpPOCTpPaHSETC Ha
Ja1000# map, a 3HAYHT, U Ha Ji060e OrpaHHYeHHOe NOJIMHOKECTBO
M E*,

Mpul nokasanu (Teopema 3), YTO M3 KaXIOH OrpaHMYEHHOH NO-
c/e10BaTeNbHOCTH B E* MOXHO BHOpPaTh #-c1a60 CXOAALIYIOCS MOA--
nocnenoBaTenbHocTh. MHaue rosopsi, B npoctpanctBe E*, compsi-
JXEeHHOM cenapabeibHOMY JIHHEIHOMY HODMHPOBaHHOMY H CHabeH-
HOM =-c1aGoit TONOJIOTHER, KaXKA0€e OrpaHHueHHOe MOAMHOXecTBO M
cyeTHO-npeakoMnaktHo. Ho B cuay nocaenHefi TeopeMbl KaKjoe:
TaKoe MHOXECTBO €CThb METPH3yeMOe TOMOJIOrH4ecKoe NPOCTPAHCTBO,.
a U1l METPUYECKHX NPOCTPAHCTB KOMNAKTHOCTb H CYETHast KOMIAKT--
HOCTb coBnazaloT. TakuM o6pa3oM, MBI TMOJydYaeM CJAeLYIOIHH pe--
3yJIbTAaT.

Teopewma 3* Bcesakoe oepanuuennoe muoxcectéo M 6 npoctpan--
cree E*, conpasenHom cenapabesbHOMy HOPMUPOBGAHHOMY NpO-
CTPANHCT8Y, NPeOKOMNAKTHO 8 CMbicae x%-CAabOil TONnOAO2UU NpPO--
crpancrea E*.

TTokaxem Ttemepb, uto ecau E — cenapabenbHOe JHHEHHOE HOP-
MHPOBaHHOE NPOCTPAHCTBO, TO BCAKHA 3aMKHYTBHIH LIap B MPOCTPaH--
cre (E* b) 3aMKHYT B #-ca6o# TonosoruH mpoctpancrsa E*.

Tak KakK CABUI B npocTpaHcTBe E* mepeBOANT KAACC 3aMKHYTHIX
(B *x-c1a6Goft TOMOJIOTHH) MHOXeCTB B ce0sl, TO JOCTATOYHO JA0Ka-
3aTh, UTO B #-CJ1a6OM TONMOJNOTHM 3aMKHYT BCSKHA Wwap Bujga S, =
={f: Ifll < c}. Mycrs f, ¢ S.. Tlo onpenenennio HOPMbl PyHKLHO-

Hana Hafizercs takoit Bektop x = FE, uto [lxl|=1, fo(x)=a >c.
Torma MHOXeCTBO U={f: fx) > a;-c} 6yner =-caaGoft oxpecT-:
HOCTbIO (yHKUHOHana fo, HE COfepXKalleH HH OJHOIO SJeMeHTa H3:
mwapa S}, cjedoBaTeJbHO, Wap Se 3aMKHYT B #-cJa60f TOMOJOTHH.

VI3 noKa3aHHOTO YTBEPKIEHHS H TeopeMbl 3* BhITEKaer CJeaylo--
nias TeopeMa.

Teopema 5 Beakuil 3amxnyToul wap 8 npocTpancree, conps-
HeHHOM cenapabesbHOMy HOPMUPOBAHHOMY NPOCTPAHCTBY, KOMNAK~
TeH 8 »-CAa60l Tonoso2uU.

H3snoxeHHue BHINE Pe3yJbTaTHl 06 OrPaHHYEHHBIX MHOXECTBAX B COMPSKEH--

HBIX NPOCTPAHCTBaX MOTYT ObiTh NepeHeceHH ¢ HOPMHPOBAHHEIX HNPOCTPAHCTB Ha:
NpOU3BOJIbHHE JIOKAAbHO BHNykabe, CM. Mo 3TOMy NOBOAY, HanpHMep, [42].
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§ 4. O6o6umennble PyHKUUH

1. Pacmupenne nonstHs QPyHKuUHH. B pasiHuHBIX BONIpOCax aHa-
JiH3a TepMuH «PYHKUHA» NPHXOAHUTCA NOHHMATb C PA3HOM CTENeHbIO
obmuoctd. MHorma paccMaTpHBAIOTCS HeNpepoiBHble (YHKIUH, B
JPYTHX BONPOCAX NPHUXOAUTCA APEANONATATD, YTO peub HAET O DYyHK-
uuax, iuddepeHHPyEeMBIX OXHH HJIH HECKOJBKO pas, H T. 1. OnHako
‘B pslle cAyuaeB KJacCHYecKoe NOHATHe (YHKLHUH, AaxXe TpaKTyemoe
‘B CaMOM IIHPOKOM CMBEICJIe, T. €. KaK IIPOH3BOJbHOE MPaBHJO, OT-
fiocsillee KayKAOMYy 3HAYeHHI0 X H3 006/1acTH onpejeJieHHs 3TOH
AYHKIHKM HEKOTOpOe uHcao y = f(X), OKa3biBaeTcs HeJOCTaTOYHBIM.
Bor nBa BaXHBIX npuMepa.

1) Pacnpegenenne Macc BROJIb NPSiMOH ynoGHO 3ajaBaTth IJIOT-
#HOCTBIO 3TOro pacnpeneneHud. OJHaKoO, ecqH Ha NpsMOl cylle-
«CTBYIOT TOUKH, HeCYIiHe MOJOXKHTEJIbHYI0O Maccy, TO IVIOTHOCTb Ta-
XKOro pacnpefe/eHHs 3aBeAOMO He MOXeT ObITb ONHCAHA HHKaKOH
«06bLIUHOA» GyHKUHEH.

2) IlpumeHss annmapaT MaTeMAaTHYeCKOro aHaju3a K TeM HJH
‘MHBIM 3a/layaM, Mbl CTAJKHBAeMCsl C HeBBIIOJHHMOCTbIO HEKOTODPhIX
onepanyil; HanpuMmep, GyHKIHIO, He UMEIOLLYI0 NPOH3BOAHOA (B He-
KOTOPHIX TOYKAX MWJH Ha)ke BCIORY), Hesb3sl AHPGdepeHLUHpOBaTh,
-€CJIH TIPOH3BOJHYIO MOHHMATh KaK «0ObuHYI0» yHKuuio. KoHeuHo,
3aTPYAHEHHN TAaKOro THNa MOXKHO 6buio Obl M36exaTb, OTPAHHYHB-
UIKMCh, CKaXeM, PACCMOTPEHHEM OJHHX TOJIbKO aHAJIUTHUECKHX PYHK-
auit. OnHaKO TaKoe CyX€HHMe 3anaca AONYCTHMHIX QYHKUHA BO MHO-
THX CJIyyasix BeCbMa HexXkeJaTeJsbHO. '

OxasbiBaeTcsl, ORHAKO, 4YTO MNOAOOGHbIE 3aTPyAHEHHS MOXKHO
TIPeosioieTh TNyTeM He CYyXKEHHs, a CYUIeCTBEHHOTO pacIHHpeHUus
TOHATHA (YHKUHH, BBOAS TaK Ha3biBaeMble o0o6LieHHbE GYHK-
1ud. OCHOBOH [/ BBEJEHHSI COOTBETCTBYIOLIMX OIpeNeseHHH liam
TMOCJYXHT TOHSITHE CONPSIXKEHHOTO NPOCTPAHCTBA, PacCMOTPeHHOe
BblllIE. ’

IMoguepkHeM ellie pas, 4TO BBeleHHe OO0OOIeHHBIX GyHKUUA
OblJI0O BbLI3BAHO BOBCE He CTpPeMJeHHeM K BO3MOXHO O6oJbluieMy
PaACIIHPEHHIO MOHATHH aHAJAH3a, a COBEPMIEHHO KOHKPETHLIMH
3anauamu. ITo cymectBy, B ¢u3uke 0606meHHble (GYHKIUH HC-
NO/Ib30BAJKHCh yKe IOBOJBHO JaBHO, BO BCSIKOM CJydae paHblIe,
geM Obljla OCTPOEHA CTpOrasi MareMaTHyecKasi TeopHsi 0606UIEHHbBIX
«pyHKUHI. ‘

[IpexXne yeM mnepexoiHTh K TOYHLIM OINpeesieHHSM, H3JI0KHUM
“OCHOBHYIO HJel0 MOCTPOeHHS!.

ITyctb f — pukcHpoBaHHast QyHKIHA HA NPSAMOM, HHTErPHpyeMast
‘HA KaXJO0M KOHeYHOM HMHTepBaJjie, H MyCTb ¢ — HempepuiBHasa QyHK-
1141, obpamapuascs B HyJb BHe HEKOTOPOr0 KOHEUHOrO HHTepBaJa
Krakue dyHKuun Mbl B AajibHelilieM OyZeM Ha3blBATb (PUHUTHbIMU).
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Kaxaofi Takol QYHKUHH ¢ MOXHO C TNOMOUbI (UKCHPOBAHHOMH
GyHKUu¥H [ CONOCTaBHTb YHCJIO

00

o= | F@ewa (1)

-— 00

(baxTtuueckn, B cusay GuHHTHOCTH @(x) uHTerpan Gepercs 1O He-
KOTOpDOMY KOHeyHOMY HHTepBany). Muaue rosops, dyHruuio f Mox-
HO paccMaTpuBaTbh KakK QYHKIHOHAN (JHHEHHBIH, B CHJIY OCHOBHBIX
CBOHCTB HHTErpaJjid) Ha HeKOTOPOM IpPOCTPaHCTBE (PUHUTHBIX PYyHK-
uuit,. Opuako ¢yHxnuoHanamu BHAa (1) He ucuepmmiBaloTCA BCe
(GYHKIYOHAJB!, KOTOPblE MOXKHO BBECTH Ha TaKOM NPOCTPAHCTBE; CO-
nocraBJisifl, HalpuMep, KaxI0H (PYHKUHH ¢ ee 3HAYEHHWE B TOUKe
x =0, MBl nojayuyuMm JuHeHHbIH (YHKLHOHAJ, He MNPEACTABHUMBIN
B Buge (1). Taxum o6pasom, Gyukunu f(x) ecrecTBeHHbIM 06pascn
BKJIOYAIOTCH B HEKOTOpoe OoJiee LINPOKOE MHOMKECTBO -— COBOKYII-
HOCTb BCeX JIMHEHHBIX QYHKHUOHAJNOB HA QUHUTHBIX QYyHKUUSX.

3anac QyHKUHH ¢ MOXHO BBIOHDATh pasJuuHbIM 06pas3oM; Ha-
npuMep, MOXHO Obli0 Obl B3ATb BCe HenpephIBHblE QUHHTHBIE QYHK-
uvn. OnHaxo, kaxk Oy[eT sicHO W3 JaJbHelllero, pa3yMHO NOAYHHHTD
JomycTuMble (PYHKUHH ¢, TIOMHUMO HENpepBIBHOCTH W (PUHHTHOCTH,
ellle U JOCTAaTOYHO XXKECTKHUM YCJOBHSIM IJ1aAKOCTH.

2. TNlpocrpancTBo OCHOBHbIX (hyHkuuid. Ilepelinem Tenepp kK TOU-
HBbIM ompefeneHusiM. PaccmorpuM Ha npsiMoli coBokynHocTb K Bcex
QUHHTHBIX QYHKUHHA @, HMEIOUINX HeNnpephiBHbIe TIPOU3BOAHBIE BCEX
nopsiakos 'y. ®yukumu, nmpunanaexauue K, oGpasyior JuHeliHoe
NPOCTPAHCTBO (C OOGBIYHBIMU ONepPaUHAMH CJHOXKeHHA (YHKUUE U
YMHOXEHHS HMX Ha uHcja). B aToM npocTpaHCTBe HeJb3si BBECTH
HOpPMY, KOTOpasi OTBeuasja Obl H3JiaraeMOH HHXKE€ TEOPHH, OLHAKO
B HEM eCTeCTBEHHBIM CIOCOG0OM BBOAHTCS NMOHSITHE CXOAHMOCTH.

IMocnenosatenbHocTb {@n} 3neMeHTOB M3 K HasbiBaercs cxods-
wetica K ¢pynkyuu ¢ = K; ecnu: 1) cyuecTByer HHTepBaJ, BHE KO-
TOPOTO BCE (¢n PaBHBI HyJI0!); 2) mocJenoBaTebHOCTb NPOU3BOA-
ueix?) {9} mnopsmka k (=0, 1, 2, ...) cXomutcs Ha 3TOM HH-
TepBajie paBHOMepHO K @*). (PaBHOMepHOCTb CXOJHWMOCTH MO pas-
JINYHBIM % He mpejanoJsaraercs.)

JluneitHoe mpoctpaHcTBo K ¢ TOH CXOOMMOCTbIO, KOTOPYIO MBI
B HEM ONpeIeauaH, Mbl OyieM Ha3biBaTb OCHOBHbIM NPOCTPAHCTBOM,
a ero 3JeMEHThl — OCHOBHbIMU PYHKYUAMU.

Herpyaso onucaTh Tonosoruio B K, XOTOpoii nopunHsiercs: 3amansas B K cxo-

JUMOCTb., TaKas TONOJOTHS NOPOKIAAETCH CHCTEMOM OKPECTHOCTeN Hyas, Ka)Xpaid
M3 KOTOPHIX 3aJaeTcs KOHEYHBIM RHAGOpOM Yo, ..., Ym HENPEPLISHLIX MOJOKHUTE/b-

') Hurepsay, BHe KoToporo ¢ynknus ¢ paBia 0, MoxKeT OblTb pPa3/iHuHbIM
Aas pa3jnyHbXx @ € K.

) Tlop npoHM3BOAHON HYJAeBOro NOpPsAKA NOHMMaeTcs, Kak ~ OOGbIUHO, caMa
$yHxuus,
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HbIX (QYHKIHA H COCTOMT M3 Tex npuHamaexamnx K QyHkuuil, koTopsie npH Beex
X YZOBJIETBOPSIOT HepaBeHCTBaM

lo ()] < vo (%), vvor [0 () | < ym ().

TIpoBepka TOro, 4TO 3TOH TOMOJOTHH AEHCTBHTENbHO NMOAUYHHACTCS ONUCAHHAs BBI-
IBe cXoANMOCTb B K, npeiocTaBasiercsl UHTATENIO.

YnpaxHenune OGosnaunm uepes K, MOANPOCTPaHCTBO npoeTpaHcTBa K,
coctosiiee u3 Bcex ¢yHkuuii ¢ € K, pasunix 0 Bue orpeska [—m,m]. B npo-
crpacTse Km MOXHO BBECTH CTPYKTYPY CHETHO-HODMHPOBAHHOTO NPOCTPAHCTBA,
nosaaras

lolh=sup [P ()|, n=012 ...
Ik

[xi<m

TlpoBepbTe, uTO TOMOJOrHsl (COOTBETCTBEHHO CXOAHMMOCTb MOCHEOBaTeNbHOCTE!)

B npocrpatcTBe Kp, Nopoxaaemast 3TOR CHCTeMOl HODM, COBIajaeT ¢ TONOJOTHEH

(COOTBETCTBEHHO CXONHMMOCTBIO), HHAYIHMPOBaHHOR B K, ONMCAHHON BHILIE TOMO-

aorueit (cxoxumocTbio) B mpocrpaHetBe K. ScHo, uto Kic Ky ... Kn <.,
(=]

npuyeM K = U K. Tlokaxure, uto MHOXKecTBo Q < K TOrma W TOJNBKO TOrAA
m==1

OrpaHHYeHO OTHOCHTEJBHO BBeleHHOR B K TOMOJNOrHH, KOrJa CYIlecTBYeT Takoe m,
4yT0 Q fBJSIETCS OrpPaHHYEHHHIM NOJAMHOXKECTBOM CYETHO-HOPMHPOBAHHOrO MpoO-
crpanctBa Km. Ilyeth T — nuHeiinblll dyHKUHOHAN Ha npocrpaHcTBe K; moKaxure,
4TO CJACAYIOLIHe uYeThipe YCJOBHsS DPaBHOCHAbHH: (a) ¢yHKkumuoHan T HenpepbiBeH
OTHOCHTeJIbHO Tonosoruu npocrpancrsa K; (6) ¢ynxkuvoHan T orpaHHueH Ha Ka-
XJOM OrpaHHUeHHOM MHOXecTBe Q — K; (B) ecii @n € K # @ —> 0 (B cMbiCTe
BBeleHHOll B K cxomuMocTH mocaenoBatenbHocteit), To T(gpn) — 0; (r) mas ka-
®Kaoro m cyxénne Tr ¢ynkunonana T Ha neanpocTpancTBo Km < K ecTb Hempe-
pbiBHBIE yHKUHOHAA HA K.

3. O6oGmennble GyHKunu.

Onpenenenne. 1. O606ujennol pynxyueil (3apanHon Ha nps-
MOl —oo < X <C 00) Ha3bIBAeTCst BCAKWHA HeNnpephiBHBIN (YHKUHO-
saa T(¢) Ha ocHoBHoM npoctpancTBe K. Ilpn 3TOM HempepbiBHOCTb
dyHKIHOHAMA TIOHHMAeTCs B TOM cMbicae, 4To T (¢n)—> T (@), ecau
NOC/IENI0BATENBHOCTb Pn CXOOUTCSH K ¢ B OCHOBHOM NpocTpaHcTee K.

3ameTuM, npexje BCEro, YTO BCAKAs HHTErpHpyeMast Ha Jo6oM
KOHEYHOM uHTepBaje OyHKuus f(x) mopoxmaer HeKoTopyio 0666-
menHyilo GyHKUHIO. [LeACTBUTENbHO, BHPaXKEeHHE

00

r@= { f®eax ()

- 00

€CTb HenpepbiBHLIA JAuHEeHHBIN ¢yHKuuonan Ha K. Takue o6Gobinen-
Hble pYHKIHH Mbl B fajbHelilleM 6GyieM Ha3blBaTb pe2YAApHLIMU,
a BCe OCTAJbHLIC, I. €. He IpeAcTaBuMble B Buae (2), — cuxeyaap-
HbIMU.

IlpuBenemM HekoTOpble MNpHMepPbl CHHTYJSAPHBIX OGOGLIEHHBIX
¢yHKuu.

1. «6-pynkuua»:

T (¢)=o(0).
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710 — HenpepbIBHbIA JHHeHHbIA ¢yHkuuoHas ua K, T. e., mo sBe-
JIeHHOH Bhlllle TEPMHHOJOTHH, oGobumeHHas ¢Gyuxkuus. dtoT QYHK-
IHOHaJ OGBIYHO 3aMUCHIBAIOT B BHE

L]

| (o ax, ®)

-—00

nonumas no 8(x) «pyHKIHIO», paBHYW HYJO TpH Bcex x %0 u
obpamaollyiocs B Touke X = 0 B 6eCKOHEUHOCTb TakK, 4TO

o

S d(x)dx=1.

—00

Mgl paccmatpuBanu yxe §-pynkuuio B § 1 Kak ¢pyHKUHOHAJ Ha
NPOCTPAHCTBE BCEX HENpPepbiBHHIX (PyHKLuUH, onpejejeHHBIX Ha He-
KotopoM otpe3ke. OnHako paccMoTpeHHe §-QYHKUHH KaK QyHKIHO-
Hasa Ha K uMeer onpejeseHHble NMPeHMYIllecTBa, HallpUMep, MO3BO-
JisleT BBECTH IJIfi Hee IMOHSATHE NPOH3BOAHOMH.

2. «CMemennas 6-oynkuus». ITycrs

T (p) =9 (a).

AToT GYHKIMOHAJ eCTeCTBEHHO 3alUCaThb MO aHaJOrHH ¢ 0603Ha-
yenueMm (3) B BUAe

S 8 (x — a) g (x) dx. (4)

—o00

3. «[Ipoussognas 6-pynxkuuu». Kaxnaoi ¢ & K crasutcsa B co-
oreercTBie uncao — @’ (0). HeckonbKo HHXKe Mbl BBISICHHM, MOYeMy
9TOT (YHKIHOHAJ eCTeCTBEHHO CUHTATbh MPOH3BOAHOH (YHKIHOHaNa,
YKa3aHHOTrO B NMEPBOM NpHMepe.

4, Paccmorpum ¢yukumio 1/x. Ona He uHTerpupyeMa Hu Ha Ka-
KOM HHTepBaJe, cojepxauieM TOUKy HyJb. OHaKO IJs KaXmoi
¢ = K unrerpan

5 o (1) o dx

CYILECTBYeT M KOHeueH B CMbICJie IJIaBHOTO 3HauyeHHss no Ko,
JeAcTBUTEABHO,

(s <]

R R R
1 1 — (0 0
S ‘P(X)7dx= Stp(x)-;—dx: S de+ SR q’i) dx.
- -R —R -

3pecb (—R, R)— unTepsas, BHe KOTOpOoro ¢ ofpaulaercs B HyJb.
IepBblii M3 CTOALIMX ClpaBa MHTErpasioB CyLIeCTBYeT B OOBLIYHOM
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cMbiciie (NOJ 3HAaKOM HHTerpaja CTOMT HempepbiBHaft OGYHKUHs),
a BTOPOHA HHTerpaJj paBeH HYJIO B CMbLICJ€ TJIaBHOTO 3HaueHud. Ta-
KuM 06pa3oM, l/x onpelensier HeKOTOPHI pyHKuKOHaa Ha K, T. e.
o6o6mennyo ¢yHkunio. MOXKHO ROKa3ath, YTO HH OiHA H3 0606-
HeHHbIX (YHKUHH, NpHBEJEeHHBIX B npHUMepax |—4, He saBisierca
peryasphoi (T. e. He mpeicrTaBiserca B Bule (2) HHM c Kako# J0o-
KaJIbHO HHTErpupyeMoit gpyHKuHen f).

4, Neiicreus Hap 0606mennbiMu pyHkunamu. s 0606UIeHHBIX
$YHKUHH, T. e. HeNPepHIBHHIX JHHEHHBX QyHKIHOHAJ0B Ha K, ompe-
JeJieHbl OflepallHH CJIOXEHHST M YMHOXeHHs Ha uuciaa. Ilpm atom,
OYEeBHIHO, AJIs peryasapHbix 0600LIeHHbIX QYHKUHRHE (T. e. «OOBIUHBIXY
$yHKUHA Ha npsMoi) cI0XKeHHe HX KaK OOOGIIeHRBIX (YHKIUHM
(1. e. AMHefHBIX QYHKIMOHAJOB) COBNafaeT ¢ OGBIUHON omepauuei
caoxenns ¢yuxkuui. To Xe camMoe OTHOCHTCA H K YMHOMXEHHIO HA
yucaa.

BBeneM B npoctpancTBe 0600UleHHBIX GYHKIHHA Omepaluio npe-
JieIbHOro nepexoxa. Mpl CKaxkeM, 4TO NOCJ]EN0BaTENbHOCTb 0605-
meHHbX OyHKuui {f»} cxomurcs k f, ecam ana xkaxporo ¢ < K
BHINOJIHEHO COOTHOILIEHHE

(Fur )= (f, @).

HMunaue roBopsi, CXOAMMOCTb TOCJEAOBATENbHOCTH OOOGIIEHHBIX
¢yHKUUN MBI ONpefiesiieM KaK ee CXOJHUMOCTb Ha KaXXIOM 3JeMeHTe
u3 K. IlpoctpaHcTBO 0606LIEHHBIX (YHKIMH € 3TOH CXOLHMOCTHIO
6ynem o6osxauath K*.

Ecnn o — Geckoneuno auddepenuupyemast (GyHKIHsS, TO ecTe-
CTBEHHO OINpEAEJHTb MPOH3BeleHHe o HAa 0606meHHy0 GyHKuUoO f

dopmyJoi
(of, @) =(f, ag)

‘(BbIpaXKeHue, cToslliee 3[eCh CIpPaBa, HMEET CMEICH, TaK KAK o &
< K). Bce 3TH onepaunuu — CJI0XKEHHe, YMHOXKEHHE HA YHCJA H Ha
Geckoneurno auddepennupyemole GyHKIHH, — HENPEPLIBHBIL.

IMpousBenenue AByX O0G6GOGIIEHHBIX GYHKUHA MBI HE BBOIHM.
MoXHO moKasaTp, UTO ONpelNeJHTh TaKOe IPOH3BeJeHHE HEBO3MOXK-
HO, ecau notpeGoBaTth, 4ToObI 3Ta omnepalius Oblla HenpephiBHA,
a Ana peryaspHbIx o6o06uieHHBIX GYHKIMH coBmagana Obl ¢ 06bIu-
HbIM YMHOXeHHeM (yHKIH.

OnpenennuM Tenepb Aas o606uleHHBIX QyHKUME onepauuo Kud-
(dhepeHIIPOBAaHHS U PACCMOTPHM €€ CBOHCTBA.

Iycts cHavana T — ¢ynkuuonan na K, onpesnensieMblil HEKOTO-
poit HenpepbiBHO nuddepeHuHpyeMoit dyuKuHed [

00

T@= | fmewas

- 00
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Ero npousBonHofi ecrecTBeHHO Ha3BaTh ¢yHkuuouan dT/dx, ompe-
neasieMbiit dopmynon

00

2 @= (oW

- 00

Vuterpupys no 4actsaM M YYMTHIBAs, 4TO KaxKaasi OCHOBHAA (yHK-
nus @ oGpauiaercs B HyJb BHe HEKOTOPOro KOHEUHOrO HHTEpBaja,
HMeeM

I o= rwewdar=— {rwew@a

—00 -—00

TakuM 06pa3oM, Mbl noayuuan aas d7/dx BbipaxkeHnue, B KOTOPOM
npou3BoAHAas QYHKUHH [ He YyHacTBYyeT. DTH coo6parKkeHus NOA-
CKa3blBalOT CJeAYIolllee OonpefeleHue:

Onpenenenune 2. Ilpouseodnod dT[dx 06GoGiieHHONH YHK-
iy T HasbiBaeTcst HyHKIHOHAJ, OoNpelessieMbl popMyaon

L @=—T@.

$lcHo, yto QyHKIHOHAJ, onpejenseMbl 3TOH QOPMYJIOH, JHHeeH H
HeNnpephiBeH, T. €. IpeAcTaBseT coboit 06o6ieHHy0 QyHKuHO. AHA-
JIOTHYHO ONpefleNsioTCs BTOpas, TPeTbsl M [ajbHeHlllHe NPOH3BOL-
HblE. .

OG6o3nauas 06001IeHHYI0 (PYHKIHIO CUMBOJIOM f, Mbl GylaemM 060-
3HauaThb ee NPOU3BOAHYIO (NOHHMAeMyl0O B OIpeNeJEHHOM TOJIbKO
4TO CMBIC/e) OOBIYHBIM CHMBOJOM f.

HenocpencrBeHHo U3 onpejesieHHs I[IPOH3BOAHOH 0606LIEHHOM
¢GYHKLHH BbITEKaeT CIPaBedJHBOCTb CACAYIOUIHX yTBepKIACHUH:

1. Beakas 0600ujeHHan pyHKyUs umeer npousdsooHvie acex no-
pAadKos. :

2. Ecau nocaedosaresvrocts o0606ujennox pyuxyuit {f.} cxo-
durca k 0606wennol ¢pynkyuu [ (B cMbic/ie ONpelesieHHs CXOAH-
MOCTH 0600UIeHHBIX (QYHKUHE), 7O nocaedo8aTesbHOCTd NpPoU3800-
nowx {f7} cxodurca xk npouseodnoil [’ npedeavroi ¢pynkyuu. To sce
camoe 8epHo U 048 npoussodnblx a106020 nopadka.

3T0 PaBHOCHJIBHO TOMY, YTO 8CAKull cxodauwudcs pad, cocras-
AeHHbLL u3 0600Wennbix pynKkyul, MoxcHo Juddepenyuposars no-
yAeHHo 21000e LUca0 pas.

PaccMOTpUM HEKOTOpble NpHMEpH.

1. U3 cka3aHHOro Bbillle $ICHO, YTO eCjH [— peryasipHas (T. e.
«HacTosias») (PYHKUHUS, MPOU3BOLHAA KOTOPOH CYILECTBYET H He-
npepeiBHa (MM KyCOYHO-HEeNmpepbiBHA), TO TPOM3BOAHAS OT Hee
KaK OT 06061eHH0l QYHKUMH COBOAJAET C ee NPOU3BOAHON B 064~
HOM CMbICIe.



§ 4 OBOBIEHHME ®YHKLUN 209

2. Ilycts
I mpu x>0,

0 uopu x<0. ()

f(x)={

Sra dyukuus, HasbiBaemas ynkyuel Xesucaidda, onpenensier Jan-
HeHHBH QyHKUHOHAJ

o

o= o(ax.

0

B coorBeTcTBHM ¢ onpejesieHUeM NPOU3BOAHOH 0606MEHHON (YHK-
LIHU UMeeM

" o=—(e¢)=—{ o dr=0()
0

(nockonbKy @ o6pamaerca B 0 Ha 6eckoHeunoctH). Takum o6pa-
30M, npou3BoAHas dyHKuMH XeBHca#ga (D) ectb 8-dDyHKuuA.

3. W3 npumepoB 1 u 2 sicHO, YTO ecau f— QYHKUHS, UMEOWARA
B TOYKax Xi, Xg, ... CKaukH, paBHble Ry, hy, ... u nudpdepenunpye-
Masi (B OOBIYHOM CMBIC/IE) B OCTaJbHBIX TOYKaX, TO NPOU3BOAHASA
oT Hee (Kak OT 06001eHHON PyHKIHH) NpeAcTaBisgeT cO60A CyMMy
o6blunoil mpou3BogHON [/ (B TeX TOYKAaxX, rje OHA CYLIECTBYeT) M

BbIpAXXeHUS BUAA 2{: 88 (x — x;).

4. ITIpumenuB onpesejeHue NPOU3BOAHON K §-QyHKIHH, MONyUHM,
YTO 3Ta NPOU3BOAHASA NpPeACTaBasieT cO60H GYHKIUOHAJ, TPHHUMAIO-
wnil Ha Kaxnoil ¢ynkuun u3 K snaueHue —@’(0). A ato u ecrts
TOT caMblii (PYHKLHOHAJ, KOTOPHIt Mbl yXKe Ha3BaJH <«IPOU3BOAHON
OT §-pyHKUHNH>.

5. Paccmorpum pan

X, ®

Ero cymmoit cayxut QyHKIHS, HMeOLlas NepHoA 21 U onpexpesse-
Mas Ha oTpeske [—a, 1] popmyaamu

opH 0<xm,

N—x
2

f(x)=§ ___n_g—_ﬁ mpr — < x <0,

l 0 npu x=0.
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OG6o611ennas NpOH3BOJHasK OT Hee paBHA

0o

- % +n Z & (x — 2kn). (N

== — 00

D10 — HekoTOopas o6o6uieHHas O(yHKuus (IpHMeHAs ee K JI060HK

¢bunuTHOR (YHKOHMH @(X), MBI Bceria GyjaeM NOJY4aTh JHIb KO-

HEYHOe YHCJO OTJHYHBIX OT HYJs cnaraeMhuix). C npyrofi CTOPOHH,
©0

sin nx -
auddepennnpysa pan Z —,— TOUIEHHO, MEI NOJy4yaeM pacxo-
n=1

JALGUACA paj
00
Y. cosnx.
n=1

Onnako B CMBICTE CXOAMMOCTH OOOOGIIEHHBIX GYHKUHHA 3TOT pPAX
cxoauTcs [a uMeHHO, X BhipaxkeHuwo (7)]. Takum o6pa3om, mousTHe
060611eHHOA (YHKUHH T103BOJSAET IMPHIHCATb HEKOTOPBbIH BHOJIHE
onpejeNleHHbIE CMBICA CyMMe psa, KOTOPHIH B OOBIYHOM CMbICJE
pacxonutcs. To e caMoe OTHOCHTCS M KO MHOTHM PacXONsU{HMCH
uurerpanaM. C 3THM OOGCTOATENLCTBOM IPHXOAHTCA 4acTo BCTpe-
yaThCcsl B KBAHTOBOH TEOpHM IOJISL W psilie APYrHX o6GJaacreit Teope-
THueckoll ¢u3uku. Brpouem, Takas cuTyalusi BO3HHKaeT yXe IpH
pelLleHHH 3/1eMeHTaPHbIX 3alay MaTeMaTHYeCKOH GH3HKH C TOMOLIBIO
MeToja <I2)ypbe. Hzanpnmep, NpH pellleHHH YpaBHEHHA KoJsieOaHuH

u u
CTPYHBI 5 == az—a;-z— BO3HHMKAIOT TPHIOHOMETPHUECKHE PSIbI, HMEIO-

1ige BTOpPHIe MPOHM3BOJHbIE MO X M MO ! TOJbKO B CMBIC/IE TEODHH
06061eHHBIX (QYHKIMA, H 3HAYHT, YJIOBJETBOPSAIILHE 3TOMY ypaB-
HEHHIO TOXe TOJbKO B CMbIC/IE 3TOH TEOPHH.

5. JlocTaTtouyHOCTb 3anaca OCHOBHBIX (yHkuuit. Mbl onpeneaunu
oGobuieHnble GYHKIHH KaK JUHeHHble PYHKLHOHA/IB HAa HEKOTOPOM
npocrpaHcTBe — npocTpancTBe K ¢puHHTHBIX GecKOHeuHO audpdepen-
uupyeMblx GyHxuuit. MoXHO 6blIO 6Bl OCHOBHOE MPOCTPAHCTBO Bhi-
6patb W Kak-au6o uHaue. PaccMoTpum coofpakeHHs, KOTOpble
onpenenunn Bui6op K B KauecTBe NPOCTPAHCTBA OCHOBHBIX (PyHKIIMI.
OHH NpUMEHHMb H B APYrux cayuasix. Hanoxus Ha sneMenTot u3 K
)XecTKHe TpebGoBaHns GHUHHTHOCTH H GeckoHeuHol auddepennupye-
MOCTH, MBI TOJY4HJIH, BO-NePBHIX, O0/bLIOA 3anac 0GOGIEHHBbIX
¢ynkiui (CyEHHe OCHOBHOTO NMPOCTPAHCTBA NPHBOJHMT, OYEBHIHO,
K pacliMpeHyio CONMpSiXKEHHOro NPOCTPAHCTBA), a BO-BTOPHIX, 6O0/b-
WYI0 CBOGOAY B NMpPHMeHeHHH K 00OGIeHHBIM (QYHKIHSM OCHOBHBIX
onepaluii ananusa (npelenbHbNl Tepexon, AH(depeHUHpOBaHHE).
Ho BMecTe ¢ TeM MpOCTPaHCTBO OCHOBHBIX ¢yukuui K saBasercsa He
CAMIIKOM Y3KHM. B HeM HOCTATOYHO MHOTO 3JIEMEHTOB Ui TOrO,
YyT06H ¢ MX MOMOUIbIO MOXHO GBLIO pa3jHuaTh HemnpepbiBHbIE QYHK-
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und. Tounee rosops, nycre fi u fs— O06e pasauunvie Henpepoisrble
(a cnenoBaTesIbHO, H JIOKAJBHO HHTErpHpyeMbie) (yHKyuu Ha nps-
noil. Toeda cywecreyer Takan pynrkyus ¢ = K, uro

{fimemdr = | e ®)

Heiicreurenbro, nomoxum f(x)== fi(x)— f2(x). Ecau f(x)s£0,
TO CyllecTBYeT TakKas TOUKa Xo, 4TO [(Xo) %= 0. Torma f(x) coxpa-
HSeT 3HAaK B HEKOTOPOM HHTepBaJe (a, f), comepxamieM TOYKY Xo.
Paccmorpum dyukuuio

1
NCETE)
q>(x)={e npu a<x <@,

0 HOpH OCTAaJIbHBIX X;

ata QydKUMA paBHAa Hy a0 BHe (&, §) M mosoXuTeJdbHA BHYTPH 3TO-
ro HHTEpBaJa; KpoOMe TOro, OHa HMeeT MPOH3BOJHbBIE BCeX NMOPSAAKOB,
TaK uto @ € K (npoBepbTe CyLIECTBOBaHHE INPOHU3BOAHBLIX B TOUKAX
x =a u x = B!). IIpu 3T0M, OYeBHAHO,

o 8
| i o@dr={f@e@dr=o0.

Mbl nokasaau, Takum o6Gpas3oM, yTo mpoctpaHcTBo K jmocraTtouHo
IJIs1 Pa3MyeHHs JIOOBIX ABYX HeNpepbiBHBIX (yHKImIT!).

6. BoccraHoBaenue ¢yHkuuy no npoudsomHoit. uddepenun-
ajbHble ypaBHeHHsi B Kiaacce 0606uwennnix dynkumit. Juddepen-
[uajlbHble YPaBHEHHS — OJlHA M3 OCHOBHBIX oO0JjacTeli, rie mpHMe-
HsieTcsl TeopHst 00001ueHHbIX QyHKUMA. VIMeHHO 3ajauH, CBA3aHHLIE
C ypaBHEHHSMH, B 3HAYHTEJDHOH Mepe H CTHMYJHPOBA/JIH Pa3BUTHE
3TOH TeopHH. B oCHOBHOM OHA mpHMeHsIeTCS K yPaBHEHUSIM B 4acr-
HBbIX TPOU3BOJHBIX, KOTOPHIe MBI 3lech He paccMatpusaeMm. OnHako
MBI KOCHEMCS 3eCh HEKOTOPBIX NMPOCTEHIIHX BONPOCOB, OTHOCAIHXCSH
K pewennro (OGBIKHOBEHHBIX) AH(¢epeHUHaJLHBIX YPaBHEHHH C
06006mennbiMA pyukuuaMu. HauneM ¢ npocrefiero ypaBHenus suna

7
¥ =F®x)
(f(x) — o6o6wennas, nan «obbiyHasi», GYHKUUSA), T. €. C 3a]4auH
}) BOCCTAHOBJIEHHH QYHKUHH IO ee npousBoAHoi. Haunem co cayuasn
(x)=0.
Teopema 1. Tonroko KOHCTAHTOL CAYyXCAT pewsenuamu (8 Karacce
0006ueHHbIX PYHKYUL) ypasHerus

y =0. 9)

') Bto yTBEpXKAEHHE MOXKHO DacnpoOCTPaHUTb M Ha GYHKUHH, CYUIECTBEHHO
Gonee oObliKe, yeM HempephiBHbE, HO HJA 3TOT0 HYKHO INOJMb30OBATHCH MOHATHEM
uHTerpHpyeMocTH no JleGery, o ueM peub OyAeT MATH B CleAylOWiedl raase,
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JokaszarenbcTBO. YpaBHeHHe (9) o3Hauaer, uTO
' ', 9=y, —¢)=0 (10)

nast 6o ocnoBuo#l ¢yukiuun ¢ = K. PaccMoTpuM COBOKYNHOCTH
K Tex ocHOBHBEIX (YHKIHMH, KaXKAasi H3 KOTOPBIX MOXeT GHITDL Ipef-
CTaB/leHa KaK TNPOW3BOAHAs Kakoil-To OCHOBHOH Qyrkuuu. Oue-
BuaHo, uto K ectb Juneiinoe noanpocrpaHctBo B K. Ilosmoxum
@1 (x) = —¢’(x); byuxuns ¢, npoberaer K\, korna ¢ npoberaer K.
PagencrBo (10) onpenensier ¢pynknnonana y na KO,

3aMernM Temepb, UTO OCHOBHas (YHKLHs ¢ npuHamjexur Kb
B TOM H TOJILKO TOM cJjyuae, eC/H

00

Scp(x)dx=0, (11)

- 00

o0
T. e. K ectb simpo pyHKUMOHANA S @ (x)dx. IdeficTBuTeAbHO, eCcan
00

@ (x) = '(x), 10

J odr=v(@| =o. (12)
O6paTHO, BelpaxkeHue
b= {owat (i3)

ectb Geckoneuno auddepenunpyemas pyukuus. Ecau (11) Bbimos-
HeHO, TO P (x) — ¢uuuTHan ¢yuxkuus. Ee npoussonnas pasHa ¢ (x).
B coorsercrBun ¢ pesdynbratamu 1. 6 § 1 ra. III nio6yio ochosyio
¢yuxumnio ¢ & K MOXHO NpeACcTaBHTb B BHJE

P=q; + ¢ (o = KDM),

rie @o— GUKCHPOBaHHAs OCHOBHAas (QYHKIMs, He MPHHALJEKANIAs
K® u ynoBnerBopsiomas ycaoBHIO

00

Sq;o(x)dx=1.

- 00

JLs1s1 3TOr0 JOCTAaTOYHO IOJIOXKHUThH

o0

e={oWds 1 g@W=0®—cp.

-—00

TakuMm oOpa3om, ecan 3ajarh 3HaueHue (QYyHKIHOHAJMa y Ha
OCHOBHON (YHKUMH @o(X), TO TeM caMbiM OH OyJeT OZHO3HAYHO
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onpezenen na scem K. Ilonoxus (y, go) = a, nonyuynm
oo oo

¥ 9=, @) +c(y, p)=a Sw(x) de= | ap(v)dr,

— 00 —-00

T. €. o606uiennas QyHKUHA Yy eCcTb NOCTOAHHAA o, UTO H, TpeGoBa-
JIOCb 10Ka3aTb.

Orciona cienyer, 4to €CAH AJad IBYX 06GoGuieHHbx Qydkuui |
U g BBHIIOJNIHEHO paBeHcTBO [/ = g’, To f — g = const.

Paccmotpum Tenepn ypaBHeHHe

=1 (), (14)

rie f(x) — npousBoabHas o6obuieHHas QyHKUUA.

Teopema 2. ¥pasuenue (14) npu xamdom [ K* umeer pe-
wenue, npunadresxcauee K*.

10 pellleHNe eCTeCTBEHHO Ha3BaTb nepsoobpas3nol o6o6leHHOR

¢ynkun f.
HdoxasareabcTBo. YpaBHeHue (14) osnauaer, uto

v, 9=, —¢)=( ¢ (15)

ans 110608 ocHOBHOH dyHKIHM ¢ € K. DTo paBeHCTBO onpeienser
sHavenue QYHKIHOHAJA y HA BCeX OCHOBHbIX QyHKUMAX ¢ uz KO

(v, (Pl)=(f, - S 9, (€) d§)~

- 00
I/IcnonbsyeM Tenepb NnOJYyYEeHHOE BhllIe npencrasneﬁue
@ =@ + @y,

sneMmentos u3 K. ITonoxus (y, @) = 0, MH ,uoonpene.unm TEM ca-
MEM QYHKIHOHAJ y Ha BceM K; MMeHHO,

¢ )=, @)= (f. - S o1 (8) dé).

-—00

Oror (QyHKUHMOHAJ, KaK JIerKO NpPOBEpHTb, JIHHEEH W HeNpepbiBeH.
Kpome rtoro, on ynosnerBopsier ypaBHeHHio (14). IeficTBHTeNbHO,
s Besikoro ¢ & K

¢ &)=, ~—q>')=(f, {o® d§)=(f, ).

WUrax, nia kaxpoh o6oGmennon ¢ynkuun f(x) cyumecrsyer pemie-
HHe ypaBHEHHs ,
Yy =Fx),



214 JIHHEPHBIE OYHKLUHOHAJIH U JIMHEPAHBIE OTIEPATOPH [TA. v

T. e. Kaxaas o6obliuenHas QyHKLUHUs HMeeT nepBooGpasnyio. B cuay
TeopeMHl 1 3ra nepBooGpa3Has onpejensierca dyukuued f(x) oguo-
‘3HAaYHO C TOYHOCTBIO O NOCTOSIHHOIO CJIaraeMoro.

TlonyueHHbie pe3yJbTaTH JIETKO MEPEHOCATCS HA CHCTEMBI JiH-
HelHbX ypaBHeHHA. OrpaHHYUMcs 31eCb COOTBETCTBYIOIIUMH ¢op-
MYJHPOBKaMH, ONyCKasi AOKa3aTeNbCTBa.

PaCCMOTpuM OJHOPOJHYIO CHCTEMY 1 JIHHEHHBIX nud)q)epenuua.nb-
HbIX YPaBHEHHH C N HEH3BECTHBIMH QYHKIHAMH

=kzlaik(x)yk, i=1,2, ..., n, (16)

TAe air — OeckoHeyHo AHddepeHuupyemsle ¢pyukuuu. Takas cucre-
Ma MMEET HEKOTOPOe KOJHYEeCTBO <«KJAaCCHYECKHX» pelleHHH (T. e.
pellieHuH, NPeaCTaBASIOMHX cO60H «OGLIUHbIe», IpHUEeM GECKOHEUHO
JAupdepeHunpyemble pyHKUIUH). MOXKHO NOKa3aTh, 4YTO HUKAKHX HO-
BBIX pellleHHH B KJacce o0oOuleHHbIX ¢YHKuHi cucreMa (16) He
HMeerT.

Jlns HeOAHOPOAHOH CHCTEMBI BUIA

yl=lz§l aikyk+f1' ' (17)

rae [i— 0600iieHHble, a @ix — «O6GbIYHBIE» GecKoHeuHO nuddepen-
LHpyeMble QYHKUHH, pelieHHe CYIIeCTBYeT B KJacce OGOGIUeHHBbIX
PYyHKUHUHA H OonpelenseTcs ¢ TOYHOCTbIO JO NMPOH3BOJBLHOrO pPelleHHs
-OtHOpoJHOMH cucrembl (16).

Ecnu B cucreme (17) He TOABKO @ik, HO H fi — «0O6bIUHBIE» (QYyHK-
IlMH, TO BCe peLUeHHs 3TOM CHCTeMBbl, CyllecTByloline B K*, Takxke
0Ka3bIBAIOTCS OOBIYHBIMH GYHKIHAMH.

7. Hexotopbie 0606menus. Boime Mbl paccMaTpuBaii 0606iueH-
fble QYHKLUMH «OAHOrO AeACTBHTEJIbHOrO NEepeMEeHHOro», T. €. 0606-
mennple QyHKUMY Ha npsiMo#l. MOXHO, Ha OCHOBe Tex Xe uued,
BBeCTH 0000OlleHHble (YHKIHH HA OrPaHHYEHHOM MHOXECTBE, CKa-
KeM, Ha OTpPe3Ke HJIH OKPYXKHOCTH, 06061 eHHble PYHKIHH HECKOJb-
KHMX nepeMeHHBIX, 00061ieHHble QYHKINHY KOMIVIEKCHOTO apryMeHTa
u 1. a. Hakonen, u aas o6061eHHbIX QYHKIUA Ha NPAMOA TO ompe-
JleJIeHHe, KOTOopoe GOblJI0 HAaHO BBIlE, — faJeK0 He eAHHCTBEHHO
BO3MOXKHOe. PaccMOTpHM BKparTile HEKOTOPhIE H3 YKAa3aHHBIX THIOB
06006LIEHHBIX PYHKIHH.

a) PynKkyuu HECKOAbKUX nepemennbix. PaccMOTpHM B n-MepHOM
NPOCTPAHCTBE COBOKYNMHOCTb K™ QyHKUUA @ (X, X2, ..., Xn), HMEIO-
IMX YacTHble MPOHU3BOJAHBIE BCeX MOPAAKOB MO BCeM apryMeHTram,
M TaKuX, YTO KaxAasa M3 3THX (yHKUMH paBHa HYJIO BHE HEKOTO-
poro napaJJesenunesa

a[<x1 bi! l=l, 2,..., n.
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CosoxynHoctb K" mpexcraBasier coGoil JiMHERHOE TNPOCTPAHCTBO
(c OOGbLIUHBIMH OMepalUsAiMH CJAOXKEHHS GYHKUHA H YMHOXEHHS HX
Ha 4HCaa), B KOTOPOM MOXHO BBECTH CXOAHMMOCTb CJELyIOWHM 06-
pasoM: @p —> @, €CJIH CYyLIeCTBYeT TaKOH NapaJsiesenune] a; << X; <<
< b, i=1,2, ..., n, BHe KOTOPOro Kaxpuas H3 QYHKUHI @p PaBHA
HYJI0, a B 3TOM Napa/ulejieNlunelle HMeeT MeCTO paBHOMEpHasl CXO-

IUMOCTD:
g, e ( - )
- ai =ri,
dx(t... dxm  Oxyt...axn Z

i=l

AJs KaXjoro GUKCHPUBAHHOrO Habopa LeJblX HeOTpPHUATENbHHIX
YyHCeNA A, ..., Un.

O6o6ujennoll gpyrnkyueli n nepemerHsvlx HaspBaeTca JOGOH He-
npepuIBHBIN JHHEHHHH QyHkunoHan Ha K». Bcesikas «o6biuHas»
dyHKIHA N nepeMeHHbIX [(X), uHTerpupyemasi B 060l OrpaHHYeH-
HOH 06/1aCTH N-MEPHOTO NPOCTPAHCTBA, €CTb B TO e BpeMs U 0600-
nieHHast Gyukuus. 3HaueHHs OTBevalollero el QyHKUHOHaJaa ompe-
neasitotcst popmyJion

Foy={f®ewdr (t=(x, ..., %), de=dx, ... dx,).

Kak u B ciayyae n==1 pasiHyHble HenpephiBHblE (YHKUHH oOfpe-
AENAI0T pasjinuHble QPYHKUHOHAJBI (T. €. NPeACTaBASIOT COGOH pas-
JinuHble 0606HIeHHbIe GYHKIHN).

Jas 060061eHHBIX (QYHKUHA 7 TNepeMeHHBIX INOHATHA MNpelesb-
HOTO nepexoja, NPOH3BOAHON M T. A. BBOLATCA C NOMOILBIO TeX Xe
METOJOB, YTO H B cJyyae OZHOro nepemenHoro. Hanpumep, yacrusie
NpoH3BOJAHbIE 06061eHHol QyHKUMH BBOAsiTCS GopMynoi

(——iﬂ—’— @(x)) ==(—l)’(f (), a—ﬂ—‘—’——)

o
1 n
oxy' ... ox, .. 0xy,

Orciofga BHAHO, YTO Kaxjgaf 0606uieHHAass QYHKUHA 7 NEePeMEeHHBIX
HMeeT uacTHble NTPOH3BOJIHBIE BCeX NMOPANKOB.

6) Komnaexcroie o606ujennoie pynkyuu. BosbMem Tenepb B Ka-
yecTBe OCHOBHBIX QyHKIUMHA 6eckoHeuHO AupdepenuupyeMble QHHUT-
pele QyHKIHH Ha NpPSIMOH, NPHHHUMAIOUINe KOMIJIEKCHble 3HAYEHHUS..
Jlunerinble GyHKUHOHAAL HA npocTpaHcTBe K Takux QyHKUMH ecre-
CTBEHHO Ha3BaTb KOMNAEKCHbIMU oOobujenHoimu ¢pyuxkyusmu. Ha-
NIOMHHM, YTO B KOMIIEKCHOM JIHHEHAHOM NPOCTPaHCTBE CYLUECTBYIOT
JHeliHble W CONpsAXeHHO-AuHelHble ¢yHKUHOHanAH. [lepBbie ymoB-
JIETBOPSIIOT YCJOBHIO (0 — YHCJIO)

(f, a@) =a(f, @),
(f’ 0-(]))=('i(f, CP).

a BTOpbi€ — yCJOBHIO
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Ecin f(x)-- o6bluHasi KOMILIEKCHO3HAayHast (yHKUHA HA MNPAMOA,
TO efi MOMHO COMOCTABHTH JHHeHHbIH (yHKUHOHAn Ha K aByms
cnocobamu:

oo

(hoh={ fowdr (18)

-00

F, 9= | FeIo(vax. (18,)

-0

Droi ke GyHKUUH f(X) MOXKHO COMOCTABHUTH JABA COMPSIMKEHHO-JH-
HelHbIX (YHKIHOHAJA, 8 HMEHHO:

00

(o= { Fetmax (185)

- 00

A 9= | Fo o0 dx. (18,)

-— 00

BuiGop OnHOH M3 3THX 4YeTblpeX BO3MOMKHOCTEH O3HauaeT omnpeje-
JIEHHbIT CMOCcOG BJIOXKEHHS NPOCTPAHCTBA <«OOLIYHBIX» (YHKUHA B
npocTpaHcTBO 0606ueHHbX OyHKUuH. Onepaunu Hajy KOMILIEKC-
HHIMH 0600LEeHHBIMH QYHKIHAMU ONpelensioTCs aHAJOTHYHO TOMY,
KaK 3T0 GBbLIO ONHCAHO BhilIe /151 AEHCTBUTENbHBIX (PYHKIHI.

B) O606wennvle pynkyuu na oxpyxrocru. VlHorma mosesno
paccMaTpuBaTh 0600lleHHble (YHKUHMH, 3aJaHHble Ha HEKOTOPOM
orpaHUYeHHOM MHOXecTBe. B KauecTBe mpocreiiliero mpumepa pac-
CMOTpUM (YHKIHH Ha OKPYKHOCTH. 3a MPOCTPAHCTBO OCHOBHBIX
(YHKIHH NPHMeM COBOKYNHOCTb BCeX GecKoHeuHo Anddepenuupye-
MBIX (QYHKIHH Ha OKDYXHOCTH, OUPEMEJHB IUII HUX ONepauuH CJo-
YKeHHsl 4 YMHOXeHHNs Ha yucja oObluHbiM o6pa3oM. IlocnenoBaresns-
HocTh QOYHKUHA {@n(X)} B 3TOM NPOCTPAaHCTBE MBI HA30BEM CXONS-
uieiicss, ecau aas kaxporo k=0, 1, 2, ... noc/ien10BaTe/bHOCTD
npou3soaubix {p ()} cxoautca Ha BCeH OKPYKHOCTH PaBHOMEPHO.
ITockoabKy 3[ech Bce MHOXECTBO apryMeHTOB (OKPYXKHOCTb) orpa-
HHYeHO, ycaoBMe GUHHTHOCTH OCHOBHBIX (YHKUHI aBTOMAaTHYECKH
otnajaer. Jluuelinble PyHKIMOHANBl HA 9TOM NPOCTPAHCTBE MBI Ha-
30BeM 0000UjeHHOIMU PYHKYUAMU HA OKPYICHOCTU.

Besikyio 06b1UHY1I0 QYHKIMIO HA OKPYXXHOCTH MOXHO paccMaTpu-
BaTh KaK NEPUOAHYECKYI0 (YHKUHIO, 3aJlaHHYI0O Ha BCe#d MpPSIMOH.
ITepenocst 310 cooGpaxenne Ha 0GoGlleHHble PYHKIMH, MOXKHO CBSl-
3aTb 000O6IleHHble (DYHKIHH Ha OKPYKHOCTH C NEPHOANYECKHMH
06061eHHbIME OyHKUuAMHU. [Ipu s3TOM nepuoduueckot 0606ujennol
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¢ynkyued (C NEPHOJOM a) €CTECTBEHHO Ha3LBaTh (QYHKUHOHAT f,
YZIOBJIETBOPAIOUINYE YCJIOBHIO

(f x), e(x —a)) = (f (x), 9 (x))

IJ151 BCSIKOK OcHOBHOM Qyukuuu ¢. [IpuMepoMm nepuosnueckoit 0606-
IIEHHOH QYHKUHH MOXKET CHYXKHThb QyHKIHUA

0

i cosnx=——%-+n Z & (x — 2km),

n=1 —=—00

KOTOpasi y)Ke yIOMHHAaJach BHILIE.

r) Hpyeue ocuosnvle npocrpancréa. Mbi onpenenuan Bellile
o06061eHHble QYHKIMH HA NPSAMOH KaK JHHeHHble QYHKIMOHAJbL Ha
npoctpancTBe K GeckoHeuHo auddepeHUHpYyeMbIX QHHHTHBIX (QyHK-
nui. OnHako Takoil BHIGOP OCHOBHOrO NPOCTPAHCTBA — HE €IHH-
cTBeHHO Bo3MoXHBIH. Hanpumep, BMécTo mpocTpaHcTBa GOHHHTHBIX
¢dyukuuii K MoxHO Gblio Gl B3ATh GoJiee LIMPOKOE MPOCTPAHCTBO
Bcex OecKOHeuHO AuddepeHuHpyeMblXx QYHKLUHMH ¢(X) HaA NpAMOH,
yObIBalOLMX BMECTe CO CBOMMH NPOU3BOJHBIMH ObICTpee, yeM J106as
crenenb 1/|x|. Tounee rosops, Gyaem cuutaTh, 4To @(X) npuHa-
JIEXKHT OCHOBHOMY HPOCTPAHCTBY, KOTOpoe Mbl 0603HaUHM S, eciu

oas mobeix QuKcHpoBaHHBIX p, ¢ = 0, 1, 2, ... cymecTByer Takas
nocrosinnas Cp, ¢ (3aBHCAILASK OT P, § U @), UTO ’
[P (x) | < Cpqy — o0 <x< 00, (19)

CxomumocTb B S, ONpefesiercss TaKHM 00pa3oM: MOCJeN0BaTE/b-
HOCTb {@n(x)} HasbiBaerca cxoasuieics X @(X), ecan AAa Kaxaoro
g=20, 1, ... nocrenosaresbHocTs {9 (x)} cxonutca paBHOMepHO

Ha JI060M KOHEUHOM HHTEpPBaJie H eCJH B HepaBeHCTBAX
' )

noctosiiibie Cp, ¢ MOXKHO BHIGPATh He 3aBHCALLHUMH OT 1.
Ilpu sTOoM nonyyaercs 3anac 0GOGIIEHHHIX QYHKUHH HECKOJIbKO
Gonee y3Kui, ueM B cayuae mpocrpancrsa K. Hanpumep, ¢pyukuua

f)=e*

€CTb HempephiBHbIN JUHeHHbl QyHKuuoHaa Ha K, HO He Ha Sw. Bul-
60p S« B KayecTBe OCHOBHOT'O HpPOCTpaHCTBa YHoOeH, Hanpumep,
NpH paccMoTpeHHH npeoGpasoBaHus Pypbe 0606LIEHHBIX (YHKIHH.

Boo6ue, xak nokasano pa3suTue TeOpHH 0606LICHHBIX QYHKIME,
HeT HeOOXOJHMOCTH CBsA3blBaTh ce6s pa3 M HaBcerga KaKHM-TO
onpejeNeHHbIM BbIGOPOM OCHOBHOrO IPOCTPAHCTBA, a Lejecoobpas-
HO BapbHPOBATb €ro0 B 3aBHCHMOCTH OT PacCMaTPHBaeMOro Kpyra
sajgau. [lpu aToM, oJHaKO, cyllecTBennoe TpeGOBaHHE COCTOHT B
TOM, 4TOObl, C OZHOH CTOPOHBI, OCHOBHHIX OQYHKIHH 6biJo «gocTa-
TOYHO MHOro» (uto6bl € HX IOMOWBIO MOXHO OBLIO pasiHyaTh
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«00nYHBe» (QYHKUHHM, a TOYHee, peryJasfpHble (YHKLUHOHAJB), a C
Apyro#, —yTo6bl 3TH OCHOBHbe (YHKUHH 06JajajH HOCTaTOYHOM
T1a IKOCTHIO.

Ynpaxuenune. [Iposepsre, 4To B mpocTpaHcTBe S, MOXKHO BBECTH CTPYK-
TYPY CYETHO-HOPMHPOBAHHOTO MPOCTPAHCTBA, NOJOXHB, Hanpumep,

bota= 3 sup_ [(1+1x)e (0l

=n = P <X
pHq=n", § 1<p
I</<q
H YTO MNOCAEAOBATENbHOCTb, CXOAALIAACA B S, B OolnpeneNIieHHOM BRpIe CMHCAe,
CXOOMTCS H B TONOJIOTHH, ONpepesseMOil STHMH HOpDMaMH.

§ 5. Jluneiinbie oneparopni

1. Onpenenenne u npuMepst AHHeHBIX onepartopos. [lycts E u
E,—nBa J/MHeHHBIX TONMOJIOFHYECKUX mNpoCTpaHcTBa. JIunelnoim
oneparopom, peicrsywoiium u3 E B E;, HassiBaetca oroGpaxkenue

y=Ax (x€E, y=E),
YIAOBAETBOPSAIOILEE YyCTIOBHIO
A(ax; + Bro) = adx, + pAx,.

Cosokynnoctb Da Bcex Tex x& E, n1a KoTopsix oto6paxenne A
onpejiesieHo, Ha3blBaeTcs 064acTbio onpedesenus oneparopa A; so-
o6le rosopsi, He npeanosnaraercs, yro Da = E, ogHako MH Bcerga
O6ynem cuutath, 4t0 D4 ecTb JuHeliHOe MHOroo6pasue, T. €. eCJH
X, y = Da, 1o ax + By = D4 npu Beex a, .

Onepatop A HasbiBaercss HenpepoviHoim 8 ToUKe Xo & Dy, ecau
nna moboll okpectHoctH V' TOUKH Yo = Axo cywecTByer Takast
okpectHocTh U Toukn xo, uro Ax eV, kak toabko xe& U Dy.
Onepartop A Ha3bIBAETCS HENPEPLIBHbIM, €CIH OH HENpPepbiBeH B Ka-
X101 Touyke X & D 4.

Korna E u E,— HOpMHpOBaHHbEe NPOCTPAHCTBA, STO onpeese-
HHE DaBHOCHWJIbHO cJielywolieMy: omepatop A Ha3biBaercsi Henpe-
PBIBHBIM, ecsiM AJd Jioboro &€ > 0 ¢yuwecrByer Takoe 8§ > 0, yto u3
HepaBeHCTBa

I —x"|<8 (&, x” =D,

I Ax" — Ax" || < e.

MnoxectBo Tex xe<E, pas koropuix Ax =0, HasbiBaerca
sadponm nuHefiHoro omeparopa A u o6osHauaercs Ker A. MuoxecTso
Tex y & E,, pas Kotophix y = Ax npu HekotopoMm ¥ & Da, Ha3H-
BaeTcs 06pasom nuHe#HOro onepatopa A u obGosHauaerca ImA.
Kak sppo, Tax u o6pas JuHEHHOro omepartopa, ABJSIOTCH JIHHEMH-
HbiMHE MHOrooGpasuaMn. Ecau oneparop wenpepbiBeH H Dy =E,
T0 Ker A siBisiercss moAnpocTpaHCTBOM, T. €. 3aMKHYTO. UTo ke Ka-

caenyer
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caercs 06pasa HenpepbIBHOTO JIMHEHOro oneparopa, T0 OH He 06si-
3areJbHO Gyjer moanpocTpaHcTBoM B Ej, naxe ecan D,y = E.

IlousitTne nuueiinmoro (QyHKUHOHAJA, BBEAEHHOE B HauaJjJe 3TOH
IJaBH, eCTh YAaCTHBIA ciaydad JuHeHHOro onepartopa. Mmenno, au-
HefiHbIfl QYHKIHOHAJ — 3TO JIMHEHHLIH onepaTop, NepeBoAAILUl AaH-
Hoe npoctpaHcTBo E B uncaoyio npamyio R!. Onpenenenusn nuneii-
HOCTH H HenpepbBHOCTH onepartopa nepexonast npu E; = R! B co-
OTBCTCTBYIOIME ONpeJiesieHHs, BBeieHHble paHee JJA PYyHKIHOHAJOB,

TouyHO TakK Xe W pAn AaNbHeHLINX MOHATHHA M (akTOB, H3jarae-
MBIX HHXe IS JHHeAHBIX ONepaTopoB, NpeAcTaBiser coboit no-
BOJIbHO aBTOMaTHUeCKoe 0606IeHHe Pe3ynbTaTOB, YKe H3JI0XKEHHbIX
B § | 270/ riaBpl NPHMEHHTENHHO K JHHEHHHIM (QYHKIHOHAJAM.

ITpumepn MuHeAiHBIX onepartopoBs. 1. [lyerp E — au-
HeilHO€ TomoJioruyeckoe npocrpancTso. [Tomoxum

Ix=x nnsa Bcex x<E.

Tako# onepartop, nepeBOAAIWMN KaXIbIH 3JE€MEHT NPOCTPAHCTBA
B ce6sl, Ha3bIBACTCH OUHUYHbIM ONEPATOPOM.

2. Mlycrs E u E| — npou3BosibHBle JIHHEHHbIE TOMOJOTHYECKHe
NPOCTPAHCTBA H NYCTh

Ox=0 gansa scex xE

(3necs 0— HyseBoit anemeHT npocrpaHcrBa E;). Torna O Haswl-
BaeTCs HYAEBLIM ONEPATOPOM.

3. Obwuii 8ud aunelino2o oneparopa, nepesodauieeo KOHEUHO-
MepHOe npoCTPaHCTe0 8 KoHeunomeproe. Ilycte A — muHefHbIH one-
partop, ortoGpaxawoowmuii n-MepHoe mnpoctpaHcTBo R™ c 6asucom
€, ..., éx B m-MepHoe npoctpaHctBo R™ c¢ 6asucom fy, ..., fm.
Ecan x — npousBoJibHbI BeKTOp U3 R™, TO

n
X == Z X8y,

j==1

H B CHAY JMHeAHOCTH onepaTtopa A

n

Ax= Y, x;Ae,.

i=l
Taxum o6pasom, onepatop A 3ajaH, ecsiu U3BECTHO, BO YTO OH Ile-
peBoaMT Ga3HCHbIE BEKTOPHI €j, ..., €n. PacCMOTPHM pasJoXKeHHS

BekTopos Ae; no 6asucy fi, ..., fm Umeem
m

Ae;= g__:l apifs.

Orciona scro, uto oneparop A onpepensiercs Martpuuel xKo3du-
uuentos |laxill. O6pas npocrpanctsa R® 8 R™ npeacrapaser co6oit
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JIHHelHOe IIOANPOCTPAHCTBO, PA3MEPHOCTb KOTOPOTO paBHA, OYeBHA-
Ho, panry matpuubl [laxll, T. e. BO BcAKOM ciydae He MpeBOCXO-
aut n. OTMeTUM, YTO BCAKHE JHHEAHBIH ONepaTop, 3aflaHHbIA B KO-
HEYHOMEPHOM NPOCTPAHCTBE, aBTOMATHYECKH HeNpPepbiBEH.

4. PaccMoTpHM ruab6epTOBO MPOCTPAHCTBO H{ H B HeM HEKOTo-
poe moanpocrpatcTBo H,. Pasnoxus H B npaMyio cCyMMy moAamnpo-
ctpanctsa My u ero opTOroHa/sbLHOrO AOMOJHEHHS, T. €. NMPEeACTaBUB
Kaxablit sneMeHtT h = H B Bune

h=h,+h, (hy= Hy, hy L H)),

noaoxum Ph = h). Dtor oneparop P ecTecTBeHHO Ha3BaTh onepa-
TOPOM OPTO20HAALHOZ0 NPOEKTUPOBAHUs, UIu opronpoexktopom H
Ha H,. JIuHefiHOCTL U HempepHIBHOCTb NpOBepsioTcst 6e3 Tpyna.
5. PaccMOTpuM B NMpOCTPAHCTBe HenpepblBHbIX (PyHKUHH HA OT-
peske [a, b] onepaTop, onpexenseMblit popMmynoi
b

v () =K newa, ()

a

rne K(s,t) —uekoropast (DHKCHpPOBAHHAS HemnpepuliBHAS (QYHKUHA
ABYX nepemeHHbIX. PyHKUMA P (S) HenpepbiBHa AAA J0O0H Henpe-
puIBHOR (yHKUHMH @ (¢), Tak uTo oneparop (1) medctsuTesbHO mepe-
BOMMT MPOCTPAHCTBO HempepblBHBIX GyHKHHK B cebsa. Ero suuefi-
HOCTb oyeBuAHA. [Lis TOro uToGHl rOBOPHUTH O €ro HeNpepbIBHOCTH,
HeO06XO0AMMO NpesBapHTeNbHO YKa3aTb, KaKas TOMNOJIOTHS paccMat-
pHBaeTCsi B HallleM NPOCTPAHCTBe HenpepbiBHbIX (yHknui. YUnra-
TeJIl0 TpelJjiaraeTcss JOKAa3aTb HeNpephBHOCTH OMNepaTtopa B CJay-
yasx, Korga: a) paccmartpusaercs npocrpanctso Cla, b, T. e. npo-
CTPAaHCTBO HenpepbiBHBIX (YHKUHH ¢ HOPMOH ||b<D||=ma>l(|cp(t)[;

6) xoraa paccmarpuBaercs Cqla, b], T. e. I|q>|[=(§ 92 () dt) .

a
6. B ToM Xe npocTpaHCTBe HempepbBHBIX QYHKUUA DPACCMOTPHM

onepatop P (£) =, () @ (),

rie @o(f) — durcupoBaHHass HenpepbiBHaf (yHkuus. JlunefHocTs
aToro omeparopa odeBuiHa. ([lokaXkKuTe ero HenpepbIBHOCTL MPH
HOPMUPOBKaX, YKa3aHHbIX B NMpelblayllieM npuMepe.)

7. OauH 13 BaXKHeHIIUX IJs aHA/JU3a NMPHMePOB JHHEHHBIX Olle-
paTopoB — 310 omnepatop Au¢pdepennuposanus. Ero MoxHO pac-
cMaTpUBaTh B Pa3/JHUYHBIX NPOCTPAHCTBAX.

a) PaccmoTpuM npoctpaHcTBO HenpepbiBHbIX yHKuui Cla, b] u

onepatop Df(ty=F" (),
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JeAcTBYIOUHA B HeM. DTOT onepaTop (KOTOPLIH Mbl CUHTAEM Jeit-
creytomium u3 Cla, b] onsare-taku B C|a, b]) onpenenen, oueBuaHO,
He Ha BCeM NPOCTPAHCTBe HeNnpepbiBHBIX (QYHKIMI, a JHMIIb HA JiH-
HeHHOM MHOrooGpasuu (QYHKIHH, HMEIOHIHX HENPEepHIBHYIO NPOU3-
BogHyw. Oneparop D JsiMHeeH, HO He HeNpepbiBeH. JTO BIUIHO Ha-
[IpUMep, U3 TOrO, YTO MOCJ/eJ0OBATENbHOCTD

? (t) sin nt
" =—

cxonntest K 0 (B Merpuke Cla, b)), a nocnenoBaTenbHOCTh

Dy, (t)y=-cosnt
He CXOAHTCA.
6) Oneparop nubddepeHUUPOBAHUST MOMKHO PaCCMATPUBATH Kak
oneparop, AeHcTByiolluit u3 npocrpaHctBa C! HempepblBHO Aud-
depeHuupyeMblx GYyHKUHMH HA [a, b] ¢ HOpMmoi

@l =max| @ (¢) | + max| ¢’ (f) |

B npocrpanctso Cla, b]. B atom cinyuae oneparop D nuHeeH u He-
npepbiBeH u oto6paxkaer Bce C! ua Bce Cla, b].

B) Paccmorpenne omepatopa anddepeHuupoBaHNs Kak omnepa-
TOopa, peiicrBylomero u3 C! B Cla, b], He BnonHe yno6HO, Tak Kak
XOTd TpPH 3TOM Mbl H NOJy4YaeM HeNpepbIBHLI omneparop, ompeje-
JIeHHBbIf Ha BCeM IPOCTPAHCTBe, HO He K JioGoi ¢ynkuun us C!
MOXKHO NpPUMEHHTb 3TOT OnNepaTop JBaxAbl. YnoGHee paccmarpu-
BaTh onepartop AuddepeHUHPOBaHHSA B ellle 06oJiee Y3KOM MPOCTpaH-
cree, uem C!, a umenHo, B npocrpaHcrtBe C® GeckoHeuHo audde-
penuupyeMbix ¢yHKuuit Ha oTpeske [a, b], B KoTOpoM TOmOJOrUs
3ajiaeTcsl CUETHOH CHCTEMOH HOPM

k

loll,= sup [@® ()]
Ok n
asSt<b

Omneparop auddepeHHNpOBaHHS NePEBOJAUT BCe 3TO MPOCTPAHCTBO
B cebs, U, KaK JIeTKO [IpPOBePUThb, HEellpepbiBeH Ha HeM.

r) Beckoneuno puddepenuupyemole PyHKUHH COCTABJASAIOT BeCh-
Ma y3kuil Kjgacc. BoamoxHocTh paccmarpuBaTth omneparop Audde-
PEHIIMPOBAHHS B CYLIeCTBEHHO 60J/iee LIMPOKOM NPOCTPAHCTBE
H BMeCTe C TeM KaK HeIlp e p bl B H bl /i onepaTtop HaioT 06001 eHHbIe
¢ynkuuu. B npemmiaymem naparpade Mbl yXe TOBOPHJIH O TOM,
Kak omnpejenserca nubdepennuposanne o6obumenusbix pyuxuui. Ms
CKa3aHHOIO TaM SICHO, 4TO HAucddepeHUHUPOBAHUE €CTb JHHEHHbLIH
oneparop B NPOCTPAHCTBe OOOOLIEHHBIX GYHKUMH, NMPUTOM Hempe-
PHIBHBII B TOM CMBICJE, YTO H3 CXOAMMOCTH IOCJAEI0BATEeJbHOCTH
o6o6umenusix GyHkuuit {f» (£)} x f(f) caemyer cxomumocTs mocie-
JOBATEJbHOCTH HMX MPOU3BOAHBIX K HNPOU3BOJHOH 060O6IIEHHOH
dyuxruun f(t).
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2. HenpepblBHOCTh M OrpanH4yeHHoCTb. JIuHefdHHA omeparop,
neiictByiominii u3 E B E,, Ha3bIBaeTCst 02PAHUYEHHbIM, €CJAH OH
onpenejeH Ha BceM E H KaxkJoe orpaHHYEHHOE MHOXECTBO MepeBo-
IHT CHOBa B OTpaHHYeHHOe. MeXIy OrpaHHUYEHHOCTbIO W HENpephiB-
HOCTbIO JIHHEHHOrO onepaTopa CyLIeCTBYET TeCHasl CBfi3b, 4 HMEHHO,
CIpaBefl/IuBHl CJeAYIOlLNE YTBEPKAeHHUS.

I. Beakuii nenpepoigHolil auHednbll oneparop 02panu4eH.

HeiicrBurensvuo, nyctb M < E — orpaHnueHHOe MHOXKECTBO, a
muoxectso AM < E; ue orpanuueno. Torna B E| nafiserca Takas

1
OKDECTHOCTb HyAs V, 4TO HM OLHO H3 MHOXKECTB — AM ne conep-
xurcas B V. Ho Torma cymecrByer Takas M0OC/A€H0BATENbHOCTD
Xn € M, uTO HH OZMH H3 5/1€MEHTOB — AX, He npuHajnexut V, u

1
Mbl Tmosyuaem '), uro 7x,,—>0 B E, HO mnociienoBaTesbHOCTD

)

1
{—’T Axn} He cxoautes K 0 B Ej; 370 NPOTHBOPEYHT HENPEpPbIBHOCTH

onepatopa A.

11. Ecau A — oepanuuennoili aunetinoui oneparop, dedcteyroujuil
uz E 8 Ey, u 8 npocrpancree E soinosnena nepsas aKcuoma cHer~
HOCTU, TO onepatop A Henpepbigen.

JeficteutenbHo, ecan A He HenpepbiBeH, TQ HaBAeTcs Takas
okpectHocTh Hyas V B E; u Takaa onpeneasiomias cucrema {Un}
okpectHocTell HyJAst B E, uto Upyy < U, ¥ maa Kaxmoro n cyue-

] .
cTBYeT TaKkoe X,E—-U,, uto Axpe¢&nV. TlocnenoBaresbHOCTh Xq

B E orpanuueHa (M naxe crpeMurca K 0), a mocjeloBaTesbHOCTH
Ax, He orpaHnyeHa B E; (HOCKOJIbKY QHa He CONEPXKHTCA HH B Of-
nom u3 mHoxecrB nV). Urak, ecin onepatop A He HempepbiBeH, a
B E uMeer MeCTO IepBasi aKCHOMa CYETHOCTH, To A u He orpa-
HHYEH.

Hame yTBepxeHHe AOKa3aHO.

Vltak, Osa oneparopa, 3a0aHH020 HQ NPOCTPAHCTBe C nepsoll
aKcuomoil c4eTHOCTU (K KOTOPBIM, B YaCTHOCTH, OTHOCATCA BCE HOP-
MHpDOBaHHblE M CYETHO-HODMHPOBAHHbIE NPOCTPAHCTBA), O2PAHUUEH-
HOCTb PABHOCUALHA HENPEePbIBHOCTU.

Bce oneparopnl, mpuBefeHHbe B npuMepax 1—6 B mpexsiayniem
NyHKTE, HENpepuiBHEL. B CHJIY TOJBLKO 4TO JOKA3aHHOTO YyTBepKIe-
HHsa | Bce nepeyHcCAeHHbIE TaM ONEPaTOPhl OrpaHUYEHH.

Ecan E v E; — HOpMHpPOBAaHHbIE NIPOCTPAHCTBA, TO YCIOBHE OTpa-
HHYeHHOCTH omeparopa A, pefictylomero usa E B E;, MmoxHo cdop-
MYJHpPOBATh TaK: onepatop A Ha3bIBaeTC 02PAHUUEHHbIM, €CTH OH
NepeBOAMT BCAKMA WIap B OrpaHHYeHHOe MHoXecTBo. B cuay Jm-
HefinocTd A 3To ycsaoBue MOXHO chopMyaupoBaTh TaK: omeparop A

1} Cwm. ynpaxnenne 1 B n. 1, § 5, ran. 111
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OrpaHuuel, €CJaH CylleCTByeT TaKas NOCTOAHHAA C, 4TO0 AJA BCA-

koro fe E
TAFISCUTN

Haunmenbuiee u3 uncen C, yAOBIETBOPSIOUIHX 3TOMY HEPaBEHCTBY,
HaabiBaeTcs Hopmoil onepatopa A u ob6osnauaercs [|A].
Teopema 1. Jas a106020 oepanuyennozo oneparopa A, Oei-
£T8Yr0Ue20 U3 HOPMUPOBAHHO20 NPOCTPAHCTEA 8 HOPMUPOBAHHOE,
I All= sup || Axfl=sup LAzl @
1xi<t x40

HoxaszaTteabcTBo. Beenem o6o3nauenne a== sup [Ax|.
ixg<l

B cuny aunefinoctn A cnpaBefJIHBO PaBEHCTBO

FAxl
2

a= sup |[[Ax[= sup
IxiI< x 0

Tlostomy anst moGoro 3jeMeHTa X

[AxNx <,
T. €.
lAx I <all x|,
OTKyla cjaejyer, 4To
[Al=1inf C <a.

Hanee, gasa aio6oro e >> 0 cyuiecTByeT Takoi sjgeMeHT Xe 7= 0, uto
a_l"g"sz"/"xe“

(@—e)lx I<HAxe I SC i xe .
a—e<infC=| A|,

H, B CHJIy IPOH3BOJBHOCTH &, oo << l| A ||. Caenosareasho, [ A || = a.

3. CyMMa M nMpOH3BeJeHHE OMNepaTopos.

Onpenenenne l. [Tyctb A u B— nBa JuHelinbix omeparopa,
JNeHcTBYIOIMX H3 JHHefiHoro mpoctpaHcrtsa E B mpoctpancrso E,.
Ha3sosem ux cymmoii A + B onepatop C, craBsiliuii B COOTBETCTBHE
anemedTy ¥ < E anemMeHT :

y=Ax+ Bx = E,.

On omnpeneneH Ha BCeX 3JeMeHTaX, NPHHAMJIEKAIUUX MEePEeceyeHHIO
D4 N Dp obnactedt onpenenenus oneparopos A u B.

Jlerko npoBeputb, uto C = A -4 B — nuHefinplii onepartop, He-
npepuiBHblil, ecii A n B HenpepbiBHBL.

Ecnu E m E,—HOpDMHpOBaHHBe NPOCTPAHCTBA, a ONEPAaTOPHI
A u B orpaunuyensl, 10 A + B ToxXe orpaHHueH, npuyem

1A+ BI<IAl+IBI. 3)

HJH

ITosTomy



224 JIUHEFIHBIE ®YHKHHOHAJIbI B IMHEMHBE OMEPATOPHI {01 v

IleficTBHTEAbHO, IJIST BCIKOIO X
A+ B)x||=|| Ax + Bx ||| Ax |+ B ST AN+ B I x|,

OTKyaa Hu caenyert (3).

Onpenenenne 2. Ilycts A u B — nuHelinble onepaTopsl, npu-
ueM A pnefictByer u3 npocrpancrsa E B E|, a B neiictsyer us E,
B E,. [Tpoussedenuem BA onepatopos A u B uasmiBaercs omneparop
C, craBsiuuii B COOTBETCTBHE 3jeMeHTy x € E sneMent 2 = B(Ax)
us E,. Ob6nacts onpenenenuss D¢ onepartopa C = BA coctout u3
Tex x & Da, ans Koropuix Ax & Dp. ScHo, uto onepatop BA nu-
HeeH. OH HenpepoiBeH, ecsin A u B HenpepbiBHbL.

Ynpaxunenne. Jlokazats, uto D¢ — nuneiinoe Muoroo6pasue, ecau D,
u Dp annefinble MHOTOOGpasHus.

Ecan A n B — orpaHuueHHble OnepaTopbl, AeACTBYIOLIHe B HOp-
MHPOBaHHBIX NPOCTPAHCTBAX, TO M onepatop BA orpanunueH, mpu-

yeM
IBAISIIBY-H Al (4)
JleAcTBHTENBHO,

1 BANIBI- A I<IBI-TAL- %1, ()

oTkyaa caenyer (4).

CymMa u npoussefenue Tpex u GoJiee ONepaToOpOB ONpeaensioT-
cst nocaenoBatebHo. O6e 3TH onepaiuud acCCOLHATHBHLIL.

IMponssenenne kA omepatopa A Ha uucao k& omnpepedsercs
KaK onepaTtop, KOTOPHIH 3JeMEeHTy X CTaBHT B COOTBETCTBHe 3Je-
MeHT kAX.

Cosoxynnocts Z (E, E;) Bcex HenpepblBHBIX JIHHEHHBIX onepa-
TOpOB, onpefeneHHbXx Ha BceM E u oro6paxatomunx E B E; (rae E
1 E, — duxcupoBaHHble JHHEHHble TONOJOTHYECKHE NPOCTPAHCTBA),
ofGpasyer, N0 OTHOLUEHHIO K BBEJEHHLIM BBIlle OMepallUaM CJOoXKe-
HHMSl U YMHOXKEHHsi Ha 4Hcaa, JuHefiHoe npoctpanctso. Ecaum E u
E, — vopmupoBanuble mnpocrpanctsa, 1o £ (E, E|) — HopMupoBaH-
HO€e NMPOCTPAHCTBO (C TEM OMNpejesieHHeM HOpPMbI Oneparopa, KOTo-
poe 6blJIO AaHO Bbillle).

Ynpaxneune. ITyctb E— HopMupoBannoe, a E; — NOJHOE HOPMHPOBAH-
noe mnpocrpaHcrBa. Torga: a) Hopmuposaknoe npoctpadctso Z(E, E,\) mnosuo;
o0

6) ectu Ay = Z(E, E)u Y, || A]| <0, 10 pan Y, A, CXOmHTEA K HEKOTO-
k=1 k=1
pomy oneparopy A Z (£, E\) u

lAl= i<kzl | A (6)

2. A
k=1

4. O6parnbiii oneparop, o6parumoctb. [lycte A — omepatop,
neicrByrounit u3 E B Ej, u D4 — o6aactb onpefenenns, a ImA —
o6pas 3TOro oneparopa.
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Onpenenenue 3. Onepatop A Ha3biBaeTcs 06paTUMbIM, €CIH
aas moboro y & Im A ypasnenue

Ax=y

HMeeT eJIHHCTBEHHOEe pelleHHe.

Ecau A o6patuM, To KaxiIoMy y & Im A MoxHO mocraButh B
COOTBETCTBHE €IUHCTBEHHBIH 3JjieMeHT x & D4, aBasiouuiica peuie-
udeM ypasuenusi Ax = y. Oneparop, OCyUIeCTBJAIOUWHE 3TO COOT-
BeTCTBHe, HasbiBaeTcs o6paribim K A u o6o3Hayaercs AL,

Teopewma 2. Oneparop A-', obparnoul auretinomy onepa-
TOpYy A, TaKdxCe AuHeeH.

JokasarteabcTBo. 3aMeTuM npexie BCero, yto o6pas ImA
oneparopa A, T. e. D 1, ecTb JHHeliHOe MHoroo6pasne. Ilyctb y,

yo= Im A. docratouHo mpoBepHUTb BHINOJIHEHHE paBeHCTBA

A7 (Y + aoyy) = alA—lyl + 0214-]!/2- 7y
Ilyctb Ax; = y) u Axy = yo. B cuny aunefinoctu A umeeM
A(ayx; + ag¥e) = ayy; + asys. (8)

Ilo onpenenenuio o6paTrHoro oneparopa,
~1 -1
ATy =x, A Yy=x,,

OTKYyJa, YMHOXaf 3TH paBeHCTBAa Ha o) H C2 COOTBETCTBEHHO U
CKJiaablBas, NOJYy4YHM

alA-lyl + azA—l!h = 0,X] + ag¥,.
C npyro# cToponsl, u3 (8) u u3 onpeieneHus o6paTHOro onepa-
TOpa CJAELyerT, UTo
X+ agky = A7 (a1, + azy9),
YTO BMECTE ¢ NPeAbIAYLIHM PaBEHCTBOM JaeT
A™! (a1 + 0oyp) = alA_lyl + GQA—lyz-

Teopema 3 (teopema banaxao6o6parHomonepa-
tope). ITycto A — aunednoui oepanu4eHHbll onepatrop, 83aUMHO
00HO3HauHO oTObpaxcarowuli 6anaxoeo npocrpaucreo E Ha 6ana-
xo80 npocrpancreo E,. Tozda obparubii oneparop A-! oepaniiuen.

[l mokasaresnbCTBa HYXHA CleAyiolasi 1eMMa.

Jlemwma. ITycto M — 8cto0y nioTHoe muodxecTéo 8 6aHaxo8om
npocrpancree E. Toeda ar0boi Henyiesoil aremenr y < E moxno
pasaoxcuTe 8 paod

y=y,+v%+ ... +y.+ ...,
2de yr=M u [y <3Ny l2"
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HdoxasaTeabcTBO. DieMeHTH Yr GyAeM CTPOHTHL MoOC/eno-
BaTe/bHO: Y; BeIOepeM Tak, YToGsl

Iy — g I<lyl/2. ©)

310 BO3MOXHO, TaK Kak HepaBeHCTBO (9) ompegeasier chepy pa-
anyca |lyll/2 ¢ ueHTpOoM B TOuKe y, BHYTPH KOTOPOH NOJIKEH Hafi-
THCb JeMeHT H3 M (M Bciony miotso B E). BuibepeM ys & M rak,
uToGH |y — y1 — yoll << yll/4, ys — Tak, ytobH lly — y1 — Y2 — yall <<
<C llyll/8 n Boobme y, BHIGepeM Tak, TOOH [ly — y1 — ... —yull <
'<llyll/2". Tako# BLIGOp Bcerga Bo3MOXKeH, Tak kak M Bciony mior-
Ho B E. B cuay BeiGopa 3/1eMeHTOB yx

n

“y—Z Yr

k=l

%—>0 ops n— oo,

Lo -]
T. €. pan kz_:l Yr cxonuTcs K y. OLeHHM HODMBI 3JIEMEHTOB yj:

o=l —y+yl<ly —yl+lylI<3ylf2,
My ll=lpo+y—y+y—ulI<ly—uyi— Al +ly—y I3l y 4.

Hakonen,
lgall=lyn+ =1+ --- +1—y+y—y— ... — Yol
Shy=—ypi— oo —tullHly—y— oo —gai ISS3N g l)2°

JleMMa pokasaua. .

HoxkasartenbctBo TeopeMu 3. B npocrpancree E; pac-
CMOTPHUM MHOKeCTBO My — COBOKYNHOCTb TeX Yy, AJSI KOTOPLIX Bhi-
noansiercst nepaseHctso [|A-yll<< kllyll. Beskuit anement npocrpan-

o0

crBa E, nonanaer B HekoTOpoe My, T. e. E;= kUl M. Tlo Teopeme

Bspa (reopema 2 u3 n. 3 § 3, ra. 1) XoTa Gbl OXHO U3 MHOXKECTB
Mg, ckaxem, M,, nioTHO B HekoTopoM wwape B. Buyrpu wapa B
BuiGepeM MIapoBolt cjiot P ¢ ueHTpoM B TOuke u3 Mp; ciaoit P—
3TO COBOKYIIHOCTb TOUEK 2, HJifl KOTOPHIX CIpaBelJIHBO HepaBeHCTBO
B<llz—yill< a, rie 0 < B <o, yo= Mn.

Iepenecs caoft P Tak, 4TOGHL ero LEHTP MonaJ B HA4YaJo KOOp-
IHHAT, MOMyYuM Waposoil cioit Po= {2:0 < B <zl < a}.

ITokaxem, uto B Py mioTHO HeKoTopoe MHOXKecTBOo My. Ilycrs
2eP My, tornaz—yo=Pymn :

147 = <l A "2l +H 1A 'l < n (2l F 190 <

<n(lz—goll+ 2l ph=rlz— gl (1 +52) <

<nllz—goll(L+ 20y I1B), (10)
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Bemuuna n (1 4 2| yo[/B) He 3aBucur or z. ITonoxum')
N=1+4n[l+ 2] yl/B].

Torna B cuny (10) z2—yo= My, a u3 Toro, yro M, naoruo B P,
caenyert, uto My naotHo B Py. ,
PaccMOTpuM NpPOH3BOJIbHBIA HeHyJeBO# 3jemeHT y u3 E;. Bce-
ria MOXHO Noao6paTh A Tak, 4to6n 6biio B <|lAyll<<a, T. e.
Ay = Po. Tak xak My naotHo B Py, MOXHO NMOCTPOUTH MOC/]EL0Ba-
TEJNbHOCTb Yr & My, cxomsmyiocs K Ay. Torga nocsienoBaTenbHOCTD

1
= Y» cxomures K y. OueBnpdo, uro ecad yrEMy, TO M

1 -
ThE My npn mo6om pmeficTBHTeNbHOM A %= 0; TakuM o6pasoM,

My nnoruo B E| {0}, a noromy u B E).
PaccMOTpHM HeHyJeBO# 3ajieMeHT y € E;; mo KOKa3aHHON JemMMe
€ro MOXKHO Pa3JIOXKHTb B PSJ IO 3jMeMeHTaM u3 My:

y=y+y.+ ... +m+ ...,

npuuem ||y, Il < 31y I/2°.

Paccmorpum B mpoctpanctre E psap, cocraBieHHBI H3 npooG-
pPa30B 37IEMEHTOB Yi, T. €. JIEMEHTOB Xp == A~lyj.

ITOT PAA CXOAUTCA K HEKOTODOMY 3JIEMEHTY X, TaK KaK HMeeT
MeCTO HepaBeHCTBO

N =l A" g IS NIyl < 3NN g 125
IIpH 3TOM

1I< Y, Il <3Ny, -z =3Nlyl.
k=1 k=1

B cuny cxonumocTH psna ,;Z-:x X, W HeNpepLIBHOCTH onepaTtopa A
MOXKHO TIPHMEHHTb NMouaeHHo A Kk aToMy psany. [loayuum
Ax=Ax,+ A%+ ... =y 4+ 4.+ ... =y,
otkyzna x = A-'y. Kpome Ttoro,
lAyl=1x1< 3Ny,

M TaK KaK OlUeHKa BepHa mJja Jawboro ys=0, to . ‘vatop A-T
OrpaHHYEH.

IlpuBeneM HexkoTOphie BaXKHble CJEACTBHSI 3TOH Teopes. Ipe-
JKJle BCero JajHM ee eCTeCTBeHHoe 060OLIeHHe Ha Cayyal, Koraa
oto6paxenne A He B3aUMHO OJHO3HAYHO.

~Canencrsue 1 (teopema 06 OTKpeITOM oTOGpa)enun). Jlu-
Hedroe nenpepuigroe otobpasenue A 6Ganaxosea npocrpancrsa E

') CroOku [ ] o3nanaloT HeaAylo 4actb uucaa,
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Ha (sce) 6anaxoso npocrpawctéo E, oTkpeiro. 310 swiTexaer u3
JdokasanHol Teopembl u credyroujeti remmo.

JTemwma. Ilycto E — 6anaxoso npoctparcréo u L — nexoropoe
ee0 3amxryToe noonpoctparcteo. OTobpaxenue B npocrpancrsa E
na gaxrop-npocrpancteo E[L, crassujee 8 coorsercreue Kascdomy
x & E raacc cmexcnoctu, codepocauyllii x, OTKPOLTO.

HelictButensno, nyctb Z = E/L, a G — OTKPBHITOE MHOMECTBO
BE uTl =BG Ilycts 2p=T. Torma nafimercss sjeMeHT Xo, NpH-
nagnexauuin B~'2o 1 G. Ilycrs teneps U (xp)— e-OKpecTHOCTb TOU-
KH X, LEJIHKOM Jexamas B G, U nyCTh 2 — NPOU3BOJBEDII 3JeMeHT
€-0KpecTHOCTH TOUKM 2o=T, 1. e. l|lz— 2ll<<e. B coorserctBun
C omnpejesneHHeM HOPMHl B (PaKTOpP-OPOCTPAHCTBE 3TO O3HAUAET CY-
[IeCTBOBAHHE TaKOTo 3JeMeHTa x & B—iz, uto [lx — xpll < e, T. e.
xe U(x))c G. Ho torna 2= BG =T, 1. e. £-0KpeCTHOCTb TOYKH
2o copepxutca B I'. CaenoBatenbno, I' oTkpeiTo. JleMMa gokasana.

IIpencraBus oro6paxenne A npocrpancrtea E Ha E; Kak cymnep-
nosunmio orobpaxenus B mnpocrpanctBa E Ha E/KerA =2 (ot1-
KPBITOTO B CHJY JeMMbl) W B3aHMHO OJHO3HAYHOTO OTOOGPaKeHHS
C npocrpanctBa Z Ha E; (OTKpLITOro B CHIy TeopeMbl 3), mo.ay-
uyaeM, 4T0 A OTKPHITO.

Cnencreue 2 (nemma o tpoiike). I[Tycre E, E,, E; — bana-
x086L npocTpanctea u A, B — nenpepoisroie aunetinoie onepartopel,
us 'E 8 E, u us E 8 E; coorsercreenno, npuuem B orobpaxcaer E
Ha sce Ey (1. e. Im B = E3). Ecau npu atom

Ker A o Ker B, (ll)

TO cywecTeyeT Takol HenpepoisHoll sunelnoli oneparop C, oro-
6pascarowyutl Es 8 Ey, uto A = CB.
CuMBOJHYECKH 3TO YIOGHO H300pa3uTh TaKOH CXeMOM:

KerB—»E—B>E2

n 1 e

Ker A— E > E,

LeficTBuTENIbHO, PACCMOTPHM AJS1 KaXKAOTo 3aeMeHrta 2 & E, ero
ToJNHLH 1npoo6pas B-lze E. M3 ycaoBus (l1) caepyer, uto Bece
sJeMeHTBl ¥, NpUHaiMexauue B~lz, nmepeBousitcs omepartopom A
B OJHH H TOT *e 3JE€MEHT y. DTOT JIEMEHT § Mbl H MOCTaBUM B CO-
OTBETCTBHE 37aeMeHTy 2. ITosyuennuit oneparop C oroGpaxaer E,
B E; u, oueBugHo, nuHeeH. OH HempepoiBeH (a CJeI0BaTEIbHO, U
orpaHuyeH). JlefcTBHTENbHO, eciH G — OTKPBITOE MHOXeCTBO B Ej,
10 ero noanwi npoo6pas C-'G npu orob6paxenud C MoxkKeT CHITA
sanucad kak B(A-'G). Ho A~'G oTKprITO B CHJY HeNPepLIBHOCTH
oneparopa A, a Toraa u B(A-'G) oTkpbiTO B CHiy CJeACTBHSA 1.
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Ynpamuenus 1. Ilycte E, E; — HOPMHDOBAHHBIE NPOCTPAHCTBA; JIHHEN-
#bit onepatop A, neiicrByomufi u3 E B Ei, ¢ oGaactew onpefenenus Da — E,
Tipe/cTaBasdwilell coboii JHHefiHOe MHOroOOpa3sHe, HA3bIBAETCH 3AMKHYTHIM, €CNH
#3 YCIOBHA Xn € Da, xn—X, Axn—y cnenyer, ur0 x= D4 u Ax = y. Ilpo-
BEpPbTE, UTO BCAKHI OrpaHHuYEHHBbIH ONEpaTop 3aMKHYT.

2. PaccMorpum mnpsimoe npousselenne E X E| npoctpancts E u E,, 1. e. au-
HelHoe HOPMHPOBAHHOe NDOCTPAHCTBO, COCTOSIiee W3 BCEBO3MOXKHHIX map [x, yl,
xeE, yeE, c nopmoit [, gyl =xl4+lyli (-1 u | -1l —uopMm B E,
E coorsercreenno). Oneparopy A MoxHO conoctaButh MuOMecTBO G = {[x, 4]
x&D,, y=Ax} < EX E, nasviBaemoe ero zpaguxom. Tlposepsre, uro G4 —
JuueiHoe MHorooSpasne B E X E;, 3aMKHyTOe TOTAa H TOJBKO TOrfa, KOTAa ore-
patop A 3amkuyt. [lokaxurte, uto ecau E, E; — banaxosst npocrparcrsa, a one-
parop A onpedesexn na scem E u samxuyr, 10 on oepanuden (reopema Danaxa
0 3aMKHYTOM rpaduxe).

Ykasanue. [Ipumennre TeopeMy 3 K onepartopy P: [x, Ax] — x, neficTBylomemy
uz G4 B E.

3. Tlyete E u E| — noJidbie CYeTHO-HOPMHpPOBaHHBIE NpocTpaHcTBa. Jlokakure,
4to ecin A — HenpepbIBHbIA JIHHEHHBIE OmepaTop, B3aHMHO OZHO3HAYHO OTOGpa-
xkarowuin E wa E,, 10 ob6paTtHbift onepatop A~! nenpepniBeH. Chopmysupyiite u
JOKaXHTe TeopeMy O 3aMKHYTOM rpaduke I/ CYETHO-HOPMHPOBAHHEIX IpO-
CTpaHCTB.

Paccmorpum  mHOxectBO Z(E, E;) OrpaHHYeHHBIX JIHHEHHBIX
onepatopoB A, oro6paxawmux 6asaxoBo npocrpauctso £ B Gaua-
Xx0BO mnpocrpaHctBo E;. D10 — 6aHaxoBO NpPOCTPaHCTBO. Bhigesum
B HeM MHOxectBo Y% (E, E,|) oneparopos, oroGpaxapouwux E Ha
Bce E; M HMEIOUIMX OrpaHHYEHHBIH OOGPaTHBLIK. TO MHOXKECTBO OT-
kpuito B Z (E, Ey). IMeHHO, cipaBenuBa Cjeayiolas teopema,

Teopema 4. ITycro Ao= 9L (E, E\) u nycto AA — npoussons-
#oui onepatop usz Z(E,E\) taxod, uro |AA| < 1/|A"|. Toz0
oneparop (Ao + AA)~' cywectsyer u oepanuuen, T. e. =
=Ao+ANA =YL (E,E).

HOokaszartenbcTBo. ODuxkcupyeM mNpoOU3BONbHBIE  3JIeMeHT
y= E, n paccmorpum oro6paxenne B mpocrpanctsa E B ce6s,
onpegensiemoe GopmyJion

Bx=A;"'y — A7' AAx.

—11-!
U3 yeaosus | AA <1l 4s " ciaenyer, 4yto oTroGpaxenue B cxu-
Mampomee. Tak kak E monHo, TO CyllecTByeT €NMHCTBEHHAs HeMNO-
JBHXKHAs Touka x oTobpaxeHus B:

x=Bx=A7"y — A7 ' AAx,
OTKyla
Ax =Apx + AAx=y.

Eciu Ax" =y, 10 x" — TOXe HeNnoABHXKHAA TOUKAa OTOGpaxkeHus B,
Tak uro x' = x. Takum obpasoM, nnas Bcsikoro y & E; ypaBHenue
Ax =y umeer B E efuHCTBeHHOe pelleHHe, T. e. onepatop A obna-
naer obpaTtHbiM A~!, ompenenennniM Ha BceM E;. [To Teopeme 3
onepatop A~! orpauuyen, 4to ¥ Tpe6OBANOCH AOKA3ATh.
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TeopeMa 5. [lycre E— 6anaxoso npocrpancréo, I — roscde-
“cysennoii oneparop 8 E, a A — rakoid ozparuuennsiii aunelinbiit
oneparop, orobpaxcatowut E 8 ceba, uro ||Al|<< 1. Toeda oneparop
(I — A)~! cywecrsyer, ozpanuken u npedcTasAfeTcs 8 sude

(I—A) = f‘, A", (12)
h_.=0

JloxaszatenbcTBo., CylecTBOBaHHE H OFpPaHHYEHHOCTb Ole-
patopa (/ — A)~! BhiTegaer us TeopeMul 4 (Bnpouem, 3To cieayeT
TAKXe M U3 NPHBOJHMOrO HHXKE pacCyXKAeHHs). ‘

o o0

Tak kak A< 1,10 2, | A* << Y I A|f < oo. TpocTpancTso E
k=0 k=0
o0
NIOJIHO, TIO3TOMY H3 CXOAMMOCTH psla Z || A® || BHTekaeT, uTo cyMMa
k=0

00

pana Z A® mpencrasnsier coGoit OrpaHHYeHHBIH JHMHEHHHH onepa-
k=0

top. [aa Jaio6oro n umeeM

I—A Y A=Y A* (I — A)=1— A",
k=0 k=0

nepexoas K npeneay IpH f-»00 H YYUTHIBAfg, UTO [[Artl <
< ||All**+! >0, nonyuaem ,

I—A)Y A=} A (I—A)=1I,
: k=0 k=0
OTKYyJHa

U=~ =X A,
k=0

4YTO H TpedoBaJIOCb J0Ka3arThb.

VYnpaxuenune Ilyctb A-— orpaHuueHHHil JuHefHHIN onepatop, oTto6pa-
}alomuii 6aHaxoBo npoctpaHcTBo E Ha GanaxoBo mpoctpanctBo E). Joxaxute,
YTO CYIleCTBYeT TaKas mocrosuHas o >> 0, uto ecii Be Z(E, E)) u [A—Bll <
< o, 10 B oro6paxaer E ua Bce E; (Banax).

5. ConpsixenHbie omeparopbl. PaccMOTpHM HenpephIBHBIN Ju-
HefiHbIH onepaTop y = AX, oroGpaxalomuil JUHeHHOe TOMOJIOrHYe-
ckoe mpocrpanctBo E B Takoe Xe npocrpaHctBo E;. Ilycte g —
JuHelHbIE QYHKUHOHAM, OnpeleneHHblii Ha Ey, 1. e. g € Ei. Tlpn-
MeHHM (QYHKUHOHAA £ K 3JeMeHTy y = AX; Kak JIerKo NpPOBEPHUTb,
g(Ax) ectb HenpepbBHBIN JHHEHHBIH (QYHKIHOHAJ, ONpELeJIEeHHBI
na E; o6o3nauum ero f. ®yukuuoHaa f ectb, TakuM o6pasom, 3Jje-
MenT npocrpanctea E* Kaxaomy ¢ynkuuonany g€ Ei mbl nocra-
BHJIM B COOTBeTCTBHe (yHKIUHOHan e E*, T. e. NOJAYUYHWIH HEKOTO-
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puifi onmepartop, orto6paxaiowmuii Ei B E*. IT0oT omnepartop Hasl-
BaeTCsi CONPAMEHHOIM K onepatopy A u oGosHauaercs A*.

O603HaunB 3HaueHHe (GYHKLOHMOHAJA [ HA 3JeMeHTe X CHMBOJIOM
(f, x), nonyunm, uro (g, Ax) = (f, x), nan

(g, Ax)=(A"g, x).

3To COOTHOWIEHHE MOXKHO NPHHATH 33 ONpejlieNeHHe CONpSXKeH-
HOTrO oneparopa.

Mpumep. Conpasennviii oneparop 8 KOHEYHOMEPHOM npO-
crpancrse. Ilycte HeficTBuTeabHOE N-MepHOe npocTpaHcTBo R™ oro-
Gpaxaerca B mpoctpaHcTBo R™ (m-mepHoe) omepatopom A u mycTb
llai;l — marpuna atoro omepatopa. C :

Oro6Gpaxenne y = Ax MOXKHO 3anucaTb B BHJAe CHCTeMBbl pa-
BEHCTB

n
y,-=_zla”x,, i=l, 2, seey M,
J=

a ¢yuxunoHan f(x) — B Buue

1= 3,

U3 papencrsa

m m n n m
fW=gn)=2 gw =2, ¥ gw,x= ; % 2, iy

=l j=

m
TIoAy4HM, 4TO ;= 121 g:a;;. Tak kak f = A*g, orciona crenyer, uto

oneparop A* 3ajaercs MaTpHLeH, TPAaHCIOHHPOBAHHOH MO OTHO-
IIEHHIO K MaTpuue onepatopa A.

Cuepyoiliue CBOACTBAa CONPSXKEHHBIX ONEPATOPOB BHITEKAIOT
€pasy M3 onpefeJeHus.

1. Oneparop A* nuneeH. .

2. (A+ B)*= A*+ B*.

3. Ecau k—uncno, 1o (RA)* = kA*.

Ecan A — nenpepuiBubiit onepatop u3 E B E,, T0 A* ectb He-
npepuiBHBI onepatop u3 (ET, b) B (E* b) (nposepbre 370!). Ecau
E y E;— GanaxoBel NPOCTPAHCTBA, TO 3TO YTBEPKIEHHE MOXKET
6LITh YTOYHEHO CJIeNYIOIUM 06pa3oM:

Teopema 6. Ecau A— oepanuuennsiii asunelinoii oneparop,
orobpaxarouutd 6anaxoso npocrpanctéo E a 6anaxoso npocrpan-

creo Ey, TO .
, 1A™|=[ AlL
IIokasarteabcTBo. B cuay cBoficts HOpMBl omepartopa

#iMeeM
A%, X) =1 (g, A i<<ligl-NAl-lx],
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orkyna || A"g < All-llgl; cnenosarensHo,
A<l Al (13}

A
Ilycts x= E n Ax = 0; noaoxum y0="—Aﬁ—”- & E,; ouesunno,

uto |lyoll= 1. Ilo cnencreuio u3 reopemnl Xana-banaxa cyuecrsyer
takoil Qynkuuonan g, uto llgl=1u (g, y)=1, 1. e. (g Ax)=
= ||Ax||. Y3 cooTHOomeHu#
Il Ax |=(g, Ax)=](A%g, x)I<<
SHAg- I I<EA*-Ngl-Nxf=01A"-lx]
noayuaeM || A|<<|| A*), uto BMmecTe ¢ HepaBeHcTBoM (13) maer
I A™ = Al

Teopema noxasana.

Ynpaxuenne. Ilycrs E n E) — pediekcuBurle 6aHaxOBH NPOCTPAHCTBA H
A e Z(E,E,). Nokaxute, uto A** = A,

Caenyioutee yTBepxKAeHHe TNpeACTaBiasieT COGON ewle OFHO MO-
JIe3Hoe clelcTBHe TeopeMbl Banaxa o6 ob6paTHOM omepaTope.

Jlemma (06 aunyasitope siapa oneparopa). I[Tycre A — nenpe-
pot8roll aunelinoli oneparop, orobpaxcarowut E na ece E;, e0e
E, E,— 6anaxoss npocrpancrea. Tozda

(Ker A)* =1Im A". (14)
JleficTBUTENbHO, NPOBEPUM CHa4a/la BKJKIOYEHHE )
’ (Ker A)* = Im A", (15)

Ecan feImA* t0 cymectByer Takoii 3nementr ge E;, uro
[ = A*g, n nna Bcex x & Ker A umeem:

(f,x)=(A'g, ) = (g, Ax) =0, 1. e. [e(Ker A)".
Jlokaxem Tenepb 06paTHOE BKJIOUEHHE:

(Ker A}t < Im A", (16)
[Myctb f e (Ker A) L. Toraa nasa otobpaxenuit
f: E->R wu A: E—E

BBINIOJIHEHBl YCJOBUSL JieMMBl O Tpofike (caeactsue 2). ITostomy
cyulecTByeT Takoil aneMmeHT ge Ej, uro (f, x)=(g,Ax), 1. e.
[ = A*g. Tem cambim Bkaouenne (16), a 3HauuT, ¥ paBeHCIBO
(14) noxasaHsl.

6. ConpsixxeHHLIH onmepaTop B eBKJAHAOBOM npocrpaHcrBe. Camo-
conpsiKeHHble onepartopbl. Paccmorpum cayuai, korga A — orpaHu-
yeHHBIH onepaTtop B ruib6eproBoM npoctpaHctse H (meficTBHTED-
HOM uau KomnaekcHoM). CorsacHo TeopeMe 06 o6uieM BHAe JuHeil-
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#Or0 HemnpepbiBHOrO (QyHKUHOHAJA B [HJIb6EPTOBOM IPOCTPAHCTBE
OTOGpaxKeHHe T, CONOCTaBIAWNIee KaXIOMY y & H nunelHblii QyHK-
UHoHaM

() () =(x, v),

ectb uaoMopduaM (uau conpsiKeHnbll usomopdusm, ecin H KoMm-
IJIEKCHO) mpocTpaHCTBa H Ha Bce cONpsKEeHHOe MPOCTPaHCTBO H*.
Ilycts A* — onepatop, conpsikenHsifi oneparopy A. $Slcuo, uto oto-
Gpaxenue A* = 1"'A*r npeacrasaser co60oi OrpaHHYEHHbIH JHHEH-
HBIH m;;zparop, defctByownit B H; Jerko BuaeTtb, 4T0 AAS JMIOGLIX
xye

(Ax, y)=(x, A'y).

_ Tax xak || A*|=I|l All, a oroGpaxeHnss T ¥ T~! H3OMETPHUHbI, TO
1A= Al

Bce ckazaHHOe crnpaBefJiiBO, pa3yMeeTcs, W JJisi KOHeEuHo-
MEpPHOTrO eBKJIHI0BA NPOCTPAHCTBA, NEHCTBHUTENBHOTO HJIM KOM-
TIJIEKCHOTO.

IIpumem chaenyioutee cornamente. Ecin R — eBKIUAOBO 1po-
CTPAHCTBO (KOHEYHOH MM OGeCKOHeYHOH pa3MepHOCTH), TO omepa-
TOPOM, CONPAXCeHHbIM K HeficTByolleMy B R onepatropy A, Mbl Ha-
30BEM OnpefeleHHbHi Bollie onepatop A*, NeACTBYIOIMHA B TOM
XK e mpocrpaHcTse R.

Cienyer mog4yepKHYTb, YTO ITO ONpejlesleHHe OTJAHYAaeTCs OT
OlIpeJIeJIeHHs] CONPSKEHHOTO OmepaTtopa B NpPOH3BOJBHOM GaHaxo-
BoM npocrpaHcTBe E, corsacHO KOTOPOMY CONPSiKEHHBIH ONepaTop
A* nefictByer B conpsixkeHHOM npoctpaHctBe E*. HMHorjna oneparop
A*, B otinune oT A*, HA3BIBAIOT IPMUTOB0-conpaxceHHbim. UTobnl He
YCJA0XKHATD TEPMHUHOJOrMH M 00603HauyeHHH, Mbl Oynem nucate A*
BMecTo A* M rOBOPHUTH O CONPSIKEHHOM OmepaTope, MOMHS, OAHAKO,
YTO B €BKJHAOBOM CJyuae CONpsXKEHHbIH omepatop BCerjga Io-
HHMaercsl B CMBIC/IE, YKA3aHHOM B 3TOM MYHKTE.

$lcHo, UTO B €BKJIMAOBOM MpOCTpaHcTBe R omepatop, CONpsixKeH-
Hbil K A, MOXHO ONpeNe/]HTb Kak TaKoH omepartop, KOTOPHIH NpH
BCeX X, Yy = R ynoBJeTBOpsieT paBeHCTBY

(Ax, y)=(x, A%).

Tlockoabky omepatopnl A u A* meficTBYIOT Temepb B OJHOM H TOM
2Ke TpOCTPaHCTBE, BO3MOXKHO paBeHcTBOo A = A*. BbizenuM Bax-
HBI KJacc ONepaTopoB B €BKJIHAOBOM (B 4aCTHOCTH, rusb6epro-
BOM) TNIPOCTPAHCTBeE.

Onpenenenue. 4. OrpaunyeHHbll JuHeHHBIH onepatop A,
ReHCTBYOIMA B eBKJAHAOBOM mNpocTpaHcTBe R, HasblBaeTcs camo-
conpaxmcennoin, eciu A = A* 1. e. ecau

(Ax, y)=(x, Ay)
AJs Bcex X, y = R.
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OTMmeTuM clenywolllee BaXXHOe CBOACTBO omepartopa A*, compsi-
®enHoro K omepatopy A. IloampocrpaHcTBo R; eBksiumosa mpo-
crpaHCcTBa R Ha3biBaeTCsl UHBAPUAHTHLIM OTHOCHTEJIBHO ONepaTopa
A, ecin u3 x = R, Butekaer Ax e R,. Ecau nodnpocrpanctéo R,
UHBAPUAHTHO OTHOCUTEAbHO A, TO €20 OPTO20HAALHOE OONOAHEHUE
Ri" unsapuantro orHocuressno A*. IleficTBuTeNbHO, €CaH Yy &< R,
TO AJs1 BCeX X € R uMeeM

(x, A'y) = (Ax, y) =0,

nockoabky Ax = R,. B uacrHocTH, ecan A — caMoOCONPAKEHHBIM
onepartop, TO OpTOroHaJJibHOE€ NOIMNOJHEHHE K JIlOﬁOMy €ro HHBapuaHT-
HOMY NOANPOCTPAHCTBY CaMO HHBAPHAHTHO OTHOCHTEJbLHO A.
Ynpaxuenne. Jlokaxure, yto eciu A # B -——orpaHdueHHble JIHHeHHbIE
onepaTopsl B €BKJHAOBOM NPOCTPAHCTBE, TO CNpaBeAJHBH DaBEHCTBa:
(aA + BB)* = &A" 4 §B",
(AB)* = B*A*,
(A% =4,
I*=1 (I — exuHuuHHA omepaTop).

7. Cnexrp onepatopa. PesoabBenta'). Bpsan au MOXKHO yxas3aTh
6oJiee BaxKHOE NOHSATHE B TEOPpHH OonepaTopoB, UeM NOHATHE CIeKTpa.
Hanmomuum npexae 37O IIOHATHE Vi1 KOHEYHOMEDHOro cjaydas.

IMycts A — nuHelHBIH ONepaTop B N-MepHOM mpoctpaHctse Cn.
Uucno A Ha3biBaeTcss COOCT8eHHbIM 3HaueHuem onepatopa A, ecau
ypaBHeHHE '

Ax=1)x

uMeer HeHyJeBble pemeHusi. COBOKYNHOCTb BCEX COGCTBEHHBIX 3Ha-
YeHHI Ha3bIBaeTCH CneKTpom omneparopa A, a Bce OCTajbHble 3Ha-
qyenusi A — peeyasaproinu. Mluave rosops, A ecTb peryasipHasi Touka,
ecau oneparop A — Al o6paruM. Ilpu srom (A — A/)-! onpenesnen
Ha BceM C" u, KaK M BCSAKHH ONepaTop B KOHEYHOMEPHOM IIPOCTpaH-
crBe, orpanuueH. MTak, B KOHEYUHOMepPHOM INPOCTPAHCTBEe Cyllie-
CTBYIOT J1B€ BO3MOMKHOCTH:

1) ypaBuenue Ax = Ax uMeeT HeHyJeBOe pelLleHHe, T. €. A eCTb
co6cTBeHHOe 3maueHne anaa A; onepatop (A — Al)~! mpu stom He
CYLUECTBYET;

2) cyuwecrByer orpaHHueHHbll onepatop (A — Al)7!, onpenenen-
HBI HA BCEM IPOCTPAHCTBE, T. €. A €CTh peryJasipHas Toykxa.

Ho ecain A —onepatop, 3ajaHHbii B GEeCKOHEYHOMEDHOM IIpO-
crpancrtse E, T0 uMeercs ellle ¥ TpPeTbsd BO3MOMXHOCTb, 3 MMEHHO:

~ " 3) onepatop (A — Al)~! cyuiecTByer, ‘T. e. ypaBHeHHe Ax == Ax
jMeeT JIHLIb HYJIEBOe pelleHHe, HO 3TOT ONEepaTop OnpefiesieH He Ha
BceM E (M, BO3MOXHO, HEOTPaHHYEH).

') Beiogy, rAe peuyb HAET O CHEKTPe ONepaTopa, Mbl CUHTAEM, UTO ONEpaTop
JEACTBYeT B KOMMNJI € K CH O M NPOCTPaHCTBe.
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Bsenem caenyromyio TtepmuHOJOrHio. UHeao A MBI HasoBeM
peeysapHoim Jasi onepatopa A, REACTBYIOUEr0 B (KOMILIEKCHOM)
6aHaxoBoM mpocrtpaHcTse E, ecam omnepatop Ry ==(A—AAl)7),
Ha3bIBaeMBIH pe3oaveentol oneparopa A, onpedesen na acem E u,
caedosareasro (teopema 3), oeparuuer. COBOKYMHOCTb BCEX Oc-
T&bHLIX 3HaUYeHHH A HaspiBaeTcs cnekTpom oneparopa A. Chextpy
npuHajiexar Bce coGCTBeHHbie 3HaueHus omeparopa A, Tak Kax
ecin (A—M)x =0 npu HekoropoMm x+*0, 10 (A—Al)~! He
‘cyutecTByeT. VX COBOKYNHOCTb Ha3BIBAETCS TOYEYHOIM CHEKTPOM.
OcranpHas 4acTb CIEKTPa, T. €. COBOKYIHOCTb TeX A, AJS KOTOPHIX
(A — Al)~! cymecrByer, HO ompejiesieH He Ha BceM E, HasbiBaercs
Henpepoigrbin cnektpom. HITak, kaxuoe 3HaueHue SIBAAETCS AN
ornepaTtopa A HJIH PeryJsipHbIM HJH COGCTBEHHBIM 3HAYEHHEM, HJIH
TOYKOH HeIpepbIBHOrO CrekTpa. BO3MOXKHOCTL Hanuuus y oiepa-
TCpa HempepLIBHOTO CIIEKTPa — CYLIECTBEHHOE OTJHYME TEOPHH Olle-
pPaTOpOB B GECKOHEUHOMEPHOM MPOCTPAHCTBE OT KOHEUHOMEPHOTO
cnyyas.

[Myctb A — orpaHnueHHbIH omnepartop, AeHCTByWIUHA B GaHaxo-
BoM mpocrpanctBe E. Ecam Touka A peryjaspHa, T. e. omepaTop
(A — Al)-! ompenesien Ha BceM £ M OrpaHuyeH, TO IPH JOCTATOUHO
masom 6 omeparop (A —(A-+8)/)"! roxe ompenenen Ha BceM E
¥ orpanuyeH (TeopeMa 4), T. e. Touka A 4 & Toxke perynspha. Ta-
KuUM 006pa3oM, pezyasapHble TO4KL 006pasytoT OTKPHITOE MHONCECTSO.
CrenoBaTesNbHO, CneKTp, T. e. JONOJHEHHe 3TOr0 MHOXeCTBa, —
BAMKHYTOE MHONECTSO.

Teopema 7. Ecau A — oepanuuennoii auneiinoiii oneparop 8
6anaxosom npocrpasctee E u |A] >|All, To A — peeyaapras rouka.

HoxrkasarteabcTBo. Tak Kak, oueBHHO,

A—a==1n(I—5A4),
TO -
Rx=(A—u)""=—%(1—%)"l=—-i-kﬂ%,;.

TIpu |All<<|A| 3ToT psin cxonuTcss M 3aLaeT OnpefeNeHHbI HA BCEM
E orpaunuennbii onepatop (reopema 5). Muaue rosops, cnekrp
oneparopa A codepacurca 8 kpyze paduyca ||All ¢ uentpom B HyJe.

INNpumepn. 1. B npocrpancree Cla, b] paccmorpum omnepa-
Top A, onpenensieMblil GoOpMyNO#

Ax () =tx (t). (17)
(A—ADx@)=({—2r)x(?).
Onepartop (17) obpatuM npu J1060M A, TaK KaK M3 paBeHCTBa
' t—A)x@t)=0

Torna



236 JIMHEVIHBIE ®YHKUWOHAJIB U JIMHEMHBIE OTIEPATOPH Wi IV

cJeayer, YTO HenpepbiBHAass QYHKUHA x({) TOKIECTBEHHO paBHa
Hymo. OxaHako npu A&[a,b] ob6paTHbii omepatop, 3ajgaBaeMblit
dopmynon

(A=) k() =27 50

onpenenen He Ha BceM Cla, bl u neorpauuven. (Jlokaxure 370!}
Takum o6pasoM, crneKTp onepatopa (17) mpeacrasiser co6oil oTpe-
30K [a, b], npuueM coGCTBEHHBIE 3HAUEHUST OTCYTCTBYIOT, T. €. HMeeT-
CSl JIMIUb HETPEPHIBHBIHA CHEKTP.

2. Paccmorpum B mpoctpaHcTBe [p omepatop A, onpelensieMblit
CJEAYIOUHM 06pa3om:

A: (xy, %o, ...)—=>(0, %, x5, ...). (18)

JToT onepaTop He uMeeT COOCTBeHHHIX 3HauyeHuil. ([loxkaxure 3To0!)
Onepatop A-! orpanuueH, HO ompeleneH B [p JHIIb HA TOANPO-
crpaHcTBe X =0, 7. e. A = 0 ecTb TOUKA CIeKTpa oneparopa.

Viopaxnaennsd €Cofepxur au cuekrp oneparopa (18) Kakue-nu6o TOYKH,
KpoMe A = 0?

3ameuanua (1) Beaxkufi orpannyeHHBIA JIMHEHHBIH onepaTop, ompeje-
JIEHHbIA B KOMIUIEKCHOM 06aHaxOBOM IPOCTDPAHCTBe, HMelolleM XOTs1 Gbl OLWH OT-
JHYHBIH OT HYJS 3JEMEHT, HMeeT HenmycToH cmektp. CyIlecTBYIOT ONepaTopH, Yy
KOTOPBIX CIIEKTP COCTOHMT M3 €IHMHCTBeHHOH TOYKH (HampHMep, OMepaTop YMHO-
JKEHHS Ha YHCJO).

(2) Teopema 7 Moxer OHTb yTouHeHa cieaywowuM obGpasoM. [Tyctb

n

r= lim 4/| A% ||
n->o0

(MOXHO JOKa3aTh, 4TO 3TOT Ipefes CyIecTBYeT MJs JIOGOro OrpaHHYEHHOTOo
oneparopa A), Torga cnexrp oneparopa A yeauxom sexur 8 kKpyze paduyca r
¢ yentpom 6 Hyse. BequmuHHa r Ha3HIBAETCS CNeKTPasbHuim paduycom onepa-
Topa A.

(3) PesonbeenTHble onepatopsl Ry, u Rj, oTBeualollie TOYKaM W M A, mepe-

CTAHOBOUHBI MEXIY cO60H W YHZOBAETBOPSIIOT COOTHOUIEHHIO

R,—R,=(—A)R,R,,

KOTOPOE JIETKO NPOBEPHTb, YMHOXHB 06€ YacTH 3TOrO pPaBEHCTBA Ha
(A=Al (A —pl).
OTciona BHITEKAET, YTO €CJAH Ag— peryjspHas Touka Ajs A, TO TNPOH3BOAHAS OT
Rj mo A mpu A == Ag, T, €. Tpeaen
{im Ragtan — Ry,
AA>0 A )

. 2
cymlecTByeT (B ¢MBICHe CXOXHMOCTH TO ONEpPaTOpHOR HOpMe) n paBHa Ry .

Ynpaxunenne. ITycte A — orpaHHUYeHHBIl CaMOCOMpPSIKEHHBIA oNepaTop
B KOMILJIEKCHOM THAbGepToBOM mpoctpaHcTBe H. JlOKaXKuTe, UTO €ro CIEKTP €CTh
S3aMKHYTO€ OIpaHHYEHHOe MOAMHOXECTBO JeHCTBHTENbHOH OCH,
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§ 6. KoMnakTHble oneparopsl

1. OnpepneneHde ¥ nNpUMepLl KOMNAKTHBIX onepaTopoB. B oT.u-
YHe OT JIHHefHBIX ONepaTopoB B KOHEYHOMEPHBIX NPOCTPAHCTBAX,
JJIs1 KOTOPBIX HMeeTCs HCuepnblBalolllee ONHCAHHE, H3yYeHHEe TIPOU3-
BONbHBIX JIMHEHHBIX ONepaTopoB B OeCKOHEYHOMEPHBIX MpPOCTpaH-
cTBax npencramiseT cCo00H BeCbMa CJOXKHYIO H, IO CYLIECTBY, He-
oGospumyio 3anavy. O1HaKo HEKOTOpPble BaXKHble KJIACChl TAKUX Ofle-
paTtopoB MoOryr OBITb OHHCaHBl TNOJHOCTbIO. CpeiH HHUX OXUH U3
BaxHeHWnx oOpasyloT TaK HasbiBaeMble KOMIaKTHBHE € onepa-
TOpBl. DTH ONEPaTOphl, C OXHOH CTOPOHBI, GJH3KH MO CBOMM CBOMl-
CTBAM K KOHeuHOMeprbim (T. €. OrpaHHYEHHBIM OnepaTtopaw, Inepe-
BOJSIILUM JaHHOe IPOCTPAHCTBO B KOHEYHOMEDHOE) H JAOMYCKaloT
MOCTAaTOYHO JeTajbHOe ONHCaHHe, a C APYTrOH, HrpaloT BaKHYIO
pOJib B pa3JIMUHBIX NPHJOXKEHUSX, B NEPBYIO OYepelb B TEOPHH HH-
TerpaibHblX ypaBHeHHuH, KOTOpbIM OyleT nocssamena ria. I1X.

Onpenenenne 1. Oneparop A, oro6paxaiomuii GaHaxoBo
npoctpaHcTBo E B ce6st (unu npyroe 6anaxoBo mpocrpaHctso £y),
HAa3bIBAETCS KOMNAKTHbIM, UIH BNOAHE HENpPepbl8HbiM, €CJIH OH Ka-
}J0€e OTPAHHYEHHOEe MHOXECTBO MEPeBOAUT B NpeiKOMIaKTHOe.

B kxoHeuHOMEPHOM HOPMHPOBAHHOM IIPOCTPAHCTBE BCAKHH JHHEH-
HbIE ollepaTop KOMIaKTeH, NOCKOJbKY OH HEePeBOAMT Ji06oe orpa-
HUYEHHOEe MHOXKECTBO B OTpaHHYeHHOe, a B KOHEUHOMEDHOM Ipo-
CTPaHCTBE BCSIKOE€ OTPaHHUYEHHOE MHOXKECTBO MPEJKOMIAKTHO.

B G6eckoHeuHOMEepHOM NPOCTPAHCTBE KOMIAKTHOCTb OlepaTopa
ecTb TpeOoBaHHe CYLECTBEHHO OoJiee CHJBHOE, YeM INMPOCTO €ro He-
NpepLiBHOCTD (T. €. OrpaHuyeHHoctb). Hanpumep, efnHnyHbIl ome-
paTtop B rHAbOEPTOBOM MPOCTPAHCTBE HeNpephlBeH, HO OTHIOAb He
Komnakrten. (Jlokaxute 3TO He3aBHCHMO OT pacCMaTpPHBaeMOTro
HUKe npHMepa 1.)

PaccmoTpuM HeKOTOpBIE IpHMeEDBI.

1. ITyctb I — enunnunbiil onepatop B GaHAXOBOM INPOCTPAHCTBE
E. Tloxaxewm, uto ecin E GeckoHeyHOMepHO, TO ornepartop / He KoM-
nakrteH. [nst 3TOro AOCTAaTOYHO, OUEBHAHO, IOKa3aTb, UTO €IHHHY-
ot wap B E (xkoTophlil, pasymeercs, nmepeBoAuTCS onepatopom [/
B ce6s) He INpPeIKOMIAKTeH. DTO B CBOIO OUepelb BHITEKAaeT H3
caeayviollell JeMMBbl, KOTOpass HaM MNOHAZOOUTCA M B JajbHeHlIeM.

Jdemma 1. [Tycto xy, Xs, ... AUHEIHO He3QBUCUMbIE BEKTOPbLL 8
Hopmuposannom npocrparcrse E u nycre En — nodnpocrpancreo,
nopoxcoenHoe 6eKTopamu Xi, ..., Xa. Toeda cyujecTéyer nocaedo-
BATENbHOCTL B8EKTOPO8 Yy, Yz, ..., YOOBAECTBOPAOULAR CACOYOULUM
YCAOBUAM:

Dlgall=1 2) yo=Ep; 3) p(Yns Enmi) > 1/2,
rae p(Yn, En_i)— paccrosiHue BeKTOpa Yn OT Eny, T. €.

inf ||y, — x|
*EE, |
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JdoxaszatenpcTBO. JlefiCTBHTENBHO, TaK KaK BEKTODH Xi,
X, ... JIHHEHHO HE3aBHUCHMBIL, TO Xp & En_y u p(Xp, Ep) = a > 0.
‘Tlyctb x* — Takoi Bektop u3 En—y, ut0 X0 — x*|| < 2a. Torza, no-
' CKOJIbKY & == P (Xn, En—1) = p(%n — x* En—{), BeKTOp

— Fn— %
In= Tan—=T
yloBaerBopsieT BceM ycaosuaM 1)—3). 3a y; npu 3TOM MOXKHO
B3ATb Xif{|x4]l.

JleMmma noxasaHa.

[Moap3ysick 3T0 eMMOH, B eJHHHYHOM IIape BCAKOro GeCKOHey-
HOMEPHOTO HOPMHPOBAHHOTO NPOCTPAHCTBA MOXKHO IMOCTPOHTH MO-
CJIel0BATEJIbHOCTb BEKTOPOB {Yn}, AJsST KOTOPOH p(Yn—1, Yn) > 1/2.
Slcno, uto Takas nocjenOBaTENbHOCTb HE MOXKET COAep¥KaTh HHUKA-
KOH CXOASIEHCS MOANOCTelOBATEIbHOCTH. A 5TO U O3HAYAeT OTCYT-
CTBHE MPEIKOMIAaKTHOCTH.

2. Tlycte A — HempepBIBHBIA JIHHEHHBIA OMEpaTop, nepeBOASIIIUE
6aHaxoBo mpocTpaHCTBO E B HEKOTOpoe ero KOHEeYHOMEepHOe NOoJ-
npoctpaHcTBo. Takoii onepaTop KOMNAKTeH, MOCKOJIBbKY OH IEPEBO-
JUT BCSIKOE OrpaHHuYeHHOe noaMHoxectBo M < E B orpanuieHHoe
MOJMHOXKECTBO KOHEUYHOMEPHOrO MNpPOCTPAHCTBA, T. €. B MPEAKOM-
NaKTHOE MHOXKECTBO.

B wactHocTH, B ruabn6epTOBOM TIPOCTPAHCTBE ONEPaToOp OPTOro-
HAaJ/IbHOTO TPOEKTHPOBAHHS HA NOANPOCTPAHCTBO KOMIAKTEH B TOM
H TOJbBKO TOM CJy4ae, eCJH 3TO NOANPOCTPAHCTBO HMEET KOHEUHYIO
Pa3MepHOCTh.

3. Pacemorpum B HpOCTpaHCTBe ly omepatop A, onpenesieHHbli
C/eAYyI0IHM 06pa3oM: ecnu X == (X, X2, ..., Xn, «..}, TO

Ax=(x1, -;—xz, cens —2!;1—36,,, ) 1))

DtoT onepatop KomnakTeH. JleACTBUTENbHO, MOCKOJABKY BCAKOE
OTpaHHYeHHOe MHOXECTBO H3 [y COLEpPKHUTCS B HEKOTOPOM Iiape
3TOTO INPOCTPAHCTBA, MOCTATOYHO MAOKa3aTh, 4YTO OOpassl WIapoB
NPEIKOMIIAKTHBI, a B CHJY JHHEHHOCTH ONepaTopa HOCTATOYHO Ipo-
BEPUTb 3TO AJNs enuuuyHoro wapa. Ho omeparop (1) nmepeBomur
€[MHHYHBIA Wap npocTpaHcTBa ly B MHOXECTBO TOYEK, COMEpIKa-
eecs B OCHOBHOM napaJJenenunene (cM. ri. I, § 7, o. 1). Caeno-
BATe/bHO, 3TO MHOXECTBO BIIOJIHE OTPAHUYEHO, 4 3HAUMT, M Npei-
KOMMAaKTHO.

Vnpaxuenue Ilycrs Ax = (aix:, Gs%s, ..., AnXn, ...), OPH KAKHX YC-
JIOBHAX Ha MNOCJAELOBATEJbHOCTb uHCea {an} 3TOT omnepatop B l; KOMHAaKTeH?

4. B npoctpancrBe HenpephiBHEIX Gyukunii C [a, b] BaxHbIl Knace
KOMIAKTHBIX omepaTtopos o6pa3yioT onepaTopbl, MNpeACTaBHMbIC
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B BHIeE
b

ax=y()=\K(s nr@p)at 2)

a

TMokakeM COpaBeANHBOCTb CJEAYIOUIErO YTBEPXKACHHA: ecAu
¢ynrxyua K(s,t) oepanuuena nHa keadpate a < s<<b, a<i<b
U 8ce ee TOUKU PA3PLIBA AEHLAT HA KOHEYHOM HUCAE KPUBLLX

t=qp(s), k=1,2,...,n,

20e @n — Henpepol8rvle ynkyuu, 10 Gopmysra (2) onpelensner 8
npocrpancree Cla, b] komnaxtHoi oneparop.

JeficTBHTETbHO, 3aMeTHM, Ipex/Je BCEro, YT0O B YKa3aHHbIX yC-
JoBusiX MHTerpan (2) cymecTByer Ans J06oro s H3 orpeska [a, bl,
T. e. QyHKuHua y(s) ompenenena. Jlanee, nyctsb

M= sup [K(s, t)]
as, t b
H nyctb G — MHOXKeCTBO Tex ToueK (S,!), I/ KOTOPBIX XOTsi GHF
npu ogHoM k=1, 2, ..., n BHINOJHSETCS HEPABEHCTBO

It —@u(8) | < 5377 -

CaemoM G(s) 3TOro MHOXKeCTBA Ha KaxXJOH npsmoil s = const cay-
JKHT 00beliHeHHe HHTEPBAJIOB

n
| f— 2
G(s)—-kgl{t. 1t — 0u(9) | < T }-
IMycts F — nononHenne MHoxectBa G 10 KBajpara a << S, t << b.
Tak kak F komnakrtHo, a ¢yHkuus K(s,!) nenpepniBHa Ha F, To
cyluecTByer Takoe § > 0, uro

|K (&, )= K(s", 1)1 < 555=o7

s ao6uix touek (s, 1), (s”,t”) us F, ynoBnerBopsiioliux ycimo-

BH1O
|S'—S”|+lt,-—t”|<6. (3)

OuennM renepp pasHocTh Y(S')— y(s’’) B npeANoNONKEHHH, YTO
|s’ — s”| < 8. UMeem
b

19— y6I< Ik, =K (", Dilx O 1a8

a

I/l OLEHKH CTOSMIlero CIpaBa HHTerpasa pas3o6beM NpPOMeXYTOK
HHTerpupoBaHus [a, b] Ha o6bennnenue uurepsanos G(s’) U G(s”),
KoTopoe 0603HayuM P, H oCTaJbHYIO 4acTb OoTpesKa [a, b], KoTtopyio
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o6o3nauum Q. 3ameTuB, 4yTo P ecTb 00beAUHEHHE HHTEPBAJOB, CyM-
MapHas JJHHA KOTOPbIX He NMpeBOCXOAHT &/ (3M), nonyuaem

bk, n—k@ oz@iae <22ix

P

Hurerpan no Q momyckaer, OueBHIHO, OLEHKY

VI, =K@, 1 x@lat < L),
Q

Taknm o6pasow,
ly(s)—y(s)I<elx]l (4)

HepagencrBo (4) mokasoiBaet, uTo GYHKUHA y(S) HenpepsiBHA,
T. e. opmysa (2) AEeHCTBUTENbHO ONpejeJsieT ONepaTop, NepeBos-
uuit npocrpanctso Cla, b] B ce6Gs. [danee, us Toro e HepaBeHeTBa
BHIHO, uTO ecau {x(f)} — orpaHnuyennoe muoxecrso B C[a, b], To
COOTBETCTBYIOIlee MHOXecTBO {y(S)} paBHOCTENEeHHO HeMpepbIBHO.
Haxkoneu, ecau {x]] << C, to

b
lyl=suply (&) |<sup {IK(s, DIl x@) 1dt <M©E— )],

a

Takum o6pasom, onepartop (2) mepeBOLUT BCSAKOE OrpaHHUEHHOE
mHoxecTBO U3 Cla, b] B MHOKeCTBO (GYHKUMI, PABHOMEPHO OTpaHH-
YeHHOE ¥ PaBHOCTENIEHHO HeNpephIBHOE, T. €. NPEIKOMIAKTHOE.

4a. Pacnonoxenne Touek paspeiBa ¢yukuunu K(S,?) Ha KoHeu-
HOM YHCJe KDHBBIX, MepeceKaloulux npsaMbie § = const auilb B o-
HOH TouKe, cymlecTBeHHo. IlycTb, Hanpumep,

_{1 npn s <1/2,
Ks, )= 0 mnpa s=>1/2;

omeparop (2) ¢ TakuM SIpOM, 3aJlaHHbIM Ha kBajxpate 0 << s, ¢ << 1
H HMEIOIIHM TOYKAMH pa3pbiBa BeCb OTpe3oK § = 1/2, 0 << ¢ < 1,
nepesoaut Gydkunio x(f)= 1 B paspbIBHYI0 PYHKIHIO.
46. Ecau nosoxuts K(s,t)=0 npu #>s, To omeparop (2)
NpHMET BUJ
s
y©) =K, nr@ar )

a

Bynem cunrath, uto ¢yukuns K(s,!) uenpepwiBHa mpu ! <CS; TO-
rAa U3 CKa3aHHOrO B npumepe 4 caenyer, uto onepartop (5) Bnosue
nenpepsisen B Cla, b].
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ATOT omepatop HasmiBaercsi oneparoposm Tuna Boaereppal).

3ameuanue. [Ipy npuHATOM HaMH ONpelde]eHHH KOMIIAKTHOTO
onepaTopa MOXKET OKa3aTbCf, YTO 00pa3 3aMKHYTOro €JHHHUYHOrO
11apa HEeKOMIakTeH (x0T OH MNpeakommakteH). J[leficTBuTenbHO,
paccmorpum B npocrpadctde C[—1, 1] onepaTtop uuTerpupoBanus

Jx(s)= S x (¢) dt;
-1

o AOKa3aHHOMY Bbille, J — BNOJIHE HENpepbIBHEII omepaTrop B
C[—1, 1]. onoxum
0, ecin — 10,

X, (t)=9 nt, ecin 0<t<1/n,
1, ecmn l/n<i<l.

Torna xn & C[—1, 1], lxnll = | pas Bcex n u
0, ecan — 1 << <C0,
Yo (y=1Tx, ()= nt¥2, e 0<E1/n,

t—1/2n), econ 1/n<t<1.
SIcHO, YTO MOCTEN0BaTENBHOCTb Yn cxonutea B C[—I1, 1] kK dyHKuUM
0, ecin —1<IKO,
y(t)={ t, eum 0<t<I1,

KoTOpasi He sBjaseTcss o6pasoM (mpu oroGpaxeHuH J) HHKAKOM
¢yuxuuu u3 C[—1, 1], u6o dynkuus y’ () paspoiBHa.

OnHako MOXHO JI0Ka3aTh, UTO €CJAH IPOCTPAHCTBO ped/IeKCHBHO
(Hanpumep, ruIb6epTOBO), TO 00pa3 3aMKHYTOTO €IMHHYHOTO LIapa
IpH KOMIIAKTHOM JIHHEHHOM OTOGPa’KeHHU KOMMIAKTEH.

2. OcHOBHBbIE CBONCTBA KOMMAKTHBLIX OMEPATOPOB.

Teopema 1. Ecau {An} — nocaedosaresbHocre KOMRAKTHBLX
oneparopos 8 6anaxosom npocTpancree E, cxodaujanca no nopme &
nexotopomy oneparopy A, To onepatop A TOxNce KOMNAKTEH.

HorkasareabcTBo. g ycTaHOBAEHHS KOMIAKTHOCTH oOIlle-
patopa A 10CTaTOYHO MOKa3aThb, YTO, KaKoBa Gbl HU Obljia orpaHu-
yeHHasl 10CJAef0BATENbHOCTh X1, X2, ..., Xn, ... 3JeMedTOB H3 E,
U3 MOCJaef0BaTeIbHOCTH {AXn} MOMHO BBUIEJHTb CXOMSILLYIOCS MOX-
NOC/1e0BATENbHOCTD.

Tak kak onepatop A; KOMnakTeH, TO M3 I0CJAEJOBATENbHOCTH
{Ai1xn} MOXHO BHIGpPATL CXOAALLYIOCS MOANOCAELOBATENbHOCTD.
Ilyctb

D (6)

') Buro BosbTeppa — HTaNbAHCKHA MaTeMaTHK, aBTOP psijga paGoT mo ¢yHK-
OHOHAJNbHOMY aHAJMH3y W HHTErPAaNbHbIM YDaBHEHHSM,
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— TaKas MOANOCI]eN0BaTeNbHOCTD, uTo {A X"} cxomurcs. Paccmor-
puM Tenepnb nocienosarenbnocts {Ax(}. s nee onstb-Takn MOX-
HO BHIGpaTh CXOAAILYIOCH NMOANOC/eN0BaTeabHOCTb. ITycTh

XD, x@, L., X3, L

— TaKas NOJANOCJeloBaTebHOCTb, BuiGpaHHas u3 (6), uro {A2x§f’}
cxozutes. Ilpu stom, ouesunno, {4,x@} toxe cxonutes. Paccyxnas
aHaJIOTHYHO, BHIGEpPEeM M3 MNOC/IeN0BATENbHOCTH {xff)} TaKyl0 MOM-
[0C/Ie10BATENbHOCTD

P, xQ, .o, X9, L

uto {AxP} cxonutes, u T. 1. BosbMeM 3aTeM aMaroHasbHylo mocie-

JA0BaTeJbHOCTD
P, x@, L, X0,

Kaxnbiii u3 oneparopos Ay, Ay, ..., An, ... HEPEBOAUT €€ B CXOAf-
mylocs. ITokaxkeM, uTo u oneparop A TOXe NEPEBOJHUT €€ B CXOAS-
mytocs. Tem campiM koMnakTHocts A Gyner ycranosieHa. Tak kak
npocrpanctso E nojno, TO LOCTaTOYHO mNOKas3aTh, uro {Ax{™}—

(byuuamem*anbﬂaﬂ nocJjeaoBaTenbHoCTh. MiMeem
| — A < A — Aep] +
FHAD — A+ A — AxpL O

Iyctsb llxall < C; BuiGepem chavana k Tak, uto ||A— Axll << &/(3C),
a notoM BhiGepeM Takoe N, utoGel npu Bcex n >N u m > N Bu-
TNOJIHSIOCH HEPaBEHCTBO

[ A — AP <ef3

(3TO BO3MOXKHO, TaK KaK NOCJEJ0BaTEIbHOCTh {Akxg")} CXOLHTCH).
Ilpu 31uX ycaoBuax H3 (7) mosyyaeM, uTo

[ Ax® — Axm| < e

A5 BCeX JOCTATOUYHO GOJIBIUHX 7 1 M.

Teopema nokasana.

JIerko npoBepuTh, 4TO NMHeHHAsh KOMOHHALKA KOMINAKTHHIX one-
patopoB KomnakrtHa. CuenosatenbHo, B npocrpancree £ (E, E)
BCEX OrpaHHYeHHBIX JHHEHHBIX ONePaTopoB, onpeleleHHbIXx Ha E,
KOMIIAaKTHbIE ONepaTophi 00pa3yloT 3aMKHYTOe JIHHefiHOe MNOoAnpo-
CTPaHCTBO.

[TocMoTpum Temepn, GyneT /i COBOKYNHOCTb KOMMAKTHBIX Olle-
paTopoB 3aMKHYTa OTHOCHTENbHO OlNepauuH NepeMHOXKeHWs onepa-
TopoB. Ha camoMm nene 3nech cnpaBeaHBo Laxe CylleCTBEeHHO Go-
Jiee CHIbHOE YTBePXKIeHue.
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Teopema 2. Ecau A — Komnaxktuoui oneparop, a B — oepauu-
yernbui, To oneparopet AB u BA xomnaxThel.

Hoxaszateansctso. Ecin mHoXectBo M < E orpanudeHo, 10
BM Ttoxe orpaunueno. CienosatennHo, ABM mnpeaxoMnakrtao, a
3TO W 03Hayaer, uTo onepatop AB komnakren. Jaiee, eciiu M orpa-
HHYyeHo, To AM npenKoOMnakTHO, a TOrAa, B CHJIY HelpepbiBHOCTH B,
MHOKecTBO BAM TtoXe mpenkoMmaxkTHo, T. e. omepatop BA kom-
TaKTeH.

Teopema fokasaHza.

CaencrBue. B 6eckoneunomeprom npocrpancrse E komnaxr-
HblL OnepaTrop He MONET UMETb 02PAHUUEHHO20 00PATHOZ0.

JeficTBuTeIbHO, HHAYe efUHUUHbIH onepatop [ = A-'A Gbia1 Gbl
KomnakrteH B E, uro HeBO3MOXKHO (cM. npumep 1).

3amedanue TeopeMa 2 moxa3niBaeT, YTO KOMIIaKTHbIE onepaTopsl o6pasyto1'
B KOJIbI[€ BCEX OTPAHHYEHHBIX ONEPaTOpOB o4 (E, E) nBycropouuuil unean'l),

Teopewma 3. Oneparop, conpsascennvil KOMRAKTHOMY, KOM-
NaKTeH.

HokaszarteabctBo. Ilycrb A —KOMIDakTHBIA omeparop B
6anaxoBoM mpocrtpaHctBe E. IlokaxeM, uro compsixeHHBIH omepa-
Top A* pmelicTByomui B £* mepeBOAUT Ka)k[Ioe OrpaHHuYeHHOE NOJ-
MHOXecTBO u3 E* B mpenkoMmnaktHoe. ITockosbKy Bcsikoe orpamu-
YEeHHO2 MOAMHOXKECTBO HOPMHPOBAHHOTO MPOCTPAHCTBA CONEPKHUTCS
B HEKOTOPOM Ilape, JOCTAaTOYHO NOKasaTh, yTo A* mepeBogut ka-
KB LIap B MPEeIKOMIAKTHOE MHOXeCTBO. B cuny quHeliHocTH one-
patopa A* gocraToyHO MOKasaTh, 4To o6pa3 A*S* 3amkHyTOrO enu-
HUYHOrO Iapa S* — E* npeiKoMIaKTeH.

Bynem paccmatpuBath 3aeMeHTel H3 E* kak ¢QyHkuunm He Ha

BCeM npoctpaHcrse E, a jumb Ha KomMnakre AS — 3aMblKaHuH 06-
pa3a eIMHHYHOro Mapa npu orto6paxenun A. Ilpu 3TOM MHOXKe-
crBo @ dyuKumil, orBeyaomux QyHKuHoHasam u3 S* Gyaer pasHo-
MepHO OIDaHHYEHO W PaBHOCTENEHHO HempepbiBHO. IelcTBUTENDBHO,
ecn |loll < 1, T0

sup @ (x)|= sup [o(x) < Ilmllfi%IIAxIIQIAH

x= A4S
le () — () I<Iel -2 — x” <[ %" — x" |l

CnenoBarenbHo, 370 MHOXKecTBO @ NPeJKOMIAKTHO B IIPOCTPaH-
ctBe C[AS] (B cuny Teopembt Apuena). Ho mHoxectso @ ¢ merpu-
KOH, HHAYUHPOBAHHO! OOBLIYHOH MeTPUKOH IPOCTPAHCTBA HEMPEPhiB-
Hbix ¢ynkuuir C[AS], H3OMETPUYUHO MHOKECTBY A*S* (¢ merpuxkoi,

1)y Hleasom (OBYCTOPOHHHM) B HEKOTOPOM KOJblie R Ha3bIBaeTCH Takoe NOJ-
koapo U, wro ecnmu as U, r<ER, marell hras .
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HHIYHUpPOBaHHOH HOpMOH mpocrpaHctBa E*). IleficTBuTesbHO, €C/IH
g1, g2 = S* 10

| A'g, — A'g, |l = fg%l (Ag, — A%y, X)|=
= sup | (g, — ga, Ax)|= sup |(g; — & 2)|=
xS zeE AS
= sup | (g — ga 2)|=01(g1, &2).

ze AS

ITockoabky @ npeiKOMIAKTHO, TO OHO BIIOJIHE OTPAHHYEHO; CJIENO0-
BaTe/JbHO, BIIOJHE OrPAaHHUYEHO U H3OMETPHUYHOE €My MHOXKECTBO
A*S*, Tlostomy A*S* npenkomnakTuo B E*.

Teopema mokasana.

3amevyanwue. Herpyano nposepurb, uto MHOXKecTBO @ 3aMK-
Hyto B C[AS], Tak uTo OHO KOMIAKTHO, [I03TOMY KOMNAKTHO M MHO-
KecTBo A*S*, x0T (KaK 3TO BHAHO M3 3aMeuyaHust Ha crp. 241)
06pa3 3aMKHYTOrO €IWHMYHOrO WIapa IIPH TNPOM3BOJEHOM BIOJIHE
HENpepHBHOM OTOOpaXk€HUH MOXKeT He GhiTh KoMnakToM. Curyauus
B TOJbKO UYTO JOKa3aHHOH TeopeMe OTJHYaeTcs OT O6LueH TeM, 4TO
3aMKHYTHIH eIHHUYHBIA wap S* B E* KoMnakred B #-caa6oil ToImo-
Jorun npocrpanctsa E* (cm. teopemy 5 § 3). Orciona u caenyer
KOMIIAaKTHOCTb (B MeTpHKe npoctpaHctBa E*) oOpasa mHOXecCTBa
S$* nais 1060ro KOMIAKTHOTO OomepaTopa.

Ynpaxuennsa 1. Ilyctb A — orpaHHueHHBIH JHReHAHBI onepatop B Ga-
HaxoBOM mnpocTpancrtse. Jlokaxkure, 4T0 ecan omneparop A* xomnakted, 1o M A
KOMITaKTeH.

2. Jaa toro yto6hl JHHeHHBI onepaTop A B TuAbGEPTOBOM mnpocTpaHcTBe H
6L KOMIaKTed, HeoOXOAHMO M JOCTAaTOYHO, YTOOLI (9PMHTOBO) COMNpPSIMKEHHBIA K
HeMy omepartop A* Gbl1 KOMNAKTeH.,

3. CoGcTBEeHHbIE 3HAYEHHS] KOMMAKTHOTO omneparopa.

Teopewma 4. Beakuii komnakTHoui onepatop A 8 6anaxosom
npocrpancree E umeer npu awbom 6 >0 auuib KOHEuHOE HUCAO
AUHEUHO He3asucumblx COOCTBEHHbIX BEKTOpPO8, OTBEeHAUUX COO-
CTBEHHDIM BHAUEHUAM, NO MOOYAIO Npesocxo0aujum §.

JokasatenabcTBO. IIycTh A1, Ag, ..., An, ... KaKag-a1u60 mno-
CJ/IeJ0BATEJNbHOCTh COOCTBEHHBIX 3HauYeHHH omepatopa A (pasMYHBIX
WK C TIOBTOPEHHSIMH) TaKHX, UTO |An|>&; x1, %2, ..., Xpn, ... —
OTBeYalOIlasl UM IOCJAeL0BaTENbHOCTb COOCTBEHHBIX BEKTODOB, H
NyCTh 3TH BEKTOPbl JMHEHHO HE3aBUCHMBI.

Bocnonbayemcs aemMoit 1 (crp. 237) 1 TMOCTPOHM TaKylo moc.e-
JIOBATEJbHOCTh BEKTOPOB Y1, Y2, « - -, Yn, - . . UTO

D) y, € E,, 2) lysll=1;3) oYy, Eg—)= inl |y, —x[>1/2,
x e

n—1

rae £, — NOANPOCTPAHCTBO, MOPOKIAEHHOE X1, X2, .+ -, ¥n.
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[TocnenoBatenbHOCTD {—i—"—} OorpaHHyeHa B CHJIy HepaBeHCTBa
n
|An|> 6. Mb yTBepknaeM, uTO W3 TOCTENOBAaTEJbLHOCTH OGPas3oB
{A(—gf’-)} Hesb3st BHIGpaTh cxoisumyiocs. JlelicTBUTENbHO, MyiTh
n
n

Yp == kzx apXg; TOTHAA
Y " a, A

I [ k_k

A(An)—kzl »

n—1 A
2= Z (173 (ﬁ - l)xk = En—l'
k=l
[TosTomy npu J106BIX p > ¢

|4(32)-4(32)

NOCKONBKY Y, + 2, — 2, € Ep—.

3T0 NPOTHBOPEYUT KOMIAKTHOCTH omepaTtopa A.

M3 nokasaHHOH TeopeMbl, B HACTHOCTH, BBITEKAET, YTO YHCJO:
JIMHEHHO He3aBHCHMBIX COGCTBEHHBIX BEKTOPOB, OTBEUAIOUIMX JaH-
HOMYy coGCcTBeHHOMY 3HaueHHio A % 0 KommakTHOro oneparopa A,
KOHeYHo.

U3 310#1 TeOpeMbl CJAeAYeT TaKikKe, YTO UHCJIO COOCTBEHHBIX 3HA-
yeHHl A, KOMIAKTHOro omepatopa A Bo BHewmHOCTH Kpyra |A| >
> § > 0 Bcerzia KOHeYHO, 1 YTO BCe COOCTBEHHBIE 3HAUEHHUS Olepa-
TOopa A MOXHO NepeHyMepOoBaTh B MOPSAKE HEBO3PACTAHHS MOAY-
aei: |M|=Ael=>...

4, KomnaktHble onepatopsl B THJAbGEPTOBOM NPOCTPaHCTRE.
Briile Mbl TOBOPWJIY O KOMNAKTHBIX OINEparopax B MPOH3BOJLHOM
6anaxoBoM npocrpanctBe. Celluac Mbl JONOJHUM 3TH CBEeLEHUs He-
KOTOPLIMH ()aKTaMH, OTHOCSILMMHUCS K KOMIIAKTHHIM OliepatopaM B
rub6epTOBOM NMPOCFPAHCTBE.

Mbl HasBagu onepatop A KOMIAKTHBIM, €CJIM OH MEPEBOIHT BCs-
KOe OrpaHHYeHHOe MHOXKEeCTBO B IpeAKoMIakTHoe. IlockoJbKy
H = H* t1. e. H ecTb IpoCTPaHCTBO, CONMPsSIKEHHOE K cenapabelb-
HOMY, B HeM BCe OTpaHHYeHHble MHOXKeCTBa (M TOJLKO OHM) cjaabo
npeakomnaktHbl. Clle10BaTesNbHO, B IHIbGEPTOBOM MPOCTPAHCTBE
KOMIIaKTHBIH OIepaTop MOXHO ONpEeAesNHTb KaK OomepaTtop, Iepeso-
IsIuil BCAKOE caaGo NPEeLKOMIAKTHOE MHOMKECTBO B MHOXKECTBO,
ApeKOMINAaKTHOe B CUJbHOH TONOJIOTHH.

Xp+ OpXp ==Y, + 2,,

rne

=11, + 2 (g +2) I =
=”yl7—(yq+zq—zp)”> 1/27
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Haxkonel, B HEKOTOPBIX Cayuasx YAOOHO ellle H Takoe onpejese-
Hie KOMIIAKTHOCTH OMeparopa B ru/b6epTOBOM NpPOCTPaHCTBE: Ome-
parop A HasblBaeTcs KOMNAKTHBIM B f, eciu om Beskyio cnaGo
CXOJSILYIOCS TOCJIEN0BATEbHOCTb NEPEBOAHT B CHJIBHO CXOASLLYIO-
cA. JleACTBHTe/IbHO, MyCTh 3TO NOC/AEJHEe YCJAOBHE BLINOJIHEHO H
nyctb M — orpannyenHnoe MHoxectBo B f1. Kaxpoe Geckoneunoe
NIOAMHOXECTBO MHOXecTBa M cojepXuT c1a60 CXOASILLYIOCs MocJe-
J10BaTebHOCTb. Ec/M OHAa NepeBOJHTCH B CHJBHO CXORSILYIOCH I10-
cnefoBatenpHocTh, T0 AM npenkomnakrtao. OGpatHo, mycth A —
KOMIaKTHBIH onepatop, {xn} — cna6o cxomsimascs NnocaenoBaTeNb-
HOCTb U x — ee csabbiil npenes. Toraa {Axs} comepxur noamocae-
JIOBATeJbHOCTb, CXOAAILYIOCS CHABHO. B TO e Bpems {Axn} cxo-
auMTCA caabo, B cuy HempephlBHOCTH A, K Ax, oTKyHa cienyer, 4to
{Axn} He MoXeT uMeTb Gosee OfHOM npenensHolt Touku. Cienosa-
TenbHO, {AXn} — CXOAALIASCH NOCAEJOBATENALHOCTD.

5. CamoconpskeHHble KOMNakTHble omneparopsl B H. [lns camo-
COTPSIKEHHBIX JIMHEHHBIX ONEPATOPOB B KOHEUHOMEPHOM, €BKJHAO-
BOM NPOCTPAHCTBE H3BeCTHA TeopeMa O NpHBEIEHHH MATPHLH Ta-
KOTO onepaTtopa K AHaroHaabHOH (opMe B HEKOTOPOM OPTOTOHAJ/b-
HOM HOPMHDOBAaHHOM 6asuce. B 3TOM nyHKTe MBI pacHpoCTpaHUM
3Ty TeopeMy Ha KOMIAKTHble CaMOCONpPSIKEHHbIE ONepaTopLl B MHilb-
‘6epTOBOM INpOCTpaHcTBe. Pe3ynbraThl 3TOr0 NYHKTA CIPaBe/IJHBbI
KaK JJifl JeHCTBHUTENbHOTO, TaK H JJIsI KOMIJIEKCHOrO TH/JAbGEpPTOBa
npocrpanctBa. Jas onpepenennoctu 6ymeM cudtath, uto H kom-
MJIEKCHO. - ,

YcraHoBHM nNpexje BCEero HEKOTOpbie CBOHCTBA COGCTBEHHBIX
BEKTOPOB M COGCTBEHHBIX 3HAayeHHIl CAMOCONPSIKEHHBIX ONEepaTopoB
B H, BnosiHe aHAJOrHYHbIE, BIPOYEM, COOTBETCTBYIOIHM CBOHCTBaM
KOHEYHOMEPHBIX CaMOCONpPSKEHHBIX ONEPAaTOPOB.

. Bce cobcreertoie 3nadenus camoconpajxernoeo oneparopa A
8 H deiicraureasrel.

B camoMm gnene, nycte Ax = Ax, llx|| %= 0, Toraa

A(x, x)=(Ax, x)=(x, Ax)=(x, Ax) =24 (x, x),

OTKyHa A = A.
11. CobcTsennbie 8ekTOPbL CAMOCONPANCEHHO20 ONEpPaTOpPA, OT8E-
qarowue passudHoiM COGCTBEHHBIM 3HOYEHUAM, OPTOZOHAAbHOL.
IeiicrButenbro, eciu Ax = Ax u Ay = py, npuueM A 5=, 1O
Ax, y)=(Ax, y)=(x, Ay)=(x, py)=np(x, y),
oTkyna (x,y)=0.
JlokaxeM Tenepb CAeAYIOIYI PyHZAMEHTAJNbHYIO TeOpeMy.
Teopema 5 (Tunpbepr—WmMmunrt). Qaa awb6o20 xom-
NAKTHOZ0 CAMOCONPANCERHO20 AUHellno20 onepaTopa A 8 euavbepro-
som npocrpancree H cywecrsyer OpTO20HAALHASL HOPMUPOBAHKAA
cuctema {@n} COOGCTBEHHOIX BeKTOPOB, OTBEHAIOWUX COOCTBEHHLLM
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anauenuam {hn} (An 5= 0), Takas, uro Kaxowil arement § < H 3anu-
cbleaeTcn eQUHCTB8EHHbIM 00pa3om 8 6ude

= Z e+ E,

. 20e gextop ¥ = Ker A, 1. e. yaoeﬂeraopaer ycaosuro At .= 0; npu:

3TOM
A= ; ArCrPr

u ecau cucrema {@p} b6eckonedna, 70 limi, =0 (n-> o0).

Jnst noKasaTesbCTBA 3TOH OCHOBHOH TeOpeMbl HAM NMOHaAo6ATCSY
c/ielylolllie BCIIOMOraTesbHble YTBEPK AeHHus.

Jlemma 2. Ecau {En} caabo cxodutca Kk & u aunelinoii onepa-
Top A KOMNAKTeH, TO

Q (€)= (A8, E,)— (48, §)=Q(8).
NoxasaTteabcTBo. [las Bcsakoro n
[(AL,, &) — (4§, §) ICI(AE,, E,) — (A8, &) |1 (A8, &) — (48, &) 1.
Ho
| (AE,, &) — (AL, EDIHE NI AGE, — B
[(AE,, &) — (48, B) |=I(E, AG —ENIIEN-NAE, — ),
¥ TaK Kak uucaa ||, | orpanuuenn, a | A, — E)|—0, To
I (Agm gn) - (Agv g) l""o’

uTO ¥ TpeGOBaNOCh AOKA3aTh.
Jlemwma 3. Ecau ¢ynxyuonan

1Q(®) I=1(4¢, ¥)|,

20e A — oepanuuennslil camoconpancennolli aunelinoul oneparop,
docTuzaer Ha eOUHUYHOM Wape MAKCUMYMA 6 Touke Ey, To U3
(o, ) = 0 suirexaer, 410

(A%, M) = (%, An)=0.

JlokazateabcTso. Ouesnunno, ||Ell = 1. ITonoxum
t——_sofan
VTHTaPimiE’
rie a — DPOH3BOJIbHOE KoMIuekcHoe uucao. Us [|&l = 1 caenyer,
41O :
NE)=1.
Hanee

QO =Torarry Q&) + 8 (A&, m)+a (@ W +1aP Q-
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Yuceno a MOXHO B35ITh CKOJb YTOJHO MaJIbIM 110 MOAYJIO H TaKHM,
ut0  a(Ag, u) — nehcruTenbHas BeauunHa. Torma a(AEg, n) =
= a(Ang: 7]) H

Q(8)=Q (%) + 2a (A&, n) + O ().

W3 nocaegnero paseHctBa sicuo, uto ecnu (A&, n) 5= 0, T0 a MOXHO
BHGpaTh Tak, uro |Q(E)|>|Q(&)|, a 3T0 NpoTHBOpEUHT YyCJIOBHIO
JIeMMHI.

13 neMmbl 3 HemocpencTBeHHO BhiTeKaer, uto ecam |Q(&)| mo-
CTHraeT Makcumyma npu § = &, To & ecTb COOCTBEHHBIH BEKTOD
oneparTopa.

lokasateabcTBO TeopeMbl 5. Byaem cTpouth sneMenTH
‘@r 0 HHAYKIHH, B NOpsAKe yOniBaHUs aGCOMIOTHLIX BENHYHUH COOT-
BeTCTBYIOIUX UM COGCTBEHHBIX 3HAYEHHH:

2] .. 2>
Il mocTpoeHHs 37eMeHTa @ paccMoTpuM Buipaxenue | Q(E)| =
==|(AE, )| n nokamxeM, 4TO OHO Ha eJHHMYHOM INApe NOCTHraeT

makcumyma. Ilycts
S= sup |(4E, )]
rgn<t

# &1, &2, ... — Takas NMocJaef0BaTeNbHOCTb, UTO [|Enll =1 u
| (AE,, &) =S mpu n—> oo,

‘Tak xak eguHuuHblfl map B H cnabo xomnakted, 1o U3 {En} MOXHO
BbIOpaTh NOANOCJEI0BATENbHOCTb, €260 CXOASILYIOCS K HEKOTOpPO-
my s1ementy 1. IIpu atom [Inll << 1 u B cuay nemmbl 2

[(An, m) |=S.

DJsieMeHT M Ml M IpuMeM 3a @,;. ficHo, uTO |[[n{ B TouHOCTH pas-
nsierca 1. (He#tcreurensHo, nyctsb [l < 1; mosoxuM n =nfinl;
Toraa [mll=1 n [(An, n,)[> S, uto npoTHBOpeyuT onpenese-
wuo S.) Tlpu stom.

Ag =Mg,,
ora [(A )
_ D1, @1 =1(A — S
’ A'I ‘ (qu, (P]) l( @y, CPIH .
TTycTtb Tenepb cOGCTBEHHBIE BEKTOPLI
Pt P2y <00y Ppy
oTBeyallie COGCTBEHHBIM 3HAUEHUAM
)"11 A’2v ey )\'m
yxe mnoctpoenn. Ilyere M(p), @ ..., @) — THOXMPOCTPAHCTBO
HATAHYTOE HA @), Pz, ..., P,. PaccMoOTpuM GYHKLUHOHAN

[ (48, §) 1
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Ha COBOKYIIHOCTH 3JIEMEHTOB, NpHHAAJEeXKallux
M:=HOM(9, 9 ---, 9,)

(T. €. OPTOTOHAMBHBIX @1, @2, ..., Pn) H YLOBJETBOPSIOUIHX YCJIO-

suo [|E]l<< 1. MuoxecTBo My ecTb NOANPOCTPAHCTBO, HHBAPHAHT-

Hoe otHocHTeabHO A (Tak Kak noxmpocrpaHcTBo M (@i, @2, ..., Pn)
I

unpapuanTHo 1 A camoconpsiken). IlpuMensis x My nposeneHHbie

BbIllie PaCCyX/JECHHUA, NMOJNYYHM, 4TO B My uaizercs BeKTOp (0060~
3HAYHM €ro Qn4), COGCTBEHHBIH A4 onepatopa A.

BosMoXHbl JiBa caydas: 1) mocje KOHEYHOro YHcsa HIATOB Mbr
NOJIYYHM MOANPOCTPAHCTBO M., B kotopoM (AE, &) =0; 2) (AL, &) ==
== 0 na M; npu Beex n.

B nepBoM cayuae u3 JeMMbl 3 BHIT€KaeT, UTO Mi; NepeBOAUTCS
oneparopoM A B HyJab (nmosoxure 1 == AEg), T. €. EJTHKOM COCTOHT
U3 COGCTBEHHBIX BEKTOpOB, oTBeuaipomux A = 0. CucreMa noctpoex-
HBIX BEKTOPOB {¢n} COCTOHT H3 KOHEYHOrO YHCJa 3JieMEeHTOB.

Bo BTOpOM cJyyae MOJyYaeM IOC/IeNOBaTeNbHOCTb {@s} c0G-
CTBEHHBIX BEKTOPOB, JIJs1 KaXAOrM0 H3 KOTOPHIX An 7= 0. Ilokaxewm,
4yTo An —> 0. [TocnenoBarenbnocts {@n} (KaK U BCsKasi OPTOTOHAJb-
Hasi HOPMHPOBaHHAs MOCJAeL0BATENbHOCTb) c1ab0 CXOAUTCSA K HYJIIO,
nosToMy 3/eMeHTH A@Qn == An@n JOJKHBI CXOJAMTbC K HYJIO NO
HopMme, 0TKyAa |[An|=|lA¢nll - 0.

Iycts

M*=HOM@, ¢ -+, O, ...)=QM,%¢0.

Fcm teM" u £5£0, 1o (AL, B <A, &R mas Bcex n, T. e.
(At, £) =0. Orciona B cuny semmb 3 (npu max| (Ag, ) | =0), npu-
meneHHol kK ML nonysaem AE = 0, 1. e. nognpocrpancTeo ML ne-
peBoauTCA onepaTopoM A B HYJIb.

M3 nocTpoenusi cHCTeMbl {Qn} SICHO, 4TO BCSKHH BEKTOP MOXKHO
npefcTaBUTh B BUJE

=, cypr+ &, THe AL =0
OTKylla BblITEKAeT, UTO
AL = Y M@y

Teopema nokasana. 3ta TeopeMa Hrpaer GyHIAaMeHTAaNbHYIO
pPo/b B TEODHH HHTErpa/bHbLIX YpaBHEHHH, O KOTOPHIX 6yaeT HATH
peub B 1. IX.

3amevanne JlokazanHas TeopeMa O3HauaeT, 4TO MAJSI BCS-
KOro KOMNAaKTHOTO CaMOConpsiKeHHoro omepatopa A B H cyme-
CTBYeT OpTOroHaJibHbIA 6asnc mpoctpancrsa H, coctosimiuii u3 co6-
CTBEHHBIX BEKTOPOB 3TOro oneparopa. JleAcTBuTeNbHO, AAs mOJayUe-
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HUA TAKOro 6asuca AOCTATOYHO AONOJIHHTb MOCTPOEHHYIO B J0Ka3a-
“TeJbCTBE TEOPEMbl CHCTEMY COOCTBEHHBIX BEKTOPOB {¢n} mpou3sosib-
HbIM OPTOroHaJibHHM GasucoM noanpocrpancrBa ML mepesomumoro
-onepatopoM A B Hysb. MHBIME C/1I0BaMH, 3[eCh NOJydaercss pesyJb-
TaT, BIOJHE aHAJOTHYHBIH TeopeMme O MpPHBEJEHHH MATPUULI KOHeY-
#0OMEPHOTO CaMOCOMNPSAXKEHHOro OnepaTopa K AMArOHAJbHOMY BHIY
B OpTOroHaJIbHOM Ga3uce.

Has HecaMoCONpSKEHHBIX OMEPATOPOB B N-MEPHOM MPOCTPaH-
-CTBe TaKoe MpHBeJeHHe, BOOGILe roBops, HEBO3MOXHO, OJHAKO Bep-
Ha CJeRyOlUIas TeOpeMa: 8CAKOe AuHelnoe npeobpasosanie 8 n-mep-
HOM npoCTpancT8e umeer xoTs 6vt 00un cobcreennoil sextop. He-
“TPYAHO y6eJHTbCS, YTO 3TO YTBEepPMAEHHe He MEePEHOCHTCS Ha KOM-
nakTHble oneparopsl B f. JleficTBuTe/IbHO, MyCTb omeparop A 3ajan
B ly dopmy.tof

Ax=Ary, %o, oooy Ky ) =00 3, ., 2220 0)0 @)
DroT onepaTop KoMnaxkTteH (mpoBepbTe!), HO He MMeeT HH OXHOrO
COGCTBEHHOrO BeKTOpa (MOKaXKHUTE 3TO).

Ynpaxuetue, Hadgure cnektp oneparopa (8).




TJIABA V
MEPA, U3MEPHUMbBIE ®YHKULHU, UHTEIPAJ

Tousitue Mepul p(A) MHOXecTBa A ABAAETCS €CTECTBEHHBIM:
06o611eHHEeM NOHATHH:

1) pauan [(A) oTpeska A,

2) naomann S(F) naockoir purypn F,

3) o6bema V(G) npocrpaHcTBeHHOR ¢urypn G,

4) npupamenua @(b) — ¢@(a) neybnBatomenn ¢ynkuun ¢(f) Ha.
nosayuureppade {a, b),

5) wHTerpaja OT HeOTPHUATeJbHON (YHKLHH, B3ATOrO NO HEKO-.
TOpON JIMHEHHOH, MJIOCKOH HJIM NPOCTPAHCTBEHHOH 06sacTH, W T. IL._

370 NOHATHE BOZHHUKJO B TEOPHH (PYHKUMA AEHACTBHTENBHOrO ne-
PEMEHHOrQ, a OTTY/a Nepelo B TEOPHIO BEPOATHOCTEH, TEOPHUIO JH-.
HaMHYECKHX CHCTeM, (QYHKIHOHAJbHLIA aHaMH3 W MHOTHe JApyrHe.
06J1aCTH MaTEMaTHKH.

B § 1 370/t ri1aBBl MBIl M3JI0XKHM TEOPHIO Mephl AJ1 MHOXECTB Ha,
NJIOCKOCTH, OTHPaBJAAACh OT NOHATHS NJIOMIAAH NPSAMOYTOJbHHKA.
O6masn Teopus Mepbl Gyper usnoxena B §§ 2 n 3. Uurarenn gerko
3aMETHT, YTO BCE PaCCyXIeHHs, npoBefeHHble B § 1, umelor obuiufi.
XapakTep ¥ B a6CTPAKTHOH TEOPHH NMOBTOPSIOTCA 6e3 CyIeCTBEHHBIX
H3MEHEHHH. '

§ 1. Mepa NAOCKHX MHOXeECTB
1. Mepa anemeHTapHbIX MHOXecTB. PaccmoTpuM cuctemy ©

MHOXEeCTB Ha INIOCKOCTH (X, Y), KaXA0e H3 KOTOPbIX ONpeessieTCsk,
OIHHM M3 HEPABEHCTB BHAA

a<<x<b, a<x<b,

a<x<b, a<x<b
4 OlHUM M3 HEPaBEHCTB BHMA

ce<y<d, c¢c<y<d

c<y<d, c<y<d

rae a, b, ¢ u d — npousBoabHble yncaa. MHOXKecTBa, TpHHALJIeXa-.
1Me 3TOA cucTeMe, Mbl Gy/leM Ha3LIBATh NPAMOYSOAbHUKAMU. 3aMK-.
HYTHIf IIPAMOYTO/IbHHK, ONpe/iesisieMbli HepaBeHCTBaMH

asx<Cbh, cSy<d,
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npencTas/iser co6ofi IPAMOYTOJbHHK B OGBIYHOM CMbicjie (BMecTe
¢ rpaHnueit), ecan a << b u ¢ <<d, otpe3ok (ecaum a=b u c<<d
Hm a<< b n c=d), trouky (npu e = b, ¢ = d) u, uakoueu, ny-
-€CTOe MHOXeCTBO (eciu a > b uau ¢ > d). OTKpHITHH NPAMOYrofb-
HUK

a<x<b, c<y<d

6yner B 3aBHCHMOCTH OT COOTHOIIEHHS Mexnay a, b, ¢ u d npsMo-
YrOMLHUKOM 6e3 TpaHHUbl HJIH NyCcThIM MHOXKecTBoM. Kaxinii us
MPSIMOYTOJIbHHKOB OCTaJ/IbHBIX THIIOB (Ha30BEM HX IMOJYOTKPBITHIMH)
npencTaBiaser co60ii HACTOSWUMHA NPAMOYTObHHK. 6e3 OXHOM, JBYX
HJIH TpPeX CTOPOH, HHTepBaJ, MOJYHHTepBaJ, J1GO, HaKOHel, MycToe
MHOXECTBO. , .

Kiace Bcex npsiMOyroJbHUKOB Ha IJIOCKOCTH oGo3nauuM ©.

Jng Kaxnaoro U3 npsiMOyroJibHHKOB ONpEleNlUM ero Mepy, B CO-
OTBETCTBHH € H3BECTHBHIM H3 3JIEMEHTAaDHON reoMeTpPHH IOHSATHEM
naowanu. Vimenno:

a) Mepa NyCTOro MHOXecTBa paBHa 0;

6) Mepa HemycTOro NpPAMOYroJbHHKAa (3aMKHYTOrO, OTKPBITOFO
HJIH TIOJYOTKPBITOTO), ONpelensieMoro yuciaaMu a, b, ¢ u d, pasHa

(— a)(d— o).

TaxkuMm o6pasom, KaxXaoMy NpAMOyroJbHHKY P ua ® nocrasieHo
B COOTBeTCTBHE yHuca0 m(P)— ero Mepa; npH 3TOM BHINOJIHEHH CJle-
LiyIOLYe YCJIOBHS: _

1) mepa m(P) npuHumaer neHCTBHTENbHbIE HEOTPHLATEJIbHBIE
3HayeHus;

‘n
2) Mepa m(P) addurusHa, T. e. eciu P=kU1 P, u PNP,=0@
apu i = k, 10

n

mm=émmy

Hama 3agaua — pacnpocTpaHuTb, ¢ COXpaHeHHeM CBOHCTB 1) u 2),
Mepy m(P), onpeleneHHy0 NoKa AJsA NPAMOYroJbHUKOB, Ha GoJiee
UINPOKHH KJ1aCC MHOXKECTB.

CrauaJjia MBIl pacpoCTpaHHUM Mepy HAa TaK Ha3blBaeMhle 3jeMed-
TapHbie MHOXecTBa. Ha3oBeM MJOCKOe MHOKECTBO 3AEMEHTAPHOLIM,
€CJH ero MOXHO NpeACTaBUTh XOTs Obl OJHHUM CIOCOGOM KaK 00b-
e[HEHHE KOHEYHOrO YMCJa TOMAPHO HeMepeceKalouuxcsa MNpsMo-
YTOJIbHHKOB. A ' ’

Ins nanbrefiniero HaM NMOHAAOGHTCA CJefylOmlasi Teopema:

Teopema 1. O6vedunenue, nepecevenue, pasHocTo U Cummer-
pudeckas pasHocTs 08yx INeMeHTaAPHOIX MHONCECTE TAKNe ABASIOTCA
HAEMEHTAPHOIMU MHONECTBAMU.
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TakuM o6paszoM, no TepMuHOMOrHH, BBejleHHOH B § 5 ra. I, s.e-
MeHTapHbe MHOXKeCcTBa 06pa3yloT K01 b I 0.

HdokasaTteabcTBo. $lcHO, YTO mNepecedeHue jLBYX NPAMO-
YrOMILHHKOB €CTh CHOBA NPAMOYrosbHHUK. Ilosromy, ecau

A=gm uB=Q@

— JABa 3JCMCHTAPHLIX MHOXKeCTBA, TO U HX Iepeceuenune

AanB=UP.nQ)
— 3J1eMEeHTapHOe MHOXKeCTBO.

PasHocTh HBYX NpPSAMOYrOJNILHHKOB €CTb, KaK JIEFKO NPOBEPHUTH
3neMeHTapHoe MHOxecTBo. ClefoBaTeNbHO, BBIYUTAS H3 MPAMO-
YroJbHHKA HEKOTOPOe 3JeMEeHTaPHOE MHOMKeCTBO, Mbl CHOBA MOJY-
YUM 3JE€MEHTapHOE MHOXKEeCTBO (KaK NepecedeHHe 3JEeMEHTapPHBIX).
Tlyctb Teneph MHOXecTBa A u B — ssnementapuble. Hafigercs, oue-
BUIIHO, NPSMOYroJbHHK P, coiep:xawuii Kaxpnoe u3 HuX. Toraa

MHO2KeCTBO
AUB=P\ I[P\ AN(P\ B)
B CHJIy CKAa3aHHOTOo Bblllle 6y11€T SﬂeMeHTaprIM. OTC}OL[a H U3 pa-
BEHCTB .
ANB=AN(P\B)
AAB=(AUB)\ (AN B)

b7l

CJIe/lyeT, YTO Pa3HOCTb M CHMMeTpPHUYecKas PasHOCTb JeMEeHTapPHbIX
MHOXECTB SIBJSIOTCS 3JIEMEHTAapHBIMH MHOXecTBaMH. Teopema jo-
KasaHa.

OmnpenenuM tenepb mMepy m’(A) miasi 3JeMeHTapHLIX MHOXKECTB
CJIeflyIOlMM 06pa3oM: ecsu '

A == l}J Pk.v
rae Ph — [IOIIAPHO HemnepeceKarmuecs NPAMOYTOJNbHUKH, TO

m’ (A)= Y, m(Py).

k

TTokaxem, uto m’(A) He 3aBuCHT OT crnoco6a pasnoxenus A B cym-
My KOHEUYHOrO0 4YMCJa npsiMoyro/bHukoB. ITycrs

A=LEJPk=LiJQ/,

rae Py u Q; — npsamoyroabHukd, ¥ PN P,=, Q;NQr= & npn
i # k. Tak xak nepeceuenne Pr()Q; ABYX NPSIMOYrOJLHHKOB €CTb
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NPAMOYTrOJIbHHK, 'ro, B CHJYy aJJHTHBHOCTH ME€pPHI AJs NPAMOYTroJib-
HUKDB, '

LmP)=2mPNQ)=2m @)

B uacTHOCTM, B/ NPAMOYrOJIbHUKOB Mepa m’ COBNajaer C HCXOXR-
HOH Mepol m.

Jlerko BuaeTb, YTO onpeneseHHas TaKUM 06pa3oM Mepa 3JeMeH-
TapHBIX MHOXECTB HEOTpHIlaTe/]bHA H afiQUTHBHA.

YcTanosuMm caeaywollee BaXKHOe CBONCTBO Mepbl 3/J€MEHTapHbIX
MHOXECTB.

Teopema 2. Ecau A — snremenraproe mroxcecréo u {An} —
KOHEUHAR UM CHETHAA CUCTEMQ 3NEMEHTAPHLIX MHONCeCT8 TaKas,
410

Acl 4,

TO
m’ (A< Zn: m’ (An). )

JdoxkasarteabcTBo. das mo6oro ¢ > 0 u nauHoro A MOXKHO,
OYEBHJHO, HANTH TaKoe 3aMKHYTOE€ 3JeMeHTapHOe MHOXeCTBO
A, KOTOpOe CONEePKUTCH B A M yIOBJETBOPSET YCIOBHIO

m’ (A)=m’ (A) — e/2.

(locTaTouHo KaXabli u3 k cocTaBasiiomlnx A npsiMOYroibHHKOB Py
3aMEHHTb JIeXAlIUM BHYTPU Hero 3aMKHYTHIM NPSMOYTOJbHHKOM C
njomansio 6onbiueir, uem m(P;)— e/ (2k).)

Hanee, naa Kaxnoro A, MOXHO HalTH O TK P bl TO € 3JleMeHTap-
Hoe MHOXecTBO An, conepikainee A, U yIOBJAETBOpsiIOLlee YCAOBHIO

e

m (A)<m' (A) + =57

2n+l *

fAcHo, uTO _ -
Ac A,

Us {A,} moxuo (no nemme [lefine — Bopeas) BuGpaTL KoHEuHYIO
cucreMy Ag, ..., Ap, NOXPHBAOMLYIO A. Tlpu sToM, oueBHAHO,

' (A< X' ()

(Tak Kax uHauye A 0Ka3ajoCh Gbl NOKPHITHIM KOHEYHHLIM WHCJIOM Ipsi-
MOYTOJIbHHKOB, CyMMapHOH IJIOWAJK MeHbLUeH, yeM m’(A), 4To He-
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Bo3MoxHO). [Toatomy

m (K (B) + 5 <Y m (D) + 5 < Ym (B) + 3 <

=l

<YM A+ ), s o= m (4) +e,

OTKyIa B CHJIy pou3BoJbHOCTH &€ > 0 BhiTeKaeT (1).

CBoitcTBO Mephl m’, ycTaHaBJHBaeMOe TeopeMmoi 2 (Mmepa MHo-
JKECTBa He IPEBOCXOAUT CYMMBI Mep MOKPHIBAIOUIHX €r0 MHOXKECTB,
B3ATHIX B KOHEYHOM HJIH CYETHOM YHCJIe), HAa3hIBaeTcsi noayadou-
TugHocTbt0. VI3 Hero BhITeKaeT CBOHCTBO TaK Ha3blBaeMOM C4eTHOU
a00uTuBHOCTU, UIH G-Q00UTUBHOCTU, COCTOsIee B CJHEAYIOUIEM.

ITyctb snemeHTapHoe MHOXKecTBO A NpefcTaBJEHO Kak CyMMa
CYETHOrO YHCJa HemepeceKalo Wl U XC s 31eMEHTapHBIX MHO-
KeetB A, (n=1,2, ...):

TOoraa
m (4= 3, m’ (4)

(T. e. Mepa CyMMBbI CUETHOTO YHCJIa HelepeceKaloUIUXCs CIaraeMbix
paBHA cyMMe Mep). ,
JleficTBHTE/IBHO, B CHJY aJAJHTHBHOCTH IIpH Jai060oM N uMeem:

N N
m’ (A)=>m’ ( Ul A,,) = 21 m’ (4,).
n= n=
Tlepexons k mpeneay npu N —> oo, monyuaem
m’ (A) = }_31 m’ (4,).

B cuay TeopeMbl 2 MMeeT MeCTO M NPOTHBOINOJOXKHOE HEePaBEeHCTBO.
Takum 06pa3om, G-afAUTHBHOCTh Mepsl M’ fJoKa3aHa.

3aMeuaHHe Y yuTaTess] MOKET CJIOXKHTHCA BledaT/IeHHe, YTO
C-aJU/INTUBHOCTh Mephbl Ha IVIOCKOCTH HOJYYaeTcs aBTOMATHYECKH U3
e€¢ aJJMTHBHOCTH, NyTeM NpejieabHOro nepexoma. Ha camom pene
3T0 He TaK (B 10Ka3aTeJbCTBe TeopeMbl 2 Mbl, HCIOAb3YS JeMMYy
Tefine — BopeJisi, CyLIeCTBEHHO OMMPaJHCh HA CBS3b MEXIy MeTpH-
YECKHMHM M TOMOJOTHYECKHMH CBOACTBAMH IJIOCKHX MHOXECTB).
B § 2 npu u3yyeHum Mep Ha NPOM3BOJIBHBIX aGCTPAKTHHIX MHOXKE-
CTBaxX Mbl YBHIHM, UTO M3 AJIHTHBHOCTH MepHl, BOOGLLE roBops, ee
C-aJLIHTHBHOCTb He CJejyeT.
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2. JleGeroBa Mepa MJIOCKHX MHOXeCTB. DJleMeHTapHble MHOXe-
CTBA He MCYEPIBIBAIOT BCEX MHOXKECTB, KOTOPEIE BCTPEYAIOTCHA B reo-
MeTPHH M B KJaaccuueckoM ananuse. ITostomy ecrecTBenHo nofbl-
TaTbCsl PAaCIPOCTPAHHUTDL NOHSITHE Mephbl, ¢ COXPAHEHHEM ee OCHOB-
HbIX CBOHCTB, Ha KJIaCcC MHOXeCTB OoJjiee IIHPOKHH, 4eM KOHeYHble
o6be/IHHEeHHs] NPSAMOYTOJBHHKOB CO CTOPOHAMH, MapalJe/bHbIMY
OCsIM KOOpPAMHAT.

Peuwlense 3T0fi 3ajaud, B W3BECTHOM CMBIC/JIE OKOHUYATe/bHOE,
6ui10 nauo A. JleGerom B Hauane XX Beka.

Ilpn usJjoxeHun teopud Mephl JleGera Ham mpumercs paccMart-
pUBaTh HE TOJbKO KOHEUHHIE, HO U GeCKoHeuHble OObeIUHEHUs Nps-
MOYTOJIbHUKOB. [Js1 Toro 4to6nl NpH 3TOM Cpasy Xxe He CTOJKHYTb-
€ C MHOXKeCTBaMH «DECKOHEUHOH Mepbl», OrpaHHYHUMCS ClepBa
MHOXKECTBAMH, LIeJUKOM NpHHALIeXamuMu kBaapaty E = {0<<x <<
<LOO<y<}

Ha coBoxynHOCTH BCeX TaKuX MHOXKeCTB onpejenM (QyHKLHIO
u*(A) caenyomuM o6pas3oMm.

Onpenenenue 1. Bhewneil mepoii muoxecrsa A HassiBaercd

) .
u ()= inf 3. m(Py), (1)

AcUP, 'k

rle HHXHAS rpaHb 6eperTcs MO BCEBO3MOXKHBIM NMOKPHITHAM MHOXKe-
cTBa A KOHEUHBIMH HJIH CUETHBHIMH CHCTEMaMHU NPSMOYTrOJbHHKOB.

3ameuanus. Ecau 6b Mbl B ONpefieJieHNH BHelllHel Mephl pac-
CMaTpPHBAJ/IH NMOKPHITHSA, COCTOSILME HE TOJLKO M3 NPSIMOYTOJbHHKOB,
HO u3 JIIOGBIX 3J€MEHTApPHbIX MHOXECTB (B3AThIX B KOHEUHOM HJIH
CYETHOM YHCJIE), TO Mbl MOJIYYHIH Gbl, OYEBHAHO, TO XKe caMoe 3Ha-
yenne p*(A), NMOCKONBKY BCSIKOE 3JeMEHTApHOE MHOMKECTBO eCTb
CyMMa KOHEYHOIO YHCJa MPSIMOYTOJbHUKOB.

2. Ecin A — sneMentapHoe MHOXKecTBO, To u*(A)= m’(4).
Ie#cTBuTesibHO, nycTh Py, ..., Pn — cocrasasioniue A npsiMoyroJib-
nuku. Toraa, no onpeaeneHuio,

ml (A) Eand iz:l m (Pi)'

n
Tak kax npsamoyroibauku P; noxpeBaior A, To p*(A)<< Zm(P¢)=
{=!

=m’ (4). Ho ecau {Q;} — nponsBo/sbHasi KoHeyHass HJAM CueTHas
CHCTEMA NPSMOYTOJbHUKOB, MOKpHIBaoIas A, TO B CHIY TeopeMbi 2

m' (A< 3, m(Q;), nostomy p*(A) = m’(A).
1
Teopema 3. Ecau
Ac 4,
n
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20e An — KOHEUHAA UMl CHETHAA CUCTeMA MHOXCECTS8, TO

p*(A) < ; 1 (4,). (2)

B uactnoctu, ecau A < B, To p*(A) << p*(B).
Hokasarteabctso. [lo onpenenenuio BHellHeH Mephnl, A/d
Kaxaoro An Hafiiercs Takasi CHCTeMa NpSMOYroabHHKOB {Pn:}, Ko-

HeuHasi WM cyeTHad, uto A, U P n
E

Y m (P <u*(A) + 3,
k

rae € = 0 BuiGpano npousBoabHO. Toroa

Ac:LnJLkJP,,k

BAKSL X mPuy)< X w(4,) +e.

IMockonbky €& >0 npou3BOJIbHO, OTCIOAA BLITEKAeT YTBEPXKIEHHE
TeopeMBbl.
Tak kak Ha 3/JeMeHTapHbIX MHOXecTBax m’ M pu* COBNajawr, ro
TeopeMa 2 npejcraBiasier co60# YaCTHBIN cayyal TeopeMsl 3.
Onpenenenne 2. MHoxecTBO A HAa3bIBAGTCH WUBMEPUMbIM
(B cmbicae JleGera), ecau ans moboro e > 0 naigerca takoe sJe-
MeHTapHOe MHOXecTBO B, uro

w(AAB)<e. (3)

dyHkuHg p*, paccMaTpuBaeMasi TOJNBKO HAa H3MEPHMHIX MHOMKe-
cTBax, HasbiBaercd saebeeosol mepoli. Bygem oGosHauath ee ue-
pes u.

3ameuaHnne. DBseleHHoe HaMH onpejesneHHe H3MEPUMOCTII
HMeeT MOCTATOYHO HATAsAAHBIH cMbica. OHO o3Hauaer, 4TO MHOXe-
CTBO H3MEPHMO, €C/JIH ero MOXHO «CKOJIb YTOOHO TOYHO TMPHUOBIH3HTLY
3/JeMeHTaAPHBIMY MHOXECTBaMH.

Hrak, Mbl onpefenunn Hekotopulil Knacec Mg MHOKeCTB, Ha3bi-
BaeMbIX H3MepUMBIMH, H QYHKUHIO |, Mepy JleGera, Ha 3TOM KJjacce.
Hama 6amxaiimas ueab — yCTaHOBHTb CJeayiouiue GakThl:

1. Cosoxynnocte Me usmepumbix MHONECT8 3AMKHYTA OTHOCU-
TeAbHO ONepayull B3aTUA KOHEYHbIX UAU CHETHbIX CYMM W nepece-
wenull (1. €. npeAcTaBaser coGoli g-anreGpy, cM. onpeaesneHte B 1. 4
§ 5ra. I).

2. Dyuryua p o-addutusna Ha M.

Huxkecneayiomye TeopeMbl NpeAcTaBisiioT cob6oll sTansl J0Ka3a-
TeJbCTBA ITHX YTBEPKAEHHH.
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Teopema 4. Jonosnenue usmepumozo mHOMecTéa usmepumo.
3o cpasy clelLyeT U3 PABEHCTBA

(ENA)A(ENB)=AAB,

KOTOpOe NPOBEPSIeTCs HernoCpeACTBEHHO.
Teopema 5. Cymma u nepeceuenue KOHEUHOZO HUCAQ USMEPU-
MOLX MHONCECTS CYTb USMEPUMbLe MHONECTS8A.
HoxasareabcrBo. JocTatouHo, OYEBHAHO, MPOBECTH A0Ka-
3aTeNIbCTBO st ABYX MHOXKecTB. Ilycts Ay u Ay — usMepumMbie MHO-
KecTBa. DTO 3HAUMT, 4TO AMs J06oro € >0 uafifyrcs Takue sJe-
MeHTapHble MHOXecTBa By u By, uto

(4 A B) <e/2, u (4, A By <ef2.
Tax kak :

(AU A) A(BiUBy) = (4, A B)U(A; A By),
TO

(AU A) A (BIUB)ISp* (4 A B) + " (4, A By <.
Ho B;UB;—sneMeHTapHoe MHOMXECTBO, I[OSTOMY MHOMKECTBO
AU A, usmepumo.

I/ISMepI/IMOCTb nepeceyeHnss ABYX H3MEPHMbIX MHOXKECTB BbITe-
KaeT U3 T¢OpeMbl 4 M COOTHOUWEHUS

ANA,=ENIENA)UEN Q)] 4)

CnencrtBue. PasHocTe u cummerpuieckas pasHocts 08yx us-
MepUMbLY MHONCECTB USMEPUMbL.
10 BhHITEKaeT U3 TeopeM 4 U 5 U paBeHCTB

AI\A2= Aln(E\Ag), A1 AAgg(A] \AQ)U(Ag\AD.

Teopema 6. Ecau Ay, ..., An — nonapuo nenepecexkarowjuecs
ugmepumble MHONECTBA, TO

5 (0 a)=2 e, ®)

Hasa pokasarenbcTBa 3TOH TeOpeMbl HAM NOHAZOGUTCA CIEHYIO-
mas jgeMma. >
Jlemma. Jan awobox dsyx mnoocects A u B

n"(4) —p* (B)ISSp* (4 A B).
JokasarteabCcTBO JdeMMBbL. Tak Kak
A= BU(A A B),

TO B CHJIy TeOPeMBl 3
"pt Q) <<p'(B)4-u' (A AB).
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Orciofa BhHITEKaeT yTBepKieHne JieMMbl B cayuae p*(4) = p*(B).
Ecnn xe p*(A) << u*(B), 10 yTBepKAeHHe JeMMHl BbITEKaeT H3 He-

paBeHCTBa
(B)<p’(A) +p (A AB),

yCTaHABJAMBAEMOI'0 aHAJOTHUHO.

INokazarteabctBo Teopembu 6. Kak u B TeopeMe 5, 10-
CTaTOYHO pPAaCCMOTPeThb C/Iydyall IByX MHOXecTB. BribepeM mnpous-
BosbHOe & >> 0 u TaKHe s/eMeHTapHele MHOXecTBa By u Bj, uto

u* (4, A B) <e, : 6y
n*(A; A By) <Ce. (7)

. Toaoxum A = A UA; u B = B;UB;. Muoxectso A usMepumo B
cuny teopeMnt 5. Tak kak MHoxecTBa A; n A, He nepecekaiorcs, To

BBy <= (A, A B)U(A; A By)
H, CJeJO0BAaTeJbHO,

m’ (B, N By < 2e. 8)

B cuay nemmbl u3 (6) u (7) BHITEKaeT, uTO
| m’ (B)) — pn"(A) | <e, ©)2
[ m”(By) — p* (A | <e. (10)

Tak Kak Ha COBOKYIIHOCTH 3J€MEHTAapHbIX MHOXECTB Mepa ajali-
tuBHa, TO U3 (8)—(10) nmoayuaem

m’ (B)=m' (B,) + m’ (By) — m’ (B, By) = u* (4)) + u* (4 — de.
3ameTun eme, uto A A B (4, A B) U (A; A By) nMeeM, HakoHEl,.
p (A =m' (B)—p* (AA By =m' (B)— 2e = p* (4) + p* (4;) — 6e.
Tak Kak € > 0 MoxeT GbiTb BLIOPAHO NPOU3BOJBHO MAJIBIM, TO

u(A) = n" (4) + n* (4.
ITocKoIbKY NPOTHBOIOJN0KHOE HEPABEHCTBO
p (A <<u*(4) + p* (Ay)
cnpaBeJiNBO (B CHJIy TeopeMbl 3) BCEraa, OKOHYATe/bHO TOJyyaeM
w(A) = u" (4) + 1" (4y);
tak Kak 4, As © A U3MepuMBbl, T0 31eCb u* MOXHO 3aMEHHTh Ha ..
Teopema moxasana.
W3 3T0# TeopeMbl, B 4aCTHOCTH, CJEAYeT, YTO IJIsI BCIKOTO H3Me-:
pumoro A
B(ENA)=1—pu(A).

Teopema 7. Cymma u nepeceuerue c4eTHO20 YUCAQ UBMEPUMBLYL
MHONCECTS CYTb UBMEPUMbLE MHOKECTEA.
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HoxaszareabcTBo. [lyctb
A, Ay ol Ay e

o0
-— CyeTHad CHCTeMa H3MEPHUMbBIX MHO2KECTB H A= U An. ITosoxum
n—1

A=A, \ U A,. Slcdo, uyto A= U A;, npuueM MHOXecTBa A,

TIOTapHO He nepeceKaoTCs. B cuay Teopebe 5 H cJeACcTBHA H3 Hee
Bce MHOXecTtBa A, u3MepuMbl. B cuiy teopembl 6 u onpenejenus
BHEILHell Mepbl ApH JMIO60M KOHEYHOM 1

S ue=u( 0 4)<w.

MO3TOMY PSiA

2 n(4)
n=I
CXOLUTCA H, CJefoBaTeabHO, s Jaoboro e > 0 Hainercs Takoe N,
qTO
’ e
D By <5. (1)
n>N

N
Tak KakK mHoxkectBo C = U A;, usmepuMo (Kak CyMMa KOHEYHOro
n=l

qycia M3MEPUMBbIX MHOXECTB), TO IJs Hero Haijercsa Takoe 3Je-
MeHTapHOe MHOXeCcTBO B, uTo

p'(C A B) < g/2. (12)
Ilockonbky
AABc:(CAB)U( U A;).
n>N

to u3 (11) u (12) BbiTeKaer
p(AAB)<e,

T. e. A u3MepUMO. .
Tak kak nononnenm u3mepanxx MHOXKECTB H3MepHMBbI, TO
yTBEPXKJEHHE TeOPeMbl OTHOCHTEJIBHO NepeceueHul BhITEKaeT H3 pa-

BEeHCTBA
ﬂAn=E\g<E\An>.

Teopema 7 ycunusaer teopemy 5. Cnenywoouias teopeMa npen-
craBiseT co60f aHAJOrHYHOE yCHIeHHe TeopeMbl 6.
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Teopema 8. Ecau {An} — nocaedosarersvrocrs nonapuo Hene-
pecexaouuxca usmepumoix muoxecrs u A=\J A,, ro
n

B (4) = X 1 (4.
JoxasareabcTBo. B cuny Teopemu 6 npu smo6om N
N N
2 (U 4)=2 sad<n.
n=1 n=l
Tepexons k npenenay npu N - oo, nonyuaem
(A) = Z::] B (An). (13)
C apyroit CTOPOHB, COIVIACHO Teopeme 3
B A< T 8 (4. (19

s (13) u (14) BoiTekaeT yTBepkKIAeHHE TEOPEMDL.

YcraHoBieHHOe B TeopeMe 8 CBOACTBO Mepbl ObIJIO HAa3BaHO ee
CcueTHoll al0uTusHoCTsIO, UIKH o-addutusnoctero. VI3 g-aguTHBHO-
CTH BbIT€KAeT CJefylolilee CBOHCTBO Mephl, HasniBaeMoe Henpepois-
HOCTbI0.

Teopema 9. Ecau Ay DAy D...— nocaedosaresbHOCT 840-

Jcennblx Opye 8 Opyea usmepumoLx MroxcecTs u A= ﬂ A,, T0
n
p(4)=lim p(4,).
n-»oo

Hokaszareabctso. Jlocratoudo paccmorpers cayuyapn A =
= (J; obumit cayuait CBOAUTCA K 3TOMY 3amenolt A, Ha A, \ A.

Hmeem
A=A \NAUAN\NBU ...,
An =(An AN An+l) U (Au+l \ An+2) u...,

fipHYeM cjaraemble He nepecekaiorcs. [1o3ToMy, B CHIy G-afJHTHB-
HOCTH P

L7

B (4) =k2=:: B (Ap \ Aps) (15)

B =2 1 (AN Aue (16)
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TaK Kak pag (15) cxopurcs, 10 ero ocratok (16) crpemurcs x 0O
npu n—> oo. Takum o6pasom;

B(4,)—>0 mpu n-—> oo,

41O U Tp€6OBaﬂOCb A0Ka3aThb.
Crnencreue. Ecau A S Az ...— 603pactatouas. nocaedo-
8AaTEALHOCTL USMEPUMBLY MHOKCECTE U

A= U An,'
T0
u(A)=1lim p (4,).
n-»o

J1s pokasaTtenbCTBa JOCTATOYHO IepediTH OT MHOXecTs A, K
HX JOTIOJHEHUSM H BOCIOJb30BATLCS TeopeMoit 9.

Otmerum B 3ak/ioueHMe ellle ONHO .QUEBHIHOE, HO. BaXKHOe 06-
CTOSATENbCTBO. Beakoe muoocecTeo A, 8HEWHAL Mepa KOTOPO2o pas-
na 0, usmepuno. ocrarouno nonoxurs B = &; rorpa

WAAB)=p (AL Z)=p"(A)=0<e.

Hrak, MBl pacipocTpaHH/In MePY € 5JeMEHTAPHBIX MHOXKECTB Ha
Gostee wmHpoku# xnacc Mg, 3aMKHYTHI OTHOCHTENBHO OIepaluii
B3SITHA CYETHBIX CYMM H NepeceueHuH, T. e. PeACTaBJsIOWHUA coboit
o-anre6py. [Toctpoennast Mepa o-afiTHBHA Ha 3TOM KJacce. YcTa-
HOBJIEHHbIE Bbillle TeOPeMBbl II03BOJIAIOT COCTABUTD CJelyloliee Mpes-
CTaBJIEHHE O COBOKYIHOCTH H3MepPHMBIX nmo Jle6Gery MHOXKeCTB.

Besikoe oTKpbiTOE MHOXKECTBO, NMpuHaAaexaulee E, MoxHo npex-
CTaBUTh KaK OObefHHEeHHe KOHEYHOro HJH CYETHOr0 YHCJIa OT-
KPBITBIX TPSIMOYTOJBHHUKOB, T. €. H3MEDHMBIX MHOXECTB, H B CHJY
TEOpeMbl 7 BCE OTKPBITbIE MHOMKECTBA M3MEPHUMBI. 3aMKHYTbie MHO-
JEeCTBA CyTb AONOJHEHHS OTKPLIThiX, C/I€OBATENbHO, OHH TOME H3-
mepumbl, CorsiacHo Teopeme 7 U3MEPUMBIMH JOJKHBL GBITh H BCE TE
MHOXEeCTBA, KOTOpPbie MOrYT ObITh IONy4eHbl H3 OTKPLITHIX H 3aMK-
HYTHIX C IIOMOLLbIO KOHEYHOT'O HJIM CUETHOTO YHCJa onepauul B3s-
THs CUETHBIX CYMM M INepeceueHuil. MOXHO 1OKa3aTtb, OJHAKO, YTO
5THMH MHOXECTBaMH BCe ‘M3MEPHMble MHOXECTBA ellle He HCYEepIHl-
BaIOTCSL.

3. Hekortopbie nonoaHenus u 0600menus. Brime Mbl paccmatpu-
BaJH TOJbLKO T€ MHOXECTBA, KOTODble COJAEPXKATCH B €IHUHHUHOM
kpaapate £ = {0 << x, y<<1}. HerpyaHo ocsoGoautsesi oT 3TOro
orpaHHYeHHsl, HanpuMep, cienyiollum ob6pasom. IlpeacraBus BCio
MJIOCKOCTh KaK CyMMY HOJYOTKDPBITHIX KBaApaToB En, ={n < x <<
<n+1, m<y<m-+41} (n,m—uenve), Ml 6yieM TOBOPHTb,
YyTo IIJIOCKOE MHOXecTBO A H3MepHuMO, ecl1d €ro Inepeceuenue
Apm = ANEnm ¢ KaxasM u3 3THX kBajpartoB usmepumo. Ilpu
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3TOM Mbl IIQJIOXKHM, 110 ONpEAC/ACHUIO,

B (A= 2 1 (Aum).

Psin, croaumuit cnipasa, JH60 CXOAUTCA K KOHEUHOMY 3HAUYEHHIO, JIH60
pacxoautcs K - oo, HoaTomy Mepa U MO¥XeT NMPHUHHUMATH H 6eCKO-
HeuHble 3HAueHMsl. Bce cBOMCTBA Mepbl W H3MEPUMBIX MHOXKeECTB,
YCTaHOBJIEHHEIE, BHILIE, OYEBUIHbIM 06pa3oM INeEPeHOCATCH Ha 3TOT
caydaii'). Hago oTMeTuth Jullb, YTO CyMMa CYETHOTO 4HCIA H3Me-
PHMBIX MHOXECTB KOHEYHOH MEpBl MOXET HMeTb 0eCKOHEUHYIO Mepy.
Knacc u3aMepuMblx MHOXeCT® Ha BCell IJIOCKOCTH o0ezHauum A,

Mput u3J10XKHAH B 3TOM naparpade mocrpoeHue Mepnl JieGera s
IJIOCKHX MHOXeCTB. AHAJOTHUHO MOXKeT ObITh MOCTpoeHa JebGeroa
Mepa Ha NpAMOH, B TPeXMePHOM IPOCTPAHCTBE HJIH, BOOGILe, B €B-
KJHJI0BOM IIPOCTpaAHCTBe JI000H pasMepHOCTH n. B KaxnoM u3 aTux
C/IyuaeB Mepa CTPOUTCS IO OJHOMY H TOMY XKe o0pasly: HCXOAs U3
Mepbhl, ONpeeIeHHOH 3apaHee JUIS HEKOTOPOH CHCTEMBI MPOCTEHIINX
MHOXECTB (IPSIMOYTOJIbHHKOB B CJydae IIOCKOCTH, HHTEPBAJIOB
'¢a, b), orpeskoB [a,b] u noayunrepsanos (a, b}, [a, I)) B cayuae
IpAMOH, U T. I.), MBI OmpeJesseM Mepy BHaudaJe [J51 KOHEUHBIX
o6belMHEHNH TAKHX MHOXECTB, a IOTOM DacCHpoCTpaHseM ee Ha ro-
pasno OoJiee IMPOKUH KJIacC MHOXKECTB — Ha MHOXeCTBa, H3MepH-
Mble o JleGery. Camo omnpepfeneHne U3MEpUMOCTH HOCJOBHO Iepe-
HOCHTCSl Ha MHOXKECTBA B MPOCTPAHCTBe JIIOOOH pa3MepHOCTH.

Bpons nonatue Mepbl JleGera, Mbl HCXOAMAH M3 OGLIUHOTO OTIpe-
JleJleHusl TJOLIaAH. Ananornunoe OCTpPOCHUE [Ji5 OJLHOMEPHOIo
cJyyast OMHUpAeTcsl Ha NOHSATHE [NJAWHBI HHTEpBasna (OTpesKa, nofay-
uHTepBasia). 31echb, OAHAKO, MOKHO BBECTH IOHATHE MEphl H HibiM,
6oJiee OGLIHM. CIIOCOGOM.

[lycts F(t)— HekoTopasi HeyGbBaIOLlas, HeNpephLIBHAA CJeBa
dyukuus Ha npsiMon. ITomoxum

m(a, b)=F @) — F@+0), mla, b]=F(b+0)— F(a),
m(a, b)=F(b+0—F(@a-+0), mla, b)=F(b)— F(a).

Jlerko BuAeTb, UTO TaK oONpelaejeHHas GYHKUMS HHTepBafla m
geoTpHllaTeJbHa M afjguTuBHa. [IpuMeHssi K HeHd paccy:aeHus,
aHaJOTHYHble MPOBEJEHHBIM B HACTOSIUEM maparpade, Mbl MOXKeM
T0CTPOUTbL HeKoTopylo Mepy pr(A). Ilpu atom coBoxymHocts Up
MHOXECTB, U3MEePHMBIX OTHOCHTE/JIBbHO JAHHOH MEpH, 3aMKHYyTa OT-
HOCHTEJIbHO Onepauuii B3ATHSI CUETHBIX CYMM M HepeceteHHil, a Mepa
ur Oyner c-aaautuBHa. Kmace Uy MHOKECTB, H3MEPUMBIX OTHOCH-
TeJIbHO Wp, Oyler, BooOLle roBOps, 3aBHCETb OT BeIGOpA (GYyHKUHHU F.

1) Ognaxo B TeopeMe 9 HYXHO 106aBUTh YCAOBHE uEl < '+ o0, yTOGHl CXO-
muncs pan (15). Ilpuseinte mpuMep, nokasbBaoliuf, 4TO-Ge3 TOrO yCJOBHA
FeopeMa MOMeET CTaTb HEBEPHOIL.
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Onnako npu ai060M BuGope F OTKpPhHITHIE H 3aMKHYTHle MHOXECTBA,
a CJaeflOBaTENbHO, W BCE HX CYETHbie CYMMBbl H NepeceueHHsl 3aBe/O-
Mo 6yxyT H3MepHMbl. Mephl, nosyuaeMbie ¢ IOMOMIbIO TOH HJAH HHOM
¢yukuun F, HasmBaworcs mepamu Jle6eza — Cruatoeca. B uwacTho-
cru, pynkuuu F(t) = ¢ orBeyaer o6bniunas Mepa JleGera na npsmoii.

Ecan Mepa pr TakoBa, uto oHa paBHa 0 aasa n060ro MHOXKe-
cTBa, o6biuHas JeberoBa Mepa p Kortoporo paBHa 0, To mMepa pp
Ha3biBaeTcs abCOlOTHO Henpepwlénoi (oTHocuTesnpHo ). Ecan
Mepa pr UEJHKOM COCPeNOTOYeHAa HAa KOHEYHOM HJIH CUETHOM MHO-
)ecTBe TOueK (310 GyeT B TOM cjyude, KOTia MHOXeCTBO 3Hauye-
unil QyHkunu F KOHEYHO HJH CYETHO), TO OHa HasbiBaerca Ouc-
kpernoil. Mepa pr HasbiBaeTcs cuMeyaaprod, ecin oHa paBHa O
445 J11060ro OAHOTOYEYHOr0 MHOXECTBA, HO MMeeTC Takoe MHOXe-
ctBo M neGerosoit Mepn 0, uT0 Mepa pp ero ponosiHenus pasHa 0.

MoxHo noKa3aTb, YTO BCiKas Mepa ur NPeACTaBHMA KaK CyMMa
a6COMIOTHO HENpepbiBHOM, JHCKPETHOR M CHHryaspHoil mep. K me-
pam Jle6era — CTuiTheca MBI ellle BepHeMCs B Clelylollei raase.

CywjecTeo8anue Heusmepumbvlx mHoxcecTé. Mpl Bugens, 4TO
KJacc u3MepuMbix 1o JleGery mHoxecTB BecbMa WIHPOK. EctecTsen-
HO CHPOCHTb, CYILECTBYIOT JH BOOGILe HeH3MepHMble MHOXeCTBa?
IMokaxeM, 4TO 3TOT BONPOC pelnaercss nojoxurenabho. Ilpoie Bce-
r0 HEH3MEPHMble MHOXECTBA CTPOSATCA Ha OKPYXXHOCTH, Ha KOTOpOH
BBeleHa JHHeliHas Mepa JleGera.

ITycts C — OKpYXHOCTb, AJHHA KOTOPOH paBHa 1, u o — HeKo-
TOpoe HppaUuHoOHaNbHOEe YHCa0. OTHECEM K ONHOMY KJAacCy T€ TOUKH
oxpyxHoctn C, KoTopbie MOryT ObiThb nepeBeleHH OJHAa B IDYryio
noBopotoM okpyxHuoctu C Ha yroa nos (n— nenoe). Kaxnpii us
3THX KJaccoB OyJeT, OYEBHAHO, COCTOATb H3 CUETHOrO MHOXeCTBA
Toyek. BriGepeM H3 KaX[0ro TAaKOro Kjaacca nmo oiaHoH Ttouke. Io-
KaXKeM, YTO MOJYYeHHOe TAaKMM 06pasoM MHOXKecTBO (0603HaUUM
ero @) neusmepumo. OGo3naunm uyepes Pn MHOKECTBO, moJyyae-
Mmoe u3 My MOBOPOTOM Ha yroJs nas. Jlerko BuieTb, YTO BCE MHOXe-
crBa @, nomapHo He MEpeceKaloTcss H B CyMMe COCTaBJSAIOT BCIO
okpyxHocTh C. Eciin 6n MuHoxecTBo @) GBLIO H3MePUMO, TO GblIK
H3MepHMbl H KOHTpy3HTHBe eMy MHOXecTBa Dn. Tak Kak

00

C= U o, O,ND,=O npu n~<m,

n==-—00
TO B CHJY g-alIHTHBHOCTH Mepbl OTCioAa caenoBsano ﬁbl, 4TOo
1= ) p(®,). (17)
n=--00

Ho KOHrpysHTHble MHOXECTBAa AOJIKHBl MMETb ONHY H Ty Xe€ Mepy,
TakK uro ecan ®g namepumo, 10

B (D) = p (D).
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Orciona BHAHO, uro pasedcTBO (17) HEBO3MOKHO, TaK KaK CymMMa
psaja, crosiiiero B ero mpaBofi yactd, paBHa 0, ecan p(®e) =0, n
6eckoHeunocTH, ecnd pu(®@o) > 0. Mrak, muoxectso @y (a caeno-
BaTesbHO, H Kaxjaoe @,) HeHaMepHMO.

§ 2. OGuee noHaTHE MepHl.
Mpononkente Mepbl C MOAYKOAbUA HA KOJABUO.
AIIMTHBHOCTb H G-aJJIHTHBHOCTD ')

1. Onpepenenne mepol. Mbl CTPOHJIH Mepy NJOCKHX MHOXKECTB,
OTNPaBJAAACh OT Mephl (NJOWIagH) NPAMOYrOJbHUKA W pacnpocTpa-
Hss ee Ha OoJjiee MIMPOKHIl Kiaacc MHoxectB. [ljis Hamux mocrpoe-
HUI CyLIeCTBEHHO GBIJIO BOBCE He KOHKPETHOE BbipaXKeHHe IJIOMa/H
NpAMOYroJbHHKA, a JMIIb ee obuine cBofictBa. MmenHo, npu mpo-
JOJIKEeHHU IIOCKOH Mepbl ¢ MpSAMOYFOJbHHKOB Ha 3JieMeHTapHble
MHOXeCTBa Mbl NOJb30BaJHUCh JIHIIL TeM, YTO IUIOIAdb— 3TO He-
OTpHLaTeJNbHasA AJAMTHBHAS (YHKUHS MHOXKECTBA, H TeM, YTO COBO-
KYITHOCTb NPAMOYTOJbHHKOB €CTh MoJyKoaslo. [Ipu moctpoenun Je-
6eroBa MpOJOJIKEHHS IJIOCKOH Mepbl Obla, KpOMe TOro, BajKHa ee
0-aAIHTHBHOCTb.

B cuay TOJMBKO YTO CKa3aHHOTO, KOHCTPYKIIHH, U3J10XKeHHO# B § |
TIpUMEHHTEJbHO K INJOCKHM MHOXECTBaM, MOXKHO NPHIAATb BOJHE
oburyio aberpakTHylo dopmy. TeM cambiM ee mpuUMeHHMOCTb Gyner
CYHIECTBEHHO pacliHpeHa. DTOMY H MNOCBAINEHH OJanxKaiwue Jsa
mnaparpada.

BBeneM npexie Bcero Cjeayiolllee OCHOBHOE OlpeesieHHe.

Onpenenenue 1. Oyukuus muoxectsa p(A) wuasbiBaercst
Mepot, ecnu:

1) o6nacte onpenenenuss ©, tyukuuu p(A) ectb MOSYKOAbLO
'MHOXECTB,

2) suauenust GyHKuuH p(A) HeACTBUTENbHB U HEOTPHILATEAbHB,

3) n(A) apmurusHa, T. e. AIs JIOGOr0 KOHEUHOrO PaA3JIOKEHHS

A=Al ... U4,

MuoxectBa A & @, Ha (nMomapHO HenepeceKawoUlHecss) MHOXKECTBA
A, = &, BHINOIHEHO PABEHCTBO

b A= X b (40,

3amevyanue. M3 pasnoxenns @ = @U@ BHTeKaeT, uTo
w(3)=2u (@), 1. e. n()==0.

1) B 3arom naparpade u nasnblle Mbl OyAeM CHCTeMATHYECKH MOJAb30BATHCA
NOHATHAMH H (aKTaMu, H3MOXKEeHHHMH B § 5 rur. 1,
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2. Tipojonxkenne Mepbl C NMOJYKOJbIA HAa NOPOXKJAECHHOE HM
‘K0a1b10. TIpy mocTpoeHHH MepEI NMIOCKHX MHOMECTE TEePBLIM IIAaroM
OBbIJIO pacnpoCTpaHEHHe Mepbl ¢ NPSIMOYTOJbHHKOB . HAa 3JeMeHTap-
Hble MHOXKEeCTBA, T. €. HA KOHEYHbIE CYMMbl IMOMAPHO HeNnepeceKaio-
IIHXCA MpAMOYrojibHUKOB. CeHuac MBI paccMOTpHM aGCTpaKTHHIM
aHanor 31ofl KoHcTpykuuu. ChopMyanupyeM npexje BCEro Claeryio-
lllee onpelesenye. : '

Onpenenenne 2. Mepa p HasblBaercst npodOANCEHUEM MepPbE
m, ecin &, =S, n ma kaxgoro A=S,, uMeeT MeCTo PaBeHCTBO

B (A) =m (A).

Tlesb 3TOro mMyHKTa COCTOHT B JOKAa3aTesNbCTBE CJAENYIOUIEro
NPeIJIOKEHHS.

Teopema 1. asa ramdos mepor m(A), sadannoi Ha Hexoro-
pom noayxosoye Sy, cyusecTsyer 0OHO U TOALKO OOHO Npodoadxce-
nHue m’(A), umeroujee ceoeii o6.aactoio onpedeserus koivyo N (Sn)
(7. e. munumarvroe Koro40 Had Gpn).

HokasarteabctBo. Jas kaxporo MHoxectBa A<= R(S,)
CYILECTBYET pa3JIOKeHHe

A= B, (Bi=@u BNB =@ mpuk+D) ()
(féopema 3 § 5 ra1. 1). [TosnoxuMm, o onpeaeseHHIo,
m' ()= 3} m (By). @

Jlerko BuJeTb, uTO BeqnunHa m’(A), onpeleNeHHass PaBEHCTBOM
(2), ne 3aBucut ot BbiGOpa pasnoxenus (1). HelicTBurenabHo, pac-
CMOTPUM J[Ba Pa3JOXeHUs ‘ ‘ ,

n r

A= _UlBi = ]Ul C;, B = S, C] €6,,.
i= = . t

Tak xaxk Bce nepecevenust B;(1 C; npunannexar ©p, 10 B CHIY af-

IUTHBHOCTH MEDH M

n n r r B
2mB)=2 X m(BNC)= Y, m(C),
i=l i=l j=I1 j=l

4yTO U TPeGOBAJIOCh NOKA3ATh.

HeoTpuuarenbHocTs U agauTHBHOCT, GyHRUMH m’(A), ompege-~
JisieMoii - paBeHcTBOM (2), oueBuuubl. Mrax, cyiiecrBoBaHHe mnpo-
Homxkenusa m’ Mepsl m Ha Koabio R (Sn,) nokasano. | ,

It noKa3aTenbCTBA €ro eMHCTBEHHOCTH 3aMETHM, YTO, IO Oll-

n
penesneHtIo NIPOJOKeHuUs, ecan A= U B, rne By — Henepecekaio-
- k=1 :
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miiecss MHOXKeCTBa H3 ©m, TO A JI060T0 [POJOJIKEHHS 7l MepPHI M
Ha Koiblo R(S,,)

m(A)— Z i (Bg) = Z m(By) =m’ (4),

T. . Mepa /7 coBrnajgaer ¢ Mepoll m’, onpefeJeHHOH paBeHCTBOM (2).
Teopema nokasasa.

ITo cyuiecTBy, Mbl NOBTOPUJIH 3/eCh, B a6CTPAKTHbIX TEPMHHAX,
npueM, KOTOPHIM Mbl B § | NpPoOMOKUIA Mepy C NPsSIMOYrOJbHHKOB
Ha 3JeMeHTapHble MHOXecTBa. Kiacc ajleMeHTapHbIX MHOXKECTB KaK
pas u npeacrasiser coGoll MUHUMAaJ/IbHOE KOJIbLUO Haf NOJYKOJbIOM
MPSIMOYTOJILHHKOB.

Vs ajinTHBHOCTH H HEOTPHLATEJbHOCTH Mepr BBITEKAIOT cre-
JyIOI{HE MOUTH QUEBHIHbIE, HO BaXKHbIE CBOHCTBA.
Teopewma 2. [Tycte m — mepa, 3a0aAHHAS HA HEKOTOPOM KOAb-
ye M, u muomecrea A, Ay, ..., Ay npunadaesxcatr Ry, Toeda

I, ecau UXAkCA u ALﬂA1= @ npu i ?éj, T0
k=
3 ma) <may

II. ecau ,UlAk DA, 10
n

2, m(Ae) = m(A);

==

8 uactrocru, ecau A A" u A, A =R, 1o m(A) <m(4).

JleiicTBUTeNbHO, eclu Ay, ..., An TONAPHO He mepeceKaoOTCs M
comepxarcs B A, TO B CHJIy aJANTHBHOCTH MephI

RN

n .
TTockoJabKy m (A N\ kUl Ak) =0, orciooma mnosayuaem csoicTBo I.
Hanee, nas jobuix A, A, =R, nMmeem

m (AU Ag) =m(A) + m (A3) — m (A, N A) <m (A) + m (4y).

Ilo HHAYKIHHK OTCIO/A moJqiyyaeMm, 4YTO

" (le Ak) < 1;21 m (A).
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. n
HaxkoHel, onsTb-Taku B CHAy ajauTHBHOCTH Mep H3 Ac|] 4,

k=l
CJEAYET, UTO

mA)=m (an Ah) —m (kgl Ag \ A) <m (le Ak),

OTKYyAa B CHJy NpeAbiAylero HepaBeHCTBa M BhiTeKaeT cBoiictso II.

Mu nokasanu csoiictBa I u I1 pas mephn, 3anaHHOl Ha KoJable
MHoxecTB. Ho ecau Mepa mepBonauasnbHO Gbla 3aflaHa Ha TOJY-
KoJiblle, TO NP NPOJOJ/IKEHHH €€ HAa KOJbIO MePhl MHOXKECTB, NpH-
HaJIexKaliuX HCXOLHOMY NOJYKOJbLY, He MeHstoTcs. [loatoMy cBoii-
crBa [ u Il cnpaBensuBH ¥ 715 Mep Ha NOJYKOJbLAX.

3. c-apaMTHBHOCTb. B pasaWynbiX BONpPOCax aHaJAH3a NPHXO-
IHTCA paccMaTrpuBaTb OOGbeAMHEHHS] HE TOJbKO KOHEUHOro, HO o
CYETHOro 4YHCJ/IA MHOXeCTB. B CBAI3H ¢ 3TUM yC/I0BHE afiMTHBHOCTH,
KOTOpOE Mbl HAJIOXKHJH Ha Mepbl (onpelenenue 1), ectecTBeHHO 3a-
MeHHTb 6oJlee CHJbHBIM TpeGoBaHHeM G-aJAUTHBHOCTH.

Onpenenenne 3. Mepa m HasbiBaeTcs C4eTHO-adduTusHOl,
HIH 0-a00uTusHOl, ecau Aas Mo6hX MHoxects A, Ay, A, ...
..., Ap, ..., IpHHAJAJIEXKAILHX ee o6aacTH onpefeieHns ©p, u
YROBJIETBOPSAIOLHX YCJIOBHSM

AanJlA”’ ANA;=@ npu i+#],

HMEET MECTO PAaBEHCTBO

00
m(A) =Y, m(4,).
n=1
Ilnockas mepa JleGera, noctpoennas Hamu B § 1, o-apnutusna
(teopema 8). [lpuMep G-agNNTHBHOR Mepbl COBCEM HWHON NPHPOALL
MOXXHO NOCTPOHTH cienyowum o6pasom. Ilycrs

X={x1, Xo, ...}

— NPOH3BOJIbHOE CYETHOE€ MHOXECTBO M YHCAA POn >0 TAKOBbI, 4TO
00
Z pn=1
n=t

CoOTBETCTBYIOIUHA KJIaCC M3MEPHMBIX MHOXECTB COCTOMT H3 BCeX
noaMHoXecTB MHOXecTBa X. Jlaa xaxgoro A < X nosoxum
m (A)= ZA Pn-

an

Jlerko nposepute, uto m(A) Gyner G-aaAMTHBHOM MepoW, MpH-
yeM m(X)= 1. T0OT IpHMEp €CTECTBEHHO MOSBJIAETCA B CBSI3U CO
MHOTHMH BOIPOCAMU TEOPHH FePOATHOCTEH.
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YKaxeM npumep Mepbl aAJAHTHBHOH, HO He o-aaanTHBHOMA. Ilycts
X -— MHOXeCTBO BCeX palHOHaJbHBIX ToueK oTpeska [0, 1], a &, co-
CTOHT M3 MNepecedeHHH MHOXecTBa X € NpPOH3BOJbHBLIMH HHTEpBa-
damu (@, b), orpeskamu [a, b] uau nonyunrtepsaiamu (a,b), [, b)
u3 [0, 1]. Jlerko Buuetb, 40 &)y npencraBiser COO0H NONYKOJbLO.
Jns kaxmoro Takoro MHOxecTBa Aqp = By monokum -

m(Aab)=b —a.

Drta "Mepa aJAMTHBHA, OJHAKO OHA He C-aJIUTHBHA, TaK Kak
m(X)=1, u B 10 xe BpeMs1 X eCTb CyMMa CYETHOr0 YHCJIA TOYEK,
Kax/Jas U3 KoTopbix uMeer mepy 0.

Mepsl, KoTOopble GYAYT paccMaTpHBATbCS 3AeCh H B CJeAYIOIIEM
naparpade, Mbl 6ylleM NpeAnoaarath 0-aJAdTHBHBIMH.

Teopema 3. Ecau mepa m, onpedeseHHan Ha HEKOTOPOM HOAY-
Koasye ©,,, 0-a00UTUBHA, TO U MEPA W, NOAYHAIOWAACA ee NPpcdo-
ocenuem Ha Koasyo R(S,,), o-addurusHa.

JlokasateanbcTBO. IlycTh

A=sRG,), B, =RS,), n=1,2,...

oo
A= | B,,

n=l
npuueM B;(1B,= J npu sz=r. Toraa CyiwecTBYIOT TaKue MHOXe-
ctBa A; u B, n3 &, uro

A=l7JA;, By=JBu, n=12 ...,

13
IIpHYeM MHOXecTBAa B INPAaBbIX HACTAX KaXJOro H3 3TUX paBEHCTB
MOMapHO He NepeceKaloTcs, a CyMMBl IO { M j KOHeuHBbl (Teopema 3

24

§5 I

[Tycte Cnij = Bni N A;. Jlerko BHAeTb, uyT0 MHOXeCTBA Cpij
MOTIAPHO HE NMEPEeCeKaloTCs, U MPUTOM

A]=n91 L‘J Cni]y Bn[ = L]J CM].

TTosToMYy B CHJIY G-aAJAHTHBHOCTH Mepbl M HA ©p HY °M

m(Al)=n§'x Z m (Cpij)y 3
m (Ba) = 2 m (Cuy), (4)

8 B cHJy onpefesieHuss Mepel p Ha R (Sn)
w(A) =2 m(A), (5)

i

mm=;m@n (6)
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Uz (3)—(6) 'Bﬁnexaer, yto U (A)= Z_:lp, (B,). (CymMbl no i u mo §

3/1eCb KOHEYHBI, PSMBI IO 1 CXOASTCA.)

[loxaxeM Teneps cJefyloliie OCHOBHbIE CBOHCTBA 0-aIHTHBHBIX
Mep, npejcTaBiafiolle co60A 0GOOLIeHHST Ha CYETHble CYMMBI
cBoficTB, copmyanposaHHbix B TeopeMe 2. IlocKosnbKy, Kak Mbl
YCTAHOBHJIH, O-aJIHTHBHOCTD MEpHl COXpaHseTcs IpPH IPOLOIKe-
HHHM Mephbl Ha KOJbIO, MOXKHO C CAMOTO HayaJja CYHTaTh, YTO Mepa
3ajlaHa Ha HEKOTOpPOM Koublle &,

Teopema 4. ITycto mepa m c-addutusna u muoxecrsa A,
Ay, ..., A, ... npunadaexcar korvyy R. Toeda

o0

lo. Ecau p[AkcA u ANA)y=@ npu i5j, ro

2 m(A) <m(A);

o)
1lo (cuernas noayaddurusrocrs). Ecau U A, DA, Tto
k=1

00

2, m(Ay) =m(A).

HokaszartenbctrBo. Ecinm Bce Ar He mepecekawoTcs u co-
zepxatca B A, 10, B cuay csoiictBa I (teopema 2), npu aw6om n
nMeeM

m (A) < m(A).

IMepexoas 3mech K Ipeneay HpH n—->o0o, MOJyYyaeM IepBOe yTBep-
HKJEHHE TEOPEMB.

Ilokaxem BTOpoe yTBepkaeHue. ITockonbky R ectb KosbIl0, MHO-
KeCTBa

=

n—1

Bi=(A.NA\ U 4

npunagaexar R. Tak kak
A= U] B,, B,cA,
=

H MHOXeCTBa By, momapHO He mepecekaioTcs, TO
o0 (o]
m(d)= X, m (B,) < . m (A,).
n= H=
3ameuanne. YrBepxuaenue l; OKa3aHHON TONBKO UTO Teo-
PEMBI He OTNHpaeTCd, OYeBUAHO, HA O-aJAJAUTHBHOCTb pacCcMaTpHBae-
MoH Mepbl; OHO OCTaeTrcs CnpaBeldJIMBLIM H O/ JIO0BIX aiAUTHBHBIX
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mep. Haobopor, yreepxaenue ll; cymecrBeHHO HCno/Mb3yeT o-al-
IUTHBHOCTb Mephl. [leficTBHTE/NBbHO, B NPHBEJEHHOM BHIIE NpHMepe
aJJIHTHBHON, HO He G-aJIATHBHOH Mephl BCe IpocTpaHcTBO X, UMel0-
mwee Mepy 1, moxpbiBaeTcss CYETHOH CYMMOH OJIHOTOYEYHBIX MHO-
JKeCTB, Kaxjaoe u3 KoTtopblx uMeer Mepy 0. Bosee roro, HeTpyzmHO
y6enutbesi, uto cBoiCcTBO 1l Ha caMoMm nese paBHOCHJIBHO C-aiiH-
THBHOCTH. [lefiCTBUTENBHO, NTYCTh W — HEKOTOPAd Mepa, OlpefiesieH-
Has Ha noaykoablie ©. Ilyctb MuoxectBa A, Ay, As, ..., An, ...
npunagiexar &, 4 = lg/lk U Bce Ap TNONapHO He mepeceKaloTcs.

Torma B cuny cBoiictBa Iy (KoTOphIM, Kak Mbl BHAenH, ofjaajgaer
Jawbas Mepa)

2 A <u (.

Ecau xe p o6nanaer u csofictBom Ilg, 10 (mockoabky Az B coBo-
KYIHOCTH TOKpLIBaIoT A)

Zu(A)=>p (4)
H, TaKuM obpasom,

T nd)=n ).

IlpoBepHuTh CyeTHYIO NMOJNYaAAHTHBHOCTb Mephl (cBoiicTBo Ilg) Gbl-
BaeT YacTo Ipollle, 4eM NMPsIMO YCTAaHOBUTL €e O-aJAHTHBHOCTD.

§ 3. JleGeroBo nNpojoJKeHHE MepbI

1. JleGeroso NpopoJKeHHE Mephl, ONpeleNeHHON Ha NONYKOJblie
c enunuueil. Ecnu Mepa m, 3ajaHHasA Ha nmoaykosblie @, ob1agaer
JUIIb CBOMCTBOM aJAUTHUBHOCTH (HO He O-aJAUTHBHOCTH), TO ee
nponomkenneM Ha R (Snm) HCuepnbIBAIOTCS B 3HAUMTENLHONR CTe-
[eHH BCEe BO3MOXKHOCTH PacCHpOCTPaHEHHS TaKOH Mephl ¢ HCXOZHOTO
nosyKoJblia Ha GoJjee WHMPOKHME Kaacc MHOXecrB. Ecau e pac-
¢MaTpuBaeMasi Mepa G-aJAHTHBHA, TO OHA MOXeT OHITb pac-
npocrpaHena ¢ &, Ha KJacc MHOXKECTB 3HAYHTENbHO GoJiee OGIHp-
Hblll, yeM Koablo R (Sn), 1 B HEKOTOPOM CMEICJIE MaKCHMAaJbHBIH.
STO MOXKHO CJenaTh C NOMOUIbI0 TaK Ha3blBaeMOro Jeb6eropa
npononxenusa CHavala Mbl pacCMOTPHUM JIeGEroBO NPOJOJXKe-
HHe Mepbl, 3aJlaHHOM Ha NoJykosble ¢ efuHHUeH. O6uui cayuak
6yneT pacCMOTPEH B CJEAYIONeM NYHKTe.

IIycts Ha HEKOTOPOM TNOMNYKOJbIe MHOXKeCTB ©p, ¢ eguHuueii E
3ajaHa o-aanuTHBHas Mepa m. OmnpenenuM Ha cHcreMe U Bcex
NOAMHOXKeCTB MHoXecTBa E Qynkuuio p*(A) — BHeluHO© Mepy
caexyoluM o6pasom.

'
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Onpenenenne 1. Brewnetli mepoi muoxecrsa A — E Hasn-
BaeTCs YHCJIO
u* (A) = inf X, m (B,), (1)
n

rle HHXKHSAA rpaHb GepeTcsl MO BCeM MOKPLITHAM MHOXecTBa A Ko-
HeuHBIMH HJHM CYETHBIMH CHCTEMAMU MHOXeCTB B, = &,
Crenyiolee CBOACTBO BHEIUHEA Mepbl UrPaeT OCHOBHYIO POJib BO
BCeM JaJibHefllleM NMOCTPOEHHH.
Teopema | (cueTHas NoNyaIZAUTHBHOCTL). Ecau

Acl A,
n
2de {An} ~— KOHE@YHAR UAU CUETHAA CUCTeMA MHOXECTB, TO
p (A< 3 p'(4,).
n

JloKa3aTe/qbCTBO 3TOrO YTBEP:KAEHHS COBMajgaeT ¢ JN0Kas3aTesb-
cTBOM TeopeMbl 3 § | u Mbl He Gynem ero nNOBTOPATS.

Onpeneanenne 2. Muoxectso A HasuiBaercs uamepumoin (110
JleGery), ecau, kakoBo Obl HH 6biio & > 0, Halinercs Takoe B e

e R(Gn), uto
p (A A B) <e.

$yuxuna p*, paccMaTpuBaeMasl TOJbKO Ha H3MEPHMBIX MHOXKe-
CTBaX, HasbiBaeTcs sebe2080ud mepoll (uau mpocto mepoil) u 0603Ha-
yaerca p. SlcHo, uto Bce MHOXKecTBA U3 ©p u U3 R (©n) H3MepPHMEL.
ITpu 3TOM, ecin A = @5, TO

B (A) = m(A).

DTo paBeHCTBO JOKa3bIBAETCA TOYHO TaK Xe, KAK H ero aHajor ans
MHOXeCTB Ha NJIOCKOCTH.
M3 paBencrsa

caenyeT, yto ecau A H3MepUMO, TO ero HOMOJHEHHe ToXKe H3Me-
pHMO.

YcraHoBUM Tenepb OCHOBHBIE CBOMCTBA H3MEPHMBIX MHOXKECTB
¥ OonpefiesIeHHOR HA HHX J1eGeroBo#l Mephl.

Teopema 2. Cucrema M 8cex uamepumvix MHOMECTE ecTb
KOAbYO.

JJokasaTteabcTBo. Tak Kak Bcerga

AlnA2=Al\(Al\A2)
AUA,=EN[ENA)N(E\ 4,

TO HOCTATOUHO HNOKa3aThk cieaywiiee, Ec.ﬂﬂ Al = ﬂn, A2 = M, TO
H A = Al \ A2 = EIR.

H
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IIycerp A v A, uaMepuMH; Toraa cyuectsylor B, = R(G,) u
B, =®(8,,) Takue, uto

p* (4, AB)<e/2 up'(A A B,)<e/2.
Ilonaras B= B, \ 32 = R(S,,) u noansysnch COOTHOIIEHHEM
(A N\ A) A (B \ By) = (A, A B))U(4A: A By),

nonyyaem
p(AAB)<e.

B cuny npousBosbHocTH € > 0 OTCIOAa BHITEKaeT H3MEPUMOCTh MHO-
xectBa A.

3ameuanne. OueBuaHo, uro E ectb egunuua xkoasua M, Ko-
TOpoe, TAKHM 06pasoM, siBjisieTcst aire6pot MHOXKECTB.

Teopema 3. Ha cucreme M usmepumoix muoxcecte ¢pynkyua
uw(A) addurusna.

Jloka3aTenbCTBO 3TOH TeopeMbl NMpeicTaBasieT coboit JOCIOBHOE
NOBTOPEHHe N0Ka3aTeabCcTBa TeopeMsl 6 § 1.

Teopema 4. Ha cucreme M usmepumovlx MHONECT8 PynKyua
u(A) o-addurusna.

Hoxasareabcrtno. [lycrs

A=n!l/1n, A A, A, ...eM, A,ﬂA;=® npu i 5 j.

B cuay reopemsi 1
B (A< X (4, (©

a B cusy Teopemnl 3 npu aio6om N

N N
w>n (U 4)=Zu),
OTKyZa
(A= 2w (4,). 3)

U3 (2) n (3) cnenyer yTBepKaeHUE TEOPEMBI.

B § 1, paccmatpuBas miockywo mepy JleGera, Mbl I0Ka3ajH, yto
He TOJbKO KOHEeYHble, HO M CUETHble€ CyMMblI W MepeceyeHHus H3Me-
PHMBIX MHOXECTB TaKXXe H3MepHMH. DTO BepHO U B 061eM cayyae,
T. €. CIIpaBe/i/INBa CJeNyIollas TeopeMa:

Teopema 5. Cucrema M usmepumoeix no Jlebezy mroxcecrs
asasnerca o-aarzebpoli ¢ edunuyeii E.

IHokasateabCcTBO. TaK kak

DA,,::E\U(E\A,,)
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¥ TAK KaK JONOJHEHHEe H3MEeDHMOro MHOMKECTBA H3MEPHMO, TO J0-
CTaTOYHO NOKasaTh caenywuee. Ecau 4y, Ay, ..., An, ... npunan-

aexar M, o A=[J A, rtakxe npuHannexur M. JokazatenbcTso
n

3TOTO YTBepXKJeHHs, NpoBeleHHoe B TeopeMe 7 § 1 mas maockux
MHOX€eCTB, JIOCJOBHO COXpaHsieTcq H B OGLIEM cayyae.

Tax Xe Kak n B cayyae NJIOCKOR Mepni JleGera, u3 o-afiqHTHB-
HOCTH Mepbl CJefyeT ee Henpepui8HOCTb, T. €. eClH W -— O-afJHTHB-
Has Mepa, onpellesieHHas Ha o-aarebpe,A; DAy > ... D4, D ... —
yOBBaONlas Ienoyka H3MePHMbIX MHOXKECTB H

A= (] A4,
n
™
p (A= lim u(4,),
n—»oo
a een AicAyc...cApcc...—BoO3pacTaulasa uenoyka

M3MePHUMbIX MHOXKECTB H
A=\ 4,
n
TO
pA==lim p (4,).
n—>oo

IloxkasarenncTBO, nposefenHoe B § 1 pias niockoit Mepwl (Teo-
pema 9), TOCJOBHO NMEPEHOCHTCS HA OGILIME Cayuai.

Hrax, Mbl ycraHoBHIM, uTO cucrema IR npeacrasaser co6oi
o-anrebpy, a onpefenenHas Ha Hell ¢pyHkuust u(A) obaanaer BceMu
‘CBOHCTBAMH O-alAHTHBHOH Mepbl. TeM caMbIM ONpaBAAHO CJedyIO-
1iee ONpejeseHue.

Onpenenenue 3. Jlebezosum npodorscenuem = L(m)
Mepbl m HaspiBaercss GyHKuUA p(A), onpenesenHas Ha cuCTeMe H3-
MepuMblx MHOXKecTB IR u coBnajmawomas Ha M ¢ BHelIHeH Mepoi
n*(4).

2. Iponosxenne mMepbl, 3aJaHHOH HA MOJNYKOJbue 6€3 eIHHHLBL.
Ecau moaykonpuo €, Ha KOTOPOM ONpeesieHa HCXOAHAs Mepa M,
He uMeeT eIHHHIBbl, TO MOCTPOeHHe JeGeroBa NpPOJOJIKEHHS, H3J0-
»KeHHOe B MpPEeAbIAYIeM NYHKTe, NpeTepleBaeT HEKOTOpPbie, BIPO-
ueM, He3HauuTesdbHbe, u3MeHeHHs. Onpegnenenue 1 BHelIHeHd Mephl
coXpaHsiercsl, HO BHeWIHssT Mepa pu* OKasbiBaeTcs oONpeleseHHOH
TOJILKO HA cucreMe S,» TaKHX MHOXKeCTB A, 1 KaXA0ro 3 KOTo-

pBIX CyllecTByer nokpuithe |JB, MHOKecTBAMH H3 Gm ¢ KOHEUHOR
n

CyMMOH Zm(Bn). Omnpenesnenue M3MEpPHMOCTH coxpaHseTcs Ges
n

BCSIKHX U3MEHeHHUH.
Teopembl 2—4 W 3akjOuHTENbHOE onpeleseHue 3 COXPAHSIOT
cuay. IIpeanonoxkense o CylecTBOBAHMN €AMHHIBI HCNO/Ab30BAJIOCh
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JilUb B JIOKa3aTeJbcTBe TeopeMbl 2. UToGbl gaTh 10Ka3aTebCTBO
TeopeMbl 2 B oblleM c/ydae, HAA0 YCTAHOBUTb HE3aBHCHMO, UTO M3
AieM, Ay = M suitekaer 4, U A, = M. Ho 3to caeayer u3 BKIIO-

YeHHd
(AU A) A (BiUBy) = (A AB)U(A; A By).

B cayuae, korna &, He uMeeT eJHHHULBI, TeOpeMa D 3aMeHSETCH
cieyonell TeopeMon:
Teopema 6. IIpu 060l uCXOOHOU mepe m cucTema MHO-
acecrs M, usmepumvix no Jlebeey, sasanerca 6-KOAbUOM; u3mepu-
00

MOCT6 mHONecT8a A= U A, npu usmepumoix An umeer MmecTo
n=l1

N
8 TOM U TOALKO TOM cay4dae, ecau mepol u( U An) OepaHu4eHbl
n==1

HEKOTOpOU KOHCTAHTOU, He 3asucaujed ot N.

JoKka3aTesbCTBO 3TOr0 YTBEPKAEHHS MpPeIOCTaBJAETCS 4YHTa-
TeJIO.

3ameuanue. Ilockonbky cefiyac peub HIeT O Mepax, INpH-
HLMAaIOIIUX JIMIIb KOHEeYHble 3HAueHUus, HeoOXOAUMOCTh IOCJeN-
Hero yCJIOBHSI OYeBH/HA. '

U3 reopembl 6 BhITEKaeT cieaywuuil Gpaxr.

CnenctrBue. Cucrema Ma 8cex muomecrs B M, asaaro-
wuxca noomroscecrTeamu purxcuposannoeo muoxecrea A = M, 06-
pasyer c-aseebpy.

Hanpumep, cucrema Bcex uaMepumbix no JleGery (B cMbiC/e
OOLIUHOHA J1e6eroBoit Mepbl Ha MpPSIMOHA) MOAMHOMKECTB JIO6GOr0 OT-
pesxa [a, b] ectb o-asre6pa MHOKECTB.

B 3aknioyeHHe OTMeTUM elle ONHO CBOHCTBO JeGeroBmix Mep.

Onpenenenne 4. Mepa p HaspiBaeTCsl MOAHOL, ecaH U3
p(A)=0u A’ < A Buirekaer, uto A’ ugmepumo.

Ouesnano, uto npu stoM pu(A’)==0. Bes Tpyaa noxasnipaercs,
uyto se6e2080 npodoaxcenue A060G Mepsl NOAHO. DTO BBITEKAET M3
Toro, uto npu A’ < A n p(A)=0 neusbexuno u*(A’)=0, a moboe
mHoxectBo C, ans xoroporo p*(C)==0, u3sMepuMo, TaK Kak

D ER(Sy) u
(€A Q)=p"(C)=0.

Besakyio 0-aniauTHBHYIO Mepy Ha o-ajirefpe MOXKHO HNPOLOKHUTD
[0 TOJIHOH, MOJIOXKHB €e PaBHOM HYJAW s JI0GOro MoAMHOMKeCTBa
KaXJI0r0o MHOXeCTBA HYJEBOH MepHhl.

HdononuunrteabHble sameuanus 1. [Ipeanonoxkesue o ToM, uto HC-
XOJHas Mepa m 3ajaHa Ha NOJYKOJbUe (a He HAa HEKOTOPOH NPOH3BOJBHON CH-
CTeMe MHOMKeCTB), CYLIECTBEHHO IJisi OJHO3HAYHOCTH ee NMPOROJIKeHHs, PaccMmot-
puM B €JMHHUHOM KBaJpaTe CHCTEMY BEDTHKAAbHBIX M TOPH3OHTAJbHBLIX TpPSIMO-
YTOJIBHUKOB, T. €. TaKHX NPSMOYTOJbHHKOB, Y KOTOPHIX HJH /[JHHA HJH LIHPHHA
paBua 1 (puc. 18), u mNpuIHINEM XaXIOMY TaKOMY NPSMOYIOJbHHKY Mepy, paB-
Hylo ero nuowand. Ha nopoxjieHHyi0 5THMH OPAMOYroJbHHKAMH anredpy (a teM
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6onee 0-aare6py) Takas Mepa MoxeT ObiTb NPOLOJIKEHA HEONHO3HAYHO (yKa-
KHTe X0Td O ABa PasIHYHLIX NPOAOJKEHHS).

2. YkaxeM Ha CBfI3b MeX/ly NPOHECCOM NPOAOJXKeHHA Mepbl no JleGery n
NPOLECCOM MNONOJHEHHS METPHIECKOro NpOCTPaHCTBa. 3aMeTHM AJsA 93TOrO, 4TO
m’(A A B) MOXHO UDHHATb 3a paccTOdHHe MeXXy 3JeMeHTaMu A u B xKoablia
R(Sm). Torna R(Sn) cranoBurcst MeTpHYecKHM (BOOGIME TOBOPS, HEMONHBIM)
DPOCTPRHCTBOM H €r0 NONOJHEHHe COCTOHT KaK Pa3 H3 BCEX H3MEPHMBIX MHO-
KecTB (IIPH 3TOM, OIHAKO, C METPHYECKOH TOYKH 3peHHss MHOMecTsa A u B He-
pasJHYHMBI, €CJH pt(A A B)y=0).

Vnpaxueund. 1. I[lycts Mepa m 3amana Ha noaykoabne (c exuHHIed)
&, MHOXecTB M3 X M p* — oTBeuawmas efi Bepxuss Mepa. [loxkasaTh, 4TO MHO-
xecrBo A uaMepumo (no JleGery) B TOM M TOMBKO TOM CJyyae, €ClH OHO 06-
JajflaeT CJeAYIOUMM CBONCTBOM, Ha3blBaeMblM ussmepumocroto no Kapareodopu:
Ias a0 6o0ro noamMHoxecTBa Z < X HMeeT MecTo pa-

Y BEHCTBO
pH(Z)=u"(ZNA) +p* (Z\ A).

7 /
2. HYCTI: O-aJIAHTHBHAA Mepa M 3alaHa Ha KoJble

R ¢ eannunedi X n m(X) = l. BBeaeM Aas Kaxjoro
53777

A < X Hapsaly ¢ BuellHeldl MepOR p* BHYTPEIIHIOIO Mepy

Ma, TIOJOXKHB

/% p (A) =1—-—p"(X\ A).
7.

Jlerko BHIeTb, uyTo Beerda p, (A) << pn*(4). Hoxa-
7/} ] & 3arTh, YTO

Puc. 18.

B, (4) =p* (4) (*)

B TOM H TOJNbKO TOM CJyyae, eClH MHOXeCTBO A H3Me-
PHMO (B cMblcae OnpeneNeHus 2).

B cayuae, Korna Mepa 3ajiaHa Ha KOJblle C eJMHHIEH, PaBeHCTBO (%) HacTo
NPHHEMAETCS 32 O pe e eH He H3IMEPHMOCTH MHOXKECTBA.,

3. Paciupenne nOHATHA H3MEPHMOCTH B ClydYyae o-KOHEYHOR
mepbl. EciH ncxonHas Mepa m 3ajaHa B npocTpaHcTBe X Ha HEKO-
TOPOM IOJIYKOJbLie 6e3 eUHHIbl, TO BBEJEHHOE Bbille ONpejeleHue
113MeDHMOCTH MHOXKeCTBa OKa3blBaeTcs CJAHIIKOM y3kuM. Hanpu-
Mep, ecid X — 3TO IJIOCKOCTb, TO TaKHe MHOXEeCTBA, KaK BCS MJO-
CKOCTb, T0JIOCA, BHEUIHOCTb Kpyra M T. I, HMelolHe GeCKOHEUYHYIO
naowajab, IPH TAKOM OMNpeleJieHHH He MONMajaloT B YHCJIO H3MEpH-
MbIX. EcTecTBeHHO paclIHPUTL TOHATHE H3MEPHMOCTH, [ONyCKas
L5 Mepni M GecKOoHeuHble 3HAUeHHs,, ¢ TeM, 4TOObl COBOKYIHOCTH
M3MepHMbIX MHOXKeCTB Oblja, KaK M B CJIyuae, KOrjla HCXOAHAs Mepa
3alaHa Ha INOJYKOJblle ¢ eAHHHLEeH, ¢-aare6pod (a He TO.IbKO
8-KoJablioM).

Mpi OrpaHHuMMCs TIPH 5TOM NPaKTHYECKH Haubosiee BaX{HbIM
cay4yaeM TaK Ha3blBaeMOH G-KOHEYHOH Mephl, X0T4 CoOTBeTCTBYyOLIEE
NOCTPOEHHE MOXKHO ITPOBECTH H B 00LieM cayuae.

IlycTh G-aAnHTHBHAA Mepa /M 3afaHa Ha HEKOTOPOM HOJIYKOJbile
€., noagMHOXKecTB MHOXecTBa X. Mpbl cKaXkeM, uTo 3Ta Mepa C-KO-
Heuna, ecniu BCce X Moxer OBIThb NpeACTaBJEHO KakK CymMMma cueT-
HOT O yucaa MHOXectB U3 &, (HO He KaK CyMMa KOHE€YHOTO
yucaa MHOXKeCTB H3 ©p). IIpuMepoM o-KOHeUHOH Mephl MOXKeT CJay-
JKHTb IVIOILAJb, ONpele/ieHHas Ha BCeX NpPsSMOYroJbHHKAax Ha Io-
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ckoctd. IlpocToli npumep He O-KOHEYHOH Mephl MOXKHO NOJMYYKThb
caenyomuM ob6pasoM. Ilycre Ha orpeske [0, 1] 3anana Hekotopas
dyukuns f(x). Hdna KaxXAOro KOHEYHOro MNOAMHOXecTBa A =
= {x1, ..., Xn} OTpPe3ka noJOXKHUM W (A4)= > f(x;). Ecan muoxe-
CTBO TOYEK X, B KOTOpHX f(X)== 0, HecueTHO, TO Takas Mepa Ha
[0, 1] He 6ynmer o-KOHeuHOH. '

Urak, nyctb m ecTb o-aAlHTHBHAs H O-KOHeuyHass Mepa B X,

o
onpejesieHHas Ha TNOJAyKoabue Op. IMycTs X = Ul B;, B,esg,,.
i=
INepeias or nonykoabna €, K nopoxaeHHoMy UM Koably R(Sn)
k=1
u 3amenssa By ua B, \ U B;, MOXHO CUHTaThb, 4TO X NpeACTaBJEHO
i=l

KaK CyMMa CYETHOTO YHCJ/a MONAapHO HeNnepeceKalo M HXC S H3-
MEpPHMbIX MHOXECTB, KOTOpble Mbl INO-TIpexHeMy o0Go3HauuM B,
By, ... IlpuMennB K m ONHCAHHYIO B TNpeABIAYIIEM NYHKTE MPO-
nenypy JeGeropa NMpONOJIKEHHS, Mbl NOJYYHM Mepy W, onpejeseH-
uyio Ha &-kosnbue M. Ilycre B= M u WMy — cucrema BCex MHO-
xectB u3 M, conepxammnxca B B:

Mpg={C: C=M, B<C}.
Torna Mp ectb o-anrebpa c enunuued B (cM. creacTsHe M3 Teo-
pemnl 6).

PaccMoTpuM Temepb coBOKynmHOCTh U MHOXecTB A, HMeouux
H3MEpUMOe nepecedyeHue ¢ KaxasM Bi:

ANB; =M.

Hnaue rosops, A = U o3nauaer, uto A npeacTaBUMO B BHIE
©0
A= 1U1 Ai: rie Ai (= EIRB‘. (4)

Cucrema U npejcrasasier cob6oit o-anre6py (nposepbre!), KOTOpYIO-
Mbl Ha30BeM npamoid cymmoii o-anre6p WMp,. Muoxectsa (4), co-

cTapasioliye g-aare6py U, Mbl Ha30BeM USMEPUMbLMU U ONPELeHM.
Mepy fi Kaxzaoro takoro A cienyiomiuM o6pasoM: eciu

A= .Ul Ai! Ai e ﬂRBi N
i=
TO

B =3 u(4)

IlTockosibKy Mepa BCSIKOTO MHOXECTBAa HEOTPHLATENbHA, CTOAMIMI
3hech CNpaBa pAj CXOAMTCH K HEKOTOPOMY HEOTPHLIaTEJbHOMY 3Ha-
YEeHUIO HJIH K 00,



278 MEPA, USMEPUMBIE &YHKUHU, HHTETPAN riav

Teopema 7. B cOeaannbix 8buiue npednosoxcerusx cnpaee@-
AusbL caedyroujue yTeepscoenun:

1) o-aseebpa U u mepa {i He 3aeucar or ewilbopa cucTemvi
Henepecexkaouguxca mroxcecrs B; uz M, ydosaersoparowux ycaosuro
oo

U B, =X,
i=l

2) mepa . g-addurusna nHa U;

3) cosokynnocre mroxcecrs A<= U, daa KOTOpbIX i (4) < o0, cos-
nadaer ¢ d-koavyom M u na srom 6 -Koabye L= U.

JokasaTteabcTBo. 1) 3ameTuMm npexne Bcero, uto A=A
B TOM H TOJbKO ToM cayuae, ecsiu A(1C = M pas moboro C = M.
JloCTaTOYHOCTD 3TOTO YCJAOBHSI $ICHA, IOCKOJLKY OHO O3HAyaer,
B yacTHocTH, uto A(1B;eM(i=1, 2,...); npoBepuM ero Heol-
xomuMocTb. Ilyets A=A u C = M. Tlonoxum C;=C (] B;; Torga

AN C=iL=JI (4nc).

Tax Kak npu Bcsikom N

w(June))<u(Uc)<ro,

T0 B cHJIy TeopeMbl 6 MHO)kecTBo A(1C H3MepUMO.

ITycts {B;} u {Bj} — 1Be cucTeMbl HeNEPECEKAIOUWMXCS MHOKECTB
u3 M, rakue, uyro UB;= UBj=X. Eciiu A=A, TO, N0CKOIBLKY
Mepa [ KaxJOoTro MHOxecTBa U3 IN HeoTpULaTe/bHA, BHIIOJHEHbI
‘pPaBeHCTBa

4;.u(AnBi)==iZ,u(AnanBi>=};u(AnBD,

. e. onpedenss fi(4) no cucreme {B;} U {Bj}, MBI mONTy4nM OAHH
H TOT € pe3yJbTar.
9) Tiyers AV, A®, ... &%, APNA"=@, k#£ln A= UA""

Torma B Cusly O-aJJIUTHBHOCTH MEphl W Ha M
a(A)=_z_:1u(AnBi)=ikZ=1u (4%nB)=

= k = ~ R
=2 (5w 08)) =% (4%,
k=1 \i=1 k=1
T. €. ]J, o-a A JHTHBHA. :
Haxkonen, 3) HenocpeacTBeHHO c.nenyer U3 TeopeMbl 6.

3aMeuanue OmucanHoe Bhllle PACIIHPEHHE TOHATHA usmepumo_cru (c mo-
nyleHueM st Mepbl (GeCKOHeYHBIX 3HadyeHHil) BO3MOXHO M 0€3 NPEATIONOXKeHus
O-KOHEYHOCTH HCXOMHON Mephl, HalpHMep, [0 CJIeLYOUleH CcXxeMe,
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[Tyetp X — HeKOTOpoe npocTpaHcTBO H it — Kakoe-TO O-KOJbLO ero mo-
MHOXXecTB. MHOXecTBO A C X Ha3HBaeTcs usmepumoim ornocureasio M, ecaw
ANB =M gas moboro B = M. Herpyano nposeputs, uTo cucrema U HIMepH-
MBIX OTHOcHTeNRHO I 'MHOKECTB-€cTb C-anrre6pa ¢ epunuuedl X, NpHYeM, ecin:
camMo I ecTb c-aarebpa ¢ ToH ke enunHuedt X, To U =9IN.

[Tyers Teneps B X 3anaHa HEKOTopas O-afJHTHBHAA Mepa [, KOTOPYIO MU
B CHAY N. 2 MOMEM CYHTaTh YXe NPOLOJKEeHHOH Ha HeKoTopoe 8-koubuo I w
nycts ¥ — COBOKYNHOCTh H3MEPHMBIX OTHOCHTeNbHO M MHOKecT H3 X. Muoxke-
¢80 A &= N HasbiBaeTcs Hyas-MHoxcecTsoM, ecan p{ANB)=0 pas moGoro
B =M. Teneps na YU onpepnensieTcst Mepa i (IpHHEEMawas, BOOGIe rOBOpPS, M
Geckoneunble 3HayeHus) clefylouum obpaszoM: ecan s pansoro A & U cyme-
cteyer Takoe B =M, uto ANB ecTh HYJAb-MHOXKECTBO, TO NOJaraeM

p(A)=n(B).
15 Bcex oCTalbHBIX A = ¥ nonaraem
f(A)=co.

Herpyano npoBepuTh, YTO Mepa [i 0-aiiuTHBHA H Ha O-kosbue M — A cosma-
JaeT ¢ L. )

4. Ipononxenne meput no YKoppany. Paccmartpusas B § 2 atoit riasnl mepui,
YIOBJETBOPAIONIHE JIMUWIb YCJAOBHIO aAJHTHBHOCTH, Mbl MOKa3anH, 4YTO Kaxaas
Takas Mepa m MOXKet ObITb NPOAOJKeHAa ¢ Noaykosabna &, Ha MHHHMaJabHOE
koo’ N (Sm), NOpoKAEHHOE STUM TNOJAYKOAbLOM. ONHAKO BO3MONHO H pac-
NPOCTPaHEHHE MePH Ha HEKOTOpOoe X0Jblo, GoJdee obwupHoe, yeM R(S,). Coor-
BETCTBYIOLIEE NMOCTPOEHHE HasblBaercsl npodoascenuem mepol no Xopdawy'y. Unes
STOI'0 NOCTPOEHMs, NPHMEHABILErOCS B PsAfle YACTHEIX C/Yy4yaeB ellle MaTeMaTHKaMH
JpesHeit I'pennn, cOCTOUT B NPHOMMIKEHHH <«H3MeDSeMOro» MHoOXecTBa A MHO-
kecTeaMu A’ 1 A”, KOTOpbIM Mepa yaKe NpPHNNCAHA, W3HYTPH M CHApYXH, T. €.

TaxK, uTO
A c A= A

Ilycrs m ~— Mepa, 3anaHHasl Ha HEKOTOPOM KoJbie R.

Onpeneanenue 5 DBynem HaseBaTh MHOXecTBO A usmepumbvin no JXop-
dany, -ecan npu mobom € > 0 B konbue MR uMeloTess muoxecTea A’ uw A”, yno-
BJIETBOPSAIOILME YCAOBHAM

A CAC A, m(A"N\ A <e.

CnpaBe[JiuBO CJeAYIOLIee YTBEDPIKAECHHE,

Teopema 8. Cucrema R* usmepumerx no )Xopdany mroxecrs ssasercs
KOAbLOM.

[Tycts ¥ — cucTema Takux MHOXKeCTB A, 1Jsi KOTOPHIX CYLIECTBYET MHOXKe-
c¢tB0 B D A u3 R. Oas soboro A u3 R monoxum, no onpeaeseHHio,

B (A)= inf m (B),
B> A
p(A)= sup m (B).

) Bc A

Dyuxuna fi (A) u g (A) HA3LIBAIOTCS COOTBETCTBEHHO «BHEUIHEH» H KBHYTPEH-
Heii» XOPAaHOBOH Mepoil MHOKecTBa A.

QueBHAHO, YTO BCeraa

g p(A) << (A).

. Teopema 9. Kosoyo R* coenadaer ¢ cucremoi rex muomecrs A%,
das koropux p (A)=p(A). . .
Il MHOXecTB H3 9 HMEIOT MECTO CHEAYIOHE TEOPEMBI:

1) Kamuian JKopaaH, (paHuy3ckuit MaTeMaTHK (18384-1922).
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Teopewma 10. Ecau Ac U Ag, 10 F(A)<ZF(AI¢)
Teopewma ll. Ecau AkcA(k—l, 2, ..., n) u AgﬂA1=® ]

n

B> D, p(4)

Onpenensm Tenepb QyHKUMIO [ Ha obaacTd
S, =n
xKax oflLjee 3HAYEHHE BHeIUHEeA M BHYTPeHHeA Mephl:
B (A)=p (A) =i (A).
Us reopem 10 u 11 # u3 toro ouesnaHoro o6cToATeNBCTRA, UTO A A= R
i (A)=p(A)=m(A)

‘BHITEKaeT clefyioulee yTBepKIeHHe:
Teopema 12. Pynxyua n(A) asaserca mepod u npodcaxcenuem Mepsi .
UsnoxeHHoe NOCTPOEHHe NPHMEHHMO K /oGOl Mepe m, ONpefeseHHON Ha

xoablie. B 4acTHOCTH, €r0 MOXHO HPHMEHHTb K MHOXecTBaM Ha naockoctd. [Ipu

'TOM 3a MCXOJXHOE KOJbLO NPHHHMAETCH. COBOKYNMHOCTb 3JeMEHTAPHBIX MHOMKeCTB

(T. €. KOHEUHBIX CYMM NpPSMOYrOJAbHAKOB). KOJBLUO 3/eMEHTapHBLIX MHOMXECTB 3a-

BHCHT, OYEBHJIHO, OT BbIGOPa CHCTEMH KOOPAHHAT Ha maockocTH (GepyTcs mpsmo-

YrOMbHUKH €O CTODOHAMH, Napaijie/lbHbiMH OCSM KOOpIHHAT). ITpu nepexone

K naockofi Mepe )Koprana sTa 3aBHCHMOCTh OT BHGODA CHCTEMB KOODIHHAT HC-

ye3aeT: OTNPABAAACH OT MOGOA CHCTEMBl KOOpAHHAT {%\, X2}, cBA3auuoft ¢ mepBo-

HayadabHOM cHCTeMOlt {X|, X3} OPTOrOHaNbHLUIM Npeo6pa3oBaHHeM

X =cosa-xy +sina-x,+ ay,
Eg==—sin@-x; 4 cost - x; 4 a,,

‘MBI NOAYYHM OAHY u Ty XKe Mepy JKopaaka. 7oT ¢akT BHITeKaeT M3 caepywoued
06ileR TeopeMBl.

TeopeMa 13. Jas 1020 utob6t sopdanoset. npodorxenus P = j(m;) u
Yo == j(my) mep my u my, onpedenennvix na Koavyax Ry u R coenada/m #eob-
X00UMO U OOCTATOUHO BHINOAHEHUS YCAOBULL:

R, c:@u’, m (A)=p.2(A) Ha ﬂ‘tl,
912c@m. m, (A)=p.l (A) na R,

Ecan ucxomnas Mepa m onpefesieHa He Ha KOJble, a Ha NOAYKOJbUE @m. T0
€€ KOPAAHOBBLIM TPOAOJIKEHHEM €CTeCTBEHHO Ha3RaTh Mepy

i(m) = j(r(m)),

TIONYYAKOULYIOCH B Pe3y/abTaTe NPoAOaMeHHs m Ha kotbdo R(Sm) u gaasuefimero
npogoaxenus no )Kopaany.

5. OnHO3HAYHOCTL MpPONO/KeHHA Mepsl. Ecam Muoxectso A uamepumo no
JKopRaHy OTHOCHTENLHO MepH WU, T. €. NPHHAANEIKHT RN* = R*(Sn), 10 An7 10~
Go# Mepl [i, npojoJiKaiwoulei m u onpexeneHHofi wa N*, auavenwme {A(A) cosna-
jgaer co 3HaueHueM J(A) MKOPRAHOBA NPOROMIKEHHSN l-—i(m) Moxkuo noka-
3aTb, YTO DMPOROJIKEHHE MepPbl M 3a npelenbi cHCTeMbl R* MHOXKECTB, H3IMEPHMbIX
ro )Xopaany, He GyReT OXHO3HauHO. Dosiee TOYHO 3TO 3HauuT caedywoutee. Ha-
30BeM MHOXECTBO A MHO K ECTBOM OLHO3HAUYHOCTH NAA MePH 1, eCAH:

1) cymecTByeT Mepa, ABAAIOILAACH MPOAO/MNKEHUEM MEPH M, ONPEAeNCHHAN
A5 MHOXecTBa 4;
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2) ana MoOOLIX ABYX TaKOro poha Mep 4 ¥ M2
B (A) =p; (A).

ViMeeT MecTo TeopeMa: CUCTEMA MHOMECTS OOHOSHAUHOCTU OAR Mepbl m CO8-
nadaer ¢ cucremoll MHONeECTS, usmepumvix no JKopdany OTHOCUTEAbHO Mepul m,
7. e. ¢ Koabyosn R*.

OnHako ecnn PpaccMaTPHBATbh TOJBKO O-alAMTHBHHIE MePH H HX NPONOJKEHHS
(0-agfMTHBHBIE), TO CHCTEMAa MHOXECTB OJHO3HA4YHOCTH Oyaer, BooGlle rosops,
ofupHee.

Tax xak HMEHHO cJayuyad O-aJAHTHBHHIX Mep HauboJiee BaxKeH, TO BBEAEM
cienyiolee onpeseeHne.

Onpepnenenne 6. MuoxectBo A Ha3biBaeTC MHONECTEOM OG-00HO3HAY-
HOCTU IJIS1 G-afAHTHBHON MepHl /M, eCau:

1) cyuwecTByer 0-aALHTHBHOE NPOAOJIKEHHE A MepH m, onpeieacHHoe aas A
(1. e. Takoe, uto A = €));

2) a5 BCAKHX ABYX TaKHX O-aJINTHBHBIX NPOJOJIKEHHA A; M A9 cnpaBei-
JINBO PaBEHCTBO

A (A) =2, (A).

Ecan A ecTb MHOXECTBO O-OJHO3HAYHOCTH Il O-aJHTHBHOH Meph M, TO B CHAY
HalIero ONpeReJeHHs CYLIECTBYET €JHHCTBEHHO BO3MOXKHOe 3HauenHe A(A) mas
Mo6oro G-amJANTHBHOrO NPOLOJIKEHHS MepH W, OnpefedeHHoro Ha A.

Jlerko BHAeTb, UTO Kaxjaoe MHoxecTBO A, u3mepumoe no )Kopaany, uame-
pumo n no JleGery (Ho He HaoG6opoT! NpHBeAHTE NpHMeD), NMpUYEM €ro JKOpAa-
HOBa M JeGeroBa Mepnl OAMHaKoBH. OTCl0la HENOCPEACTBEHHO BHITEKAET, YTO:
JKOPLAHOBO NPOAOJIKEHHE G-aAJKRTHBHON MepH G-alJHTHBHO.

Kaxnaoe MHoXecTBo A, u3MepuMmoe no JleGery, aBisieTcsi MHOXECTBOM O-Of-
HO3HAYHOCTH JJSi HCXOXHOA Mepn m. [edcTBuTenbro, npu JgicboM & >0 mas
A cyuwectsyer takoe B R, uto p* (A A B) < e. KakoBo 6bl HH OuIO onpe-
AesenHoe s A npopoJKeHHe A Mepwl m,

A(B)=m"(B),
Tak Kak Npopo/kenne m’ mepu m Ha R =R (S,,) oxnosnauno. Haaee,
AMAAB)Kp (AAB)<e
jA(A)—m' (B)| <e.

H, CJEJ0BATENbHO,

Takum 06pa3oM, aaa MOGHX ABYX G-afAHTHBEHX NPONOJIKEHHA Ay H Ay MepH e
HMEeM
1A (A) — A (A) | < 2e,
OTKyJia B CHIY NPOH3BOJLHOCTH & > 0
Ay (A) =2, (A).

MOXHO NOKasaTbh, YTO CHCTEMa MHOKECTB, H3MepuMbx no JleGery, Hcuepnmsaer
BCIO CHCTEMY MHOMECTB O-OJHO3HAUHOCTH AJsI HCXOLHOM Mephl M.

TlycTb m-— HEKOTOp2s O-afIMTHBHast Mepa ¢ o6jacThio onpeleieHns © u

M = L(S) — obnacTb onpenenenns ee geGerosa NpOROIKEHHH, JIerko y6GemHTbCs
B TOM, 4TO, KaKOBO 6bl Hu ObO moayko/bno &), yAOBJAETBOPAICLIEE YCAOBHIO

B =M,
L(8,)=L(®).

Bceraa
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§ 4. Hamepumble GyHKuHH

1. OnpexeneHne H OCHOBHbIE CBOHCTBA HM3MEPUMBIX (YHKUHIA.
Tlycts X n Y — 1Ba mpOU3BOJIbHBIX MHOMXKECTBA W NYCTb B HHX Bbi-
JesieHbl iBe CHCTeMHl MOAMHOXecTB ©x.u ©y coorBercTBeHHO. AG-.
‘CTpaKTHast QyHKuus y = f(x) c obsacTbio onpenenenns X, npuuu-
Maroliasi sHavyenuss Ha Y, HaswmiBaerca (©x, ©y)-usmepumoii, ecan
u3 A < @y Boitekaer, uro [1(4) & ;. '

Hanpumep, ecnu u 3a X u 3a Y Basatb uucsiosyio npsamyio (T. e.
paccMaTpuBaTh JEHCTBUTENbHblE (GYHKIMH [efCTBUTEJbHOTO mHepe--
MeHHOT0), a 3a ©x u Sy B3ATb CHCTEMY BCEX OTKPHITHIX (HJIH
BCEeX 3aMKHYTHIX) 10AMHOKecTB H3 R!, To chopMymupoBannoe onpe-
JlesleHHe HM3MEPUMOCTH CBENETCS K ONPEHEJEeHHIO HelpepbiBHOCTH.
Bssis 3a ©x u ©y cucremy BceX GOPEJEBCKAX MHOMKECTB, Mbl MpH-
JleM K TaK HasbBaeMblM B-usmepumoim (unu usmepumeim no 5o-
pearo) GyHKIUSIM.

B panbueiimieM Mbl GyneM HHTEPECOBATHCS NMOHSATHEM M3MEPUMO-
CTH TJIaBHBIM 0GPasOM C TOYKM 3PEHHS TEOPHH HHTETPHPOBAHHUS.
B 3ToM nuiaHe OCHOBHOE 3HAaueHHEe HMeET NOHSTHE H3MEPUMOCTH
YHCJIOBbIX (PYHKUHMH, ONpelesleHHBIX Ha HEKOTOPOM MHOXKecTBe X,
€ 3a/laHHOH HA HeM o-aAluTHBHON Mepoil u. Ilpu atom 3a Sx npu-
HHUMAaeTCsl COBOKYNHOCTb ©;, BceX M3MEPHUMBIX OTHOCHTENbHO W MHO-
keCTB U3 X, a 328 ©y — COBOKYNHOCTb BCEX B-MHOXKECTB Ha NPSIMOIL.
ITockonbky BcAKas o-aJJHTHBHAs Mepa MOXKET ObiTb NMPOLOKEHA
f1a HEKOTOPYIO G-ajre6py, eCTECTBEHHO C CaMOr0 Hauajga CUMTATb,
ato &, ectb c-anre6pa. TakuM 06pasoM, /sl UHCAOBHIX (DYHKIHIL
MBI IPUXOJHM K CJeNyIOLleMy ONpeleseHHI0 H3MEePUMOCTH:

Onpenenenne 1. ITycth X — MHOXKeCTBO, B KOTOPOM 3ajaHa
C-aJAINTHBHAA Mepa u, onpele/eHHas Ha o-axarebpe ©,. [eiicrsu-
TesqbHast OYHKHMA [(x¥) Ha X HasbBaeTcs w-usmepumor, ecau st
8CKOro 60pesieBCKOro MHOXKecTBa A uMCJI0BONH npsimMol :

e éu.

Ananoruuso, KoMiiexkcHas GyHkuust @(x), onpenenennas na X,
HaspiBaercs W-usmepunol, ecin ¢~ (A) = ©, nas Besikoro Gopesies-
CKOrO INOJIMHOXKECTBa KOMILIEKCHOH IUIOCKOCTH. JIerKo mIpoBepHTb,
4YTO" 3TO DABHOCHJIBHO [-H3MEPHMOCTH HEHCTBHTENbHOH H MHHMOM
gacrefl 3T0H (PYHKIHU 0 OTIAEJTLHOCTH. .

Uucnosas GyHKUHMS, 3a/JaHHASA HA.IPAMOMH, HA3LIBAeTCSl 6openes-
ckod (nn B-usmepumoidl), ecnu mpoo6pas Kaxaoro 60peeBCKOro
MHOMECTBA €CTb GOpesIeBCKOe MHOXKECTBO. - o

Teopewma 1. IIycte X, Y u Z — npoussosvrsie mroxecrsa c’
soi0enennoimy 8 HuUx cuctemamu nodmnoxcecrs Sx, &y u Sz coor-
BeTCTBEHHO U nycTo onpedesennas Ha X @ynkyus y="f(x)
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(©x, ©y)-usmepuma, a onpedesennan Ha Y Pynkyus z = g(y)
(©y, ©z)-usmepuna. Toeda pynkyusn

z=0(x)=g ()

(©5, ©,)-usmepima.

KopoTko: usmepumasn ¢yuxyus or usmepumoi Gyuxyuu ecro
ussmepuman QGyHKyus.

INokxasateabcTBo. Eciu A= €,, 10 B cuny (Ey, ©,)-nsme-
pumoctd ¢ynkumun g umeeM: g~! (A)=B=Sy. B croo cuepegb
B cuay (Sy, ©p)-usmepuMoctn GyHKumH [ MHOKecTBO [ ' (B) mpu-
Hapexur Sy, 1. €. (g™ (A))=q)"1(A)EC“.3X, T. €. QyHRUUSA @
(©y, ©;)-namepuma.

CnepncrBue. boperesckas (pynkyus OT w-UIMEPUMOU HUCAO-
80t QpyHKkyuu w-usmepuma. B wactrocTu, Henpepbienan pyHKyua oT
J-U3MepUMOLL P-Uusmepuma.

B panbHeliliem, B cay4asix, KOrja 3TO He MOXKeT BbBI3BAaTb HeJO-
pasyMeHHs, Mbl BMeCTO <«W-H3MePHMOCTH» OyleM NUCATb IIPOCTO
«U3MEPHMOCTb>.

Teopema 2. Jas 1020 utobb Oelictéuresvran ¢ynxyus f(x)
6oiaa usmepuma, Heobxodumo u AocTaTouHo, 4TodsL npu aobom Jed-
CTBUTEAbHOM ¢ MHOdKecT80 {Xx:f(x) << ¢} 66110 usmepumo.

JoxasarteabcTBo. HeoOXxonuMoCTh yc0BUA SICHA, TaK Kak
nosynpsaMas (—oo, ¢) ecTb OopeseBcKoe MHOXKecTBO. [l1f noKasa-
TeJbCTBA AOCTATOYHOCTH 3aMeTHM IIpexJe Bcero, 4to o-ajrebpa,
MOPOXKJAEHHAst CHCTEeMON X BCeX NOJYNPAMBIX (—oo,C) coBmajaer
¢ o-aareGpoit Bcex GopeseBCKHX MHOXKecTB Ha mnpsamod. Ho, co-
raacio 1. 5 § 5 ra. I orciona caenyer, uto npoo6pas Kaxaoro 6o-
PEJeBCKOr0 MHOXeCcTBa INpPHHAJIeXKHUT o-anrefpe, HOPOXKIEHHOM
npooGpasaMy NOJYHPSIMBIX, NPUHAAJNEKAILUX X, T. €. U3MEPUM.

Jloka3zanHOe yCJOBHE YacTO NMPUHUMAIOT 32 ONpeleseHUe H3Me-
PUMOCTH, T. €. Ha3bBalOT QYHKUHNIO [(X) H3MepHMON, eC/IH BCe MHO-
xectBa {x:f(x) << ¢} uamepuMbl. :

2. NleiicTus Haj uamepumbimu (yHKuuamu. Ilokaxewm, 4to co-
BOKYIHOCTb H3MepPHMbIX (GYHKUHH, 3aJaHHBIX HA HEKOTOPOM MHO-
XKeCTBe, 3aMKHYTa OTHOCUTENbHO apudMeTHUeCKuX onepalui.

Teopema 3. Cymma, pasnocTe u npouseederue 08yx uamepu-
moix pynxyuil usmepumor. acrnoe 08yx usmepumvlx pynkyul, npu
YCAOBUL, HTO BHAMEHATEAb He 00PAUAETCA 8 HYAb, TONHCE USMEPUMO.

Joka3zareabCTBO 3TOH TeopeMbl MpPOBENEM B HECKOJbKO
11aTOB. a , ‘

1) Ecau f uamepuma, 10, OUeBHIAHO, H3MepUMbl H GYHKUHH Rf u
a - [ npu N06HIX NOCTOSIHHBIX & W a.

2) anee, ecnu [ 0 & — n3MepuMble (GyHKIHH, TO MHOXKECTBO

{x:1(x)> g ()}
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H3MepuMmo. eficTBuTesbHO,

100> g = (= 169> rd N (x: £ <))

Thae cyMMa GepeTcs IO BCeM PalHOHAJbHBIM YHCJAAM Ik, 3aHYMepo-
BaHHHM B J1060M nopsaake. OTcioga noayyaem, 4To

{x: () >a—g)}="{x: [ (x) +g(x) > a}

"H3MEpPHUMO, T. €. CYMMa H3MepHMbIX QYHKUHA H3MepHuMa.

3) H3 1) u 2) cneayer H3MepHMOCTb pasHoCTH [ — g.

4) Ilpoussenenne uaMepumbix OyHkuuit uamepumo. IleficTsH-
“TeJILHO, BOCTIOJIb3YEMCSl TOXKIEeCTBOM

fe=+10 +2*— (F — g7l

‘Crosilllee crpaBa Bbipa)keHHe ecTb H3MepuMas ¢GyHkuua. 10 Bbi-
TekaetT u3 1)—3) u caencTBus M3 TeopeMn 1, B CHJIY KOTOPOro
KBajJpaT H3MeDHMOH QYHKIHH H3MEPHM.

5) Ecan f(x) namepuma u f(x) = 0, To u 1/f(x) uamepuma. dei-
«CTBHTEJIbHO, ecau ¢ > 0, T

{0 1P (x) <c}={x: [(x) > 1/c}U {x: f(x) <0},
ecqn ¢ << 0, To
{x: 1/f(x) <c}={x: 0> f(x)> 1/},
aecan ¢ =0, T0
{x: 1/f(x) <c}={x: f(x) <c}.

Kaxnabift pas cnpaBa MB NOJyyaeM H3MepHMOe MHOXKecTBO. M3
4) u 5) caenyer H3MepUMOCTb YaCTHOrO g{f:; (npu ycnoBuu g(x)
# 0). ,

Hrak, Mbpl MoKasaju, 4T0 apudMeTHYeCKHe AEHCTBHA Hal H3Me-
PUMBIMH GYHKLHSAMH CHOBAa NPHUBONAT K M3MEPHUMBIM (YHKLHSAM.

ITokakeM Tenepb, YTO COBOKYNMHOCTb H3MEPHMBbIX PYHKUHHA 3aM-
KHYTa N0 OTHOIIEHHIO ‘HE TOJBKO K apH(PMEeTHYECKHM omepaiusm,
HO H K ONepalMH NpeaesibHOro nepexona.

Teopema 4. [Tpeder cxodaweiica npu kaxwdom x e X nocae-

008aTENbHOCTU USMEPUMBLY PYHKYUL USMEPUM.
Hoxkasarteascrtso. Ilycrs fa{x)—>f(x); Torna

{x: f(x)<c}= LkJ L,;l mf;]n {x: fn(x) <c— 1/R)}. (0

JefictButesnbHo, ecan f(x)<<c¢, TO cyumiecrtsyer Takoe R, urto
f(x) < ¢—2[k; nanee, npu 3ToM k MOXKHO HaATH CTOJIb 6OJbUIOE A1,
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YTO NPU M == N BHITOJHEHO HEPABEHCTBO
fm (X) < ¢ — 1}k,

2 3TO M O3HayaeT, 4TO X BOAJeT B NpaBylo yacts (I).
O6patHo, eciv x TpPHHAMJEXKHT NPaBoA uacTH paseHcrsa (1),
TO CYUIECTBYET TaKO€ R, 4TO [PH BCeX AOCTATOYHO OOJBLIHX, M

im(x) <c— l/kr

HO Toraa f(x)<<c, T. . X BXOJHUT B JEBYIO 4acTb paseHctBa (1).
Ecnu ¢yHkund fn(x) usMepHMbl, TO MHOMXKECTBa

{x: fm (x) < c—1/k}

u3MepuMbl. Tak KakK COBOKYMHOCTb H3MEPHUMBIX MHOXECTB €CTh
o-aarebpa, To B cuay (1) MHOXKecTBa

{x: f(x)<e}

TOXEe H3MepPHMbI, YTO ¥ [IOKA3bIBAET H3MEPHMOCTD [(X).
3ameuanue Kak BHIHO H3 CKa3aHHOTO, NMOHSITHE M3MEPHMO-
¢TH (QYHKUHH He CBA3aHO C HAJHYHEM B pacCMaTpUBAEMHIX IpoO-
CTPAHCTBAX KAaKOH-1160 Mephl. JLOMKHBI JHUb GBbITh BLIAENEHDbI CH-
CcTeMbl MHOXECTB, Ha3biBaeMbiX n3MepuMbiMH. Oxnako ¢akTHyecKH
TIOHSITHE H3MEPHMOCTH HCINOJIb3yeTcsl, KaK NpaBujo, Ans GYHKUHI,
onpeleseHHBIX Ha HeKoTopoMm npocrpaHcTBe X ¢ ¢GHKCHPOBAHHOM
Mepoil, 3aaHHOH Ha. Kakod-1u6o o-aarebpe ero NOAMHOXKECTB.
VivenHo 3ta cutyauus u OyfeT paccMaTpHBAThCs B AajbHelilie.

Kak yxe Obl0o OTMeYeHO, O-aJJHTHBHYIO Mepy, OlpeJesleHHYIo
Ha ¢-anre6pe © NOAMHOXKECTB HEKOTOPOro MHOMXKecTBa X, MOXKHO
6e3 orpaHnuyeHHsi OOGLUHOCTH CUYUTATb MOJHOH, T. €. CUUTAThb, YTO
ecid A — u3MepuMOe MHOXKECTBO Mepbl HYyJb, TO BCAKOE €ro noj-
MHOXecTBO A’ m3mepumo (u, xoneuno, u(A’)=0). dto ycaosue
TIOJTHOTBHE Mepbl Mbl BCIOYy B jfaJjibHeHIleM OyaeM mpeanosarath Bbi-
TIOJTHEHHBIM.

3. dksuBaneHTHoCcTb. IIpy H3yueHHHM H3MepHUMbBIX QYHKUHH YacTo
MOXHO MpeHe6peub HX 3HAYEHHFMH HA MHOXECTBE MepHl HYJb.
B cBfA3H ¢ 3TUM BO3HHKAET Cjelyiolllee ONpefeseHHe.

Onpegenenne 2. Ise dyuxkuuy, f u g, 3ananHuble Ha OAHOM
¥ TOM XXe H3MepUMOM MHOKecTBe E, Ha3bIBAIOTCA IKBUBAANCHTHLIMU
{o6o3nauenue: [ ~ g), ecnu

w{x: [(x) % g (x)} =0.

Beenem eille ciaedyoulyio TepMuHoJoruio. IosopsaTt, 4ro HexoTo-
poe CBOMCTBO BLIMOJIHEHO no4Tu gctody Ha E, ecqn OHO BHIIOJHEHO
Ha E Bcioay, kpoMe, ObITb MOXeT, TOYeK, 06pa3yiollHX MHOXKECTBO
»epsl HyJb. Takum o6pa3soM, aBe (QYHKUHU HA3bIBAIOTCH 3KBHBA-
JIEHTHBIMH, €CJIH OHM COBNAJAI0T MOYTH BCIONY.
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Teopema 5. @Pynkyus f(x), onpedesennas Ha HEKOTOPOM U3-
mepumom muoxecree E u IKBUBANEHTHAS HA HeM HEKOTOPOU usme-
pumoii dyrnxyuu g(x), Toxe usmepuma.

HoxasartenbctrBo. M3 onpeneneHnss 3KBHBaJEHTHOCTH Clie-
LYET, 4TO MHOXeCTBa

{x:fx)<a} u {r:g(x)<a}

MOTYT OTJHYATbLCS JPYT OT JAPYyra TOJIbKO HAa HEKOTOpOe MHOXKECTBO
Mephl HYJb, CJA€JA0BATENbHO (IOCKOJbKY Mepa MpedNoJoXKeHa MOJ-
HOH), eC/H BTOPOE H3 HHUX H3MEPHUMO, TO H3MEpPHMO U IepBoe.

3aMmeuanue. B knaccuueckoM aHaJu3e MOHATHE SKBHBAJEHT-
HOCTH (YHKUUH He HUrpaeT CYLLECTBEHHOH DOJH, TaK KakK TaM B
OCHOBHOM pacCMaTpHUBAIOTCS HenpepblBHBlE (GYHKUUM OTHOTO HJIU
HECKOJIbKHX IepPeMeHHBIX, a /15 HHX 3KBHBAJeHTHOCTb PABHOCUJbHA
toxaectBenHocTH. Tounee, ecan aBe QyHKUHH, [ U g, HENPEPLIBHbIE
Ha HEKOTOPOM cermeHTe E, sKBUBaJIeHTHBI (OTHOCHTeJNbHO Mepn! Jle-
Gera), To oHu coBmapaior. elicTBuTenbHO, ecau f(Xo) 7= g(%) B
KakoH-1n6o TOYKe Xg, TO B CHJYy HelpepuiBHOCTH [ W g Hafimercs
OKPECTHOCTb TOYKH Xo, BO BCeX TOUKax KoTopoi f(x)== g(x). Mepa
TAKOH OKPECTHOCTH MOJIOXHTeJNbHA, NO3TOMY HelpephbiBHBE (YHK-
MK He MOTYT GBITb 3KBHUBAJIEHTHBI, €CJIH OHH He COBHAJaloT.

st mpor3BOJBHBIX H3MePHUMBIX (QDYHKUHH 3KBMBAJEHTHOCTb BO-
BCe He 03HauaeT coBmajeHus. Hanpumep, PyHKUMS Ha NPSMOH, paB-
Hasi eJyMHHUIle B PAllHOHAJbHBIX TOUKAX ¥ HYJII0 B HPpPAUHOHAJBHBIX,
SKBHBaJeHTHA QYHKIHU, TOXKIECTBEHHO PAaBHOH HYJIO. _

4. CxoaumocTb moutd Bcloay. [IocKOJMBKY BO MHOTHX CJyHasx
noBejleHHe H3MePUMON (QYHKUHH HA TOM HJH MHOM MHOXeCTBe Mephl
HyJb JJIs HAC HeCylleCTBeHHO, OyJeT eCTeCTBEHHO BBECTH CJENylo-
ee o6o6LleHre OOBIYHOrO JIOHATHA NOTOYEYHOH CXOJUMOCTH.

Onpeneneunune 3. [Mocrenosareabrocts {fn(x)} dyHKUMI,
onpejleJieHHbIX Ha HEKOTOPOM mpoctpancTBe X ¢ 3a/JlaHHON Ha HeM
Mepolt, Ha3bIBaeTCs cx00aueiics nouru ecrody K Gynkuuy f(x), ecin

lim () =T (x) (2)

g noutn Bcex x < X (T. e. MHOXKECTBO T€X TOYEK X, B KOTOPHIX
(2) He BHIMOJHSETCS, HMEET MEPY HYJIb).

I1puwmep. [ocnenosarenbHocTs GYHKIHE fr(X) = (—x)" onpe-
IeneHHblx Ha otpeske [0, 1], mpu n-—>oo cxomurcs K OGYHKUHR
f(x) =0 nouru Bciony (a HMeHHO, BCIOLY, KPOMe TOYKH X == 1).

TeopeMma 4 nonyckaer caedywollee 06001eHHe.

Teopema 4. Ecau nocaedosareéavHocTe uamepumbly Gynyul
fn(x) cxodurca k ¢pynrxyuu f(x) nouru scrody na X, to [(x) Takice
uamepuma. ‘

Jdoxkaszateancrtno. [Iycts A — To MHOXKECTBO, Ha KOTOPOM

lim fa (x) =1 (x).



§ 4] HU3MEPUMBIE ®YHKIIMU 287

Mo yenosuio, p(X ™\ A)= 0. ®yukuus f(x) usmMepuma ua 4, a tax
KaK Ha MHOXK€CTBE MepHl HyJb, OUY€BHIHO, B006Hle BCAKas (byHKUJdH
u3Mepuma, 1o f(x) usmepuma Ha X \\ A, caegoBaTeqbHO, OHA H3-
MepHMa H Ha MHOXecTBe X.

Ynpaxuenne IlycTh NOC/eAOBATENbHOCTL H3MEPHMbIX OYHKIMA [ (x)
CXOJAHTCSt TOYTH BCIOAY K HEKOTOPO#H mpeaeabHoll ¢yekuuu f(x). IlokasaTs, uTo

NOCE0BATENbHOCTD fn (X) CXOAHTCA MOMTH BCIOAY K g(X) B TOM H TOJbKO TOM
cllyuae, ecau g(X) dKBHUBAJEHTHa f(x).

5. Teopema Eroposa. B 1911 r. JI. ®. EropoBeiM Oblia A0Ka-
3aHa cjelyiollas BaxKHasl TeopeMa, yCTaHAB/IHBAIONIAS CBSA3b Me-
K1Yy NOHATHAMH CXOAMMOCTH IIOYTH BCIOLY M PaBHOMEPHOH CXOnU-
MOCTH.

Teopema 6. [1ycte E — MHOMeCTBO KOHEUHOU mepvl u nocae-
dosateabHOCTL usmepumolx Gyuxkyuli fo(x) cxodurca nHa E nouru
ectody k f(x). Toeda daa aro6oco & > 0 cyuwjecrsyer Takoe usme-
pumoe mrooecrso Eg — E, uro

1) p(Eg) > p(E)—9;

2) Ha muoxmecree Eg nocaedosaresvnocTo [n(x) cxodurcs K
f(x) pasromepno.

HoxasarteanbcrtBo. Cornacuo teopeme 4’ ¢ynkuus f(x) us-
mepuma. ITonoxum

Ex =[] {#: 1fi(0) = F (1) | < Um},
izn
Taxkum o6pasom, E; npu (GUKCHPOBAHHBIX M H N 03HAUAET MHO-
JKeCTBO BCeX TeX TOYeK X, AT KOTOPBIX

() —F () 1< lm
npu Bcex i = n. [lycrs

E"=] E-

Us ornpene/eHnsT MHO2KECTB EZI SICHO, 4TO IIpH (bHKCPIpOBaHHOM m

ElcElc...cEP"— ...

B cuay rtoro, uto o-aaAuTHBHAA Mepa HenpepuiBHA, AJS JI000TO
m u aboro §>> 0 Haiiaercsa takoe no(m), 4ToO

w(E™ N Enm) < 8/2".

oo

E5= ﬂl E;Lno(m)y

m=

Ioaoxum

M noKarkeM, YTO TaK IOCTpoeHHoe E, ymoBreTBopsier Tpe6oBaHHAM
TeopeMBHl.
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Ilokaxem chauana, uto Ha E, nocnenoBarenbrocts {fi(x)} cxo-
AMTCA paBHOMEPHO K ¢yHkuuu f(x). DTo cpasy BmTekaer H3 TOrO,
yro ecau x & E,, 1o aas moboro m

[Fi () — [ (x)| < lm npr i > ny(m).

Ouenum tenepb Mepy MuHoxectBa E \ E,. Ilas 3Toro 3aameTuM, yto
npyu BcakoM m uMmeeM p(ENE™)=0. [IeACTBHTENbHO, eCIH X, €
&€ EN\E™ TO CymecTBYIOT CKOJb YrOAHO OO/bliHe 3HAYEHHA i,

IPH KOTOPBIX
| Fi(eo) — F(x0) |1 2= 1/m,

T. €. NOCJeloBaTebHOCTb {fn(X)} B TOuke Xy He cxomutess K [(x).
Tak kak, no ycnosuio, {fn(x)} cxoxurcs x f(x) noutu BcioRy, TO

p(EN\ E™=0.
Orcloga ciaenyer, 4To

p(EN Enmm)=p(E™ \ Enm) < 8/2™
TToaTomy

H(E\Eo)=M(E\ N E'J'.(m>)=u( U (E\E$<m>))<

m=1 m==1

(-] 0o

< Y uENERm)< Y o =s.
m=l m=1
Teopema nokasaHa.
6. CxonumocTh no Mepe.
Onpenenenne 4. I'oBOpAT, YTO NOC/AENOBATENbHOCTD H3MEPHU-
MbiX QyHKUHA [n(X) cxodurcsa no mepe x ¢yuxuun f(x), ecau gns

aoboro ¢ >0 )
,}L”l”{x: | fn () — [ (x) | =0} =0.

Huxecnenylomue teopeMbl 7 1 8 ycTaHaB/IMBAIOT CBA3b MEXIY
NOHATHAMU CXORHMOCTH NOUYTH BCIOAY H CXORMMOCTH no Mepe. Kak
M B NpelbiIyileM NYHKTe paccMaTpuBaeMmasi Mepa Mpeanosaraercs
KOHEYHOH.

Teopema 7. Ecau nocaedosareabHocTo usmepumovlxy Gynxyul
{fn(x)} cxodurca nouru eciody K HexoTopou ¢ynkyuu f(x), T0 ona
cxodurcs K Tol sce camoli npedeavroti gynkyuu f(x) no mepe.

HoxasartenbctBo. M3 teopemb 4’ caenyer, 4rto mpenesb-
Has ¢yukuns f(x) uamepuma. Ilyctb A —To MHOXKeCTBO (Mepbi
HYyJb), Ha KOTOPOM [n(x) He crpemsrcs K f(x). Ilycrtb, nanee,

Ey(0)={x:1 fu () — f () 1> o},
Ri@=U Ec(0), M= ] Ru(0).
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$lcHo, uTO BCe 3TH MHOXecTBa H3MepuMnl. Tak Kak
R (0)D Ry(0)> ...,

TO B CHJIY CBOHCTBA HeNpepblBHOCTH MEpHI
, B (R, (0)) —> 1 (M) mpu n—> oco.
ITpoBepum reneps, uto M A @
JlefiCTBUTENIBHO, €CNH Xo & A, T. €. eclH

lim f, (xo) = (xo),

n-»oo - :

TO AJsd JAHHOTO G >0 HaﬁﬂeTCﬂ Takoe n, '-lTQ
Ifk(x0)~f(x0)|<0’ HPH k>fl,

T. €. Xo & Rn(0) u, TeMm Goaee, Xt M. :
Ho p(A4)=0, n nmosromy u3 (3) BurTexkaer, uto p(M)=0, u,
C/IelOBATENbHO,
B(R,(6))—>0 1npu n-—>oo;

TaK KaK En(0) < Rn(0), TO TeopeMa n0Ka3aHa.

- Herpynno y6GenuTbesi, 4TO H3 CXOAHMOCTH NOCJEI0BATEAbHOCTH
dyHKUHMH 1O Mepe, BOOOIlle rosBops, He CJAeAyeT €€ CXOJHMOCTb
nout Bcioay. JelicTBHTeNbHO, ONpeeNnM A/ KaxKAOro Harypasb-
Horo kR Ha nosyuntepsane (0, 1] Gyuxuuu

(R)  olk) (k)
fl 3 f2 y 2o vy fk
caefylomiuM o6pa3om:
=1 {
I mpp ——— <K+
(k) = ?
i1 (x) = k k
. 0 NpH OCTaJbHLIX 3HAUCHUSX X.
3anyMepoBaB BCe 3TH (QYHKUUM NOAPAI, Mbl MOJYYHM IOC/E/0-
BaTEJbHOCTb, KOTOpAas, KakK JIErKO IIPOBEPHTb, CXOAHTCA IO mepe
K HYJI0, HO B TO X€ BpeMs He CXOIMTCA HU B OJHON TOUKe (noxa-
XKHTe 3710!).
Ynpaxnenune. IlycTs nocnenoBaTesibHOCTb H3MepUMBIX GyHRumi {f, (1)}
CXORHTCA 110 Mepe K HeKOTOpoidl npemensHoll ¢yukuun f(x). Jlokasate, uro mnocse-

noBaTeabHOCTh {fn (X))} 6yder cxomuTbCs MO Mepe K GYHKIHH g(X) B TOM H TOJBKO
B TOM CJyuae, eCjH g(X) skBuBajeHTHA f(X).

XoTsi npuBeJeHHBIH BbIIe MPHUMED MOKA3bIBAET, YTO Teopema 7
He MoOxKeT GbiTb ofpallleHa B MOJNHON Mepe, TeM He MeHee CIpaBe-
JUBa CJelylollias Teopema: ,
Teopema 8. Ilycte nocaedosareasrocre usmepumoix Gynxyui
{fn(x)} cxodurca no mepe k [(x). Toeda us aroii nocaedosarervro-
CTU MOMHO 8bi6paTs nOOnocaedosaresbrocTs {fr, (X))}, cxodawyrocsa

K f(x) nouru scrody. :
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,a 0Ka3aTeJJbCTBO. HYCTb €y, &2, ...— HEKOTOpasg mnocjeno-
BaTEJbHOCTh MOJIOXKHTENbHBIX YHCEJ, CTPEMAUIUXCA K HYJIO,
lim e, =0,
ne>oo
H NYCTb MOJOKHTEJIbHBIE YHCIA Ny, N2, «ovs Nny + o TaKOBbI, 4YTO PAX
mt+mnt ...
cXoauTCA. HOCTPOHM noc/JeA0BATENbHOCThD HHAEKCOB
n; < (2} < ..

cienyloimum o6pa3om: Bei6epeM 1y Tak, YTOGH
ple [fa () —F@) 1 =e} <n
(Taxoe n, 006si3aTe/IbHO CYILECTBYeT); JaJjee BolbepeM fg > f; Tak,

4TOObl

plx|fa () —F)=e} <m.
BooGuie, BoiGepeM fip = Np— TaK, YTOGHI

b (e | Fag 0) — F ()| e} <me.

ITokaxeM, YTO HOCTPOEHHAs MOC/IENOBATEJbHOCTb CXOJHTCA K
f(x) nouru Bciony. HeficTBUTENbHO, IYCTD

Ri= [ (5t | — [ @] > e, @=] R

Tax xak
RIDRRDR3D...DR,D...,

TO B CHJY HernpephlBHOCTH MepHl u(R;) > n(Q).

C npyro#i CTOpOHBI, SICHO, 4TO u(R1)<kZi Ny, OTKyZa u(R;)—

~0 npu i—>o00, T. e. p(Q)=10. Ocraercs NMpPOBEpHTb, YTO BO BCeX
toukax MHOxecTBa E \\ Q uMeeT MeCTo CXOXUMOCTD

frg (6) = F ().

Mycty xo= E\\ Q. Torpa nafizercs Takoe ip, 4T0 Xo&& R;. dt0
0o3Hayaer, UTo s Bcex R = i

X0 & (X | Fng () — F ()] > &),

[ Fr, (%0) — [ (x0) | < &
Taxk kak, no ycJosuio, &, —>0, To

1im fi, (1) =  (x0).

T. €,

Teopema noKasaHa.
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7. Teopema Jlysuna. C-csoiicTeo. Onpenesenne H3MEPUMON (YHKIMH, AaHHOE
B CaMOM Hauyaje 3TOro naparpada, OTHOCHTCH K (YHKUHAM Ha NPOU3BOJBLHBIX
MHOXeCTBaX H B OOlleM cJyyae HHKaK He CBA32HO € NOHSNTHEM HENpepbBHOM
¢yukiun. OfHako, eclu pedb HAET O QYHKUHAX HAa OTpPe3Ke, TO HMeeT MECTO CJe-
Lylomas BaxKHas TeopeMa, ycranoBjeHHasa B 1913 r. H. H. Jlysunum.

Teopema 9. Jas Toc0 urobor pynxyus f(x), 3adannas uma orpeske [a, b,
Gviaa usmepuma, Heob6xo0umno u AocTaToUno, uroboi 0aa 106020 & > 0 cyujecrso-
easa Taxas wenpepvisnas na [a, b] pynkyus @(x), 4ro

pix: f(x) #=o(x)} <e.

Hnaue rosops, naMepuMmas (YHKIHS MOXKeT ObITh CHEJAaHA HENPepHBHON Ha
[a, b] nyTeM ee H3MeneHHs Ha MHOXeCTBe CKOAb YTrOXHO Masoi Mepnl. [Ipo ¢yHK-
HIO Ha OTpesKe, KOTOpasi MOXeT OHTb cheJiaHa HenpepheiBHON ¢ NOMOLIbIO TAKOMH
«ManoR nedopMalHu», FOBOPAT, YTO OHa o6Gaapaer C-ceolcréom (TepMuH
H. H. Jlysuna). Kak noxasmBaer teopema Jlysuna, pjs QyHKUMI 4YwucaoBoro
aprymenTa C-CBOACTBO MOXKHO MOJIOXHTb B OCHOBY CaMOro ONpeAeseHHS H3MepH-
MoctH. JlokasaTeabcTBO TeopeMbl JIy3HHa MOXHO IONYYHTb, BOCMOJNbL3OBABLIHChH
TeopeMoil EropoBa (npoBenute 3TO AOKa3arteabCTBO!).

Ynpaxuenne Jlokasats, uTo ecin A — H3MEPHMOE MHOXKECTBO Ha OT-
peake [a, b], To mas no6oro &€ > 0 HafAyTCA Takoe OTKPHTOE MHOXecTBO G D A
B Takoe 3aMKHyToe MHOXecTBO F < A, uto p(G\ A)<e n p(A\ F)<e.

§ 5. Nuterpan JleGera

Ionstue wunterpana Pumana, wn3BecTHOe H3 5JEMEHTapHOro
Kypca aHa/n3a, NPHMEHHMO JHIb K TaKHM OQYHKIHAM, KOTOpble
WJIH HenpephIBHBI WJIH HMEIOT «He CJIHIIKOM MHOrO» TOYeK paspbiBa.
Ilna naMepUMbiX GQYHKIHH, KOTOPbie MOTYT GbITH Pa3phIBHBEI BCIORY,
rlie OHH ONpejeJieHb (HJH XXe BoOOLle MOryT GbIThb 3ajlaHbl HA a6-
CTPaKTHOM MHOXECTBe, TaK YTO &Il HHX IOHSITHE HeNpepbIBHOCTH
NPOCTO HE HMeeT CMbIC/a), PHMAHOBCKAs KOHCTPYKUHSl MHTerpa/ia
CTAaHOBHTCH HENMpHroAHod. Bmecre ¢ TeM aas Takux GyHKUHi
HMeeTCsl BecbMa COBeplIeHHOe M THOKOe NOHSITHE WHTerpajia, BBe-
nennoe JleGerom.

OcHoBHasi uues nocTpoeHuss uurerpasa JleGera COCTOUT B TOM,
YTO 3/l€Cb, B OT/IIMYHE OT HHTerpana PumaHa, TQUKM X rpynnupyior-
csl He MO NPHU3HAKY HUX GJH30CTH HA OCH X, a 10 NPHU3HAKY 6/1M30CTH
3HaueHHH (QYHKLUHH B 3THX TOUKaxX. DTO Cpasdy Ke MO3BOJAET pac-
NpPOCTPAaHUTb TOHATHE MHTerpaja Ha BecbMa UIHPOKHH KJjace
dynkuni.

Kpome Toro, unterpan JleGera ompegnensiercs coBepLIEHHO OH-
HaKoBO s QYHKUHHA, 3aJaHHBIX Ha JIOGBIX NMPOCTPAHCTBAX C. Me-
pofi, B TO BpeMs KaK HHTerpaid Pumana BBoautcs CHavyanga aad
GyHKUUA OHOTO NMEepeMeHHOro, a 3aTeM y¥Xe C COOTBETCTBYIOLIMMH
¥3MEHEHUSIMH TIePEHOCHUTCS Ha CJaydyaldl HeCKOJbKHX IlepeMeHHbIX.
Iana ¢yHkuuil Xe Ha aGCTPaKTHBIX MPOCTPAHCTBAX C MepOH HHTe-
rpan PuMana BooOllle He HMEET CMbICaaA.

Bciony, rie He OrOBOPEHO MPOTHBHOE, GyleT paccMaTpPHBAThCH
HEKOTOpas MNOJHAas O-aJIMTHBHAA Mepa p, onpejeseHHas Ha o-al-
re6pe MHOXecTB ¢ enunuueil X. Bce paccmatpusaemble MHOXeCTBa
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Ac X 6ynyt npeanosaraTbCi W3MeDHMbIMH, a OGYHKUMM f(x)—
Onpe/leIeHHbIMH 1151 X & X H H3MePHMbIMH.

Ham yno6Ho 6yner onpeaesuTtb HHTErpa JleGera Buauase fas
TaK HAa3hlBAEMBIX IPOCTH X G YHKI U, a 3aTeM PacIpOCTPAHUTh
ero Ha CyulecTBeHHO OoJsiee IMHPOKMA kaacce yHkuui. [Ty 2—5
comepxaT NOCTPOeHHe uHTerpasa JlebGera nJs ciydas, Korjza Mmepa
Bcero mpocrpaHcTBa KoHeuHa. Cayyaii 6eCKOHeYHOR Mepnl paccMart-
pHBaeTCH B . 6 3Toro maparpada:

Mpoctbie dyHkuuu.

Onpeneﬂe}me 1. d)ym(uml f(x), onpeue.neHHaﬂ Ha 'HEKOTO-
pom mpocrpaHcTBe X ¢ 3ajaHHOR Ha HeM Mepoil, HasbIBaeTcs npo-
cTOd, ecqd OHAa U3MepHMa M NpHHHMaeT He 0oJee, yeM CYETHOR
4HCJIO 3HAYEHHH.

CprKTypa IPOCTHIX (pyHKumd XapaKTepH3yercs c.nenylomeu
TEOpeMOH. _ ;

" Teopewma 1. Dynxyusa f(x), npunumaroujas ne 6osee uem cuer-
HOE YUCAO PA3AULHLLY 3HAYEHU '

Yty Yoy o ooy Yny oo«
usmepuma 8 ToM U TOAbLKO TOM cAyHae, ecau 8ce MHONcecTea

An={x:f(x)=yn}
usmepumbst.

JdokaszarteabcrsBo. HeobxonumMocTh ycjaoBus sicHa, TaK Kak
Kaxnoe A, ecTh nMpoo6pas OJHOTOUEYHOrO MHOXKecTBa {Yn}, a Bcs-
KOe OJHOTOUEYHOe MHOXKEeCTBO fBjsercs GopeneBckuM. [locrarou-
HOCThb CJIelyeT H3 TOro, YTO B YCJOBHSIX TeopeMbl mpoobGpas f1(B)
Jio6oro 60peseBCKOT0 MHOXKECTBAa eCcTb oObelHHEHHE BA,, He

Up &
GoJsiee yeM CUETHOTO YHC/Ia H3MEPUMbIX MHOXKECTB An, T. €. HU3MEPHM.

Ucnosb3oBanye NpoCcThIX q)yﬂxuuﬁ B MOCTPOEHUH HHTerpasa Jle-
Gera 6yJeT OCHOBAHO Ha CJefyIollell TeopeMe.

Teopema 2. [aa usmepumoctu ¢ynxyuu f(x) Heobxodumo u
docTarouno, 4Tobbl oHa mozaa 66iTe npedcrasiena 8 sude npedera
pPABHOMEPHO cXx00aelica nocaed08aTeAbHOCTU RPOCTHLX USMEPUMBLY
Pynkyui.

HokasareabcTBo. JlocTaTOUHOCTh sicCHA W3 TeopeMbl 4 mpe-
nbiayuiero naparpada. Hast mokasarenbcTBa HEOOXOAMMOCTH pac-
CMOTPHM rIpOPI3BOJIbHyIO u3MepuMyio GOyHKuuio f(x¥) u moJoXHM
fo(x)=m/n, ecin m/n < f(x)<<(m-+1)/n (30ece m — ueinle,
a n— leJnble nonommenbﬂme) SlcHo, uto pyuruuE fa(X) mpocThie;
IIpH N ~->00 OHH PAaBHOMEPHO cXomstcs K [(X), Tak xak |f(x)—
—~ (%) | < tn.

2, MHTerpan JleGera paa mpoctbix GyHKuHil. Mb BBeleM I0OHSA-
Tue uHrerpana JleGera cHawana s QYHKUMH, Ha3BaHHBIX BhILUe
NPOCTHIMH, T. €. JUIS H3MePHMBbIX QYHKUUH, NPUHUMAIOLIUX KOHEUHO®
HJIH CYETHOE YHCJIO 3HAYEHHH.
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Ilycte f— nekotopas npoctas GYHKLHSA, NpHHHMAOU(As 3HA-
YCHUA
Y, Y2s o ooy Ynsy o3 yt#y; npﬂi?&],

B nycTh A — HEKOTOpOe H3MepHMoe NMOoAMHOXKecTBO X.
“EctectBenno onpenenntb HHTerpad ot QyHKUuH [ TO MHOXKe-
¢TBy A paBeHCTBOM

(rodn=3 g, e A={u x=4, FW=y}. ()
A n

ecad pAA ClpaBa cXOAuTCA. MBI NPUXOXHM.K CJIeNyIOLEeMy ompe-
LefieHHio (B KOTOPOM MO TOHATHBIM IPHYMHAM 3apaHee MOCTYJIH-
pyetcsi aGCOJIIOTHAS CXOAMMOCTb psAja).

Onpenenenne 2. Ilpocras dyHkuus f uasviBaercss uurezpu-

pyemol nnu cymmupyemoii (mo mepe p) Ha MHOXKecTBe A, ecsn
pan (1) aGcomotHo cxonaurcs. Ecam [ uurerpupyema, TO cymma
psina (1) HasbiBaercss usxTeepasom ot f mo Muoxkecrsy A.
B srOoM onpeneneHur mpeanosiaraercsi, 4To BCe Yn Pa3HUHBL.
MoxHO, 0JHAKO, NPeACTABHTb 3HAyeHHe HHTerpaja OT INpOCTOH
GYHKUHH B BHAE CYMMbl Npou3BeieHnit Buna cpp(Br) u He mpenmo-
Jarasl, 4YTO BCE Cp PAasJHYHbL. DTO NO3BOJSIET CHesaTh CAelylomlas
JeMMma.

Jlemwma. [Tycre A=lZJBk, B;NBj=@ npu i< ju nycre Ha

KaxwOom muoxecrse By pynkyus [ npunumaer 1oavk0 00HO 3Haue-
Hue cy; T020a
[Fan=73 ey, (2)
A %

npusem @ynxyus [ unrezpupyema Ha A 8 TomM u TOAGKO TOM CAY-
4ae, koeda pad (2) abcoaroTHO cxodurcs.
HokxasartenbcTBo. Jlerko BHAETh, YTO KaXKI0e MHOMKECTBO

A,={x:x= A, [(x)=y,}
SIBASETCS OGbeAUHEHHeM TeX Bp, /51 KOTOPHIX €k = yn. [TosTOMY

Z Ub(A) =2y, X (B = Z et (By).

n CR=Yn
Tak Kak Mepa HeOTPHLATEbHA, TO

Zlynlu ,.)—Zlynl b ”(Bk)’—2|ck“"(3k)

Ck—
T. €. pAabl Yy (4,) u Ek: el (B;) a6COMIOTHO CXOAATCA HJH pac-
n
XOJATCHA OJHOBPEMEHHO. JleMMa JokasaHa. -
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YcTaHOBHM HEKOTOpHIE CBOHCTBA HHTerpaJsa JleGera ot mpocThiX:
(pyHKUUH:

n (Fw+ewa={iwa+{e@an,
A A A

npuswem u3 CYulecTB0BaHUA UHTE2PAA08 8 Npasoll 4ACTU PABeHCT8a
caedyeT cyujecTeosanie ULTeZpara 8 Aesol.

Jlas nokasaTeabCTBa IPENNOJNOMXKHM, 4TO [ NPHHHMaeT 3HAYEHHSF
f. na MHoxectBax F;— A, a g — 3HaueHHa g; Ha MHOXeCTBaX
G; < A, tak uto

11=Sf(x) du=Zfi|"(Fi), (3
i

12—":

Dty M

gy dn=Y gn(G)). (4)
i

Torpa B cuny JeMMBbI
1=\l +eldn=) Y (i +e&)nF:nG) (5
A i

HO

p(F)= Zj: p(FiNG), w(G)= ; n(F;NG),

Tak 4yTo U3 abGCOJIOTHOH CXOAUMOCTH psaoB (3) u (4) caemyer w
a6CoMOTHAS CXOUMOCTb psifa (5); npu sTom

J = Jl + 12.
B) Has aw0bozo nocrosnnoeo k
{of ax=r{Feax,

A A

npuuem u3 CyujecTe08AHUS UHTe2PaAQ 8 npasol 4acTu ciedyer cy-
wecreosanue unrezpara 8 aesoti uwactu. (ITpoBepsercs uemocped-
CTBEHHO.)

B) Oezpanuuennas na muoxecrse A npocras ynxyus [ unre-
epupyema na A, npuuen, ecau |f(x)| << M na A, 10

{ £ o) |<Mu (A).
A

(ITpoBepsieTcsi HeMOCPENCTBEHHO. )

3. OGmee onpeneneHue HHTerpana Jlebera Ha MHOXeCTBE KO-
YeuHOil Mepbl.

Onpenenenue 3. Hazosem dyuxuuio f unreepupyemot (cym-
mupyemoll) Ha mHodcectée A, eCin CyIeCTBYeT NMOCAEA0BATENbHOCTD
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fIpoCThiX HHTerpHpyeMnix Ha A o¢yukuuit {f,}, cxomsimascs
pasHoMepHoO K [. [Ipexen

[ =lim S £, (x)dy (6)
n=»roo a

©0003HauYHM

S f(x)dp

A

¥ HA30BeM unTezpasom pyuxyuu f no muoxecrey A.

dT10 ompeleseHHe KOPPEKTHO, €CJH BBINOJHEHH CJEAyIOLiHe
yC/I0BHA:

1. Npenen (6) mns mo6ofi paBHOMEPHO CXOASLIENHCH IOCJAERO-
BaTEJIbHOCTH NPOCTHIX MHTErpHpyeMmbix Ha A (yHKUHHA CyulecTByer.

2. dror npepea npu 3afaHHoi GYHKUHH [ He 3aBHCHT OT BHI-
60pa mocae0BaTeNbHOCTH {fr}.

3. Iasa npoctbix QyHKUMA onmpejesieHHe HHTETPUPYEMOCTH M HH-
“Terpajia pABHOCHJIbHO JAaHHOMY B 1. 2,

Bce 314 ycn0BHS HeACTBHTE/NBHO BLINIOJHEHBI.

Hnsa nokasatenbcTBa mepBoro JOCTATOYHO 3aMETHTb, YTO B CHJY
<BofictB A), B) u B) unterpana ot npocThix GpyHKuuH,

Vie@du— (im0 dp|<u @sup 1a 0 = 1. @)
A A

Ilns nokasaresibCTBa BTOPOrO YCJOBHA HaJZ0 PacCMOTPETb JBe
nocaegosarenbuocty, {f2} u {fa}, cxonsummecs x f. Ecru 6u1 mpe-
e (6) A/ 3THX ABYX MOC/IELOBATENbHOCTEl IPHHUMAJ PA3JIHUHbIE
3HAUYeHHus!, TO MJIS NOCIENOBATEIbHOCTH, NOJYyYEeHHOR OGbelnHeHHeM
ITHX ABYX, npefea (6) He cyuiecTBoBas Gbl, YTO NPOTHBOPEUHT Mep-
BOMy ycaoBuio. Haxkowen, nns [no0Ka3aTesbCTBa CHpaBelJHBOCTH
“TPeTbero yCJOBHA JOCTATOYHO PacCMOTPEThb MOC/EA0BATENbHOCTb, B
KOTOpO# fn paBusiercs f mas Bcex n.

3ameuanue. Mpl BHIMM, YTO B IOCTPOEHHH HHTerpana Jle-
6era UMelOTCA JiBa CylleCTBeHHBIX 3Tana. [1epBbiii — Henocpencrsen-
‘HOe oIpe/leleHHe HHTerpana (Kak CyMMBl psiia) IJiss HEKOTOPOro
KJacca QyHKUu# (IPOCTHIX CYMMHPYeMbiX (YHKIHE), JOCTATOYHO
NPOCTOTO H B TO Xe€ BPeMf JOCTaTOYHO OGLIMPHOrO, BTOPOH — pac-
AIPOCTPaHeHHe ONpefieJleHHs HHTerpajia Ha CyUleCTBEHHO GoJiee HIH-
pokHil Kiaacc GyHKUHMA ¢ NOMOIIBIO HmpefesnbHOro nepexoxa. Ilo cy-
TIECTBY, COYETAHHE 3THUX NPHEMOB — HENOCPEACTBEHHOIO KOHCTPYK-
“THBHOTO, HO Y3KOTO ONpefie/leHHsl U MOCJAeAYIOLero NpeieNbHOro ne-
pexojia NPHCYTCTBYET B JIOGOM MOCTPOGHHH HHTErpaJa.

YcraHoBUM OCHOBHBIE cBoiicTBa mHTerpasta JleGera. Henocpen-
«CTBEHHO H3 ONpejelieHus Celyer, 4To:

L V1-dp=na). ®)
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I1. I2a ar060e0 nocrosannoeo k

V&l () an =1 S F(9) du, ©)

A

npudem u3 CYuw,eCTBOBQHUR UHTE2PAAQ 8 Npasoil 4acTu 6biTeKaer
CYu4ecT806aK e UHTE2PAAL 6 Ae801.

310 CBOMCTBO BLIBOAMTCS MPH NOMOILH TNpPeeabHOro nepexoia
u3 cpoiictBa B) mss unTerpana ot npocteix GyHKUHH,

111. Addurusnocres:

(e +emlan={1wdn+ {2 yan, (10)
A A . A

npuuem U3 CYUECTBOBAHUA UHTE2PAN08 8 NPasol “acTu soiTeKaer
Cyu,ecTeosaHUe UHTE2PAAA 8 1€80Ql.

JloKa3aTeqbCTBO MOJAYYaeTcs  [pefeibHbIM MepexofioM H3. CBOfi-
ctBa A) uHTerpaJsa ot npocThix QyHKUHH.

IV. Oepanusennas na maoncecrse A ¢yuxkyua | uureepupyema
Ha A.

Jloka3zaTeqbCTBO NOJy4YaeTcsl IpefesbHBIM NEpeXoJoM H3 CBOMi-
ctBa B) uHTerpasa or npocThiX (PYHKUHH, ¢ HCIOOJbL30BAHHEM TEO-

peMnl 2.
V. Monoronnocrs: eciu f(x}y= 0, To
{Fwau>o0 oy
A

(B npeanoNoXKeHHH, YTO HHTErpaJs CyllecTBYyeT).

Has mpocTeix QYHKHUH 3TO YTBepXKAEHHe CJaelyeT NPsiMO .H3
onpejenenus, a B o0lleM CJay4yae ero MOXKHO BbIBECTH, 3aMETHB, YTO
ecan H3MEPHMA U HEOTPHIlATeNbHa, TO Hal1eTcst paBHOMEPHO CXO-
NAuasics K Hell ocJefoBaTeIbHOCTb {CM. TeopeMy 2) HeOTpH I as
TeJl b H bl X NPOCTHIX QYHKIHH.

U3 mocaenHero cBofcTBa cpa3dy CJeiyeT, 4To ecid f(X) = (x),'
TO .
{fwan={ewan, (12)

a A

a nostomy, ecan. m << f(x) << M nast Bcex (waw mouTH BeeX) x & A4,
T0 :

mp ()< | (9 dn < Mu (A). (13)
A
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VL. Ecau p(A)=0, 10 Sf(x)du =0.
A
VI’. Ecau f(x) = g(x) nouru acrody, 10

{t@an={ewan,
A A

npusem 00a UHTE2PAAQ CYU,ECTBYIOT UAL HE CYU,ecT8YyoT o0HO8pe-
MEHHO. :

DTH NBa yTBepXKJEHHS HENOCPEJCTBEHHO BBITEKAIOT H3 Ompese-
Jienusi uHrerpasna JleGera. : .

VIL. Ecau ¢yurkyus @ unrezpupyema nHa A u noutu e6ctody
[f(x) | << @(x), 10 [ Takme untezpupyena na A.

HelicrBurenbHO, eciu [ # ¢ — NpocTble OYHKUUH, TO YAAJHUB H3
MHOXKeCTBAa A HEeKOTOpPOe MHOXECTBO Mephbl HYJb, OCTaBlleecs MHO-
’KectBo A’ MOXHO NpecTaBHTb KaK OObeJHHEHHe KOHEYHOTrO WJIH
CYETHOTO YMC/JAa MHOMKECTB, HA KaxKJIOM U3 KOTOPHX [ H ¢ IOCTOSIH-
Hbl: [(X) = an, @(x)= bn, npuuem |[an|<< bn. 3 unrerpupyemo-
CTH ¢ BBITEKAET, YTO '

Dla n(A) <) ban (A= S'w (x) dp = S @ () du.
n n - A’ A

TloaTomy f TOXe uHTErpHpyeMa, U

16| § 1 | S ] <
A A’ P
<Vlan)= {170 1< (o dp.
n A’ A

B ofiuem ciydae 3TO yTBepKAeHHE 10KA3BIBACTCH MPELebHbLIM Me-
PEXOAOM C HCIIOJNIb30BAHHUEM TeopeMhl 2.
VIII. Hureepaaot

L={1wdu, L="{1f0)ldu (14)

A A

CYULECTBYIOT UAU He CYUWeCT8YIT 00HOBPEMEHHO.

B camom nene, u3 cymecrsoBaHust uuterpana I BmTeKaeT Cy-
wecTBoBanue I, B cuay coficrea VII.

OGparHoe ans cayyas npoctoll GYHKUHH BLITEKAeT H3 oOmpeje-
JIeRHst HHTErpana, a s obulero cydast JOKa3bBaeTCs NpeesbHbIM
TepexoJoM C MCIOJb30BAHHEM TeOopeMbl 2; MPU 3TOM HYXKHO BOC-
NO/Ib30BaThCsl HEPABEHCTBOM

lal—lbI<la—0bl
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4, 0-afAHTHBHOCTb H aO0cCOJIOTHAs HENPEPLIBHOCTh HHTErpaja
JleGera. B npenbigymeM nyHKTe ObulH cGOpPMYJHDOBaHBl CBOHACTBZ
uHTerpaia JleGera no ¢ukcupoBaHHoMy MHOXecTBY. Cefiuac Mb
YCTaHOBHM HEKOTOpHI€ CBOKCTBa uHTerpana JleGera, paccmarpusas
BLIDaXKeHHE

F()={fap

A

Kak (I)yHKU,H}O MHOXeCTB&, ONpeAe/JICHHYIO Ha COBOKYIIHOCTH H3Me-
PUMBIX MHOXKECTB. yCTaHOBPlM, npexjae Bcero, Ciaeaypliee CBOHCTBO:

Teopema 3. Ecau A=UA,,; ANAj=@ npu i+ j, 10
n

Viwan=Y {imap, (15)

A n A,

npudem U3 CYujeCTB0BAHUR UHTE2PAAQ 8 Ae60l 4aCTU 8biTeKaeT Cy-
ujecTsosanue unreepaaos u abcoaroTHas cxodumocTe pada 8 npa-
80l uactu.

HdokaszareabctBo. CHauajla NpPOBepHM YTBePXKAEHHE TeEO-
peMbl AJS pocTol GYHKUMH f, npUHHMalOlLeR 3HAYeHHS

yl’ y2’ v ey yn, DY
ITyers

Bkz{x: xEAv f(x)=yk}a
By={x: x4, [(x)=uys}).
Torpa

{rdn=3 smBa=Y v Y 0B =
k kR

A n

=YY penBu)=, {f)du. (16
n k

n A,

Tak xkak psn Z Yt (B), B mpennosioXXeHUH HHTErpHpyemocTtn [
Ha A, a6COMIOTHO CXOAUTCS, 2 Mephl BCeX MHOXECTB HeOTpHLlaTeNb-
HBl, TO CXOAATCS aBGCOMIOTHO M BCE OCTaJbHble PANB B ILENOYKe
pasencts (16).

B cayuae npousBonbHOH (GYHKUHH [ M3 ee WHTErpupyemociw
Ha A BbITeKaer, uTo AJjs Jwboro € > 0 cylecTByer npocras HHTe-
rpupyemas Ha A QYHKUHS g, YAOBJETBOPSIOILASA YCIOBHIO

H(x)—gx)<e. (17)

fewan=Y {atan, (18)

A n A

Jas g umeem

n
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IipuueM g HHTerpupyeMa Ha KaxJaoM MHoxectBe A, u psag (18)
abcomoTHO cxomurtcs. M3 »TOro mocienHero o6CTOATENLCTBA M H3
oueHkd (17) BniTekaet, 4TO [ TOXKe HHTErpupyeMa Ha KaxjaoM A, n

Y| §iwdn— {edn| <Y e ) =en (),

n A

n n

NG ECL

A A

<eu(d),

410 BMecte ¢ (18) mnpuBoAMT K aGCOMIOTHOA CXOAHMOCTH psja
z Sf(x) dp U K OLEHKe
n A

) Sf(x)du—-Sf(x)du'@eu(A).

n A, A

Tak kak &€ > 0 Npou3BOJbHO, TO

Y Viwan={fwap.

n A, A

Cnencreue. Ecau [ unreepupyema na A, 1o f unrezpupyema
u Ha a1060M usmepumom mrosxcectse A’ — A.

Mbl nokasanH, YTO U3 HHTETPHPYEMOCTH (bXHKImH f no wmuo-
xecrBy A caepyer, uro etk A =UA, nu A;NA; =, 10 |
aHTErpHpyeMa no KaxaoMmy A, u uHTerpaa no A paseH cymme
#HTErpaJioB 10 MHOXeCcTBaM A,. DTO yTBepXKAeHHe MOXeT ObiTh
©O6pauieHo B CJEAYIOLIEM CMbICTe.

Teopema 4. Ecau A=\J 4, ANA=Q npuis=ju pad
n

> SiF@ idn (19)

n A,
cxodurcs, To pyukyus [ unrezpupyema na A u

{iwdu=Y {rwan.

A n A,

HokasarteabctBo. HoBbiM mo cpaBHeHHIO ¢ mnpeabiaymed
TEOpPeMOH 3/iechb SBJAETCH yTBEpMKJEHHe, YTO H3 CXOAUMOCTH psia
(19) BbiTeKaeT HHTErpupyeMoctb | Ha A.

Crayana npoBe/ieM 10Ka3aTeabCTBO IJIA CAydYast MPocTof (PyHK-
uuu f, npuanMaoiedl 3Hauenus fi. ITonoxus

Bi={x: xEAo f(x)=fi}» Ani=Anan
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HMEEM

UAw=B:u {1F()1dn= Y1110 (4.
n A i

n

Hs cxoxumoctn psiga (19) BBITE@KAEeT, YTO CXOAATCH DPSAAbI
; Zillfi [n(Ap)= ;'I‘fz [n(B)).
Cxo1uMOoCTb TNOCTIENHEro psja o3Hauaer, uto CYILeCTBYET HHTE-
rpaja '
{Frdn=3" 1 (B).
A i
B o6umem cayyae annpokcumupyeM f npocroit gyHkuHed [ Tak, uto
) —F)I<e. (20)
fiF@1an< (i1 1dn + ea(an),

4y Ay

Torma

H TaK Kak pam 2, (A,) = p(A) cxoauTcs, u3 CXOAMMOCTH psina (19)
n
BHITEKaeT CXOOUMOCTh psia

> §1F @ 1du,

n A,

T. €. 110. TOJBKO UTO J0Ka3aHHOMY, HHTErpHPYeMOoCTb Ha A mpocroi
¢ynxuuu f. Ho torna B cuny (20) ucxomnas ¢ynkumusa f Toxe uu-
terpupyema na A. Teopema fokasaHa. : .

HepasencrBo HeGnmena. Ecau ¢(x)=0na A uc>0,
70 '

wiv v 4, s> <t {owan. @1
S 1
Jle#CTBUTEBHO, NYCTH

A={x x4, ¢(x)>c}.

Torna ,
fowan={owan+ | o0dn= {oman>cn@).
A ar aNar A
Canepncrteue. Ecau-
- {1f @ 1an=o,
A

70 f(x) = 0 nouru 6crody.
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B camom pene, B cusy nepaBenctBa UeGnimeBa, HMeeM

p{x: r e A, lf(x)|>%}<nglf(x)idu=0
A
s seex n. [Tostomy

oo

pix:xs A, f(x)=;&0}<2p,{x: xeE A, lf(x)]>%}=0.

n=1

B npenwinyumem nyskTe ObIO yKasaHo, 4To uHTerpai JleGera
10 MHOXECTBY HYJIEBOH Mephl paBeH HYJIO IJs 060l pyHKuuu f.

ITO yTBEpK/EHHE MOXHO paccCMaTPHBaTh KaK IPeAesbHBIH Cay-
yaii clefyiollled BaXKHOH TEOPEMHI.

Teopema b (a6conwTHAas HENPEePH BHOCTDL HHTe-
rpana Jle6era). Ecau f(x) — cymmupyemas na muosxcecrse A
Gynxyua, 1o 9aa Kaxcdozo & > 0 cywjecrsyer rakoe § >0, 410

Sf(x)du <se

e

05 80aK020 uzmepumozo e < A Takoeo, uro p.(e) << 8.

HdoxaszatenbcTBo. 3aMeTHM Npex e BCEro, YTo Halle yTBep-
XJleHHe O4YeBHAHO, ecaH [ orpannueHa. Ilyctb Temepb f— npous-
BOJIbHafA cymMmMupyemasi Ha A dyuxuus. ITonoxum

Ay={x: x€ 4, n<|f)I<n+41}

N
By= UOA,,, Cy=A\ By.
n=0 .

Torna B cuny Teopemul 3

00

firmian=3 (17 1a
A n=04,

BriGepem N Tak, uto

Y i idn= {17 wan <,

n=N+1 CnN
M MyCTh

€

Ecau teneps p(e) < §, to
Sf(x)dul<8‘lf(x)ldu= | 1retan+ § 170 1du.

e efiBy enCN
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IlepBbii M3 CTOAIMX CIpaBa MHTErPajJOB He NPEeBOCXOJHT &/2
(cBofictBo V), a BTOpO#i — He GoJblle, UYeM HHTErpaJ, B3STBHIl 10
BceMy MHOxkecTBY Cy, T. €. TakXe He NPEBOCXOAUT &/2; TaKuM 06-
pasomM, noJayuaem

J1f(1dn <e.

e

YcTaHoB/IeHHBIE CBOMCTBA HHTErpaJa Kak QyHKIHH MHOMXKECTBA HPH-
BOAAT K cJeldyoumeMy pesyabraty. [1ycte [— neorpuyaresvrasn
pynxyus, cymmupyemas Ha npocrparcree X no mepe n. Tozda
Qyuryun

F(A)={ () an
A

onpedenena 0in ecex usmepumbvix mroxcecrs A < X, Heorpuyarens-
Ha U 0-a00uTusHa, T. e. YOOBALTBOPAET YCAOBUID: ecal A= U A, u
n

ANA=¢g, 1o F(A)= Z F(A,). Uubimu cnoBamu, uxreepas or

n
HeoTpuyaTeabHol pynkyuu 06aa0aeT Kak GYHKYUL MHOXCecT8a 8ce-
Mu csoticTéamu 6-a00uTusHOl mepol. DTa Mepa ONpe/eseHa Ha Toil
XKe o-anre6pe, 4TO M HCXOAHAas Mepa WU, H CBI3aHA C WU YCJIOBHEM:
ecin p(A)=0,Tou F(A)=0.

5. IpeneabHblit nepexon noj 3Hakom unterpanaJleGera. Bonpoc
0 NpefeJbHOM Mepexole NMoJ 3HAKOM HHTerpajda, HJH, YTO TO -XKe
camoe, O MOYJIEHHOM HHTerPHPOBAHHH CXOASIIErocs psina, 4acro
BO3HHMKAET B Pa3/IMUHBIX 3aJayax.

B KiaccHuecKoM aHaiH3e YCTaHABIUBAETCH, YTO HAOCTATOYHBIM
yCJIOBHEM BO3MOXHOCTH TaKOrO IpeNeJbHOro MNepexoia sBJsSeTcs
paBHOMEpHAst CXOAMMOCTb COOTBETCTBYIOLIEH MNOCJEeN0BaTENbHOCTH
(psina).

Cefiyac Mbl YCTAHOBHM HEKOTODbIE TEOPEMBI O TPEAeJSbHOM Iie-
pexoie nojx 3HaKoM uHTerpana JleGera, mpexcraBasioumue coGoi
najJexko uayuime o60GLIeHHS COOTBETCTBYIOLUHX TEOpeM KJjaccHye-
CKOro aHaJnuaa.

Teopema 6 (JleGer). Ecau nocaedosaresvrocrs {fn} na A
cxodurea k | u npu 8cex n

o () I<o(x),

20e ¢ untezpupyema na A, To npedesvran pynkyus f unreepupyema
Ha A u _

{fatdu—{ £ (o).

A A

HoxasartenscTBo. M3 ycioBust TeopeMbl JIErkKo ClEAyeT, 4TO
f(x)| << @(x). Tosromy f (n. 3, csoiictBo VII) uHTerpupyema.
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ITycte € > 0 npousBosbho. [To Teopeme 5 (06 aGcoaloTHOR Hempe-
PLIBHOCTH HHTerpasa) Hafinerca takoe 8§ > 0,uyto ecan p(B) << ), 1O

S(p(x)du <= 22)
B

B cuay teopemn EropoBa MHoXecTBO B, ynoBiersopsiollee ycJo-
Buio p(B)<<C 6, MoXHO BHIOpPaTh TaK, YTO MNOCJIEN0BATELHOCTD
{f»} cxommress na C = A\ B pamuomepHo. CienoBaTenbho, Hail-
aercs takoe N, yto npu n == N 1 x & C BHIOJHEHO HEPABEHCTBO

|F () —fn (x) ] <yﬁg)—-
Torna
frwan—{r@an={1rm—f.an+ {F@dn = {fa0an,
A A [ B B

n taKk Kak |f(x)|<o@(x) u |fa(x)]|<o(x), TO B cuny (22) no-
Jyyaem

reaan—{fedn|<g+5+5=e
A

A
Cnepncrsue. Ecau |fo(x)| << M= const u fa—>f, 10
Vot dn— {7 () au.
A A

3ameuanune. IlockonbKy 3HayeHus, npuHuMaeMble QyHKUHER
Ha MHOXKecTBe Mephl 0, He BJHMSIIOT HA BEJNHYMHY HHTErpaja, B Teo-
peme 6 HOCTATOYHO NPEANONOXKHTb, 4TO {fn} cXomurca K [ mouTH
BCIOAY H 4TO Ka)foe H3 HepaBeHCTB |fa¢X)|<< ¢(x) Taxxke BbI-
NOJHSAETCS JIHIUb NIOMTH BCIOAY.

Teopema 7 (B.Jlesu). Ilycte na muoxecree A

<LW<..<f.W<...,

npuvesm QyHKyuu fn UHTeZpUpPYeMbL U UX UHTE2PAAbL O2PAHUYCHbL
8 COBOKYNHOCTU

{fman<k.
A

Toeda noutu sctody na A cyujecrTsyer (KoHeunbilr) npedea
f(x)="lmf, (x), (23)
n=»co
¢ynxyun | unreepupyema na A u

Vintrdn— 0 du.

A A
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IIpu s3Tom Ha MHOXecTBe, Ha KotopoM -npenen (23) ue cynie-
crByer, GYHKUHIO [ MOXHO 3aJaTh NPOH3BOJLHO, HaNmpHUMep, MOJO+
HB Ha 3TOM MHoOXecTBe f(x) = 0.

HoxkasaTteabcTBO. DyneM npegnonarats fi(x) = 0, Tak xak
o6mui cJay4yal JIerko CBOJHTCS K 3TOMY NyTeM Nepexoia K (yHK-

HUAM _ )
Cfe=f—1
PaccmoTpum MHOXKECTBO

Q={x: x4, f,()—> 0o},
Jlerko BHIETb, YTO Q= ﬂ U o r

QP ={x: x= A, f,(x)>r}.
B cuay nepasencra HeGniesa (21)
| n (@) <K/r.
Tak kak Q'O = ...cQ" = ... 10 1 (g Qﬁ,”) < K/r; no

npu JoOoMm .r
' Qc U QY

NO3TOMY u(Q) K/r. Beuny mnpou3BONBHOCTH 7 OTCIOAA cneuye'r,
410
n(Q) =

Tem caMbiM J0Ka3aHO, HUTO MOHOTOHHASl ~IIOC/IENOBATEbHOCT
{fn.(x)} mouru Bcroay na A uMeer KoHeunwlit npepen f(x).
O603naunM uepes A, MHOXKECTBO Tex TOueK X & A, /s KOTOPBHIX

r—1<f<r, r=1,2, ...

H TOJIOKHM @ (X)==r na A.
Ecan 6yaer nokasana unrterpupyemocts ¢(x) una A, 1o yrsep-
JKJeHHe Halledl TeopeMbl CAeIaeTCsl HelOCPeJCTBEHHBIM CJIACTBHEM

teopeMbl 6. Tlosoxum
8§

B,=J 4,.

r==}

Tax kak Ha Bs dyukuuu f, u [ orpauuuenst u scerza @(x)<<

< f(x)+1, T0
S(p(x)dy.< Sf(x)du—{—p(A):.]im Sf,,(x)du + p (DK + p (A
n-—)ooB

B B

s s . : s
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Ho

s

foyan=73" ruca).
Bg e r=0. .

OrpaHqum{ocrb ¥Xe 3THX CYyMM O3HadaeT CXOAUMOCTb pala

oo

)=\ emau.

r=I1 A

Takum oGpasom, HHTErpupyeMoctb @ Ha A noKa3aHa. YCaoBHE MO-
HOTOHHOTO HeyGbiBaHus QYHKUHHA [n(X) MOXKHO, OueBHIHO, 3a-
MEeHHTb B JJOKa3aHHOHA TeopeMe yCJOBYEM HX MOHOTOHHOIO H € B O 3-
pacTaHHS.

CunencrBue. Ecau Yo (x)=0u

oo

> (o du <o,

n=l A

r0 nouru ectody xwa A pad Z{ Y, (x) cxodurca u

S(i o, -(x)) di=Y, {0 du.

A “n=l T n=l A

Teopema 8 (Pary). Ecau nocredosarersrocto usmepumolx
HeoTpuyarteavrolx Gynkyuil {fn} cxodurca nouru ecody wa A « [ u

{faan<k,
A
70 [ unreepupyema na A u
{Hdn<k.
A
IokasaTteabctso. [Tonoxum
@ (¥) = inf [ (x);
k>2n
(¢n H3MEpHMA, TAK KaK
et <ep= U {x: fu(x) <e}.

Hanee, 0 <<, (¥) <fa(x), mosToMy @, wnrerpupyemsl, u

foman<{f.man<k;
y: | A :
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HaKoHell,
<< ...<ep, )< ...

lim g, () =1 (9)

H

noutn Bcioay. ITosToMy, mpuMeHsss mpeAblAylylO TeopeMy K {@.},
noJgyyaeM TpefyeMhili pe3yJbTar.

6. Unterpaa JleGera no mHoMxecTBy GeckoneuHOH mepul. o cux
nop, roops 06 HHTErpaje H €ro CBOHCTBaX, Mbl CUHTAJH, YTO pac-
cMaTpuBaloTcsl QYHKIHH, 3alaHHble HA TOM WJH HHOM H3MEepHMOM
MHOXXeCcTBe KOHeuHOM Mepbl. OXHAKO YaCTO NPHXOAHTCA UMETL Jeso
¢ dyvKuusiMy, 3aJaHHLIMH Ha MHOXeCTBE, Mepa KOTOporo 6ecko-
HeuHa, HalpuMep, Ha NpsMo# ¢ JebGeroBoii Mepol Ha Heli. ITosTomy
BaXXHO PaCNpPOCTPAHHTb NMOHSATHE HHTErpasia M Ha 3TOT caydai. Mer
OTPAHHYHMCSl IPH 3TOM TeM NpaKTHYECKH HauboJiee CYLIeCTBEHHBLIM
cayyaeM, KOrjla pacCMaTpHuBaeMoe MHOXecTBO X MoXeT GuitTh npei-
CTaBJEHO KaK CyMMa CYETHOrO YHCJa MHOXECTB KOHEYHOH Mepbhl:

X=X, nX,)<oo. (24)

Ecan npocrpaHcTBo X, B KOTOPOM 3aJlaHA Mepa w, PeACTaBUMO
KaK CyMMa CYETHOrO YHMCJa MHOXKeCTB KOHEYHOH Mepbl, TO Mepa ’
Ha X Hasbipaercs o-KoHeuHOH (cM. n. 3 § 3). Ilpumepamu o-koueu-
HbIX Mep cayXaT Mephl JlebGera Ha npsiMOH, MJIOCKOCTH, B N-MEPHOM
npoctpaHcTBe. Mepy, He yIOBJETBOPAIOULYIO YCJIOBHIO O-KOHEUHOCTH,
MOXXHO NOJYYMTb, HalpHMep, NPUIHCAB KaXKAOH TOYKe Ha NPSAMOMN
Bec 1. Torja Bce NOAMHOXKECTBA NPSMOH MOXHO CUMTATb H3MEpH-
MBIMH, TPHYEM KOHeyHble MHOXeCTBa OYAYT HMeTb KOHEUHYIO Mepy,
a ocraJjbHble — 6€CKOHEYHYIO.

HasoseM ucuepnoisaroujeil nociedo8aTesbHOCTbIO BCAKYIO MOHO-
TOHHO BO3PacCTaIOULYI0 TOC/AEN0BaTeNbHOCTb {Xn} H3MEPHMBIX NOA-
MHOXeCTB MHOXecTBa X, yHOBIeTBOpSIOMYI0 ycJaoBHIO (24). Base-
JleM Terepb caeayiollee onpejelieHue.

Onpenenenune 4. Uamepumasn dyukuus f, onpenesnexnas ua
MHOXKecTBe X C O-KOHEUHOH Mepofl u, HAa3LIBAETCH CyMMUpyemoll
Ha X, ec/ii OHA CYMMHpYyeMa Ha Ka)XJJOM H3MEepPHMOM IOAMHOKECTBE
A < X xoneuHo# Mepbl U ecu AJs1 KaxKJ0H HcuepnbuIBaloIlell moce-
noBatenbHocTH {Xn} npenen

lim S f(x)du (25)

Xn

CylleCcTBYeT H He 3aBUCHT OT BBIOOpa 3TOH IMOC/e40BAaTeJbHOCTH.
ST0oT npenes Ha3bIBAETCH uHTe2paiom oT [ no muoxecrsy X H
0603Ha4aeTcsi CHMBOJIOM

Si(x) dp.

X
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Slcho Takke, uTo ecqnm QyHKUHA [ paBHA HYJI0 BHE HEKOTOPOro
MHOXKECTBA KOHEYHOM Mephl, TO JJI Hee TOJNbKO 4YTo copmy/upo-
BaHHOE ONpejle/leHHe HHTErpaja PaBHOCHJIbHO TOMY, KOTOPOE GBLIO
JaHo B m. 3.

3ameuanne. Onpenenenve HHTErpasia OT NpocToll (yHKUHH,
JaHHOE B II. 2, MOXKHO JOCJOBHO I€PeHeCTH Ha Cay4yall GeCKOHeuHOMH
Mepbl. FICHO HpH 3TOM, YTO AJIi CYMMHUDPYEMOCTH NPOCTOH (YHKLHH
Heo6X0HMO, 4TOObl KaXjoe OTJHYHOe OT HyJs 3HAYEHHE OHA MpH-
HHMaJa TOJbKO Ha MHOXKeCTBe KOHeuHOH Mepbl. Ompenenenne cyMm-
MHPYEMOCTH, JaHHOe B I. 3, CYILEeCTBEHHO CBSI3aHO C IPEANOJOoNKe-
HKEM KOoHeuHOCTH Mepbl MHoxectBa X. [lefictBurenbuo, ecau
p(X)= oo, TO U3 paBHOMEPHOH CXOJHMOCTH MNOC/eJ0BATENbHOCTH
NPOCTHIX CyMMHUPYyeMbIX GYyHKUHH {@n} He caenyer, BooGlle rosops,
CXOINMOCTb TOC/JEeN0BATENbHOCTH HX HHTErpajioB (IIpHBEIHTE MpH-
mep!).

Pesyusbrathl, ndnoxenusle B nn. 3 U 4 i ciayuas KOHEUHOH
Mepbl, B OCHOBHOM IePEHOCATCA Ha HHTerpaJjbl Mo MHOXeCTBy Gec-
KOHEUHOH MepHhl.

CyllecTBeHHOE OTJIMYHE COCTOHT B TOM, YTO B cayuyae p(X)= oo
orpannyeHHas n3mepumas GyHkuus Ha X He o6s3aHa GbITb CyMm-
mupyemoli. B wvactHoctH, ecnu p(X)= oo, TO HHKaKas OT/IMYHAA
OT HYJsI KOHCTAHTa He HHTEerpupyema ua X.

Uuratens 6e3 tpyaa mpoBeput, uto TeopeMbt JleGera, B. Jlesn
u Pary ocTaloTCs CNpaBelJIUBLIMH B CJydae 6eCKOHEUHOH Mephl.

7. CpaBHenue uHTerpana JleGera ¢ unrerpaaom Pumauna. Brisic-
HHM CBfI3b MeXJy HHTerpanamu JleGera u Pumaua. Ilpu atom mui
OrpaHHYHMCA TNPOCTEHLIMM ciayyaeM JMHeHHO# Mepwl JleGera Ha
npAMoi.

Teopema 9. Ecau cyujecreyer unreepar Pumana

b

1=R \ twdr,

a.
10 | unreepupyema na [a, bl no Jlebeey u
fx)ydp=1.
[a. b]

HoxasarenbcrtBo. Paccmorpum pa3buenue otpeska [a, b]
Ha 2™ yacrell TOUKaMHu

k
f=a+3 (6—a)
4 COOTBETCTBYIOILHE 3TOMY pa3buenuto cymmst [Jap6y:
- 2" 2"
b—a b—a
9n=7—z M, ®n=‘—2n—z Mg,
k=1 k=l
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rae Mnp— BepXHAs rpaHb [ HA OTpe3Ke
Xp—1 <x <xk>
a Mpp— HUXKHAS TPanb [ Ha ToM XKe orpeske. ITo onpenenennio
uHterpaja Pumana,
I=1imQ, =limo,.
n-»oo n-»oo
ITonoxum
fn(¥) =My mpn X4y <X < X,
f_n (%) = myy P Xpe) KX < X
B Touke x = b Qynkumnu f, ¥ f, MOXHO AOONpPERETUTH NPOH3BOb-
HO. JIerko BBIYHCJIHTD, 4TO
S fn(x)du=2Q,, S _f_n(x)dp'=°)n'
{a, b] [a, b]

Taxk kak nocnenoBareabHocTsh {f,} He Bo3pacraer, a mocaenosa-
TeNbHOCTb {fn} He yOhiBaeT, TO NOYTH BCIOAY

fa)—>F ) =F ), folx)—>f ()<
ITo Teopeme b. JleBn

| Fwdn=limQ, =I=lima, = WGLT
1a," 8] n—)‘o‘? n-»o la. 8]

TTosTomy
{ Fo—t@ian={ Fw—feyan=0
la, b] la, b]
H, CNeJOBaTENAbHO, IIOYTH BCIOAY

F () — J () =0,
Fo)=F()=F

f(x)dn=1I.
la, b]

Teopema jokasana. = :

Jlerko ykasaTb NpHMepbl OrpaHHYEHHBIX (DYHKIHHA HA HEKOTO-
poM OTpe3Ke, HHTerpupyembix 1o JleGery, HO He HHTErpHPYEMBIX IO
Pumany (uanpumep, yxe ynoMuHaBuwasics (ynxuus Jupuxsae Ha
orpeske [0, 1], paBHast | aas panuonanbubX ¥ 0 A5 HPPALHOHAb-
HblX x). Heorpanuuennnle ¢yuxuuu BooGuie ne MOryT OBITb HHTe-
rpupyembl o Pumany, Ho MHorue u3 Hux unterpupyeMmst no JleGery.
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B uwactnoctn, mo6as ¢yukunsi f(x) =0, pas Kotopoil uHTerpas
Pumana
b

§ 7oyax

a+e

cyliecTByeT NpH KaxJaoM & >0 u nHMeeT KoHeunbil mpenen / npn
&£ — 0, nuterpupyema no Jlebery Ha [a, b], npuuem

S [ (x)dn =li_£r‘l)a§ f (x)dx.

la. b) +e

Heco6cTBennblil uaTerpan
b
lim Sf(x) dx
e->0
ate

B ¢ayyae, Koraa
b

lim S | f(x) |dx =c0,
£>0 ars

ve CcyulecTByeT B J1e6ErOBOM CMbIC/IE, IOCKOJbKY, COIJIacHO CBOH-
ctey VIII n. 3, u3 cymmupyemoctn GyHkuuu f(x) cienyer, uto H
¢yukuus |f(x) | roxe cymmupyema. Hanpumep, nurerpan

1
o S
§7sm7dx

cyuiecTByeT Kak (yC/JIOBHO CXOAAILHACA) HeCOGCTBEHHBIH HHTErpas
Pumana, HO He cyuiecTByeT Kak uurerpaJ JleGera.

Ecan paccmarpuBaercs QyHKUHA Ha BCeH NpsMOR (MM moJjy-
npsMoii), To nHTerpad Pumana ansi Takoll (yHKUHH MOXKeT Cyule-
CTBOBATb JHIIb B HeCOOCTBEHHOM cMBblcie. OnaTh-Taky, €CNH TaKOH
MHTErpad CXOAHTCS abCOJIOTHO, TO COOTBETCTBYIOIIUH J1eOEeroB HH-
Terpaj CyLIeCTBYeT H HMeeT TO e caMoe 3Hauenue. Ecan ke stor
HHTETPAJ CXOIMTCA JHIIb YCJAOBHO, TO B JieGerosom cMhicae QyHK-

sSin x
uusi e uHrTerpupyema. Hanpumep, dpyuxuus p
110 JleGery Ha BCei NPSMOI, NOCKONBKY

§

He HHTerpupyema

sin x
— == 00,
p |dx
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Onnaxo HecOGCTBEHHBIH HHTErpad

o0

sinx
S p dx,

—00

KaK H3BeCTHO, CYLUCCTBYET, H pPaBEH I.

§ 6. lIpsiMbie NpoU3Be EHHS CHCTEM MHOXECTB H Mep.
Teopema ®Py6unu

B ananuse BaXHYIO pOJIb HrpalOT TEOPEMbl O CBeAEHHH [BOM-
HOro (na¥ BOOOUIE MHOTOKPATHOrO) HHTerpaja K IOBTOPHOMY.
B Teopun KpaTHbIX HHTerpasnos JleGera OCHOBHBIM Pe3yJbTATOM SIB-
JsieTcs Tak HasbiBaemasi Teopema P yO6uHH, KoTopas Gyler go-
KasaHa B KoHlle 3toro naparpaga. IlpeaBapuresnsio Mbl ycTaHOBEM
HECKOTOPbie BCIIOMOTaTeJbHbe NOHATHA H (PAKTH, MUMeEIOUIHe, BHpPO-
YyeM, 1 CaMOCTOSITeJbHBIA HHTEpEC.

1. Ilpon3seaenns cucreM MHOXKecTB. MHOXeCTBO Z ynopsiioueH-
Hblx nap (x,y), rie x= X, y<=Y, HaszuBaerca npamsim npousse-
dexnuem wmHoxectB X u Y u o6Gosnavaerca X X Y. Anasoruuuo,
MHOXeCTBO Z yNOPSROYEHHBIX KOHEUHBIX IOC]e0BATENbHOCTER
(X1, X2, ..., Xn), TA€ Xy & Xz, Ha3bIBaeTCA MPSAMbIM NPOH3BEACHHEM
muoxects X;, Xo, ..., Xn 1 0603Hayaercs

Z=X, XX, X ... X X, =Xl Xe.

B wacTHOM cayvae, Koria

Xi=X,= ... =X,=X,
MHOXeCTBO Z eCTh N-f CTelneHb MHOMXKecTBa X:
Z=X"

Hanpumep, KoopAMHaTHOe fi-MepHOe MPOCTpaHcTBOo R™ ectb n-n
cTenenb yncaoBoi npamoi R, Exunnunsiil xy6 /™, T. e. MHOXKeCTBO
sneMenToB H3 R™ ¢ KOOpAMHATAMH, TONYHHEHHBIMH YCJIOBHIO

0<x <1, k=12 ..., n,

fiBNfeTCA Nn-H creneHbld enuHuuHoro cermenta I'={0, 1].
Ecm ©,, &,, ..., ©, — cucreMbl NOAMHOXECTB MHOXecTB X,

Xy ..., Xa, TO
m=61><62>< X@n
00603HavaeT CHCTEMy IOAMHOXECTB MHOxXecTBa X =|->Z| X, npen-

€TaBHMBIX B BHIE
A=A XA X ... XA,
the A, =G,
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Ecmn 8, =6,= .., =&,=8, 10 ® ecTb n-a cremesb cu-
cremn &:
R=G".

Hanpumep, cucreMa napasiie/Ienunenos B R" ectb n-a crenensp
cucremMsl orpeskoB B R'.

Teopema 1. Ecau B, G, ..., ©,— noaykossya, 10 u
& =[X|®, ecre nosyxosyo.

HokazateabcTBo. CornacHo ONpeleseHHIO MONYKOJblIA
HaM HYXHO NIPOBEPHTH, YTO ecnn A B=® 10 AQB=®R, u ecn,

KpoMe Toro, B& A, To A= UC,, rie C;=B, C;,NC;=Q npu

i#=jn C;e® (i=1, 2, ..., n) IIpoBeneM J0Ka3aTeJbLCTBO MJSL
ciyuas n=2,
I. Myets A=G, X@m B =&, X 3, 310 3HaYuT, uTO

A=A X4, AsC, 4,6,
B=B,XB, B 6, B,e&,.

Torama

Aﬂ3=(AnnBl)X(Aanz),
H TaK Kak

ANB 8, ANB 6,
TO

A n Be @l X @2.
II. TlpenmnonoxuM Tenepb, NONOJHHTENBHO, UTO
Bl [t Al’ 32 (@ Ag;

B cuay Toro, uro &, u @, — noaykoJblia, HMEIOT MECTO pPa3foKe-
HHUA: 1 .
A=8UB"y ... uBP,

Ay, =B,UBY Y ... UBY.
Ho Torma

A=A X =B, XB)U(BI XB") U ... U(BIX B
V(B X BYU B X B U ... u(B" X BY)U

----------------------

U(BP X B)U (B X B)U ... u(BP X BY).

IlepBbIM W/IEHOM 3TOrO passoKeHHsi cAYKHUT By X By = B, u Bce
yJieHbl MpUHajsexar cucreme @ X &,.

TeopeMa J0KasaHa.

OpnHako M3 NPEANONOXKEHHS, UTO cHcTeMBbl ©p, CyTh KoJbla (HJAH
g-anreGphl), ellle He BhHITEKaeT, BOOOGIIE rOBOPS, YTO MPOHM3BEAEHHE

RI@,, 6yZeT KOJbIOM (COOTBETCTBEHHO C-anare6poi).
)
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2. Mpoussenennst Mep. Ilycts Ha monykoabuax &, S,,...., S,
3alaHbHl Mephl '

Wy (Al), Ro(Ao), v, Bal4y), A =8,

Has npoctoTe 6yneM CUHTATL 3TH Mepbl KOHEYHLIMH, XOTH H3J/1a-

raeMble HUXKe PAacCyXIeHHs H YaKTh NMePeHOCATCS, 6e3 cyllecTsex-

HbIX H3MEHEeHHH, Ha Caydal O-KOHeYHHIX Mep (CM., HampHMep, [21].
OnpenennM Ha NMOAYKOJbIE

R=6,X&X ... X8, ()
Mepy
L p=p; Xpa X ..o X Ry 2)
dbopmyaoi
‘ w(A) = (A) pa(4y) ... 1y (Ap), A3
TAe »

A=A X AHX ... XA,

Cnenyer eme nokasarte, uto p(A) — AefiCTBUTENbHO Mepa, T. €. UTO
stra (yHKUHs MHOXecTBa anautuHa. Cremaem 310 1as chayyas
n = 2. [lyctb nano pasnokeHue

A=A X A= U B®, BONBD =@ npu i % |,
B(k) B(k) >< Bék)-

B cuny nemmbl 2 § 5 ran. 1 Cy[IleCTBleT TaKHe Pa3yIoXKeHHs

=", a={cr,

yto MHOXecTBa B{Y sABAAIOTCH 06bEAHHEHHAMH Hexoropbxx Cc
n MHOXecTBa B — 06beauHeHHAMH HEKOTOPBIX C$”. Ouesnno,

yTo
B A= (A ()= T T i (CI") ua (€, *
u(B®) = p, (B?) s (BS?) = };.. > w (C™) pa (an) N ()

&
rpuueM B (5) cnpasa cymma Gepercst no Beem Ci™ < B u ¢ =

{3 o
cBP a s npasoil yactu paBeHcTBa (4) CTOSIT MO OJHOMY pasy
BCe UuJIeHBI, TMOSBJAIOLIHECS B NpaBbiX yacTsix paseHcts (5). Ilo-

3TOMY
p(4)= X n(By),

4YTO H TPGGOBaJIOCb A0Kas3arThb.

Taxum o6pa30M, B YaCTHOCTH, aAJUTHBHOCTb 3JeMEHTAPHBIX Mep
B n- MepHOM €BKJINJOBOM HpOCTpaHCTBe CJIeIlYGT H3 aAAUTHBHOCTH
JHHEeHRHOM MEpbl Ha HpHMOH

m,
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- Mepy (2), 3ananuyio ua noaykoabue (1) cdopmy.noii (3), mbl
6yneM Ha3LiBaTb npoussedexuem mep 1y, ..., ln.
Teopema 2. Ecau mepot i, Wgy .., Uy 0-a00UTUBHOL, TO C-20-
Qurusna u mepa p=p; X s X ... X .

JoKasaTeabeTBO NPOBEfEeM AJA cayuas n = 2. O603HallPlM‘
yepes Ay JieGeroBo npojoJiKenne Mepbl pi. Ilycte C= UI C,,.rie
C, N Cp =D npu n%=m, npudem C u C, BxoaatT B &, X &, T. e.

C=AXB, A, B=&,,
Cn=An><Bm AnE®l» Brgeem
Iycts MuoxectBa A u Ay, A, ... nexar B npocrpancrse X. [To-
JOXHM a1 x e X :
ne(B,), ecd x € Ay,
fa(x) =
0, ecyH X & A,

Jlerko BuzeTh, 4To 4aa x < A
zn: fn (x) = P (B)v
NO3TOMY B CHJY caelcTBus M3 Teopembl B. JleBu (cm. ctp. 305)

Y { fa@ drg = w2 (B)dhy = 4 (4) 12 (B) = 1 (D) (B),
n A A
HO ) S .

{ Fa)dr = (B m (4) =1 ()

A
¥, CJ1eJOBaTENbHO,

R (CI=rO).

Ecmt uy, ..., B, G-aJUIUTUBHEIE MEPEI, 3aaHHbIE COOTBETCTBEHIHO
Ha o-aarg6pax &, ..., ©,, To UX npouseedenuem Mbl Ha3oBeM Jie-
Geroso npomoJsikeHne Mepbl Wy X po X ... X 1, Bynem o6osnayats
€ro CHMBOJIOM : .

B OQU® ... U, uad & M.

- B uacTtHoCTH, TIpH
- W=ly= ... =p, =
rxo.nyq-ae'M 1-10 CTeNeHb Mephl W:
=Q Uz, Up=}.

Hanpumep, n-mepuas mepa JleGera u _eCThb -5 CTeleHb JHHEHHOI
Mephl JleGera p.
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3aMeTHM, YTO NpPOH3BeJeHHEe Mep aBTOMATHYECKH OKa3bIBaeTcs
NOJHBIM (Z1aXKe ecJd Mepbl (i, ..., Wn OBJIH HEMOJHB).

3. BuipaxeHHe NJAOCKOH Mepbl 4epe3 HHTErpan JUHEKHOH Meps
ceyeHnii U reomerpuueckoe ompenesenue HHrerpasa Jlebera. [Tyctn
obnactb G Ha MJIOCKOCTH (X, Yy) OrpaHHYeHa BePTHKAJSAMH X = 4,
y=>b n KpuBbIMH y = @(x), y = P(x).

Kax nsBectno, niomanp o6aacty G Bbipakaercss HHTErpajiom

b
V@) ={ (o) —v}dx.

Ilpn stom pasHocTb @(Xp) — $(Xo) paBHA AJHHE CeyeHHs 06Ja-
ctu G BepTHKaJbI0 X == Xo. Halllelt 3amaueil ABJsiercsi nepeHecTH
TaKo# Cnoco6 M3MepeHHs IUIollajiel Ha NPOH3BOJIBHbIE MEpPHI-NPO-
H3BeLeHHs

b=l @ U,

B nanbHefimieM GyjAer mpeinoJiaraThCfi, YTO MepHI fix H py Onpese-
JeHbl Ha g-aarefpax, o-afAUTUBHLI ¥ 00/1aZ210T CBOKCTBOM NOJNHOTH
(ecni B A n n(A)=20, To B u3aMepuMo), KOTOPHM, KaK yKa3bi-
BaJIoCh paHee, 06/1a4a10T BCe J1eGEeroBbl MPOJOJKEHHUSA.
Brenem obos3HaueHus:
A, ={y:(x, y) = A} (¢ ¢uxcuponaHo),

Ay={xix, y)=s i} (y ¢durcupoBaHo).

Ecan X n Y -—uncaoseie npamsie (a X X Y — nockocts), To
Ay, €cTb Npoekuus Ha OCb Y ceueHHss MHOXKecTBa A BepTHKAaJAbHOM
npsiMOR X = Xo.

Teopema 3. B nepeuucrennoix soule npednosoNeHuUsx O
A106020 n-u3mepumozo muoxcecrsa'l) A

w(4) = S By (A dpy = S Bx (Ay) dpy.
: X Y
}1 OKa3saTeJbCTBO. ﬂOCTaTO‘{HO AOKa3aTb pPaBEHCTBO
1 (A) = oa () du,, rre Qa0 =, (4,), (6)
X

TaK KaK BTOPOe YTBEpXKIE€HHE TEOPEMbl BIOJIHE AaHAJOTHYHO mep-

) 3ameTuM, YTO HHTerpupoBaHue no X (aKTHYECKH CBOAHTCA K HHTECPHPO-
BAaHHIO NO MHOXCCTBY U Ay, < X, BHe KOTOPOr0 NOAMHTErPajtbHasA (QYHKIHA
y
¢
paBHa HYyJIO. AHAMOPHYHO, \ == )
Ua
%

Y
X
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BOMy. 3aMeTHM, 4YTO TeopeMa AaBTOMATHYeCKM BKJlouaer 8 cebd
YTBEPKIEHUE, UTO NPU NOYTU 8CeX X (B CMBIC/IE MEPH k) MHONCE-
cT8a Ax U3MepUMbL OTHOCUTEABHO MepblL Ny U 4TO (QYHKUUA P4 (X)
U3MEPUMA OTHOCUTEAbHO Mepbl px. De3 atoro dopmyaa (6) ue ume-
Ja Obl cMBICAA.

Mepa p-—3T0 Je6eroBo NpPOAOJIKEHHE Mepbl M = tx X Uy,
onpenenenHoll Ha cucreMe ©, MHOXecTB Buaa A=A, X A,,. Hdas
TaKHX MHOXeCTB paBeHCTBO (6) oueBHIHO, TAK KaK AJS HUX

_ { l,ly (Axo) npu X e Ay,.,
Pa () = 0 npu x & A,

Bes tpyna mnepesocurcs paBeHCTBO (6) M Ha MHOXKecTBa M3
R (©n), pasnoxuMble B KOHEUHYIO CYMMY NONAapHO Hemepecekalo-
ILHXCS MHOXKECTB H3 Gnm.

JlokasaTtenbcTBO paBeHcTBa (6) B o6llleM cayuae onupaetcs Ha
CJIENYIOIYI0 JIeMMY, KOTOpas HMeeT H CaMOCTOSATEJbHbIH uHTepec
IS TeOpUH Jie6eroBEIX NMPOJOJKEHHH.

JlemMma. as 406020 p-uamepumozo muoxcecrea A cyuiecrsyer
MHoocecTso B suda

B=ﬂB,,, BoB>...oB,o ...,
n
Bn=ank, B,<Bp< ... CBy< ...,

20e muoxcecrea Bny npunadrexar R (Sy), npusen A < B u
p (4)=np (B). ™
HNokasarteasncTBo. [To onpenenenuio uaMepuMOCTH NpH JIIO-
60M 1 MHOXeCcTBO A MOXHO IOTPY3HTb BO MHOXKeCTBO C, = U Apr—
r

o0 beIMHEHHe MHOXKECTB Anr U3 &, TaK, 4TO
p(Cn) <u(4)+1/n.

n
IMonoxum B, = ﬂC,, ¥ 3aMeTHUM, YTO MHOXecTBa B, uMelOT
k=1

BH] B,,=U6ns, rae o, npuHapaexar ©p. [los0XKHB, HaKoHel,
’ 8§

k
Bu=1J 8., MBl monyunM cucTeMy MHOKeCTB Bar ¢ HYKHBIMH
s=l

CBOHCTBaMHU.

Jlemma aokasaHa.

Papencrso (6) J1erKO NEpPEHOCHTCST ¢ MHOXKeCTB B,p = R(6,)
Ha MHoOXecTBa B, m B npn nomomu teopemb B. Jlesu (reopema 7
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§ 5), Tak Kak
‘an (JC) =kl_i)r£]°<PBnk (x)) P

iy 7,

\V//\

P ...
=.

op (x) =linrop (x), Pz,

n->o
B cu/ly HenpepblBHOCTH Mepbl 3TH DPaBEHCTBA HMEIOT MeECTO .B -Ka-
Kao# Touke x. Ecin p(4)=0, ro n(B) = 0 u nouru Bcoay

@5 (x) = py (Bx) =0.
Tak xak Ax < By, To ANS MOYTH BCEX X MHOXKECTBO Ay H3MePUMO H
@4 (¥) = ny (Ax) =0,
S% (*)dp, =0=p (A).

CnenoBaTtesibHO, A1 MHOXecTB A Mepwl Hysp ¢opMyaa (6) sepua.
B o6uem cayuae npencraBum A B Buge B\ C, rae B cuay (7),
w(C)=0. Tax xax ¢opmysa (6) Bepua ans muoxects B u C, to
JIETKO BHJI€Th, YTO OHA BepHA W AJA CAaMOro MHoxectsa A. Iloxa-
3aTeJIbCTBO TEOPEMBE 3 3aKOHUEHO.

ITycts Tenepb Y — uncioBas npsmas, p, — jaunefinasa mepa Jle-
6era, a MHOXKecTBO A e€CTh MHOXKECTBO TOUEK (X, ) BHAA

{(JC, y): XEM, Og.’/\f(x)}r . (8)

rie M—Kakoe-To px-M3MEPHMOE MHOXECTBO, a f(X) — uHTerpu-
pyemast HeoTpulaTenbHas Gyukius. B s3Tom cayuae

f(x) npu x= M,
””(A")z{ 0 npu x&M

b= F@du,.
M

Takum o6pa3om, foxasaua cjaegyoulas TeopeMa.

Teopema 4. Hureepaa Jlebeea neoTpuyarervroll ¢ynKyui

f(x) pasen mepe p = px X py mroxecrsa A, onpedeseHnozo coot-
Howeruen (8).
* Korpa X — uucjioBas l’IpﬂMaH MHOXKecTBO M — oTpe3ok, a GpyHK-
uust f(x) uurerpupyema no Pumany, sta TeopemMa CBOAMTCS K H3-
BECTHOMY BLIPAXKEHHIO HHTerpa/a yepes IVIOWA/ib, PACHOJIOKEHHYI)
noa rpaduxkoM GyHKIHH.

4. Teopema Py6unn. Paccvorpum tpoitHoe npoussenenue U =
=XXYXUZ; ecin ua X, Y, Z 3anausl Mepbl px, Ry, MUz, TO MePY

U=l @ Uy ® 1y
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MOXKHO ONpeaeqauTbh KakK
(ny ® Uy) ® Uy,

He @ (1 ® 1y).

HJH XK€ KakK

B neficTBHTENBHOCTH, KAaK JIEFKO IPOBEPHTb, 3TH ONpeleseHust
PaBHOCHJIbHBI.

Caenyiomasi reopeMa SIBJSIETCS OCHOBHOH B TEOPHH KDAaTHBIX
HHTErpasos.

Teopema 5 (Oy6uunmu). [lycre mepor ux 4 py onpedeserot
Ha o-arzebpax, 6-a00UTUBHBL I NOAHL, NYCTb, Oaisee,

W=U; & Hy
u pynxyus f(x, y) unTeepupyema no mepe p Ha MHONeCToe

Ac X XY. 9)
Tozda')

{Foe, gyan={ (S Fx, y)duy) dp, = (S F(x, 9) dux) duy. (10)
A X \4, Y \4,
yTBep)KlIEHI/Ie TE€OpEeMbl BKJIOUAET B cebsa CylecTBoBaHue BHY-
TPEHHUX WHTErpajoB B CKOOKAax IPH MOYTH BCEX 3HAYEHHAX mepe-
MEHHOTO, 0 KOTOPOMY GepyTCst BHEUIHHE HHTErpaJbl.
HoxasartenbcTBo. [IpoBenem cHavama J0Kas3aTesbCTBO AJs
cayuasi f(x,y)=0. C aTo#i Hesnbl0O PAaCCMOTPHM TPOHHOE HPOU3BeE-

JEHHE

U=XXYXZ,
rie Tpemi/'x MHOXHTEJMb €CTb 4YHC/JOBas IpaMad, H NPOU3BEJEHHE
Mep
. A=p, ®u, @ pl=p® pnl,

rie u! ectb nMHeHHas seGeroBa Mepa.
B U onpenesnum noamuoxkectsBo W ycaosuem: (x, y,2)e W, ecan
(x,y)=A4,0<<z2<f(x,y). B cuny teopemnl 4

aw)={fx, y)du. (1)
A

C apyroft CTOPOHBL, O TeopeMme 3

A(W) = {5 (W) du, )
X

1) Cm. cruocky Ha ctp. 314.



318 MEPA, UBMEPUMBIE ®YHKUUWH, UHTETPAN rn.v

rae £ =py X p! 1 W, obo3nauaeT MHOXKecTBO nap (y,2), 418 KO-
TopuiX (X, y,2)e W. Ilpu a3ToM, cHOBa 1o Teopeme 4,

sWo= | Fe, pan, (13)

Ay

Conocrasaas (11), (12) u (13), nonyuaem
Sf(x, y)dp = S(S f(x, 9)du,)du,,
A x \4,

4T0 H Tpe6oBaJOCh NOKA3AaTh.
O6wuii cayua#t cBoauTcs K pa3o6paHHOMY NDH NOMOLUH pa-

BEHCTB
Fr, D=1 )= (%, 9)
f+ (x, y)= If(x; y) \2+f(x’ y) f"‘ (x’ y)= lf(x, y) l2—-f(x, !/) ]

’

3ameuanne. Kak nokaspiBaioT NpHBOAHMbIE HHMKE MPHMEDHI,
M3 CYLeCTBOBAHUS NOBTOPHBIX HHTErpaJfoB

§( | Fdny)due m }S(Agyfdux) duy (14)

x

He cJelyioT, BooOule rosops, HH pasedctBa (10), Hu HHTerpupye-
moctb ¢yukuuu f(x,y) ua A. Opuako, ecau cyujecrsyer xors 6ot
O0CUH U3 UHTE2PAA0E

S(Slf(x. y)ldpy)dp, w S(Slf(x, y)ld“’x)dl"y» (15)
x \a, ¥ \4,
10 f(x,Yy) unreepupyema na A u cnpasedausor pasencrsa (10).

JefcTBUTEIbLHO, IIYCTh, HAIPHMeEp, NepBHIi U3 uurterpatos (15)
cymectnyeT u pasen M. ®yukuus [a(x, y)= min{|f(x, y)|, n} ua-
MepHMa, OTpaHHYeHa, a 3HauuT, u cymmupyema ua A. ITo teopeme
Dy6uun

an (x, y)dp= S ( S falx, ¥) duy) du, <M. (16)

A X \4,

dyukuun fn 06pasyioT MOHOTOHHO HEYOHIBAIOIYIO MOCJAEN0BATENb-
HOCTb, IIOYTH BCIORY cxoasuylocsi K |f(x, y)|. [To Teopeme B. Jlesn
oTcioia M H3 HepaBencTBa (16) caemyer, uto ¢yrxuus |f(x,y)|
cymmupyema Ha A. Ho rtorma u f(x,y) cymmupyema u aas uee
Bepua teopeMa Dy6uuu. OTcloNa BEITEKAET Halle yTBEPXKIEHHE.
Mu poxasanu teopemy PyOGuHu B peInosioKeHHH, UTO MePH! [y
n py (a 3naunt, U p) KoHeunwl. OHHAKO, OHA OCTaeTCA CHpPaBENJHU~
BOHi U B CJlyuae O-KOHEUHBLIX Mep (cM., HanpuMep, [21], cTp. 208).
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[NpuBeneM npuMepw QYHKUIHH, RJAs1 KOTOPHIX CYUIECTBYIOT NOBTOPHBIE MHTEr-
paan (14), vo pasencrso (10) He umeer MecTa.
L. Myers A={—1, 1}

f(x, )= npa X2+ y* >0 u (0, 0)=0;

L
&+ 7
1

_Slr'(x.y)dx=0

TOorga

npu BCEX Yy H

f(x y)dy=0

LM.—

apu Beex x. Ilostomy

Sl( Slf(x,y)dx)dy= §( Slf(X,y)dy)dx=O,
<1\ A\

H0 HHTE[PaJ B CMHCJIE HBOAHOTO MHTerpajia JleGera mo KBajpary He CYLIECTBYeT,
TaK Kax

.. I 2n 1
S Slf(x,y)ldxdy>gdrsLiifi‘i'r“’—“ﬂd@:ﬂ%:m’
=1 1 5 4 ;

2. Tlyers A=[0, 13,

1 i
2 npn FSES ST S d<y<-Lo

gn—t "’
Xy y) = 1 1 1 1
f( — 92+ oy T S 2—;—< < T
0 B OCTAJbHBIX CJOYyYasx.
MoxkHO NOZCYHTATH, UTO
1,1
S(S F(x, y)dx)dy=o.
0 M

§(§f(x, y)dy)dx=l.
0

0



THABA VI
HEONPEREJEHHBIA MHTETPAJI JIEBETA.
TEOPHUSA NHPSEPEHLUHPOBAHHUS

B astofi rnaBe Mp Gynem paccmarpuBaTh HHrterpan JleGera B
OCHOBHOM /11 QYHKIHHA Ha NPAMOH, CYHTas, 4YTO Mepa, N0 KOTOPOH
9TOT HHTerpaJ Oepercs, ecTb oOblYHAs JuHelHass Mepa JleGera.

Eciu [ — cyMmupyemasi QyHKIHS, ONpefe/ieHHAs Ha H3MePHMOM
npocTpaHcTBe X ¢ MepoH p, TO HHTErpaJ

{F (yan (*)
A - .
CYUIeCTBYeT LJIS KaXAOTO M3MepHMOro A< X u npn ¢ukcuposaH-
HOll [ mpeacTaBasieT co0ofl (YHKLHIO MHOMECTBA, ONpeaeseHHYIO
g5 Bcex uaMepuMblx noaMHoxects A < X. Takoit uuterpan Haswl-
BaeTcsl HeonpeleseHHovim UHTezpasom Jlebeea. HpOCTpaHCTBOM X
MOXET, B YaCTHOCTH, CJYXHTb OTPE30K 4YHC/IOBOH mnpsiMoit. Ecau
npu 3ToM A — TOXe HEKOTOPHIl OTpe30K, To HHTerpas () Gyaer
dbyukuuei napbl ToYek — KOHLIOB orpe3ka A. Byaem cuntath, uTO
B 3TOM cJaydyae MepoH u aBasiercst o6plunas Mepa JleGera u mucathb
dt Bmecto dp. 3aduKCHPOBAB OMH H3 KOHIOB INPOMEXYTKa HHTE-
rpHPOBAHHSA, CKa)KeM, JIeBbH, Mbl MOXeM H3y4YaTb CBOHCTBA HHTe-
x

rpaJa Sf(t)a’t, B3ATOrO TO OTPE3Ky [a, x], KaK (yHKUHH OLHOrO

a

MepeMeHHOro x. JTa 3ajaua NPHBEJET HAC K PAaCCMOTPEHHIO HEeKOo-
TOPHIX BaXKHHIX Kjaaccos. yHKuuf Ha npamoii. O6uell 3agave usy-
yeyus uHTerpana Jle6era or GUKCHPOBAHHOH GYHKIMH [ Kak cbyHK-
N¥H MHOXecTBa nocssmnen § b. .

M3 sneMenTapHOro Kypca aHaJu3a H3BeCTHBI CJeYIOUlHe OCHOB-
Hble pABEHCTBA, Halolllhe CBsA3b MeXAy onepauusiMu audepesuupo-
BAHHSI U MHTErDHPOBaHMs: ec/lH [— HenpeprlBHasA QyHKuUA, a F—
G yHKIES, HMeloHlas HelpepeBHYIO NPOH3BOAHYI0, TO

X

) 2 \rvar=iw,
b

2) g F' (f) dt = F (b) — F (a).

a
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CnpawnBaercs: BepHO JH PaBeHCTBO 1) aas GYHKUHE, CyMMHUpYe-
MBIX B cMbicie Jle6era? Kakos kmace ¢yHkuuit (Bo3moxuo, 6oJee
IHPOKHH), I/ KOTOPOrO BHIIONHAETCS PaBeHCTBO 2)°?

STUM BOmMpocaM IOCBSILIEHBI caeayouye mnaparpadbl NaHHON
rJaBbl.

§ 1. MoHOTOHHbIEe (DYHKUHUH.
AuddepeHunpyemMocTs HHTErpana no BepxXHemy npeaeay

1. OcHoBHBlE CBOHCTBA MOHOTOHHBIX dyHkumid. Masyuenue

cBolicTB uHterpana JleGera
X

® ()= f)ar (1)

a

KaK (QYHKIHM BEpXHEro npejesa Mbl HauHeM CO CJAeIYIOIero ode-
BHJHOTO, HO BaXKHOro 3aMevaHus: ecan QyHKuUHS [ HeoTpHUATENb-
Ha, to @ (x)— MoHoTOHHO HeyOnBawouasa ¢pyuxkuuda. lanee, Bcsakas
cymmupyemas QyHKIHS eCTb PA3HOCTb JABYX HEOTPHIATENbHBIX CyM-

M €MBbIX.
e FO=F, 0 —f_ @ @

. Iosromy wunrterpan (1) pasnaraercs B pasHOCTb ABYX MOHOTOHHO
Hey6uiBatomux ¢Gyuxnuil. CieroBartesbHo, U3yueHHe uHTerpana Jle-
f6era Kak (QYHKUHH BEePXHEro mnpejesa MOXHO CBECTH K U3YUYEHHIO
MOHOTOHHBIX PyHKIMH TOro ke tuna. MoHoToHHble QyHKUMH (He3a-
BUCHUMO OT HX NPOHUCXOXKAEHHs) 06/1a1al0T PAJOM MPOCTHIX H BaxK-
HBIX CBOMCTB, KOTOpHIE cefiuac OYAYT H3JI0XKEHHI.

Hanomuum HekoTopeie noHsatus. Bcioay, rie He oroBopeHo mpo-
THBHOE, GyyT paccMaTpuBaThCsl QyHKIHKH, 3aJlaHHble HA HEKOTOPOM
oTpesKe.

DyHKUMA [ Ha3bIBaeTCS MOHOTOHHO HeyboiBarowed, ecau U3

X << X caenyer
f () <F (o)

aHAJIOTHYHO ONpEeJeJsIOTCSl MOHOTOHHO HeBo3pacTaiollue QyHKUHH.
ITycrb f— npousBoabHast GyHkuns na npsimoi. Ilpenen!)

lim f(xo 4 4)
h>0+

(ecnm oH cymiecTByeT) HaselBaeTcsl npedesom cnpasa GYHKUuH [ B
TOuKe Xo W o6Gosnauaercsa [(xo+ 0). AHnasoruyno ompemensiercs
f(xo— 0)— npedes caesa ¢ynkuun [ B TOUKe Xo. PaBeHCTBO
f(xo+ 0) = f(xo—0) osnauaer, oueBULHO, 4TO B TOUKe Xo PYHKIHS

1) CumBon h ~— 0 - o3HauaeT, YTO A CTPEMHTCS K HYJIO, NPHBMMAA TOMBKO
NOJMIOKHUTEeNbHbIE 3HAYCHUA.
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f uau nenpepbiBHE, WY HMeeT ycTpanuMbifl paspeis. Touka, B KoTo-
poil o6a 3TH npelena CYLIECTBYIOT, HO He paBHbBl MexXAay co6oi,
Ha3bIBAETCSl TOUKOU paspuida nepsoeo poda, a pasHocTs f(xg 4 0) —
— f(xo—0) HasbiBaercsi ckauxkom GQYHKUMH [ B 3TOH TOuke.

Ecan f(xo) = f(x0—0), 1o [ HaswiBaercs uenpepslsnoii ciesa
B TOYKe Xo, a ecau f(xo)=f(xo+ 0), To [ Henpepoiena cnpasa B
3TOH TOUKe.

YcTaHOBUM OCHOBHBIE CBOKCTBA MOHOTOHHBIX ¢yukuui. das om-
pelesieHHOCTH MBI OyleM TOBOPHTb O MOHOTOHHO HeyOBLIBAIOUIHX
(YHKUMSAX, XOTH $ICHO, YTO BCe CKA3aHHOE HHXKE aBTOMAaTHYECKH
IePeHOCHTCSL HA GYHKIHH, MOHOTOHHO HeBO3pacTaiollHe.

1. Bcakasa monoToHHO neybwisaroujas na [a, bl ¢pynxyus | uzme-
puma u 02parudena, a cAe008aTeAbHO, CYMMUPYEMA.

JelicTBHTEABHO, TIO ONpEeAeNeHHI0 MOHOTOHHOCTH,

F@O<F)<<F() na [a, b].
Hasee, nis 1106010 NOCTOAHHOTO ¢ MHOXKECTBO
A ={x: f(x)<c}
gcTh an60 OTpe3ok, aubo noayuHtepsas (au6o nycro). B camom
neJse, NYCTb TOYKH, B KOTOPHIX f(X)<C ¢, CyIlecTBYIOT, H mycTb d
ecTb TOUYHAs BEPXHss rpaHb Takux x. Torpa Ac eCcTb Wi OTPe3oK
[a, d] unu nonyunrepsad [a, d).

2. MonoToHHAs (YyHKUUSL MOJCET UuMeTs paspolébl TOALKO nep-
8020 pooa. _

JeiicTBUTENIbHO, NYCTb Xo-— NMPOM3BOJIbHAS TOYKa Ha [a, b] u
Xn —> Xo, IPUYEM Xn << Xo. Toraa mocuenoBatenbHOCTb {f(Xn)} orpa-
HHYeHa CHH3Y W CBepXy [Hampumep, BeanunsHamu f(a) u f(b)]. Cue-
JOBATeJbHO, OHA HMEET XOTS Gbl OHY NpefespHYI0 TouKy. Ho Hamu-
yre y J1000# TaKOH MOCJAe]0BATEIbHOCTH HECKOJbKUX INPEAeabHbIX
TOYEK NPOTHBOPEUHJIO GBI, OYEBHIHO, MOHOTOHHOCTH (yHkuuu f. Ta-
kUM 06pasom, f(xo —0) cyumecTByer. AHAIOTHYHO yCTAHABINUBAETCA
cyutectBoBanue f(xo + 0

MonortonHas ¢QyHKuus He o6s3ana Obith HempepbiBHOH. OnHaKo
BEpHO CjeAyiollee YTBEPKACHHE.

3. Mnoxecreo Touex paspoi8a MOHOTOHHOU (ynxyuu He b6oisee
yem CHEeTHO.

JlelicTBHTENBHO, CYyMMa JI000T0 KOHEYHOro 4ucja CKa4KOB MOHO-
tounoll gynknuu [ Ha orpeske [a, b] He npesocxomut f(b)—f(a).
CiiefloBaTENbHO, [JIs1 KAXKAOTO A UHCJIO CKaUKOB, BEJHUHHA KOTOPBIX
6osblie, yem 1/n, koneuno. Cymmupys mo Bcem n=1, 2, ..., no-
JayyaeM, 4To o6llee YHCJI0 CKAYKOB KOHEYHO HJIH CYETHO.

Cpein MOHOTOHHBIX (YHKUHH NPOCTEHIIHUMH SBAAITCSA TAK Ha-
3biBaeMble QPyukyuu ckaukos. OHU CTPOATCA CAeNyOIUM 06pas3oM.
ITycrb Ha ortpeske [a, b] 3anaHO KOHeYHOe HJIM CYETHOE YHCJIO TOYEK

X1y X2y v00y Xy ovs
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M NYCTb KaXKIOH K3 HUX NOCTABJEHO B COOTBETCTBHE MOJIOXHTEJb-
noe uyncao hn, npuueM ), h, < oo. Onpenenum dyuxuuio [ ua [a, b],
n

IOJOXHUB

f=_% hu @)
Ky <X

SlcHo, uTo 3Ta GYHKIHS MOHOTOHHO HeyGwiBalowmas. Kpome toro,
OHa HempephiBHA cJeBa'!) B KaxKAoOH TOUYKe, a COBOKYNHOCTb ee
TOYEK pa3pbiBa COBNALAaeT C MHOXKECTBOM {xn}?), mpHueM CKauoK B
TOYKE Xn PaBeH fAn. JleACTBUTENBHO,

f(x—0)=limf(x—e&)= lim ). h,,
>0+ e>0+ x, <x-¢&
HO TaK KaK KamJI0e Xn, YIOBJETBOPAIOILEE YCIOBHIO Xn < X, yIO-
BJIETBOPSIET H YCJIOBHIO Xn < X-— & IIPH JOCTATOYHO MaJjoM &, TO

NoCJIeIHNA Npejies paBeH > h=f (x). Takum o6pasom, f(x —0)=

xn<x
= (%)
Ecau Touka ¥ coBmajgaeT ¢ OLKHOM H3 TOYEK Xn, CKaXKEM,.
X = Xp,, TO

f(xno -+ 0) = 11%1 f(xm —+ €)= lim Z hn = Z hm
e>0+

e>0+ x, <xp, +e Xy S¥y,

T. €. [ (¥n, + 0) — [ (¥n, — 0) = hy,.

Hakonel, ecii x He COBMajgaeT HY C ONHON H3 TOUEK Xp, TO
B Hell GYHKILHS CKAYKOB HelpephiBHA (NMPOBEIUTE 10KA3aTeNbCTBO!).

[Ipocrefimufi THN QYHKLUHA CKAaYKOB — CTyNeHUaTble (pYHKLUHH, Yy
KOTOPBIX TOYKH PaspblBa MOXKHO PAaCIOJIOXKHTb B MOHOTOHHYIO 10~
CeI0BaTeIbHOCTD

X1<x2< e <x,,< v oo

B ofuem ciaydae QyHKUHS CKAauKOB MOXET HMeTb H GoJee CJIOK-
HYI0 CTPYKTYpy, Hampumep, ecan {X} — MHOXKeCTBO Bcex pamuo-
HaJbHLIX TOUeK Ha oTpeske [a,b], a h, = 1/2% 10 topmyna (3)
onpejeaser GYHKIHIO CKAauKOB, Pa3pBIBHYIO B PalMOHAJbHbIX TOY-
KaxX U HeNnpepbiBHYIO B HPPALHOHAJIbHBIX.

Jlpyroit THI MOHOTOHHBIX (GYHKUHH, B HEKOTOPOM CMbICJE TPO-
TUBOTIOJIOXKHBIF (YHKIHAM CKAaYKOB, — HENpPEPbIBHbIE MOHOTOHHLIC
dyuxuuu. MMeer MecTo cienyioliee yTBep:KIEHHUE,

') Ecan 661 MBI onpeneauan f dpopMyaoi

f(x)='-' Z hﬂ!

X, <%

7O monyuuiau 6bl QYHKIHIO, HENPEPHIBHYIO TP a B a.

?) Ecam Hu OJlHAa W3 TOYEK X, He cOBIAaeT C b, NOCKOAbKY X, = b He
yuacrByer B cymMe (3). UToBbt yuectb ckauox B TOYKe b, Hago BMecTo [, b]
paccMaTpuBaTth nosynsTepBan [a, b + €), € > 0.
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4, Bcakyro MOHOTOHHYIO (YHKYUIO, HENPEPOLBHYIO CALBA, MONWCHO
‘npedcTasurys KAk CymMmy HenpepuieHol MOHOTOHHOU (ynkyuu u
PyrKkyuUu cKauxo8 (HenpepvlBHOU caesa) u NPUTOM eOUHCTBEHHbIM
06pa3om.

HeficTBUTENBHO, MYCTb [— HeyObIBalOU{asi HemnpepsiBHAas CJeBa
GyHKUMSA H X, X, ...— BCe ee TOYKM paspbiBa, a hy, Ay, ...—ee
CKauKH B 3THX Toukax. [Tosoxum

H(x) = xz<xh,,.

Pasnocts ¢ = [— H ectb HeyGbiBaloujass HenpepboBHuasa QyHk-
uus. Jlag Aoka3zaresbcTBa pacCMOTPUM PasHOCTD

¢ (") — o) =[f &) — F ()] — [H (x") — H (x")],

rae x’ << x”. 3mecb cnpaBa CTOMT PasHOCTb MeXIYy IMOJHLIM MpH-
pauienneM ¢yHkuuK [ Ha orpeske [x', x”'] 1 cyMMO#i ee cCKaukoB Ha
3TOM OTpesKke, SICHO, UTO 3Ta BeAMYUHA HEOTPHUATENbHA, T. €. ¢ —
HeyObiBaomas Qyukuus. asee, aas npousBoabHOR TOUKH X* HMEEM

U —0)=F(" =0 = H'—0)=F("=0)— X h,

P H0)=f+0)—HE+0)=F("+0— 2 h,

n\x

OTKYJa
P +0)— @ —0)=Ff(x"+0)—f(x*—0—h"=0

(rne h*— ckauok ¢yukuun H B Touke x*). OTciona H U3 Henpephis-
Hoctu f M H csieBa BbIT€KaeT, 4TO ¢ NefCTBHTEJNbHO HENpPEPLIBHA.

2. Nuddepenuupyemocts MOHOTOHHOH GyHKuuu. [lepeiinem Te-
nepb K BOINPOCY O CYIIECTBOBAHHH NPOHM3BOJHOH Y MOHOTOHHOM
OYHKIHUH.

Teopema 1 (JIe6er), Monoronnas pynrkyus f, onpederen-
Has Ha oTpeake [a, b], umeer nouru 8cro0y Ha ITOM OTpe3Ke KOHe4-
HYI0 nPOU3BOOHYIO.

IIpexxne Bcero BBeAeM HEKOTOpble MOHATHSA, KOTOpbIe OyayT
HY2KHBI /11 [OKa3aTeJbCTBa 3TOMU TeOpeMbI.

Kaxk u3BecTHO, Npou3BoAHOH GYHKUUH | B TOYKE Xy HA3BIBAETCH
npenes OTHOIIEHHA

fx) —F(x0)

X —xg (4)

IPH X —> Xo. DTOT Npelesl MOXeT, KOHEYHO, U He CYL(ecTBOBaTb, OA-
HaKO BCETJa HMEIOT CMbICJ CJAeAYIOLHe YeThipe BeJHYUHBl (KOTOpble
MOTYT IIPUHUMATh ¥ OeCKOHeyHble 3HAUEHHS):

Anp — BepxHH TIpefesn oTHolleHus (4) mpu x, cTpeMsalleMcs K
Xo cupaBa (T. e. Tak, 4To x — Xp > 0). DTa BeJHuUHHA HA3bIBAETCHA
BEPXHUM NPABHIM NPOU3BOOHBIM HUCAOM.
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Amp (HuUdKHee npasoe npoudsoonOe 4UCA0)— HHKHUE Mpejen oT-
Hollenusi (4) npu x - xo Cnpasa.

Anes (8epxHee nesoe npou3eo0Hoe 4UCA0)— BEPXHUN Npejes OT-
HolleHHs1 (4) Opu X —> Xo CJeBa.

Anes (HUdCcHee neoe npou3BOOHOE HUCAO0)— HUXKHUH Npejes OT-
Howenus (4) mpu X—>Xo 4
cJleBa.

Ha puc. 19 noxasaHnsl mps-

Mble C YIJIOBBIMH KO3 du-
uueHTaMH Amp, Amp, Asen, Anes
COOTBETCTBEHHO. JICHO, UTO
BCeraa A

Anp < Anp H }\'nen < Anes-

’\/led

Ecin Anp B Amp KOHEUHBI ,
W paBHBl Mex1y cobodl, T0 -
3TO0 ofllee X 3HAUEHUE eCThb
npaBasi TNpOU3BOAHAA (YyHK- Prc. 19
uun f(x) B TOouke Xo. AHaJjo- e
THYHO, e€CAH Agnes = Aaes, TO -
ux ofIlllee 3HaueHHe eCTb Je- by
pasa npousBojgHasd. CylnecTso- :,/
panue y [ B TOUKe Xy KOHed-
HOH TPOU3BOAHOH PaBHOCHJb-
HO TOMY, 4TO B 3TOH TOUKe BCe
s pans ety % U %@ &6 N

paBHBl MeXIy

co6oi. [TosTOoMy yTBepIKIAEHHE Puc. 20.
Teopembl  JleGera  MOXHO
chopMyHpOBaTh CJLYIOIHM 06pa3oM: 048 MOHOTOHHOU Ha [a, h]
QPyHKyUuL COOTHOWERUS

— <}“ﬂeﬂ=)"ﬂp=AJleB=Anp < o

va
~

8bINOAHEHbL NOYTU 8ClO0Y Ha [a, D).

YnpaxHeHHe. Iycrs f*(x) = —f(x). Kak cBsi3anpl npousBojuble uyucaa
ana f* ¢ npOM3BOAHBLIMH YHCIAAMH f?
OTBeTbTe Ha TaKOH )Xe BONpOC mpu fepexofe ot f(x) k f(—x).

IoxkasarenbcTBo TeopeMbl JleGera onupaercss Ha NPHBOLMMYIO
HK}Ke JIeMMY, KOTOpPOH Mbl 6yleM MOJb30BATLCS W B JaJjbHeHIIeM.
Beenem cnenyloulee onpenenenue. ITycte g(x)— HenmpepoiBHas
Gynkuus, 3ajannas Ha otpeske a << ¥ << b. Touky xo 3TOr0 OTpesKa
Mbl Ha30BeM TO4KOH, Hesulumoil cnpasa Nas QYyHKUAH g, €CH Cy-
1ecTByeT Takas Touka § (xo << & <C b), uro g(xo) << g (&) (pme.20).
Jemma (©. Pucc). [Aas awboi unenpepoisroii pyuxyuu g
MHOXMCECTBO TOUEK, HeBUOUMbLY Cnpasa, OTKPLITO Ha oTpeske [a, b] u,
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€1e008aTeALHO, NPEOCTABAACTCA 8 BUOE CYMMbL KOHEUHO20 UL
CHeTHO20 HUCAG NONAPHO HEnepeceKkaroljuxcs unrepsaros (a, by)
(4, B803MONCHO, NOAYUHTEPBAAA, COOepxau,ee0 TOHKY a). B KOoHye-
BblX TOUKAX ITUX UHTEPBAAO8 BbLINOAHEHbL HEPABEHCTE '

gla) < g(by). (5)

JokazarteabcTBo seMMb. Ecan xo— Touka, HeBUIHUMAS
cnpaBa J1Jad g, TO TeM e CBOHCTBOM Oyner o6JanaTh, B CHJAY He-
IpeprIBHOCTH &, H Jwobas TOuKa, AOCTAaTOuHO GJsH3Kas K xg. Cueno-
BaTENbHO, MHOXECTBO TaKHX TOueK OTKpwmiTo Ha [a,b]. Ilycrn
(Qr, br) — OHH U3 COCTaBIAOUIHX ero HHTepBasoB. [Ipexnonoxum,

4TO
g (ax) > g(by); (6)

Toraa B HHTepBane (@i, by) HalHAeTCss BHYTPEHHAA TOUKA Xg, B KO-
Topoil g(Xo) > g (br). Ilyctp x* — camast mpaBasi u3 BCeX TOUEK X
Ha (ax, br), B KoTOpHIX g(X) = g (X0)-

[Tockonbky x* &(ax, br), cyillecTByeT Takas Touka § > x*, uro:
g(8) > g(x*). Touka & He MoXeT sexaTb Ha uHTEpBaje (A, byr),
TaK Kak x* — camaa npasas TOYKa Ha STOM HHTepBaJje, B KOTOPOW
g(x)= g(x0), Torna kak g(bx)<< g(x0). C nmpyroii cropoHbi, He-
PaBeHCTBO & > bp TakXe HEBO3MOXKHO, TaK KAK Mbl HMeJan Obl
g(br) << g(x0) << g(8), a by He ssaseTCA TOUKON, HEBUAMMOMN crpa-
Ba. [lonyuenHoe IpoTHBOpeuHe MOKa3bIBAE€T, YTO HepaBeHCTBO (6)
He HMeeT MecTa, T. €. g(ar) << g(br), u meMma nokasana. Uuratenab
6e3 Tpyna npoBepur, uto dakruuecku g(ax) = g(br), ecau TOJILKO
ar = Q.

3ameuanne. HasoseMm TouKy xo Hesudumoti cresq s Henpe-
puIBHOH GYHKUMH g (X), ecH cyllecTBYeT Takoe & << Xg, uto g(§) >
=g (%o). Takue xXe pacCyXKIeHUS NOKA3LIBAIOT, UTO MHOXKECTBO He-
BHIMMBIX CJeBa TOYEK e€CTb CyMMa KOHEUHOTO HJHM CUETHOTO YHCaa
MONAPHO HeMepeKPLIBAIOWIMUXCS MHTEPBAAOB (Qk, br) (H, BOZMOXKHO,.
NOJYHHTEpBAJa, BKIOYAKUIero Touky b), npuueMm

g (ax) = g (by).

[MepefinemM Tenmepb K J0Ka3aTebCTBY caMOW TeopeMbl Jlebera..
Hokaxewm ee cHauasla B IPEANONOIKEHHH, UTO [ — HENMpepbiBHAS MO-
HOTOHHO HeyGbiBatomasi ¢yHkuus. [as mokasaTenbCTBA TeOpPeEMbL
ZIOCTaTOYHO YCTAHOBUTb, YTO ITOUTH BCIORY

1) Aﬂp < oo, 2) ;VJICB>Anp-

HelicTBUTENBHO, €caM MBI MONOXKHUM [*(x)= —f(—x), 10 [* Gy-
JeT TOXKe MOHOTOHHO HeYyORIBaIOlleH HempephBHOM (QyHKUHEH, onpe-
neleHHOH Ha orpeske [—b, —a]. Ecau A, H Azes — BepxHee mpa-
BO€ U HHIKHee JIeBOe TNPOM3BOJHBIE uncsaa AJs [*, TO, KaK Jerko npo-
BepUTh (CM. ympaxKHeHMe Ha crp. 325), npousBOAHbBIE YHCAA GYHK~
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nui. f ¥ f* B COOTBETCTBYIOLIMX TOYKAX CBSI3aHBI PaBeHCTBAMH
Aly = Asen, Anes = Agp. TI03TOMY, NpHMeHHB HepaBeHCTBO 2) K f*(x),
NOJTYYHM

}‘Inp > A.nes- (7)

CoelHHUB NoJy4eHHbI€ HEepaBeHCTBA B OIHY LENOYKY H -HUCIONb3ysdA
olipeaesjeHue NPpOU3BOAHBIX HHCE, 6yneM UMETb

Ay Shpen < Ayes < Agp S Ay,
4a 3TO U O3Ha4yaerT, uTo
Apen = }"np = Anea - Anp-

TlokaxkeM BHauase, 4TO App << 00 nouyTH BCOAY. Ecan App = oo
B HEKOTOPOH TOUKe Xy, TO A5 Jioboro noctoaHHoro C > 0 cmpasa
0T TOUYKH Xo HAlJeTCsl Takas Touka &, 4To

R =) o

E—xg
[ (®) — [(x0) > C (E— xo),
f (&) — CE > [ (xo) — Cx,.
HMuave roBopsi, TOuKa Xo OKa3blBAeTCsl TOYKOH, HEBUAMUMOH ChpaBa
st QyHKUHK -
gx)=f(x)—Cx.

B cuny nemmbl ®. Pucca MHOXKECTBO TakHX TOUEK OTKPBLITO, H Ha
KOHIlaX COCTaBJAIOUIMX €r0 HHTePBAJOB (ar, br) BBIMOJHEHBI Hepa-

BEHCTBA
f(ap) — Cap < f(by) — Chy,
f(b:) — f(ar) =C (b, — ap).

Jleas na C n CyMMupys NOJyueHHble HePaBEHCTBA IO BCeM HHTEp-
Banam (@, br), NOAyUHM

. )
Y h—a) <Y L1 1Ot
k P

T. €.

#HIIH

T. €.

Cc

3necb C MOXHO GBLIO B3fiTh KaK yroaHo GoapmiuM. TakuM 06-
PasoM, MHOXECTBO TeX TOUYeK, B KOTOPBIX App = 00, MOMKHO IO-
KpHITb HHTEPBAJNaMH, CyMMa JJIHH KOTOPBIX CKOJIb YrOAHO MaJa.
Cuep0BaTENbHO, MEpa 3TOTO MHOXKecTBa paBHa 0.

Tor ke mpuewm, cBsidanHblfl ¢ semmoit ®. Pucca, nossosasier no-
Ka3aTh, YTO MOUTH BCIOAY Anen 2> App, HO TENEPb 3TOT HpHEM NpH-
JeTcs IPUMEHHThb ABaXAbl. PaccMOTpHM mapy panuoHa/IbHBIX uHCes
¢ n C, pas koropbix 0 <<c¢ << C << oo u nonoxum p = c/C. O6o-
3HauuM uepe3 E. ¢ COBOKYNHOCTb TexX X, I KOTOPBIX Agp > C,
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a Anes << ¢. Ecaim Mp nokaxem, uto pEc ¢ =0, 10 orcioga Oyaer
C/le0BaTh, YTO NOYTH BCIOAY Ases == Anp, TAK KAK MHOXKECTBO TeX
TOUCK, rjge Ames << Amp, OYEBHIHO, NMPEICTAaBHMO B BHAE CYMMB He
0oJ/lee yeM CYETHOrO YHclia MHOMXeCTB BHAA E. ¢

YcTaHOBHM Tenepb OCHOBHOE HEPABEHCTBO.

[aa aroboeo unrepsara (a, B) < [a, b} umeen

R(E,cN(a, B)<p(B—a).

JleficTBUTETBHO, IPEXKAE PACCMOTPHM MHOXKECTBO TeX X & («, P,
17151 KOTOPBIX Axes <C €. Jlji BCAKOM TakoH TOUKH X HalljeTcs Taxoe

E << x, yTO bg—xX) <c, 1. e f(E)— cE > f(x)— cx. TlosTomy x

HeBHAMMA caeBa i QyuKiuy f(x)— cx u no semme P. Pucca (cm.
3aMevaHue Ha cTp. 326) MHOMKECTBO TaKMX X MPEACTABHMO B BUIE
CyMMBbl He 6oJiee UyeM CUETHOTO uycja HelepeceKalouluXcs HHTepBa-
N0B (as, Br) < (e, B), npuuem f(ar)— can = [(Br)— cBx, T. e.

FBe) — F o) <c(Br— ap). (8)

Ha kaxpoMm #u3 uHTepBaJOB (01, fr) paCCMOTPUM MHOKeCTBO Gy
TeX X, AJA KOTOPHIX Amp > C. CHoBa npumenss Jemmy @. Pucca
(Temepb, KAK W NPH AOKA3aTEJbCTBE HEPAaBEHCTBA App << 00, AJS TC-
4eK, HEBUAUMBIX CIIPaBa), Mbl noayyuM, 4to G MPeICTaBUMO B BHIE
CyMMBbI He GoJiee YeM CYETHOrO YHCJIa HellepeceKaloUUXCsA HHTepBa-
108 (arj, Prj) 1

By — aay <o [F (Be) — F an)] o

Slcno, uro muoxectBo Ee ¢() (o, B) mMOKpbiBaeTcs CHCTEMOH MH-
TepBanoB (otkj, Prj), NpuueM B cuay (8) u (9) umeem

2 By = o) < D11 (o) — Flow)] <

k

Z[f(ﬁk) Fal << ). Be— a) <p (B —a),
k

¥ OCHOBHOE HEPaBeHCTBO JOKA3aHO.

Tenepb Jerko 10kKasatb, y10 pke, ¢ = 0.

[Tpu 3TOM AOCTAaTOYHO HCHONB30BATH TOJNBKO TO CBOHCTBO MHO-
xectBa E¢ ¢, KOTOpPOE ONHCHIBACTCS OCHOBHBIM HEDABEHCTBOM.

~ Jlemwma. Ilycro usmepumoe muoxectso A wa orpeske [a, b] ra-

K080, 4To Oas a1060e0 unrepsasa (o, B)[a, bl soinosnserca He-
pasencreo (AN (o, B))<<p(B—a), ede O0<p<<l. Toeda
nd = 0.

Hoxasateancrro. [lyete wA==t. Ias maoboro e >0 cyr
HIECTBYET TaKOe OTKPHTOe MHOXKeCTBO G, paBHoe CYMMe CUeTHOro
yHC/Ja HeMepeceKaloW|XCs HHTEPBANIOB (@, bm), 9To AC G u
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> (bp—ay) <t-4e (cMm. ynpamxuenue Ha crp. 291). Iosoxkum
m
tw=R[AN (@, b)) Scho, uto t= .1, TIlo VciaOBHIO seMMl,
m
1, <p(b,,— a,). CaenosatenbHo, f<Ip Z bp—a)<p(t-te),u
m

Tak Kak &> 0 mponssosbHO, TO (< pf. Ho 0 <p <1 u mosromy
t=0. :

JlemMMa n0Ka3aHa, U TeM -CaMbiM 3aBepPUIEHO [0Ka3aTeNbCTBO
TeopeMbl | B NMPeANONOXKEHUH HelnpPepbIBHOCTH (PYHKUHH f.

Te ke pacCyXHeHHS IepeHOCATCS W Ha CJIydyaidl pasphiBHOH MO-
HOTOHHON (DYHKIMH, €CJH BOCHONb30BATbCA 0O0OOILEHHEM JeMMbl
@. Pucca Ha (pyHKLIHH C paspblBaMy NEPBOTO poJa.

Ilycte g — dyukuusa na orpeske [a, b], uMelomwas paspriBbl TOMb-
Ko nepBoro pozna. Hazosem touky xo & [a, b] nesudumodi cnpasa 045
g(x), ecan cyuectsyer Takoe § > X, uTO

max [g (xo—0), g(xo), &(xo+0)] < g(k).

Torpma, Kak ¥ B ci1yyae HENpPepLIBHOH g, MHOXCECTB0 TOUEK, Heaudu-
MbLX cnpasa 048 g, OTKPLITO, U 8 KOHYAX COCTABAAIOWLX €20 UHTEp-
80208 (ar, br) 8binosnaOTCA HEPABEHCTBA

g (ax) < g (by).

XoTa noKa3aTeJbCTBO TeOPeMbl | [10BONBHO NJIMHHO, CAMA OHA
yMeeT NpocTofl HarsasAHblé cMblca. [ToscHumM, Hanpumep, nouemy
Anp (M Apez) 0043aHO ObITb KOHEYHBIM NOYTH BCloAy. OTHOLIeHHE
Af/Ax — 310 «Ko3duuHeHT pacTsaxeHUsT> oTpeska [a, b] B nannoi
TOuKe ¥ npu orob6paxenuu f. Tak Kak npu 3ToM 0TOGPAKEHHH KO-
HeyHbt OTpe3ok [a, b] mpeBpamaercsi B KOHEUHBIi OTPE30K
[f(a),f(b)], TO «pacrsiKeHHe» He MOKET ObiTb GECKOHEUHbHIM Ha
MHOXeCTBe I0JI0XKHTEJbHOH MepHI.

Hnorpa GoiBaeT mnosesHa cieayioulasi TeopemMa O TOUJEHHOM
auddepeHINPOBAHIH PALa H3 MOHOTOHHBIX (YHKIHH, Ha3biBaeMas
HHOTHA «MaJjoil TeopeMmolt Dybunu».

Teopewma 2. Bcrody cxodauwuiica pad

3 Ful)=F (o), (10

20e Fy — monoTonHo Heyboisaiowue pynkyuu Ha [a, b), nouru ecrody
donyckaer nouaernoe Oudgepenyuposanue:

;mm=ﬁm
HoxasaTenbcTBO. 3ameuuB Fn(x) Ha Fn(x)— Fn(a), Mox-

HO CYHTATb, YTO BCe Fy(X) HEOTpUIATENBHB U 00PAIAOTCA B HY/Ab
7py X = a.
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B cuay Teopembl | cylleCTBYeT MHOXECTBO IIOJHOH Mepb
Ecfa,b], na xoropom cyuiecTBywor Bce Fn(x) u F’(x). Ilycts
x<E, a £ =[a, b] npoussosibno. imeem

F — Fp
X (Fn® = Fa () F@-F®
E—x E—x -

Tak kak §—x n Fn(E)— Fn(x) uMe0T onuHaxoBLfi 3HAK (MOHO-
TOHHOCTB!), TO 11pH Jio6om N
N
{Fn (8) — Fy (x)}
20" < FO-F®
E—x S E—x

Ilepexons k npeneny npu g - x, nonyvyaem

N
2 Fa(n) < F (x).
n—=
TTockoabky Bece Fr(x) >0, orcioma caenyer, uTto
2. Fa(0) SF (). (11y
=

Hrak, pan u3 npousBomuix Fr(x) cxoaurcs Bciony ua E. Tloka-
KeM, YTO TpH nouTH Bcex ¥ B (11) uMeer MecTo 3HAK paBeHCTRa.
Jaa xaxnoro B Halimercss Takasi yacTHYHask CymMma Sn, (¥) pana

(10), uto
0 F(b)— S, (b) < 1/2,

Tak kak dynkums F(x) — S,, ()= Y Fn (x) — ney6niBaomas,
m>nk

TO W npu JioboM x
0 F(x)—S,, (x) < 1/25,

OTKyJa cJaenyer, uto paa
ZLF ()= Say (0], (12)

COCTOAWNN M3 HeyOwnBamoumux (yHKuui, CXOANTCA (Lake paBHO-
MepHO) Ha BceM orpeske [a, b]. Toraa, o yxe nokasanHomy, psaj

3 [F (09— 83,0, (13)

noayuyeHusi u3 (12) nounenuvim auddepeHuHpoBaHNEM, CXOLUTCS
noutn Bclogy. CaenoBarennHo, o6iuni uien paga (13) moutu BCrooy
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CTPEMHTCH K HyJio, T. e. Sp (x) — F’(x)—>0 mnourn scioay. Ho
ecan Obl B HepaBeHcTBe (11) cTOsl 3HAK <<, TO HHKaKas MOCJae10-
BaTe/bHOCTh YAaCTHYHBIX CYMM He Morya Obl cxoautbesa K F/(x).
CrenoBaTtenbHoO,

gmm=wm

noutH Bciony. Teopema nokasaua.

Cnencreue. PyHKyus CKA4KO8 umeeT NOYTU BCIO0Y Npous-
B0OHYIO, PABHYIO HYAIO.

HeficTBHTeNIbHO, TaKas QYHKHMS €CTh CyMMa CXOASILIEerocs psaa
HeyObIBAIOUIHX «CTYHEHeH»:

F {0 opu X <X,
n ()= h, npu x> x,,

KaxJasi M3 KOTOPbIX HMMeEeT [OYTH BCIOAY pPaBHYIO HYJIIO NPOU3-
BOJHYIO.

3. Mpoussoanas uHTErpasa no BepxHemy npeaeay. ITockojbky
HHTerpaJ :

@ (?) dt

8

oT J1060# cyMMupyeMoH (PyHKHHH MOXKHO HPeACTABHTb B BHAE pas-
HOCTH ABYX MOHOTOHHBIX (PYHKUMH, U3 TeopeMhl | cpasy BbITeKaer
CJIeNyIOLHH pesyJbTar.

aTeopema 3. Haa xamooi cymmupyemod ¢ynkyuu ¢ npous-
B00HAA

2o at (14)

CYUW,ecT8YeT npu NOUTU 8Cex X.
Heo6x0oauMO mOAYepKHYTb, YTO, XOTS MBI H YCTAaHOBHJIH CYlle-
CTBOBaHMe NPou3BoAHO# (14) mouTH BCIOAY, BONPOC O paBeHCTBe

d—‘igw(t)dt=q>(x)

moka He obcyxkaancs. B npefictBurenbroctn (cM. § 3) 3to paBenctso
OKa3blBA€TCs BEPHBIM MOYTH BCIOAY AJ4 JI060H cyMMupyeMoil GyHK-
Iiu . ’
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§ 2. PyHKUMH C OrpaHUYEHHBIM H3MEHEHHEM

Bonpoc o auddepenurpyemocty uererpasa Jlefera mno sepxe-
My npeiesy NpiHBeJ HAC K pPacCMOTPEHHIO KJaacca (yHKUHH, npe-
CTaBUMBIX B BHJe pasHocTeii MOHOTOHHHIX GyHKuuHA. B 3TOM mapa-
rpade Mbl faguM AAs 3TUX QYHKUUE Apyroe OomucaHue, He ONupao-
lleecsl Ha TMOHATHE MOHOTOHHOCTH, H PacCMOTPUM OCHOBHBIE HX
cBoficrBa. Haynem ¢ HeoGXOQUMBIX OnpeaeseHH.

Onpenenenne 1. ®dyuxkuus f, 3agannas uHa orpeske [a, b,
Ha3bLBaeTCsl (YHKyULL C 02ZPAHUYEHHbIM U3MEHeHUeM, eClh Cylue-
cTByeT Takas nocrosingasi C, uto, KakoBo Obl HH GblIO pasbueHue
orpeska [qa, b] rouxamu

a=x<xi< ... <x,=b,

BBHIOJIHEHO HEPABEHCTBO

317t — fmm)i<c. 0

Beakast MoHOTOHHAS (QYHKIMS MMeeT OrpaHHYeHHOe HM3N.eHeHMue,
TaK Kak A7 Hee cyMMa, ctosias B (1) cneBa, He 3aBUCHT OT BbI-
Gopa pasGuenusi u Bcerna pasna |f(b)— f(a)].

Onpeneaenue 2. I[lyctb f — GyHKUHS C OTPAHUYEHHBIM H3Me-
HeHueM. TouHas BepXHsST rpaHb cyMM (1) 1Mo BCeBO3MOXHBLIM KO-
HeuHbIM pa3bueHusaM oTpeska [a, b] HasniBaercss noAHbIM u3MeHe-
Huem (nnu noaxod sapuayueil) dbyuxiuu [ Ha orpeske [a, b] u 06o-

snavaercs V3[f]l. Takum o6pasom,

VR =sup 31 (5~ F (semp |

3ameuanne Dynrunsa f, 3anannas na BCeH npsMol, Ha3bl-
Baerc QyHKyUeld ¢ O2pPAHUYEHHLIM U3MEHEeHUEeM, €CAN BeJTHYHHBL

V2[f] orpannuents B coBoxymuocTH. [Tpu 3TOM
lim ViI/]

b~» oo
a->»—oo

HA3BIBAETCH MOANbIM U3meneruem GYHKUMH [ Ha npamoli — oo <<

< x << o n obosnavaerca Ve [f].
YeTaHOBHM OCHOBHBIE CBOMCTBA NOJHOTO H3MeHEHH (QyHKIMH.
1. Ecau o — nocrossnoe 4ucao, T0

Vilaf]=)a|VEIf]

310 cpasy CAefyeT U3 OnpesesieHns V3L
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2. Ecau | u g — ynkyuu ¢ oepanuueHHoim U3BMEHEHUEM, TO
[+ g Toxce umeer oepanuuennoe usmerenue u

Valf + el <Vilfl+ valel @)
IleficTBATENIbHO, JISl KaXKIOTO pasbHeHUs] oTpe3Ka [a, b] .nMeem
21 F o) + 8 () — F(vem) — @ (k=) IS

< 2 0a) = F =) 1+ 212 (v) — g (),

OTKyIa, MOCKOJbKY BCEra
sup (A4 B) <sup A+ sup B,

nonyuaeM Tpebyemoe HepaBeHCTBO.

CpofictBa | u 2 o3HauaiT, 4TO JUHEHHAs KOMOHHAUMS PYHKUUA
¢ OrpaHHYeHHbHIM H3MeHeHHeM (onpelesieHHbIX Ha AAHHOM OTpe3kKe
[a, b]) ecTb cHOBa QYHKIUHS ¢ OrpaHHYeHHBIM H3MeHeHHeM. HMubiMH
CNIOBaMH, (QYHKYUU € 02PAHULEHHbIM UBMEHEHUuem 06pasyroT auHel-
HO€e nPoCTPAHCTE0 (B OTJIHUHE OT MHOXKECTBA MOHOTOHHBIX QYHKIMH,
KOTOpble JTMHEHHOTo NPOCTPaHCTBA He 06pasyior).

3. Ecaua<<b<<c, ro

VaIfl+ Vil = Vil ®3)
HeficTBUTEbHO, PAacCMOTPHM CHavaja Takoe pasfueHHe OTpesKa

[a, c], B KOTOPOM b CJAyXKHUT OAHOA U3 TOUEK AEJEeHHS, CKAXKeM, X, =
= b. Torpa

3170 = ) 1= 17 00) — F(x1m) 1+

X ) = Femn) I<VAIFIH VELL (@)

k=r+1
BosbmeM Tenepb npousBosibHOE pa3bueHne oTpeska [a, ¢l Slcuo, uto

€C/IH K ero TOYKaM JesleHHsl N06aBHTh ellle OJHY, HMEHHO TOuKy b,
TO cymMMma

D) = F (|

OT Takoro A06aBieHus ve yMenbiurtcs. CiexoBatenbHo, HepabeH-
cTBO (4) BBINONHEHO A JioGoro pa3GueHus oTpeska [a,c], no-

3TOMY
VeI Valfl+ VEiifl 4
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C npyroi CTOpOHBEI, A5 Beskoro € => 0 HafiayTca Takue pasbueHHd
otpeskos [a, b] u [b, c], uto

DAY =T ()| > Vil — 5

YU = F )| > Vilfl—2.

i

CoenvunB 3TH 1Ba pa3GHeHHs, Mbl TONYYHM pa3GHeHHe OTpe3Ka
[a, c], nist koTOpOTO

;'f("k)— F(fe-) =
= 2T =T |+ 2PN =F )| > VE+ VI —e.
B cuy npoussosibHOCTH € > 0 OTCIOKA CaefyerT, 4TO

Vel = Valfl + Vil (5)

Hs (4’) u (5) cmenyer (3).

Tax kak nonHoe u3menenue MoGoil GyHKUMH HA MO6OM OTpe3Ke
HEOTPHLATENBHO, TO U3 CBOACTBA 3 Cpasy CJaeAyeT CBOHCTBO 4:

4, Pynxyua

X
v (x) =Va [f]
MOHOTOHHO Heybbisarou,as.

5. Ecau [ nenpepvisna 8 Touke x* caesa, To u v HenpepviéHa 6
5TOll TOuke caesaq.

Hehcteutensho, nyctb € > 0 3anano. Buibepem 8 > 0 Tak, uto
|F(x*)—f(x) | << /2, kaK TOIbKO x* — § << x << x*. [lanee, Buibe-
pem pasfuenue

: a=x <5< ... <x,=x"
Tax, 4To

VE T = Y1 F (o) — F lre-n) | <5 6)
k=1
an/I 3TOM Mbl MO2KeM CYUTATb, YTO
= %= <8

(unaue Mbl n06aBuau Obl elle OJHY TOYKY pa3OueHHs, OTYero pas-
HOCTb, CTOfiilas B (6) cneBa, morsa 6bl TOJBKO YMEHLIUUTHLCA), 1O-

3TOMY
L) — [ (a-) 1 < &/2
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H, CJ1eJ0BATEJ/bHO,
n—1

VEIN= 1) —F )l <e.

Ho torna, tem Goaee,
Ve —Varifl<e e o(x')—o(x,,) <e.

Tak Kak v — MOHOTOHHO HeyOmiBawilass QYHKUHUS, TO OTCIOAA CJie-
nyer, uto v(x*)— v(x) << & MIf BCEX X TAKHX, UTO Xp—j << X << x*.
A 3710 ¥ 03HaYaeT HeNPepLIBHOCTL (GPYHKIHH U B TOUKe X* ciesa.

Ecnu f nenpepsiBia B Touke x* cnpaBa, TO, KaK MOKa3biBAOT
aHaJOTMYHble PACCYXKAEHNS, H U HelpepbiBHA B 3TOH TOYKe Crpasa.
CnenosarteabHo, ecau  nenpepoi8Ha 8 HeKOTOPOU TO4uKe (UAU HA
gcem orpeske [a, b]), To HenpepvisHa U v.

[Tycte f—mnpoussoabHast GyHKuus Ha [a,b] ¢ orpaHnYeHHBIM
H3MeHeHHeM H U — ee TOJIHOe H3MeHeHHMe Ha [a, x]. PaccmoTpum pas-
HOCTb

p=v—].

dTa pasHOCTb NPeicTaBjsieT COGONH MOHOTOHHO HeyGbIBAIOILYIO
¢yukuuo. HefictBurenbHo, nycrs x’ << x”/. Torna

(") —o()=[v")— o) —I[f ") —[@x)]. (7)
Ho Bcerna
[T —F () I<v(x") — o) = Vi [f],

nO3TOMY NpaBasi, a 3HAYMT, H JeBas yacTd paBeHcTBa (7) HeoTpd-
LaTeJbHBI.
Hrak, nocKoJbKy
f=v—e,

Mbl NOJYYHJH CAESYIOLUI pe3yabTaT:

Teopema 1. Beakas yHKyus ¢ OepaHuueHHblM U3MEHEHUeM
MmoxceT ObiTo npedCTasrena KaK pas3HOCTe 08Yx MOHOTOHHO HeyGbi-
sarouyux PYHKYUL.

OGpaTHoe yTBepXJeHHe OUYEBMAHO: BCsiKas (YHKIMA, Ipeacra-
BUMasi B BHAE PA3HOCTH /BYX MOHOTOHHEIX, MMeeT OrpaHuyYeHHOe
nsMenenue. IT03ToMy COBOKYMHOCTb DYHKIUME, NPEICTaBUMBIX B BHIE
Pa3HOCTH MOHOTOHHBIX (QYHKUUH, pacCMOTpPEHHAs HaMHU ellle B Tpe-
AbiAyleM naparpade, 3TO H €CTb COBOKYMHOCTb QYHKUHME ¢ orpa-
HUYEHHBIM H3MEHEeHHeM.

W3 reopeMbl 1 U ycTanoB/eHHOM B npeabliylieM maparpade Teo-
peMbl JleGera o CyLIeCTBOBAaHHH APOU3BOAHOH Y MOHOTOHNON (yHK-
LMK Ccpasy CJeIyeT, YTO 6CAKAA PYHKYUA C O2PAHUYEHHbIM UBMe-
Henuem umeer nouTU 800y KOHEUHYIO NPOUZBOOHYIO.
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ITepefina oT MOHOTOHHBIX (YHKUHA K QYyHKUMAM C OrpaHHYeH-
HbIM H3MeHeHHeM, IOJe3HO ¢/1eAyIolUM 06pa3oM o6o6LHTL BBEIeH-
Hoe Bbillle MOHATHe (QYHKIHH CKaukoB. ITycTb Xy, Xo, ..., Xpn, ... —
KOHEUHOe MJH CUYeTHOe MHOMKecTBO ToueK Ha [a, b]. TloctaBuMm B
CCOTBETCTBHE KAMXKION M3 3THX TOUEK X, ABa 4YHC/IA gy U A, TaK, 4TO

§(lgn1+{hnt)<oo.

IIpeanonoKuM, KpoMe TOro, 4T0 eCJIH Xn == 4, TO g, == 0, a ecan
xn:b, TO hn=0.
IMonoxum

YW= X gt X hu ®)

Mpl GyneM HaspiBaTh Telepb PYHKYUAMU CKAYKOS8 JIOOble PYHK-
uun suaa (8). Ilonroe usmenenue PpyHkuuu P(x) paBHO, OUEBHIHO,

g(lgnmhnn.

Touxamu paspoiza ¢yHkuuu (8) cayxar Te xn, JJId KOTOPBIX
X0Ts OBl OJIHO H3 YilcesT gn, Nn OTVIHYHO OT HYJIST; MPH ITOM

\p(xn)'_"'p(xn'—o)=gm w(xn’{-o)—lp(xn):kn

Tenepb sierko noJyuaercs cjiefylollee yTBepxKIeHHe, o6o6malou1ee
yTBep:xaeHHe 4 n. 1 npeapayuero naparpada.

Besikast QYHKUHS [ ¢ OrpaHHYEHHBIM H3MEHEHUEM, ONpefe/IeHHas
ua [a, b], MoxKer ObiTb MPeACTaB/JeHa M NPHTOM eAHHCTBEHHbLIM 00-
pas3oM B BHJe

=0+,
Tle ¢ HenpepuiBHA, a P — QYHKIHSI CKAyKOB.
Ynpaxueunund. l. Ecaz [ umeer wa [a,b] orpanuvennyio npousBoAHY0O

(r. e. f"(x) cywectsyer Bciony u |f'(¥)| < C), T0 [ — HyHKUHA C OrPAHUYEHHBIM
H3MEHEHHeM, NpHueM

V2I<C (b —a).

2, Mycers f(x) = xsin -j? npu x 5% 0 u [(0)=0. Ilokasats, uTO H3MeHeHue
¢yakuuu [ ua [0, 1] Geckoueuso,

[TocTosHHbBIE, H TOMLKO OHH, NPEACTABARIOT CO00H PYHKIIMH, NOJ-
Hoe u3MeHeHue Kotopbix pasHo 0. ITosoxxum

I l=Valfl.

Beanuuna V5[f] o6nanaer csofictBamu 2) u 3) HOpMBEL (cM.
crp. 139), #Ho He cBofictBom 1), Eciu paccmMoTpeTb TOJNbKO Gy HK-
HH, YAOBJETBOPSAIOUIHE AOMNOJHHTEIbHOMY ycaoBHO f(a)=0, To
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OHU TaKxKe 06pa3yloT JnHefHOe MPOCTPAHCTBO, B KOTOPOM BeJIHUHHA
ViIfl obaanaer yxKe BCeMH cBoHcTBaMH HopMel. [IpocrpaHcTBo
VO[a, b] ¢yuKuuii ¢ orpaHHueHHBIM H3MeHeHHeM Ha [a, b], ynosie-
TBOpSIOWIUX yeaoBuio f[(a)=0, c oObIUHBIMH ONpeleseHHAMH CJO-
JKEeHHS W YMHOXEHHs Ha YHCJa 4 ¢ HOPMOH

IFl=Valfl,

HA3LIBACTCS] NPOCTPAHCTBOM PYRKYULL ¢ 0epOHUHCHHbIM UBMEHEHUEM.
([loxax<uTe MOJHOTY 3TOrO NPOCTPAHCTBA.)

Ynpaxuenune, Hokawkure, uro |fll=]f(a)|+ Vi’, {f] sBasetca HOp-

MOl B TPOCTPAHCTBE 8cex (YBKUMH C OrPaHHYEHHBIM H3MeHEHHEM Ha OTpe3ke
[a, b] n noxaknTe MOJHOTY 3TOr0 MPOCTPAHCTBA.

§ 3. MpoussojHas HeonmpeneseHHOro HHterpasa JleGera

B § | mMbl noxasasau, uro HHTerpaJs Jlebera
X

S f(¢) dt

a

Kak (QyHKUHA OT X HMeeT IIOYTH BCIOAY KOHEUHYIO IPOU3BOJHYIO.
OJmaxo Mbl MOKa ellle He BbIACHAJJH, KAK CBfi3aHa 3Ta INPOH3BOAHAR
¢ nopbiTerpaabHoil dyHkuuelt. Cefiluac Mbl yCTAHOBHM C/elyiolUf
pesyJbTat, ynoMsiHyTolll B KoHue § 1.
Teopewma l. Jasa scakoi cymmupyemodi pynxkyuu f noutu acro-
Oy umeer MeCTO paseHcT80
X

A0 ar=ro.

Hdoxazarteasctso. [Tonoxum
X

D (x) = S f () dt.

a

IToxkaxkem BHauaJe, 4TO MOUYTH BCIOAY

f(x) =D (x).
Ecmu f(x) << ®'(x), To HafiqyTcs TakHe palMOHANbHBIE YHCAA O H
B, uto
f) <a<p<@ (x). (0

Mycrts E, g — MHOXECTBO T€X TOYEK, B KOTOPBLIX BLIMOJHEHO Hepa-
senctBo (1). OHo u3Mepumo, mockosbKy f u @ usamepumsnl. [Toka-
}KeM, 4TO Mepa KaxJaoro u3 muoxects E, g paBna uymo. Tak kak
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YHCJO 3THX MHOXKECTB CYETHO, TO OTCIOfa OyleT cJel0BaTh, 4YTO
pix I f(x) <@ (x)}=0.

ITycte € > 0 npousBoJbHO ¥ NycTh § >> 0 TAaKOBO, UTO

Sf(t)dt’<s,

KaK ToJbKO p(e) << 8 (rakoe § cywmiecTByer nsisi JHOGOTO € B CHJY
abCOMIIOTHON HENPEpLIBHOCTH HHTerpasia; cM. 1. V, § 5, teope-
Ma o). Buibepem tenepb oTKphiToe MHOXecTBO G  [a, b] Tak, uto

GDEy n w(G) <u(Egp)+d
(cM. ynpaxuenne Ha ctp. 291). Eciu x & E g, 10

D(E)— D (x)
—f—x B (2)

ans Bcex § > x, nocratoyno 6/IM3KHX K x. 3anucas HepaBeHCTBO (2)
B BH]E
D (E)— 5> D(x) —Bx,

noJjyuaem, YTo TOUYKa X — HeBHIAHMas crnpasa aasa ¢yukuuu O (x)—
— Bx Ha /m060M M3 COCTABJAAIINX HHTEpBaJOB MHOXectBa G. Hc-
noab3ysi aeMmy ®. Pucca, Mbl MOXeM MO3TOMY yKasaTb TakKoe OT-

KPBITOE MHOXeECTBO S = g (ay, bg), cocTosilee U3 HeNepeCceKa UIUXCs
untepBaJioB, uto E,p S < G u
@ (bg) — Bby = D (ap) — Bag, T. e. D(by) — D (ar) =P (b — ),

HJTH
by
{roat=p0.— .
o
CymMupys Takue HepaBeHCTBA 10 BCeM HHTepBatam (ax, b)),
cocTaBjsoUMM S, nojayuaem

{rwar=pus). (3)
S

B 10 Xe BpeMs

Sf(t)dt= S (@) dt 4+ S f(t)dt <an(Eqp)+e<

s Eqq S\Egy
Sop(S)+tetlals  (4)
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Cpasnusas (3) u (4), nonyuaem
ap (S) e+ ald=Bu(S),

W}
pE< Sl

T. €.

Takum 06pa3oM, MHOKeCTBO E g MOXKHO 3aKJIOUHTb B OTKPBITOE
MHOXECTBO CKOJIb YIrOJIHO MaJjiofi Mepbl (MBI MOMKEM CUUTATh, Ha-
npumep, uTo |o|d<C €), a 3T0 W o3Hauaer, 4to p(E,p) = 0. Uraxk,
MBI I0Ka3aJH, 4TO

f(x) =D (x)

nouTH BCiOAy. 3ameHuB f(x) na— f(x), MBI TaKuM Ke MyTeM MOJY-
YHM, YTO IOUTH BCIOLY

—fX)=Z—0 (), 1 e [HRSV(X)

H, C/IeI0BATEJbHO, NOYTH BCIOAY

fo=0w=-=2{i0a

§ 4. Boccranosaenne pyHKUHMH MO ee MPOU3BOIHOA.
- AGCosoTHO HenpepbiBHble MYHKUUH

HMrax, ™Mbl peWinaM nepBbIA M3 MOCTABJEHHBbIX B Hayaje 3TOH
rJiaBbl BOMPOCOB, YCTAHOBHB PaBEHCTBO
X

7"; S f)dt=F(x) (outn Becony)

a

ans moboi cymmupyemoit Ha [a, b] dyuxkuuun f. Pacemorpum tenepn
BTOPO¥ M3 CPOPMYJHPOBAHHBIX TaM BOMNPOCOB, T. €. BBIACHHM, KaK
o6obitaercs Ha cayuaii uurerpana Jlebera dopmyna Heworona —
Jle#i6uuna

F)=F(@)+ | F @, ()

XOpOIll0 H3BeCTHas B cJydyae HempepbiBHO AuddepeHIUpyeMbIX
(YHKUMH M3 371€MeHTapHOTO aHaJju3a.

EcTe¢TBEHHO OrpaHHuUMTbCS paccMoTpeHHeM (yukuuin F, 3ape-
nomMo auddepeHUHpyeMBIX mNouyTd BCIOAY (uHaue paserctso (1)
NpOCTO He MMeeT cMbicsa). Kak Mbl yxe 3HaeMm, TaKHMH, B YaCTHO-
CTH, ABJASIOTCS QYHKLIHH C OTPAHUYEHHBIM H3MEHEHUEM.

C npyroit cropoHbl, UHTerpaJs, croAwmii B (1) cnpasa, ecTsb
$yHKUUA ¢ orpaHuuyeHHBIM u3MedenHeM. Ilostomy pasenctBo (1) He
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MoxeT ObiTh BepHO AJf Gonee WIMpoKoro Khaacca ¢yHkuuit. [lo-
CKOJIbKY BcAKas (YHKUHS ¢ OTPAHHYEHHBIM H3MEHEHHEeM ecTb pas-
HOCTb JBYX MOHOTOHHO HeyObIBAIOIIMX, TO HMEHHO MOHOTOHHbIE
$YHKHHY H HY>KHO pacCMOTPeTb B NePBYIO OUepenb.

OpHako Ans NPOH3BOJBHBIX MOHOTOHHBIX (QYHKUME paBEHCTBO
(1), BooOite roBOpSi, He WMEET MecTa. BMecTe ¢ TeM cnpaBeanuBa
cjenyolas Teopema.

Teopema 1. lIpoussodrasn f' monoronno Heybwisaroujeii pyrk-
yuu f cymmupyena u

b

(rwa<io -t
a
Hoxasarenbctrpo. [lo onpexenennio, npoussoanas ¢yHk-
UMK [ B TOUKE X €CTb Ipejes OTHOWeHus ')

@y (¥) = iix_i_”,)]_—Lﬂ @)

npu h— 0. Y13 MoHoTOHHOCTH | BBITEKAaeT ee CYMMHPYEMOCTDb, @ 3HA-
9UT, H CYMMHDYEMOCTb Kaxaoi H3 QyHxkuuil ¢u. I[losromy pasen-
¢TBO (2) MOXHO npounHTterpupoBartsb. Ilonyuaem

b b b
S@n(x)dx-——Sf(x—i—h)dx———-Sf(x)dx_.
’ : b+h ath
=L {reaxr—1 | reoax.
b a

Crosiilee cnpaBa BbipaxeHHe npu h—> 40 crpemurcs x f(b)—
—f(a+0). (Noxaxure!) I[Tosromy, npumenus Teopemy @aty
(rn. V, § 5, Teopema 8) MBI TIOTyuaem

b

{Far< llmStp,,(X)dx=f(b)—f(a+0)<f(b)~—f(a)

a

(caMo cyliecTBoBanue uHTErpasa ot [’ TaxxKe oGecneynBaeTcs Teo-
pemoii ®ary).
Teopema poxasasa.
HerpyaHo npuBecTH NpHMep MOHOTOHHOH (QYHKIHH, IJs KOTO-
poil HMeeT MeCTO CTPOroe HepaBeHCTBO
b

{7 @ar<fe)—1@.

1y Yro6el Bhipaxkenue f(x <4 h) nmeno cMbica npn moGom X € [a, b], MoxHo
cunTaTh, uT0 f{xX)= f(b) npn x > b u [(x)=f(a) npu x < a.
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JlocTaTouHo NONOXHUTH

0 npu HES T V)8
fx)=
1 mpu 1/2<x<Cl.

VnTepecHo, 0LHAKO, YTO CYUIECTBYIOT HE€NPEepPLIBHB € MOHOTOH-
Hble QYHKIHH, LIS KOTOPbiX CTPOroe HepaBeHCTBO
X

{roa<im—r1e

a

BHINIOJIHEHO TIPH Bcex X => . BoT ofHMH M3 npocTeduINX NPHMEpOB.
Paccmorpum Ha orpeaxke [0, 1] XKaHTOpPOBO MHOXECTBO M onpelne-
JAM [ cHawaJia Ha ero CMexHbIX \
MHTEPBAJaxX, TOJOXHB

2k — 1
f(t) = 2n ] ————
k=12 8, ..., 2% -
Ha k-M CMeXHOM HHTepBaJje -

n-ro paura (BKJiouasi H €ro KOH-
nbl). (Murtepsann HyMmepylorcst
cneBa HanpaBo). Clle10BaTe/bHO,

fO=1/2 mpn 18323, 0
f)=1/4 npn 1/9<t<<2/9,
f(t)y=3/4 npn 7/9<<t<<8/9 Pac. 21.

n 1. 4. (puc. 21). Takum oGpasom, f ompenenena Ha otpeske [0, [}
BCIONy, KPOMe TOUEK BTOPOrO Pofia KaHTOpOBa MHOXKecTBa (T. €. TO-
yeK, He NpHHAAJMeXKAIHX HH CMEXHBIM HHTepBa/JiaM, HH COBOKYI-
HOCTH HMX KOHIOB). JloonpefenuM Temepb [ B 3TUX OCTABIIHXCA TOY-
xax caeayloumuM ob6paszoM. Ilycts #* —omHa w3 Takux TOueK H
nycthb {f,} — CXOAfAIIasACA K Hell BO3pacTaouas nocneaoBaTebHOCTb
TOUeK NepBOro pofa (T. €. KOHLOB CMeXHHX HuTepBanoB). Toraa

CYIEeCTBYET npelen
lim f (t.); : (3)

n->oo

Y

WGk
Sin b
~k

AHAJIOTHYHO, CYIIECTBYET H Npeje
lim [ (i), 4

n->»o0
ecmu {f;} — ybbiBaomas nocjeloBaTeNbHOCTb TOUEK NEPBOrO poja,
cxoasniasca K ¥ npuuem npepens (3) H (4) paBHB MeXay coGoi.
IMpunss 3710 ofbuiee 3HayeHHe 3a [(I*), MBI NOJYUUM MOHOTOHHYIO
GyHKUHMIO, ONpejieJleHHyI0 ‘U HenpephBHYIO Ha Bcem oTpeske [0, 1],
Ha3biBaeMYl0 «KaHTODOBOH JectHunei». Ee mnpoussopnas pasHa,
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O4€BHJHO, HYJIO B KaxKJoH ToOuKe JN10060ro CMEKHOro HHTEpBAaJla,
T. e. noutd Bcoay. CaenosatenbHo, AAS 3TOH QYHKIMH HMEEM
X
0={rma<fm—10=i@

0

npu a06oM x u3 nonyunrepnana 0 < x << 1.
OrMeTUM NONyTHO, YTO B CJyyae MOHOTOHHOH [(X) paBeHCTBO

b x
S f/(£)dt =[(b) — f(a) BaeueT paBeHCTBO S FFydi=fx —f(a)

npu JI000M X U3 noJAyuHTepBaka a@ < X < b.
Uro6el onucath Kaacc QyHKUHMH, IJ5 KOTOPHIX HMeeT MeCTO pa-
BEHCTBO

b .
{Froya=1®)—i@),

a

BBEJleM CJefylollee ONnpejeseHue. :

Onpenenenue |. Oynknua [, 3agaHHas HA HEKOTOPOM OT-
peske [a, b], HasbIBaeTCsA a6COAIOTHO HEeNPepPoIBHOL Ha HeM, eCli s
Jawo6oro & > 0 Haimercs takoe § > 0, uto, KakoBa Obl HH ObljIa KO-
HeuyHas CUCTeMa NOMNApPHO HelepeceKalOLUXCA HHTEPBAaFOB

(ak’ bk): k= lr 2> cee,

¢ CYyMMOH JJIMH, MeHblled §,
n
2. (b — ap) <8,
k=l
BBITIOJIHEHO HEpaBeHCTBO

Y1)~ F@di<e.

$lcHO, uTO BCAAKAs aGCOJIIOTHO HenpepbiBHAS (QYHKUHA PABHOMEPHO
Henpepeisna. O6paTHoe, BoOGIe roBOps, HeBEPHO, HANIPUMED: OIHU-
caHHad Bblle <KAHTOpOBA JIECTHUIA» HeNpepbiBHA (a 3HAYHUT, H
paBHOMepHO HenpepwiBHa) na orpeske [0, 1], oanako ona ne aGco-
JoTHO Henpepbiaua. JlefiCTRUTENbHO, KAHTOPOBO MHOXKECTBO MOXHO
MOKPHITh KOHEYHOH cHCTeMOH MHTepBasoB (ap, br), R =1,2,..., 1,
CyMMa JJHH KOTOPBIX CKOJb YFOIHO MaJsa. 3MecTe C TeM IJIs Ka-
XKJOH TAKOH CHCTEMBbI HHTEPBAJIOB BBIIOJHEHO, OUYEBHIHO, PaBEHCTBO

P16 — @) =1,
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YKakeM OCHOBHble CBOHACTBa a6COJIOTHO HENPEPLIBHbIX HYHKIIHG.

1. 3amMeTuM mpexae BCEro, 4TO B ONpeneNeHHH | MOXKHO BMeCTo
J1060# KOHEeYH 0N CHCTEMbl HHTEPBAJIOB ¢ CYMMO#H AauH << § pac-
CMaTPHBATb MOOYI0 KOHEUYHYI0O UJH CU€THY IO CHCTEMY HUHTEp-
BaJIOB, cyMMa JJIHH Kotopbix <C§. HelcTBuTesIbHO, MyCcTh AJist KaH-
nHoro ¢ > 0 Mul BuiGpaan § > 0 Tak, yto

é]'i(bk)—f(ak)|<3

Anst mo6OM KOHEYHOH CHCTEMbl HHTEPBAJOB (ax, by), yaoBiIeTBOpPSIO-
fledl ycao0BHIO

k§=:1 (by, — ap) < 8,

U nyctb (@r, Pr)— CUETHAR CUCTEMa HHTEPBAJIOB C CYMMON AJIHH,
He npeBocxoisuless §. Toraa npu awwb6oM n HMeeM

ZIFB)—Fla)i<e

nepexo/s 3jech K npeaeny Npu n —> oo, nojyvaem
2B — [ (o) I<e.

2. Bcakaa a6COAIOTHO HENPepouleHAs DYHKYUSL UMeEeT 02paHuYer-
HOe u3meHenue.

JeficTBuTeIbHO, abCOMIOTHAS HeNpephiEHOCTL (PYHKUUH [ Ha OT-
peske [a, b} 03Hauaer, B 4aCTHOCTH, UTO AJA Ka)knoro & >0 MOXHO
6 > 0 BoiGpaThb Tak, 4TO mnojHoe n3MeHenve Gyukuuu f Ha orpeske
aanapl << 6 Oyner He Goablie, yem e. ITockoabky orpesok [a, b]
MOXHO pa36uTb Ha KOHEYHOE YHUCJIO OTPE3KOB INUHB < 8, TO M
nonHoe u3MeHenne Qynkuun f na [a, b] koneuno.

3. Cymma abcoaroTHO HenpepuiHblxy (GYHKYuLl u npoussederue
Taxoll PYHKYUL HA HUCAO CYTb AOCOAIOTHO HENpPepbi8HbLE PYHKUUL.

970 cpasy BbITEKaeT H3 onpefeneHHA abCOMIOTHOR HenpepbiBHO-
CTH H CBOMCTB MOJAYJSI CYMMbl 1 NPOH3BEAEHHS.

Ceoiictea 2 u 3 03HAYaIOT, YTO AGCOAIOTHO HenpephleHble (BYyHK-
yuu 8 npoctTpancree scex') ynkyuld ¢ oepanuueHHbIM UBMEHeHUEM
06pasyrT Auxelinoe MHO2006pa3sue.

4. Beakas abcoatoTHO  Henpepoisuas (pynkyus moxcer GoiTe
npedcTasrena Kak pasnocTe 08yx abCOAIOTHO HenpepoleHbLy Heyboi-
sarouux pyuryul.

1) Cm. ynpareuue Ha cTp. 337,
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HefictBuTeNbHO, aBCOMIOTHO HellpepbiBHAST QYHKIMS, KaK BCAKaA
GYHKUHA ¢ OTPAHHYCHHLIM H3MeHeHHeM, MOXeT OBbITh IpecTaB/eHa
B BHJIE

f=v—ag,
v)=Valfl 1 g =v(x)—f(x)

— HeyObiBaoumne ¢ynaknun. ITokaskeM, yto KaKjmasi U3 3THX ABYX
$VHKUEHA abCONIOTHO HenpepuiBHA. JlOCTATOYHO MPOBEPUTh ITO AJS
v. ilyctb € > 0 3anano. BeiGepem 6 > 0 as1s1 31010 € Tak, Kak 3TO
LUKTYyeTcsl abCOMIOTHOH HenpepbiBHOCTBIO GyHkuuu f. Bosbmem cu-
CTEMY 1 MHTEPBaJOB (ap, br) ¢ cymmapHOl HJIHHOH MeHblle, yeM J,
H pacCMOTPHM CyMMY

rie

Z @) —v(ay). (5)

2714 cyMMa npeacrasaseT cofoll TOUHYIO BEPXHIOIO TPaHb YHCEN

n Mg
2 2 F e ) — F (e 1=1) | 6)
=1 =

TI0 BCEBO3MOXKHBLIM KOHEUYHbIM p336I’IeHHHM

o =x,0 <X, <X,:< ... <X,pm=b,
Ay =Xp,0 < Xo,1 <X, < +vv < Xy ==y,

. ¢« . e s s e e & s .

An=Xp, 0 < Xp,1 <Xp o< ... <xn.mn=bn

uuTepBanos (aj, by), ..., (an, bn). Tak Kak cymMma mJuH BCEX HH-
‘T€PBAJIOB (Xp, 11, Xk, 1), IO KOTOPBIM Gepercst cymma (6), He npeBoc-
xomut 6 > 0, To Kaxnas us cyMm (6) ne Goabule, ueM e. CuenoBa-
‘TeIbHO, U CyMMa (D), — MX TOYHAS BepXHsiA rpaHb, — He O6O0Jblle,
YyeM E.

Caeayoude 1Be TeOpPeMbl YCTAHABIHBAIOT TECHYIO CBSI3b MeXIy
NoHATHEeM a6CONIOTHOH HENPEPHIBHOCTH H HEONpefeJeHHbIM HHTe-
rpajowm Jle6Gera.

Teopema 2. Pyukyus

x

F={fwa,

a

npedcrasanwouians coboil HeonpeleseHHbLE UHTe2Par CYmMmupyemou
QyHKyuu, abCOAIOTHO HenpepsieHa,
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Hoxkasareabcrso. Ecan {(ax, br)} — kakas-1mmbo cucrema
HelnepeceKaouWnXCd HHTEPBAIOB, TO

n n {b kb
YIFG)—Fa)l=y|{twa )<Y {1t iat=

k=1 k=l|ap k=1 ay

FGIEE

. b
%("k )

I

B CHay abCONIOTHON HEmpephIBHOCTH HHTerpasa JleGera mocaennee
BhIpaeHHe CTPEeMHTCH K HYJIO, KOrja CyMMapHas JNJyHa HHTepBa-
JIOB (@r, br) CTPEMHTCSH K HYJIO.

Teopema 3 (Jleber). lIpoussodnasa [ = F' abcorrorno He-
npepoierott ynkyuu, 3adanrod na orpeake [a, bl, cymmupyema na
3TOM OTpe3Ke u OAA Kaxo020 x (a << x << b)

X

\fyat=F@—F (.

a

Teopembl 2 n 3 MOKa3hBalOT, YTO abCOJIOTHO HENpPEPLIBHbIE
GYHKUMH, U TOJbKO OHH, BOCCTAHABJIHBAIOTCA C TOYHOCTHIO O IO-
CTOSIHHOTO CJIaraeMoro No CBOell MPOH3BOAHOH € NOMOWIbIO Onepa-
U1 UHTErpHpPOBAHHS.

Ilast nokasatenbCTBAa TeOPeMbl 3 HAM MOHAZOGHTCS CJAEAYIOWEs
JemMma.

JTeMmma. Ecau npouszsodnas aGCOAIOTHO Henpepul8HOLl MOHO-
TOHHO Heybvisaowel ¢pyukyuu [ pasna 0 nouru sctody, 1o 3ra
PYHKYUL — NOCTOAHHAA.

IHokasateanbctTBOo JeMMBblL Ilycrs f 3anana ua [a, b]. Tak
KaK [-— HempepbiBHAsi MOHOTOHHAst GYHKIMA, TO ee 06JacTb 3HAUe-
Huil ecth orpesok [f(a), f(b)]. IMokaxem, uTo AMUHA 3TOrO oTpe3Ka
paBHa Hymo, ecan [ (x) =0 nouru Bciony. Tem caMbiM Jemma Gy-
Ier nokasaHa. PasoObeM MHOXKecTBO TOYek oTpeska [a,b] na nsa
Kjaacca: MHOXecTBO £ Tex Touek, B KOTOpHX [ (x)=0, u Z—ero
nononnenne. Ilo ycnosuio semmb p(Z)= 0. BriGepem HexoTOpoOe
e >0, HaitneM 10 8 > 0, XOoTOpPOE OTBeyaer 3TOMy & B CHJy abco-
JIIOTHOH HENPEepHIBHOCTH OYHKUHK [, U 3akawyuM Z B OTKPHITOE
MHOXECTBO, Mepa KOTOPOro MeHblle § (3TO BO3MOKHO, TOCKOMLKY
(Z)=10). Unaue roBops, Z nokphiBaercsi KOHEUHOH HJAH CUETHOH
CUCTEMOH HHTEPBANOB (&, br), cyMMa MJIHH KOTODBIX MeHblue O.
B cootBeTcTBHE ¢ BHIGOPOM & mosiyuaeM

SIHe) — @) <e.

CaenoBaTtesbHO, BCS CHCTEMa MHTEPBANOB (@, by) (a TeM Gouee, u
3aKJIOYeHHOE B MX CyMMe MHOXeCTBO Z) nepeBoAWTCS QyHkuued f
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3 MHOXECTBO, Mepa KOTOporo Menblle €. Takum o6pasom,
n(f(£))=0.

Paccmorpum tenepbp MHoxectBo E = [a, b))\ Z. [lycts xo = E.
Torna, nockodbky [’ (xo) = 0, ansa Bcex X, JOCTATOYHO GJIHU3KHX K Xo,
BHLITOJTHEHO HEPABEHCTBO

F{x) — F{xo)

X —x

<e,

T. €. (Mbl CuHTaeM [Jf ONpelesqeHHOCTH, 4T0 X > Xg)
f(x) — f (x0) < e(x— xo)

exy— [ (x0) < &x — [ (x);

nJin

TakuM 00pasoM, Xp €CTb TOYKA, HEBHAHMMAs ClpaBa A (QyHKUHH
g (x) = ex — f(x). CnenosarteanHo, no semme ®. Pucca, MHOKeCTBO
E comepXuTca B KOHEUHOH HJIM CUETHOH CHCTEMe HerepeceKaroUlnx-
Csi MHTEPBANOB (0, fr), B KOHLLAX KOTOPHIX BGIIOJIHSIOTCA YCJAOBHS

B, — F(Be) = ey — [ (),
FBe) — flaw) < e(Br— o),
2L (6 —Fa)<ed B —a) <e(d—a).

T. €.

OTKYRA

Vlnaue rosops, MHoXectBo E mnepesoaurca dyuxuueit f B mHOXKe-
CTBO, NMOKPHIBAIOLeeCs CHCTEMOH HHTEPBAJIOB, CyMMa JUIHH KOTOPBIX
MeHblle &(b — a). BBuLy NpOM3BOJBHOCTH € OTCIOAA CjeayeT, YTO
n(f(E))=0.

WUrak, u f(E) u f(Z) umetor mepy nyib. Ho B cymMmme atu asa
MHOXKECTBA COCTaBJAIT oTpe3ok [f(a), f(b)]. Tem cambiM mokasawo,
YTO JJIMHA 9TOr0 OTPe3Ka ecTh HyJb, T. €. uTo [(x)== const.

Tenepb yxxe Jierko nokKassiBaeTcst 1 cama teopema 3. Jocrartou-
HO OrPAHHYHTLCA CJayyaeM, Korga OyHkuus F(x) He yObiBaer.

B stom cayuae
X

owW=F)—{ia @

mpeacTas/seT coGod (DYHKUHIO, TOXKE MOHOTOHHO HeyGbhiBAIOULYIO.

HeiicTBuTenbHo, ecau x” > x’, To no Teopeme 1
xll

O (") — @) =F (") — F () — | F® at >o0.

Kpome toro, @ a6comoTHO HenpepbiBHA (KaK pasHOCTh ABYX a6co-
JIIOTHO HempepbiBubIX GOYHKIMIA) u @' (x) = 0 mourtn Bcloay (coraac-
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Ho TeopeMe | § 3). Ilostomy B cuny aemMmbl @ ectp KoHctaura. ITo-
JOXHB B (7) x = g, nosyyaeM, 4YTO 3Ta KOHCTaHTa paBHa F(a).
Teopema nokasana.
Mbl Buzieau BHlle, 4TO BCAKYIO YHKUHIO [ ¢ OrpaHHUEHHBIM H3-
MEHEHHEM MOXHO MpPEeACTaBHTb KaK cymMMy QyHKUuH cKaukoB H u
HenpepbiBHOW (QYHKIHHM @ C OTPaHUYEHHBIM u3MeHeHuem (cTp. 336),

f=H+o.

PaccMoTpuM Tenepb HeNpepbLIBHYIO, HO He abCOMIOTHO HempepbiB-
HYI0 QYHKOHIO C OTPaHUUYEHHbIM M3MEHEHHEM @ H TIOJOXKHUM

X

v = o Oa
PasHocTh ¢

r=¢—%

npeacrassgeT co00H HenpepbiBHYI (PYHKLUHIO C OTPAaHHUEHHBIM H3-

menenueM. Ilpu atom
x

4 yw=¢ -2l wa=o
a
TICUTH BCIOAY.

HasoBeM HenpepbiBHYI0 (DYHKINIO ¢ OFPAHAYEHHBIM H3MEHeHHeM
CuHay./LﬂpHOlz, €CJIi €€ NPOoUu3BOJHAsA pPaBHA HYJIO MOYTH BCHOIY. M
MOXXeM Tenepb cHOPMYJIUPOBATL CAEAYIOWMI Pe3yabTarT:

BCAKAA (DYHKYUA C 02PAHUYEHMbIM USMEHeHUeM MOMeT 6biTo
npedcrasaena 6 8ude cymmoL TPEX KOMROHEHT

f=H+bv+x ®)

— (yHKYyUL CKA4K08, ABCOAIOTHO HENpPepulBHOL (PYHKYUU 1 CUH2Y-
AAPHOL PyHKYUL.

HetpynHo moxasaTb, uTO Ka)KJ0€ M3 Cl4araeMbiX B pasjokeHuu
(8) ompepensercs camoit GynKuMeH [ OQHO3HAYHO C TOYHOCTLIO N0
koHcrauTsl. Ecau dyHKuyy, BXoAsmne B paBeHCTBO (&), HOPMHPO-
BaTh, noTpeboBap oO6pamleHNs NBYX U3 HHX B HYJb B TOUKE X = 4,
TO passjoxeHue (8) OynmeT yXe B TOYHOCTH edMHCTBeHHBIM. [Ipo-
auddepenuyposaB paBeHCTBO (8), Mbl NOJYYHM, 4TO MOUYTH BCIOAY

[ (x) =" (x)

(nockonibky H’ u y/ paBusl uymo moutu Bcwoay). CrefoBaTenbHo,,
NIpH MHTErPHPOBAHUM NPOH3BOLHON OT (YHKUHMM C OTPAHHUEHHBIM
U3MeHeHHEeM BOCCTAHABJIMBACTCS He caMma 3Ta (QYHKUHSA, a TOMbKO
ee abGCoMIOTHO HeNpepLiBHAA KOMNOHeHTa. [{Be Apyrie KOMMOHEHTLI
(byHKIUSA CKAYKOB W CHHIYJAsSpPHas) NpPH 3TOM <«GeCcCJefHO Hcye--
3a10T».
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IMoyyurensHO CcpaBHUTbL pe3y/abTaThl 3TOro naparpada c tem,
uyto npaer Teopusi oGoGumweHHbix ¢yHxumi. Kak u B ra. IV, Gynem
NOHUMAaThk MNMOJ O0O06UIeHHONH (QVHKIHEeH JIMHEHAHBIH HelpepbiBHbIH
¢dbynKInHoHaJ Hal npocTpaHcTBoM K puHHTHBIX GeckoHeuHo mnudde-
penuupyemblx @ysxuui. Ilpu 370M OOBIYHOHA JIOKAJBHO CyMMHpYe-
Mol GyHKUMK [ comocTaBasieTcss (PYHKUHOHA, ACHCTBYOLHH HA

oo

sneMenTl @ & K no dopmyne (f, )= S f(x) @ (x)dx. O6obwwen-
—00
HOH [POM3BOJAHOH OT 3TOr0 (PyHKIHOHAJA CJHYXKHT GYHKIHOHAJ,
cTaBAlIMA B  coorBeTcTBHE 3siaeMeHty ¢ = K uucao (f/, ¢)=
oo
= — S f(x)@" (x)dx. Tak kak B Ki1acce 06OGIIEHHBIX (QYHKUHI
- 00
ypaBHeHHe Yy’ = 0 HMeeT TOJbKO OGBLIUHBIE pellieHHs (KOHCTAHThI),
TO BCsKasi 0000lenHast GYHKHUS ¢ TOYHOCTBIO AO KOHCTAHTHl BOC-
CTaHaBJHBAaeTCs 110 CBOeH Npou3BoAHOA. B uacTHOCTH, BCAKast Jio-
KaJbHO cymMMmupyeMas QYHKUMA f ¢ TOYHOCTBIO NO KOHCTAHTH MOYTH
BCIOJly BOCCTAHABJHBaeTCs Mo cBoeff 0606 eHHON MPOU3BOA-
Ho#t f/. IIpeAnosioXum Tenepb, YTo QYHKUHUS [ MOYTH BCIOAY HMEET
NPOU3BOAHYIO, Hanpumep, f-— MOHOTOHHas ¢yHKUuA. OGo3HAUNM
uepes f| = df/dx oObluHyo npousBomHyio QyHKUMH f. (Mbl yXKe BHU-
neam, uto df/dx wmoxer paBHsartbca 0 mouTd Bclomy, xotsl [(x) ==
== const!) @yukuusa df/dx aBasercs JOKAJIbHO CYMMHPyeMOH (Mol
npeAnoJjaraeM, YTo { MOHOTOHHA) M, CJEJOBATENbHO, Mbl MOMKEM
COTIOCTaBHUTh 3TOH (QYHKIUH (YHKUHOHAT (0000UIeHHYI0 (GYHKIHIO)
00

(fr, ) = S %q;(x) dx. CyulecTBeHHBIH (GaKT COCTOMT B TOM, 4TO

o6o6u4efm;m pynryus f,, 8006uwe 2080psa, re cosnadaer ¢ 0606uyen-
not ¢ynkyuet f'. Hanpumep, eciu

f(x)={

10 f=0,af =25 (cm. mpumep | cTp. 205—206).

Teopema 3, coGCTBEHHO TOBOpSl, H O3HAYaeT, YTO CPelH BCeX
GyHKIMI ¢ OrpaHHYEHHBIM H3MeHeHHeM /sl aGCOJIIOTHO HempephiB-
X QYHKUMA (M TOJbBKO AJs HHUX!) IPOM3BOAHAS, NMOHHMaeMasi B
OGBIYHOM CMBbIC/IE, COBIAafaeT ¢ OOOOILIEHHON MPOU3BOAHOH TOH XKe
(QYHKIUH.

31ech MBl CHOBa CTAJKHBAEMCSl C TeM IMOJIOXKEHHEM, O KOTODOM
yke ropopusoch B § 4 ri1. IV: 1714 BHIMOJHUMOCTH OCHOBHBHIX OIepa-
unil aHasausa (B JaHHOM CJyuae peub HJET O BOCCTAHOBJIECHHH QYHK-
111K 10 ee NMPOU3BOJHOMN) HYXKHO HJIH, OCTABasICb B paMKax KJacCu-
YeCKHX OIpeflesIeHHH, OrpaHHYUTHCA JOCTATOYHO Y3KHMM 3alacom

I mpu x>0,
0 mpu x<<0,
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Gyukuui (a6COMIOTHO HENpPepHIBHBIMH), WJH e, HA0GOpoT, Cylile-
CTBEHHO PaCUINPHUTL NMOHSTHE q)YHKU.HPI (pacumpma IIPpH 3TOM H OIl-
peneseHHne NPOU3BOLHOIM).

VYnpaxHerusn 1. [TokaszaTb, 4To onpenesierne aGCOMOTHOR HeNMpepbBHO-
cTH, copMyHpOBaHHOE BbIUIC, PABHOCHJIBHO c/IefyiolleMy: f aGCcOMWTHO Henpe-
phiBHa Ha [a, b], ecin oHa KaXIOe NOAMHOKECTBO Mepbf HYJb 3TOr0 OTpe3Ka
TIEPEBOLHT CHOBA B MHOXECTBO MEDB! HYJNb. :

2. Haiitu 0600L1IeHHYI0 NPOHU3BOAHYIO «KaHTOPOBOH JIECTHHILLI»,

3. Mycrs f— dyHkuHsA ¢ orpaHWYEeHHBIM H3MeHeHueM, [’ — ee o6oOlleHuan
npou3sonHas M fi — QyHKUHOHAN (0606lIEHHAs (QYHKUUS), OnpeensieMblit «oOhu-

. . df
HOi> MPOUSBORHOH —= oyskuuy f. lokasars, uTo

a) ecan [ aGcomoTHO HenpepmBHa, To [ = fy;

6) eciu "= f;, T0 f(x) 3KBHBaJenTHa aGCOMOTHO HENPEPHIBHOH (YHKLUH,
T. €. coBnajgaer ¢ Takof (QyHKUHeH mMoYTH BCIOAY. B dactHocTH, ecau [ = f; u f
HenpepeiBHA, TO ¥ f a6COMIOTHO HENpPEpLIBHA.

§ 5. Hurerpan JleGera kak QyHKUHS MHOMKeCTBa.
Teopema Papona — Hukopuma

1. 3apsannl. Pasnoxenne Xana u pasnoxenue )Kopnana. ITous-
THS H PaKThl, N3J0XKEHHbIE B MpPeAbIAYIHX naparpadax aas QyHK-
Uuil Ha NPSAMOH, PACIPOCTPAHSIIOTCA B 3HAYUTEJNbHOH CTENMeHH M Ha
(QyHKIUY, 3aJaHHBle HA HPOH3BOJBLHOM MPOCTPAHMCTBE C MEPOH.

[Tyctb X — HekOTOpOE TPOCTPAHCTBO ¢ (KOHEUHOM) Mepod u H
f— cymmupyemasi no p dyukuus na X. Ilpu stom f 6yrer cymmu-
pyeMa Ha KaXXJoM u3MepuMoM noamuoxkectBe A muoxectsa X w,
cJ1e10BaTeNbHO, HHTerpaJ

©(4) = { f () du ()

A

(¢ ¢urcupoBaunoit f) npeacrasaser co6oiét QYHKUHIO MHOXKECTBa,
onpefie/leHHYI0 H O-aAJHTHBHYIO Ha o-anreGpe ©, BCeX U3MEpPHMBbIX
mMuoxecTB npoctpancrea X. Takum obpasom, 1 a1060ro pasnoxe-

HHuAa
A':- tﬁJ Ak

H3MEPHMOro MHOXeCTBa AsB KOHEUHYIO HJIN CUETHYIO CyMMY nonap-
HO HenepeceKarlinxcss H3MEPHUMBIX MHOXKECTB BbITOJIHEHO PABEHCTBO

O (4) = Ek) @ (A,).

Muaue rosopsa, ¢yukunu @, onpenesnennas pasencrsoM (1), obaa-
JaeT BCEMM CBOHCTBAMH G-aJAUTHBHON Mepbl, 3a MHCKJIOUEHHEM,
6BITh MOXKeT, HeoTpuuateabHoctd. (IIpu HeorpuuartenbHo#i [ Heot-
punareasHa 1 @.)

Onpenenenne 1. IlpousBossHasi (KoHeunan) o-agguTHBHAS
dyuxuus Muoxecrsa @, onpejesneHHas Ha HEKOTOPO# o-anrefipe
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NOAMHOXKECTB JaHHOTO NPOCTPAHCTBA X, HA3bIBAGTCA 3HAKONEpEeMEN-
HOU Mepoti, nIu, Kopoue, 3apA0oM.

IlousiTue 3apsina CAYXKHT €CTECTBEHHBLIM OO0OOILEHHEM NOHATHS
0-aJJHUTHBHOH MepH U, KAK Mbl YBHJHM HHXKE, CBOLAHTCSA B Oupeje-
JIEHHOM CMbICJI€ K 9TOMY NOHATHIO.

Yupaxuenne, [oxasath, uto njas Jjwoforo (koHeunero) sapsaga @, sa-

RAHHOTO Ha ©-anre6pe MHoxecTB &, cyllecTByeT Takass KOHCTaHTa ¢, 4TO
|®(A)] << ¢ npu Bcex A = €.

Ecnn paccmatpuBaeTcsl peasibHbI 3/71eKTPHYECKHH 3apsia, pacno-
JIO)KEHHBbIH, CKaXKeM, Ha HEKOTOPOH NOBEPXHOCTH, TO 3Ty MOBEpX-
HOCTb MOXKHO pasfiieJuTb Ha ABe 06GJAaCTH: HECYUIYIO MOJOXKHTEdb-
Hbll 3apsin (T. €. Takylo, uTo J1006as ee 4acTh 3apsKeHA MOJOXKH-
TENbHO) W HeCYILYI0 OTpHLATeabHbIl 3apan. MarematHueckuMm
SKBUBAJIEHTOM 3TOro (PakTa CJAYXKHT NPUBOJAMMAfS HIXKe Teopema .

BBenem npeaBaputenpHo caenywoulylo tepmunodoruw. [lycrs
D — 3apan, onpefeneHHbll Ha o-aarebpe © nNOAMHOXKECTB IIpo-
crpanctBa X. MHoxectBo £ & © HasbiBaeTcsi oTpuyaresbHoimM OT-
Hocuresbno @, ecin ®(EN F) << 0 paa mwoboro F & ©; anajoruuno
E naspiBaercs noaosxcuresstoim, ecan O(ENF)= 0 gas scex FEG.

Teopema 1. Ecau ® — 3apad, onpedesennsiii na X, 170 cyuje-
cT8YyeT TaKoe uamepumoe mHoxcecTso A- < X, uto A~ orpuyaresvHe
u A* = X \\ A~ nososuresvro (otHocutenbio @),

HokasarteabctBo. [lonoxum

a=inf @ (A),

r/le HHXKHASL TpaHb GepeTcsi Mo BCEM OTPHLATETbHBIM MHOXKecTBaM A.
ITycts {An} — Takas nocaefoBaTeNbHOCTb OTPHLUATEJNbHBIX MHO-

¥eCTB, 4TO
lim @ (4,)=a.
n->»o0
Torna A = U A, npexcrasjisieT co6oil, KaK Jerko BUAETb, TaKOe
n

OTpHIATEJNbHOE MHOMXECTBO, 4TO
o(47)=a.

I'onax&eM, yto A~ u ecTtb HCKOMOE MHOXKECTBO, T. €. HOKaxeM,
4yTo

AT =X\ A~

NONOXKHUTeNbHO. IlycTh 3TO He Tak, T. €. nmycTb A' comepKuT Takoe
usMepumoe noamuoxectBo Coy, uto @ (Co) << 0. Ilpu atom mHOMe-
crBo Cp He MoKeT ObITb OTPHLATEJBbHBIM, TaK KaK HHAye Mbl MPH-
coeHuAN Obl ero K A~ 1 nosyunayn 66l OTPULATEIbHOE MHOKECTBO
A, 1J11 KOTOpPOro

b4 <a,
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4T0 HeBO3MOXHO. [TosToMy cyllecTByeT Takoe HaHMeHbllee Hesn?
yucao Ry, mast koroporo B Cqo Haitgercss noamuoxectso Ci, yaoBie-
TBOpSAIOLLEE YCIOBHIO

@ (Cy) = 1/ky.

Pasymeercs, C; 5= Co. lna mHoxkectBa Co ™\ C| MOXHO HOBTOPHUTb
paccyxpenue, nposeaeHHoe anasi Co; Mbl nojayyuM mHOXecTBO Co,
yIOBJIETBOPSIOLLEe YCIOBHIO

DC=1/ky (ks =ky)
u 1. 1. Hakonen, nosoxuM

Fo=Cy\ igl C,.

MruoxectBo Fy ne nycro, Tak kak M (Co)<< 0, a ®(C;)>0 npn
i>=1. Vs moctpoennst caenyer, uro Fo orpuunarenbHo. [Tosromy,
NPUCOEHHUB ero K A~, Mbl CHOBa NPHXOAUM K MPOTHBOPEUHIO C Ofl-
penenenueMm a. CrenoBatenbHo, [I1s Bcex uaMepumbix Ec X\ A-
HMeeM

®(E) =0,

T. e. X \\ A~ nos0XKHTeNbHO.

Teopema pokasaHa.

Pas6uenute npocrpancrtea X na otpuuaresbHylo yacts A~ u no-
JIOXKHUTENbHYIO A* HasbiBaeTcst pasaoscenuem Xana.

Paanoxenue Xauna, BooGille TOBOPS, HE €IHHCTBEHHO, OAUAKO
€CJH

X=ATUA" u X=A U4
— 1Ba TaKHX pasfioxeHus, To Aas Bcakoro Ee=©
O(ENAT)=0(ENA) n @®(ENAN)=0(EN4). (@)
JleHCTBUTENBHO,
EN(AT\ A7) ENAT, ®)
orxyna caenyer, uro O (EN(Ar \ A7))<0. B 0 xe BpeMs
EN(AT \ 45) = En A, @)

orxyna ®(E (A7 \42))>>0. Taxum o6pasom, @ (E N (A7 \ 45 ))=0.
AHaJIorHyHO 1oJyYaem (D(E N (A{ N AT))=0. OrTcrofa caenyer, uto

D(ENAT)=0(ENA7).
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Touno Tak ’Xe 10KasbiBaeTCd M BTOPOE M3 paBeHCTB (2).
Takum o6pasoM, Ha © 3apsg @ onHO3HAuHO ompelensier ABe
HeoTpHIlaTebHble PYHKLUHH MHOXKECTBA, a HMEHHO:

QT (E)=0(EnA"),
O (E)=—®(ENA7),

HasbIBaeMble COOTBETCTBEHHO 8epxHell sapuayuell n HuxmHel sapua-
yuet sapana ®. Ilpu stowm, oueBugHO,

1) ©=0*— O,

2) ®* u @ npexpcras/sloT co6oil HEOTPHUATENbHbIE O-afJUTHS-
Hbie QYHKIHI MHOXECTBA, T. €. MepHl.

Mepoit 6yner, oueBuano, 0 GyHkuns |@|= O®* -+ @-; ona Hasb-
BaeTcst noanod sapuayued 3apsna @, a npencrasaenue @ B Buae
Pa3HOCTH BepxHell W HUXKHEH BapuUalluil Ha3bIBAETCS PABAOHCEHUEM
XKopdana storo 3apsina @.

Gameuanue. Mpl paccmarpuBaidu cefiuac KOHeuHble 3apsiibl,
T. e. TakHe QyHKUKHH D, 3HaUCHHA KOTOPHLIX OTPAHHUYEHBl KAK CBEDPXY,
TaK U CHU3Y (cM. ynpaxHeHue Ha ctp. 350). [Ipn arom @ n O~ —
Koneunble Meprl. CkasanHOe Bbllle MOXKHO OOOOUIMTbL Ha 3apslbl,
OrpaHHYEHHble JHIIb C OJHOH CTOPOHBI, T. €. TaKHe, AR KOTOPLIX
xoTst Gbt onna u3 Beanuud sup @ (A) u inf @(A) roueuna.

2. OcnoBHble THNb 3apsaaoB. [IycTb p— HekoTOpas G-aALUTHB-
Hasi Mepa, onpejeseHHas B npocrpaHcTBe X Ha HEKOTOPOH G-aJjred-
pe ©. MuoxecTBa, Bxoasmue B ©, Mbl OylaeM Ha3bIBaTb uU3Mepu-
moimu. BBeneM caenyiomye IOHSATHS.

Mbi ckaxeM, uto 3apsn @, onpexeneHHbli Ha MHOMXKeECTBAX
E & &, cocpedoroven na uamepumom muoxecrse Aq, ecin @ (E) =0
nas xaxgaoro E < X\ Ao. MHoxecTBo Ay Ha3biBaercsi NpPH 3TOM
Hocureaem 3apsna O@.

3apsan @ uHasviBaercs Henpepoirvim, ecan O (E)=0 gna o-
6oro oxHoTOueuHoro MHoxectBa E. 3apan @ uasweiBaercs duckper-
HbiM, €CJIM OH COCPENOTOUEH Ha HEKOTOPOM KOHEYHOM HJH CUETHOM
MHoXKecTBe. HBIMH CJ0BaMH, JUCKPETHOCTb 3apsiia O3HA4aeT Cy-
LIeCTBOBAHHE TAKOTO KOHEUHOTO HJIH CUETHOTO MHOMECTBA TOYEK

€1, Cgy -« .y Cny « .. UTO A4 KaKOOTO E < X
D (E)= D, D(cy)
%EE

3apan @D wHasbiBaeTcsd abCOAOTHO Henpepbvisbii (OTHOCHTEIBIO
nanHoll mepbl w), ecin M(A) =0 pas Bcsikoro usmepumoro A, s
kotoporo u(4)=0.

3apsin @ HaspiBaeTcs  CuM2yaapHoim (OTHOCUTENBHO Mepnl W),
eCaM OH COCPENOTOYEH HAa HEKOTOPOM MHOXKECTBe HYJEeBOH p-Mepbl.
ScHO, UTO echu 3apsil OJHOBpPeMeHHO aGCOMIOTHO HeNpepLiBeH U CHH-
TyJsipeH OTHOCHTEJDbHO W, TO OH HYJEeBOH.
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3. AGcoanoTHO HenpepbiBHBe 3apsaabnl. Teopema Pamona — Hu-
koauma. Ilpumepom s3apsina, aGCOMIOTHO HENPEPLIBHOTO OTHOCH-
Te/JbHO JAaHHOH Mephl |, MOXKET CJAYXKHTb uHTerpada JleGera

o@={1@an
A

OoT (UKCHPOBAaHHOH cymMHpyeMoli ¢yHKUHH [, paccMaTpuBaeMbli
KaK QyHKUHS MHOKecTBa. OKa3blBaeTcst, YTO 5THM W HCYEPIBIBAIOT-
csi Bce abCOJIIOTHO HemlpephiBHbie 3apsaabl. MlHaye roBops, crnpaben-
JHUBa CJefyiolllasg TeopeMma.

Teopema 2 (Panown—Huxkozuwm). lTycre pu— nexoropas
KOHeuHas o-addurtusnas mepa, onpedesennas Ha o-arcebpe & noo-
mroscecte us X, a ® — 3apad, onpedesennsul Ha TOlU de o-areebpe
U abCONIOTHO Henpepol8Hblli OTHOCUTEAbHO p. Toeda cywecrayer Ta-
Kaa cymmupyemasn no u gyukyus f na X, uro

O ()= f(x)ap
A

O0as Kasmdoeo usmepumoeo A. 3ra Gynxyus, Hasvsaemas nPou3soo-
Hotl 3apada @ no mepe n, onpedeanercs 00OHO3HAUHO, C TOUHOCTHIO
00 u-3K8UBANEHTHOCTU.

(Be GYHKUMH Ha3bIBAIOTCA [4-9KBHBAJEHTHBIMH, €CJH OHH COB-
NajaloT NOoYTH BCIOLY OTHOCHTEJIbHO Mephl W).

HdoxasarenbcTBo. Kaxabili 3apsaa MOXKHO NPeaCTaBUTh KaK
pasHoCTb ABYX HeoTpuuareapHblX (cM. m. 1), nmpu 3ToM aGCoMIOTHO
HelpepbIBHBIA 3apsif NpPeJCTaBJsETCS KaK Pas3HOCTb abGCoOJIIOTHO He-
npepbiBHbIX. [TosToMy n0Ka3aTenbcTBO TeOpeMbl NOCTATOYHO IIPO-
BECTH AJisi HEOTPHUATEJbHBIX 3apsifioB, T. e. Aas Mep. Mrak, nycts
@ — Mepa, a6COMIOTHO HENMpPePLIBHASL OTHOCHTENLHO LAHHOH Mepbl W.
HokaxeM creqyIomyio JeMMy.

JTemma. ITycre mepa ® abcoroTHO HenpepviBHA OTHOCUTEAbHO
K U He pasHa Hyato ToxOecTsenro. Toeda cywjectsyoT Takoe n u
Takoe usmepumoe mHoxcects8o B, uro n(B)> 0 u B nosromuressvHo

no ornouenuto K aapady O — a2

HdokaszartenabcTBO JeMMH. IlycTs X=A;UA,“:——pa3no-
1
)eune XaHa, oTBeuamouiee 3apsiay CD—;;L, n=1, 2,..., H IyCcTh

(o o]

Ay = Ol AD, AF = L_Jl A,

Torza |
@ (A7) <--u(47) npu ncex n,
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1. e. ®(A7)=0 n, caemosaresvto, ®(A)>0, a smawur, u
p(AS') > 0(B cuny abcomotHoii HenpepoiBHOCTH @ 10 ). ITostomy

HaWgeTcs Takoe n, YTo u(A,J{)>0. 3To n u MHOXecTBO B=AF
VIOBJIETBOPSIOT YCJAOBHSIM JIEMMBI.

Ilepefinem Temepb HeNOCPEeNCTBEHHO K J0Ka3aTeJbCTBY Teo-
pemsl. Ilycts K— MHOXkecTBO dyHKUMH [ Ha X, o6rajgamuikx cie-
JAYIOUWIMMH CBOHCTBAMH: [ HeOTpHUATeNbHbl, UHTEPHPYEMbl N0 W H

S f(x)dp < @ (A) nas seskoro usmepumoro A. Ilyersb
A

M=:sup{gf(x)du 0 BCEM feK}.
X

BosbMeMm nocaenosatenssoctb dynkuuit {f»} us K rakywo, uto

lim S f.(x)du =M.

n-~»oo X

gn(x)=max(f1 (x)) f?(x)y AR fn(x))-

IMokameM, uto gn € K, T. e., uto Ans BcsiKoro uamepumoro E

{g.an< o).
E R

Tlonoxnum

n
HedicteuTenbno, £ MOXHO IpeACTaBUTh B BHIE kUI Eg, rne En ue

nepecekaloTcsl U gn(x) = fr(x) Ha Eg; mostomy

I3

faawan=Y {nwd<} oE)=2@).
k=l

E k=1 E,

TTonoxum

f () =sup {f, (x)}.
Slcuo, uto mpu 3toM [ (x)==lim g,(x) 4, cremoBaTeNbHO, MO Te€O-
n->oo

peme B. Jlemn,

Sf(x}alu'=nl£>r{.1o Sg,,(x)du=M.

X X

IToxraxkem Temepb, 4TO

(I)(E)—Sf(x)dp.=0.
' . E
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Ilo nocTpoennio, GyHKUuST MHOKECTBA

ME)=(E)— { [ (x)da

E

HeoTpHLlaTesbHA ¥ 06s1ajlaeT BCeMH CBOHCTBaMH Mepwl. Kpome Toro,
OHa a6COJIIOTHO HenpepbiBHA OTHOCHTENbHO . Eciu As£0, 1o B cuay
Jaemmul HafinyTca takoe € >0 u Taxkoe B, u(B)> 0, uto

en(ENB)<MENB)
g J1060ro l/l3MepPIMO‘!‘0 E. Torna, nonoxus h(x)= f(x)+ exa(x),

rie Xs— UHIHKATOP MHOXeCTBa B, MBI nosyuunn 6w Ajaa jg06oro
namepumoro £

\rwan={iwditerEnB< | Fan+oENB<OE).
E E EN\B
310 03Havano Owl, uTO QYHKUHS A NpPHUHANJIERKHT ONPELESEHHOMY
ebillle MHOXecTBY K. Ho B TO e Bpemsa

Vi) di={ [ () ds + e2(8) > M,
X X

a 370 nporuBopeunT onpenesteruio M. Urak, cyuectBoBanne Takoil
¢ynkunu f, uro '

®4)= | () du,
A

Jnoxasano. ITokaxeM ee efMHCTBEHHOCTb. Ecan nast ecex A = @
o=t o= ap,
A A
TO NpH JIOO0M 7 ISl MHOXKECTB

Ay ={xfy(x) —f (x) > 1/n}
uMeeM

w4 <n § (0 — 2 ()) dn =o.

Ap

Ananornuno, aasi B, = {x:f, (¥) — [, (x) > 1/m} umeem

wih@ =Ry = (U4 )U(U B.),

p{x s fi(x) %= fo(x)} =0,
T. €. f1(x) = f2(x) nouru Bciopy. IloKa3aTenbCTBO 3aKOHUYEHO.

Tak kaxk

TO
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3ameuanue. Teopema Pagona — Hukonnma npeacrasiser co-
6of, oueBHAHO, ecTecTBeHHOe 06GoOileHue TeopeMbl JleGera o TowM,
yTo abCcoNIOTHO HenpepbiBHas (YHKIHSI eCThb HHTErpajd OT CBoOeit
npoussognofl. OgHaKo, B TO BpeMsl KakK IIPH PaCCMOTPeHUH OYHK-
IUH Ha npAMOH y Hac ectb 3 deKTHBHbI CMOCO6 HAXOXKAESHUSA TIPO-
H3BOJAHOH — BhIUMC/AEHHe npenena oTHoluenus Af xk Ax, Teopema
Panona — Hukonuma auib ycTaHaBiAHBAeT CYIIECTBOBAHHE [POU3-
BoaHo# d®/dp abcoarotHo HenpepbiBHOro 3apsna M mo mepe p, HO
He Jaer crnocofa AnsA ee BelyHcaeHHs. Tako# cnoco6 MOXKHO yKa-
3aTh, HO MLl He OyAeM Ha 3TOM OcTaHaBJauBaTbcd. B o6wux ueprax
OH COCTOHT B BbluMC/eHHu npepena otHouleHns @ (A)/u(A) no we-
KOTOPOH CHCTEME MHOXKECTB, «CTATMBAIOIIUXCH» B ONPeSIeHHOM
CMBbIC/Ie K JJAHHOH TOuKe. [leTa/bHO 3TH BONIPOCH PacCMOTpPEHbl, Ha-
npumep, B [53].

§ 6. Unterpan Cruarbeca

1. Mepot Crunrbeca. B § 1 mpenwpinymeft raaswl, rosopst o mo-
cTpoeHud Mepbl JleGera Ha npAMOM, Mbl yXKe YIOMHHAJN O CAeAYiO-
utefi koHerpykuud. ITycth Ha HekoTopoMm orpeske [a, b] 3agana Mo-
HOTOHHO HeyObiBatowasi GyHkuus F, KOTOPYIO MBI JJIsi ONpPELeNeHHO-
¢t OymeM cuuTaTbh HempepbiBHOH cieBa. OmnpenenuB Meps Bcex
OTPE3KOB, MHTEPBA&JOB H NMOJYHHTEPBAJOB, NPHHALJIEKAINX OCHOB-
HOMY OTpe3kKy [a, b], paBeHcTBaMH

m(a, B) = F(8) — F (a4 0),

mlo, B]= F (B +0) — F (a), )
m(a, ] = F (B -+ 0) — F(a +0),

m[a, B)=F (B) — F (a),

MBl MOXeM 3aTeM pPacnpoCTPaHHTb 3Ty Mepy C MOMOILbIO JieGeroBoi
Npoleaypsl MPOJOMKEHHS Mephl Ha HEKOTOPYIO G-anre6py ap, co-
JlepXKalLyIo BCe OTKPBIThE U BCe 3aMKHYTHIe (a 3HA4HT, U Bce Gope-
JieBCKHe) moAMHOXecTtBa oTtpe3ka [a, bl Mepy pp, moayueunyio
¢ TOMOW{bI0 TAaKOro MOCTPOEHUS, Ha3BIBAIOT Mepod Jlebeea —
Cruarseca, oteuanollell dpynxund F, a camy byukunio F HasbBaloT
npoussodsujet pynkyueti 3tolt Mepol ).

PaccMoTpHM HEKOTOpble uacTHele cayuan wmep JleGera —
Cruntbeca.

1. Tlycts F — pyHKUUSA CKAUYKOB, X, Xg, ...— €€ TOUKH Pa3pbiBa,
a hy, hy, ...— BeqWUHHBl ee CKAYKOB B 3THX Toukax. Toraa Mmepa
\r, OTBeuawllasg 3TOH (YHKLUHH, YCTPOeHa CJEIYIOIHM 00pas3om:

1) Ecan mMOHOTOHHO HeyGbiBaouwias PyHkuus -F He HenpepoiBHa CJeBa, TO N0
"ell TOXKE MOMHO OfpefeNHTh Mepy, BHecs B (opMydanl (1) oducBumuble H3Mene-
HUS; HanpuMep, Haxo moioxuts mla, B}l = F(p + 0)— F(ax—0) u 1. &,
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ECe NOAMHOXKECTBA OTpe3Ka [a, b] uaMepuMbel u Mepa MHOKecTBa A
paBHa
pr(A)= 2 h; 2
X, EA

HefictButesibHo, U3 onpefenenust Mepbl JleGera — Crusitheca

cpasy Ke BHUAHO, YTO Mepa KaxkJIOf TOYKH X; paBHa A;, a Mepa Jio-
o

nonHeHust MHOXKeCTBa {X;},_, paBHa Hymo. PaBeHcTBo (2) mis Jio-

6oro A C{a, b] BrITekaeT 0oTClIO4A B CHJY G-aAJAHTHBHOCTH Mepbl Wr.
Mepa up, nocrpoenHas no xaxoH-auGo GYHKUHAM CKauyKoB, Ha3bl-
BaeTcs OucKpeTHol Mepoii.

2. Ilycte F — abcoqioTHO HempepblBHast HeyObiBamiias (QyHK-
mug Ha la, b] u f = F' — ee npoussonnas. Toria COOTBETCTBYIOLIAN
Mepa pr 3aBeJOMO OINIpejeJieHa Ha BceX H3MepHMbIX 1o JleGery nox-
MHOXEeCTBAX OTPe3KOB [a, b], mpuueM A5 KaXXAOrO0 TAKOTO MHOMKe-
cra A

pr ()= F(x) ax. ®)
A

JleficTBUTENIbHO, B CHJY TeopeMbl JleGera mJisl KaxKJAOTO MOMYHHTEp-
pasa [a, B)
‘ 8

nrlo, B)=F @) — F (o) = Sf(x)dx.

a

TTockosibKy s1€6eroBO MPOAOJKeHHe BCAKOH 0-aJAUTHBHOH Mepbl
OJIHO3HAYHO OIpefie/seTcss CBOMMU 3HAYCHHSIMH HA MCXOJHOM MOJY-
KoJblle, OTCIOfA CJEeNyeT paBeHCTBO (3) HJs1 BCeX HU3MEPHMBIX IO
Jle6ery A < [a, b]. Mepa pr, oTBevaromas aGCoMIOTHO HENPEPBIBHOM
¢yukunn F, HazbiBaeTcss abCOAOTHO HenpepbuleHOLi Mepoi.

3. Eciu F — cunryasipHas HenpepblBHAsi GYHKLUHSA, TO OTBEYalO-
mas efl Mepa pur LEJHKOM COCPeJOTOYeHa Ha TOM MHOMKecCTBe Jjebe-
roBOH Mepbl HyJb, Ha KOTOPOM F’ OTIIMYHA OT HYJ/sSl WX He Cylie-
creyer. Cama Mepa [y Ha3bIBAETCS NPH 3TOM CUHEYARAPHOL MepoH.

dcuo, uro ecn F = F{-+ F,, 1O Bp=Wp + Up; mO3TOMY H3
PasjoKHUMOCTH MOHOTOHHOH (QYHKUMHM B CYMMY OQYHKIHH CKAauxos,
aGCOMIOTHO HENMpPepPLIBHON W CHHTYJSIPHOH KOMIOHEHT CJENYeT, 4TO
ecakyro mepy Jlebeea — CTuarseca moxHO npedcTasurs 8 sude
cymmol OUCKPETHOU, aBCONOTHO HENPepuLBHOLL U CUHRYARPHOL KOM-
nouent. Pasjioxenre MOHOTOHHON (YHKUHH HAa TPH COCTABJSIOIHE
onpefesfeTcsa C TOYHOCTBIO O MOCTOSIHHBIX cjaraeMbiX. IlosTomy
passoxkeHHe Kaxaod Mepnl Jle6era — Ctuntbeca Ha TUCKPETHYIO,
aGCoJIIOTHO HENPEPBHIBHYID W CHHLYJASPHYH KOMIIOHEHTHl O J H O-
BHaAYHO.

CkaszaHHoe BbllIe OTHOCHTCS K Mepam JleGera — Cruatbeca Ha
orpeskxe Ecau tenepp F — orpanuuerHas (CBepXy M CHH3Y)
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MOHOTOHHO HeyObiBaiomlasi (yHKUHS Ha Bcefl NpsiMOli, TO, omnpeae-
JIMB Mepy J11060ro OTpesKa, WHTEpPBaJja M NOJYHHTepBaja Ha fps-
MOH € MOMOWbI0 Gopmya, aHasorHuHbiX (1), MBI MONYuHM KoHedHYIO
Mepy Ha BCel NpAMOH, KOTOPYI0 Mbi TOXe OYREeM HasuiBaTb Mepolt
Jle6eea — Cruatoeca. B uacTHocTH, Mepa BCell npsMO#l npH 3TOM
Cyler paBHa
F (00) — F(— o0),
rie
F(oo)= lim F(x), F(— o)== lim F(x)
x> X—>—oc0
(cyutecTBOBaHHe NpejesoB cJelyeT H3 MOHOTOHHOCTH H OTpaHHUYeH~-
Hoctu F}.

[TousaTtue mepwr JleGera — CTusTbeca Ha CaMOM jejle HCUEDIbI-
BaeT BCe Mepbl (T. e. BCe KOHEYHble O-aJIAMTHBHbIE HEOTPHIMATE/b-
Hple QYHKUMH MHOXKeCTB) Ha npsiMmoH. JlefcTBuTeNbHO, NyCTH W —
Jgo6as u3 takux mep. Ilonoxus

F(x)=p(— o0, x),

Mbl MOJYYHM MOHOTOHHYIO (PYHKUHIO, TaKyiO, 4TO OTBeuaiouiasi e
mepa Jle6era — CTuiTbeca COBMAjaeT ¢ HCXOAHONH Mepol p. Takum
obpasoMm, TepMHH «Mephl JleGera — Ctuitbeca» Ha caMoM Jejie He
BbIeNeT KaKoro-nubo crnenuanbHOro Kjaacca Mep Ha npaMol,
4 YKasplBaeT JHIIb Ha ONpefesNeHHBIHl crnoco6 NOCTPOEHUsT TaKHX
Mep — 10 3aJaHHOH NPOu3BOAsAILEH DYHKUHUU.

2. Hnrerpan Jlebera — Cruarbeca. [lyctb prp — Mepa Ha OT=
peske [a, b], nopoxneHHass MoOHOTOHHOH ¢yHkunein F. daa oToft
Mepbl OOBIYHBIM 06pa30M onpejensieTcsl Kaacc CyMMHpyeMbix GyHK-
LMA U BBOAMTCS MOHATHE HHTerpaJia JleGera

f(x)dpp.

R ey o

Taxko#l unTerpaJ, B3siThiil MO Mepe Wy, OTBeuawwel ¢yuxkuun F, ga-
spiBaercs unreepasom Jebeea — Cruatveca u 0603HaUaeTCA CHMBO-
JOM

b
{1 ar .

PaccMoTpUM HEKOTOpbIE YacCTHBIE CAYydaH.
1. Ecan F— Qynxuus ckaukoB (T. €. €CAH pp — AUCKPETHASE
b

mepa), TO wHHTErpal Sf(x)dF(x) CBOJMTCS,, OUEBHIHO, K CyMMe
a

> f(x)h;, rae xi-— TOuKH paspbuiBa Gynkuuu F, a h; — ckauku F
i

B TOYKAaX Xi.
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2. Ecau F—aécon;omo HernpepblBHAA b(byHKum{, TO HHTErpan
JleGera — Cruarbeca Sf(x)dF(x) paBeH Sf(x)F’(x)dx, T. e. JH-

a a
Terpany ot f(x)F/(x), B3sitomy no oGwuHof seGerosoi mepe. [lei-
CTBUTEJbHO, ecau [(x)= const Ha HEKOTOPDOM H3MEDHMOM MHOXKe-
<tBe A < [a, b] u f(x) = 0 BHe A, TO paBeHCTBO

b

b
{Fwdrw = foF () ax @)

a a

caenyeT u3 (3). B cuny 0-anRNTHBHOCTH HHTErpajoB paBeHcTBo (4)
PacnpoCTpaHsieTcss U HA NMPOCThie QYHKIUH, CyMMHpYyeMbie 1O Mepe
pr. Ilycte Teneps {fn} — nmocienoBaTeNbHOCTb MPOCTHIX (QYHKUHMH,
paBHOMEpPHO cxoAsulasicst K f. MOXHO mpu 3TOM CUHMTaTb, 4TO MO-
caepoBarenbsoctb {f,} mey6niBaowas. Torma {fn(x)F’(x)}— ne-
y6biBaoIasi NOCAeL0BaTeNbHOCTb, IOYTH BCIOAY CXOAAILAsCA K

J(x)F'(x), n B cuny teopembl B. JleBH, B paBeHCTBe

b b
Sf,, (x)dF (x) = S fr(x) F (x)dx

MOKHO TIePelTH K Npeey Nnpu n—> oo.

W3 ckasadHOro sicHO, 4TO eciau F ecTb CymMMa (PYHKIHH CKauyKoB
1 a6CO/MIOTHO HenpepblBHOH (YHKUHH, TO HHTerpasn JleGera—
Cruntheca MO Mepe Wr CBOAHTCH K PAAY (MM KOHEUHOH cyMMe) U
uHTerpajy 1o o6biuHoi Mepe JleGera. Ecan xe F' cOnepKHUT U CH H-
TyJAsipHYIO KOMIOHEHTY, TO TaKOe CBeJl€HHE HEBO3MOXKHO.

IMousTtue uurerpana JleGera — CTH/ITbeCa MOXKHO eCTeCTBEHHBIM
06pa3oM pacIIHPHThb, Nepeisi OT MOHOTOHHBIX (PyHKUMH K NMpOH3-
BOJIbHBIM (QYHKIHMAM C OrpaHuyeHHbIM H3MeHeHueM. Ilyctp @ — ra-
Kas Qynkuus. [IpescraBuM ee B BuAe Pa3HOCTH JABYX MOHOTOHHBIX
dyuxuui

O=v-—g,

THoe v — NoJHOe u3MeHeHue ¢QyHkuuu @ ua orpeske [a, x]. Benem
renepb uHTerpan JleGera — Cruarbeca no @, 1mosoXKHB, MO ompe-

JIeJIeH U0,
b

b b
{F a0 = {fdo — (e dg ).

a a a

Herpyano nposeputb, uto ecan @ npeiacrasieHa KaKuM-JH60 HHbIM
€10co6oM KaK pa3HOCTh ABYX MOHOTOHHBIX (DYHKUMH, CKamKeM,

DO=w—~h,
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TO _
b b b b
Viwdow—{imde={Fwdww—{Fwarw,

T. €. 1Js BBlYMCJEeHHS HHTerpaJa JleGera — CTuaTtheca mo AaHHOI
Gynkuun @ MOMHO MOJB30BATBCS JIOOGHIM TIPENCTABJCHHEM 3ITOR
$YHKIHYU B BUIE PA3HOCTH ABYX MOHOTOHHBIX.

3. Hekoroprie npumenHeHus uuHTerpana Jlebera — Cruitbeca
B Teopuu BepostHocTed. Murterpan JleGera — CTuaTbeca HaXOLUT
NpHMeHeHHe KaK B aHajause, TAK # BO MHOTHX NPUKJI4MHBIX BONpPO-
cax. B wactHOCTH, 3TO NOHATHE IIMPOKO HCNIOJNB3YETCH B TEOPHH Be-
positHocTell. Hanomuum, uto ynryueil pacnpedesenus ciaydadiHol
BeJHYHHBl § HaspiBaerca QyHKuus F, onpejesseMas Aas KaxKI0ro x

PaBEHCTBOM
F(x)=P(E <x),

T. e. F(X) ecTh BepPOSITHOCTb TOrO, YTO CJAyYaiHasi BeJHYUHA § MpPH-
MeT 3Hauenne, Menbliee x. O4yeBHAHO, Kaxaas QYHKUHS pacnpeje-
JIeHHs] MOHOTOHHO He yOEIBaeT, HelpepbiBHA CJ€Ba M yJOBJETBOPSIET

YCIOBHAM
F(—o0)=0, F(+oc0)=1.

O6parHo, Kaxaylo Takylo QYHKIHIO MOXKHO cuuTaTh QyHKUHEH pac-
npejeJieHHss HEKOTOPOH CYyYalHOH BeJHYHHBI.

CyuiecTBEHHBIMH XapaKTePHUCTUKAMH CJYYafHON BEJHUHHBI $SIB-
JSIOTCSL ee MaTeMaTHYeCcKoe OXHAaHue ‘

oo

Me= { xdF(x) ()

u aucnepcus

oo

D: = S (x — MER dF (x). (6)

-— 00

Cpeny ciyyaifiHbIX BEJHYUH BBIAEJSIOT OOBIYHO TaK HA3bIBaeMble
IUCKpeTHble H HelmpephiBHble ciyualinble BequunHu. Cnyyafinas se-
JUYHHA HA3BIBAETCS OUCKPETHOW, eCli OHa MOXKeT NPUHUMATh JHUIb
HEKOTOpPO€e KOHEYHOe HJ/IM CYeTHOE UHCJIO 3HAYEeHHH

X1y Xoy voey Xy oo

(HanpuMep, YHCJO BBI30BOB HA TeseOHHON CTAHLHHM 3a HEKOTOPBIX

NPOMEXKYTOK BpeMeHH eCTb AMCKPeTHas cJaydyaiHasi BeJHUMHA).
Ecnu py, p2, ..., Pn, ...— BEPOATHOCTH, C KOTOPHIMH BeJHYHH&

§ npuHuMaer 3Hauyenus Xy, X, ..., Xn, ..., TO PyHKUNEN pacnpene-
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JienHst § cnyxur, oueBuaHo, GyHKuua ckaukos. Jns Hee uHTerpassl
(5) u (6) cBomATCSA COOTBETCTBEHHO K CYyMMaMm

Mg = Z Xipy

D:=DX (v, —afp (a=Mg).

Cnyuafinasi BequuMHa § Ha3bIBaeTCsl Henpepoui8HOU, ecin ee QYHK-
uust pacnpeneaenus F aGcomiotHo uenpepniBHa. IIpoussomnas F’
910f GYHKUHH paclpejefeHHs] HA3BIBAETCS NAOTHOCTOIO pacnpede-
AeHus eepoATHOCTeld caydafiHofi Beawuuns! E. B coorBercTBHH CO
‘CKa3aHHBIM B NpPeAbIAYILEeM NYHKTe, JJIs HellpepblBHOH ciaydalHoO#
BeJIHYMHBL CTUITHECOBCKHE HHTEIPAJibl, BHIPAXKAIOIHE €e MaTeMaTH-
YyecKoe OXHIAHHe H JHCHEePCHIO, CBOLATCS K HHTerpasam no oGbiy-
HoOM JeGeroBoii mepe:

oo

M= { sp()dr, Di= | (x—aPp(vax,

- 00

rae p = F’—nnoTHOCTb pacnpefesieHds BeposiTHOCTeH s & u
a = ME.

B sseMeBTapHBIX Kypcax TEOPHH BEPOSITHOCTEH OrpaHHUHBAIOTCA
‘06bIYHO PACCMOTPEHHEM JIHCKPETHBIX H HeNpepBhIBHBIX C/aydafiHbIX
BeJHYMH, KOTOPLIE B OCHOBHOM TOJIBKO M BCTPEYalOTCsl B NPHKJIAI-
Hbix Bompocax. OxHako, BooGuie roBOps, (YHKUHSI paclpeneseHus
CJYyYaiiHOH BeJAHUYMHBl MOXKET COAEDPXKATb H CHHTYJISPHYIO KOMIOHEH-
Ty, T@K YTO He BCAKYIO CJAY4YaHHYIO BEJHUHHY MOXKHO IPEACTABHThb
KaK KOMOHMHAIMIO JHCKPETHOH U HelnpephIBHOM.

IMycts §— cayuaitnas BennunHa, F-—ee (QYHKUMA pACIpeNeNeHHs H 1 =
= @(§) — mpyras ciydaiiHas BeJMUYHHA, NPEeACTaBASIOmAs co6oli GOpeseBCcKyio
dynxumo or § MaremMaThueckoe oxuianue M BeJHUMHBI 1) MOXHO, MO Ompe-

JAEJTEHNI0, 3anucaTh Kak
oo

S x dO (x),

-0

Tne @ — dyskuus pacnmpefesenuss masn 1. CyllecTBEHHO, ONH&KO, YTO ecau @
CyMMHpyeMa 110 Mepe, mOpoXKAaemoif Ha mnpsmoil ¢yHkuueir F, To MareMarude-
CKOE OXUAAHHE BeJHUMHBI 1] MOMKHO 3anucaTh M uyepe3 ¢QyHruho pacnpeseneHus

F Bennunnnt E, a uMeHHO:
00

M=y €)= | o ar (.
-— 00
JeftcTBuTeNBHO, GYHKIHA y==@ (x) ompenensieT oTOGpacenHe NpAMofl (— o0 <
<x <o) c 3ajaHHOH Ha Hed Mepofi W, (nopoxnensoii F) B mnpaMyn0
(—o<y< o) c MepoH Wg B KOTOPYIO W, HEPEBOXHTCH OTOGpPAKEHHEM
y=q(x). Ho ua pesyavrator ra. V' caenyer, aro ecau (X, u) u (¥, v) — nsa
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NpocTpaHCcTBA € Mepol, @ — coxpaHsaiollee Mepy (T. e. Takoe, uTo v (A)==
= u {(¢p—!(A))) oroGpaxenne, nepesonsmee (X, p) B (¥, v), a f — cymmupyemas
¢yuxuust ua (Y, v), To
Srwyav =) au

X

Y

(3amena mepeMeHHB!X B HuTerpaje JleGera). [Tonoxus 3pech f{y) ==y u 4 == ur,
v = W, MBl H noayunM TpeGyeMmoe paBeHCTBO. Takum o6pa3oM, AJNA BHIUUCACHUST
MaTeMaTHYeCKOro OHJaHHA (a TakXe, KOHEUHO, U AucnepcHu) G yHKUOHH OT
BeJlquéHbl E nocraTouHo 3HaTh JHWbL (YHKUHIO DpacnpefiesieHs CaMmoil BeJH-
4YBHBE .

4. Unterpan Pumana — Cruarbeca. Hapsiny c¢ uuterpasom Jle-
Gera — CrunTbeca, pacCMOTPEHHBIM Bbille M NPEACTABAAIOIUM CO-
6o#i GaKTHUECKH Pa3HOCTb JeGeroBblX HHTErPAJNoOB OT JaHHOH GYHK-
UMK | 110 IBYM MepaM, 3aJlaHHBIM Ha MPSMOHN, MOMXHO OIPEAeTHTH
eule U Tak HaspiBaeMbli vHTerpan Pumana — Cruarbeca. OH BBO-
IUTCSL KaK TIpejieJl HHTerpaJsibHblX CYMM, aHAJOTHUHBIX OOBLIUHBIM HH-
TerpajbHbIM cymmaM Pumana.

[Tycts cHoBa O — HekoTopas HempephiBHAsi cjaeBa (YHKIHA C
OrpaHHYEHHBIM H3MEHEHHeM, 3aJaHHas Ha NOJyHHTepraJe [a, b)
f— npousBosabHas (yHKLHA HA 3TOM XKe NOJayuHTepBaje. Paccmor-
pUM HeKoTopoe pa3buenue !)

a=x<x<x< ... <x,=b

ronyunrepsana [a, b) Ha anemeutnl [x;_;, x;) u, BHOpaB B Kaxjiom
M3 HUX NMPOH3BOJIbHYIO TOUKY i, COCTABHM CyMMY

3 @)D () — @ (r) @

(non ®(x,) npu 3ToMm nouumaercs @®(b—0)). Ecan npm
max(x; — Xi—;)—>0 3TH CYMMBI CTPeMATCS K HEKOTODOMY Ipefeny
(ue 3aBucsleMYy HH OT croco6a ApoGaeHHs NpoMexyTKa [a, b), Hu
oT BbI6Opa TOUEK E&;, B KaXKIOM M3 3JeMeHTOB pa3bueHus), TO 3TOT
npenen HasbiBaercss uunrezpasom Pumauna — Cruarveca ot QyHK-
uun [ no ¢pyukuun @ no [a@, b) u o603HayaeTcsa CHMBOJIOM

b
{F i) o). (8)

Teopewma 1. Ecau ¢yuryus | Henpepoisna na orpeske [a, bl,
10 ee unreepas Pumana — Cruatveca (8) cyuwjecrsyer u cosnadaer
¢ coorsercreyouumn uxrezpaiom Jebeza — Cruarseca.

1) Tlockonbky B uhterpase CTHATbeca BKJal OTHAEJbHBIX TOYEK MOXKeET OBITh.
OTJIMYEH OT HYJIS, 3JMEeMEeHTH pa3bHeHus He MOJMKHBI HMeTb o6ulux Touek. Ilo-
3TOMY MbI Be3jie OepeM 3/ieCh NONYHHTEPBAJBI.
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HoxazatenbctBo. CyMmy (7) MOXKHO paccCMaTpHBaThb Kak
uurerpan Jlefera — Crusitbeca OT CTyneHYaToH QYHKI{HH

fax)=FE) mpu x;— <<x<xg.

IIpn namesnbuennu pasbueHMs NPOMeXyTKa [a, b) mociegoBaTtesb-
HOCTb Takux (QyHKUHA paBHOMepHO cxoxutcst K f. ITostomy mpenen
BTHX CYMM CYLIECTBYeT H NpejacTaBJasieT cob6oit uHrerpaa JleGera —
‘Cruatbeca OT mpefe/ibHOA QYHKUHMM [ (TeopeMa O NpeaesabHOM Me-
pexone moj 3HAaKOM HHTerpaJia). Bmecre ¢ TeM mMeHHo 3ToT mpe-
Jiesl Mbl U1 HassaJu HHTerpasoM Pumana — Cruntbeca (8).

YCTaHOBHM HeKOTOpbIe 3JieMeHTapHble CBOHCTBa uHTerpana Pu-
mana — Crusrbeca.

1. Cnpasedausa oyenka (TeopeMa O cpemHeM)

b

| F () d® ()| < max| £ () V5 [@] (9)

a

b
{Va[®] — nosmoe usmenenye GyHKLHU ® Ha [a, b)).

He#cTBuTeIbHO, TIPH JMI060M pa3GHeHHU NpOMexyTKa [a, b) Bbl-
TIOJIHEHO HepaBeHCTBO

Srer@m—ow|< i@ owm-om i<

f=

<max| F )1+ 31 () — @ (c,-) | < max| | (9| VA [0

- Tlepexons B 3TOM HepaBEHCTBE K Mpefeny, Mbl U TNOJYYUM OIEHKY
(9). Tlpu ®(x) = x oHa MePeXOLHT B H3BECTHYIO OLEHKY
b

§F 0 |< (0 — o) max( f (o)

a

IJs ueTerpasna Piamana. .

2. Ecou D=, + @y, 10 .
b b b
V1 a0 = {F ) a0, ) + (£ () d, (0.

IleficTBUTENbHO, NPU BCAKOM pa3GueHHH npomexytka [a, b) co-
OTBETCTBYIOIEE PABEHCTBO BHINOJHEHO JIJIsi HHTErPANbHBLIX CYyMM,
CJIel0BATE]AbHO, OHO COXpaHsAeTcs M B Npefese, T. e. QA HHTer-
paJsios.

3ameuvanue |. Mu onpeseaniu unrerpas Pumana — Cruntbe-
ca (8), cunras, uto Oynkuna @D(x) nenpepmiBHa cuesa. OAHAKO
Onpe/le/ieHHe 3TOr0 HHTErpasa Kak mnpeaena cymm (7) coxpaHser,
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OUeBUJHO, CMBICA H Juig JioOoii ¢yHkuun @ (x) ¢ orpaHHYEHHbIM
U3MeHEHHEM.

3ameuanne 2. Bce ckasanHoe o6 uHTerpase Pumana —
CruaTbeca Mo KOHEYHOMY NMPOMEXKYTKY JErko NEepPeHOCHTCs Ha Cay-
yaif, Korga uHTerpaJ 0epercs no Bcell MPSAMOHA HJIK IO NOJYIPSMOH.

Kpome Ttoro, mMbl onpeaeaunu uurerpai CTuiaTbeca M0 MNOIY-
xaTeppany [a, b). AHaJOrHuHO MOXKHO ONpeesUTh HHTErpas 10 (a, bj,
a Takxe HHTerpaiaml no [a,b] u (a,b). B cayuae unrerpasa
Cruntbeca, B OTJIHYHE OT OOLIYHOTO PHMAHOBA MHTErPaJa, SHAUCHUST
uHTerpaJja no uHtepsaly (a, b), orpesry la, b] u mosyunrtepBamaw
(a, b] u [a,b), BoOGuIe rOBOpS, He COBNAZAOT Mexay coboil. Ha-
npuMep, €CIH @ — TOYKa paspbiBa GyHKuMu @, TO HHTErpal mno
[a, ] paBen unrerpany, B3stomy no (a,b] nawoc uaen sumpa f(a)h,
rie h = O®(a+0)—D(a).

[IpuBenennnie cBoficTBa 1 u 2 BLINOJHEHs! A Jd1060i (PyHK-
uuu f, mJast KOTopoll BXoasiine B MX (GOPMYJHPOBKHM BbiparKeHHs
uMeroT cMbicst. Ecan mpeanosoxutb, uto f(X) HemnpepbBHa ha
orpeske [a, b], To coorBercTBylOWIUH uHTerpas obJsajgaer eule cJae-
LYIOIMUMHU CYLLECTBEHHBIMY CBOACTBAMH (TIPH 3TOM HHTErPaJ MOXHO
IIOHUMAaTb KaK MHTerpas mno orpesky [a,b] unu no aio6omy u3 mo-
JyuHTepBanoB (a, bl u [a, b)).

3. Ecau @, u My— 08e pyHKyuu ¢ 02PAHUYEHHbIM U3MEHEeHUE M
Ha [a,b), cosnadatouue 8ciody, KpOMe KOHEYHO2O WAL CHETHO20
YUCAQ BHYTPEHHUX TOUEK 3T020 NPOMENYTKA, TO

b . b
[ f a0 = (£ () Dy )

05 210601 Henpepuiehoil Ha [a, b] pynkyuu f.

Jlns mokasaTenbCTBA PACCMOTPHUM criepBa cayuai, xorga My=0,
T. €. YCTAHOBHM CIIPaBENJIHBOCTb CJIEAYIOHIEro YTBEPKAEHUS.

3. Ecau P — YHKYUA ¢ 02PAHUUECHHIM USMEHEHUEM, OTAUYHA
OT HYAS AUWlb 8 KOHEUHOM UAU CHETHOM HUCAE TOUEK, NeHAUjux
enyrpu (a, b), 10 .

b
{imap =0

a

0.5 n060i nenpepoiroil Ha [a, b] ¢pynkyuu f.

JleficTBUTENIBHO, 9TO OYEBHAHO AJS (YHKIHH, OTIHYHON OT HYJs
B ONHOH TOUKe Xo (ecquH OpaTb CKOJMb YrOoAHO MeJKue pasbueHns
npoMexyTtka [a, b), He BKJOUAs Xo B YHCJIO TOUEK JeJeHHs, TO Oy-
LYT MOAY4aTbCsl HHTErpasbHble CYMMBI, paBHble HYJIO), ClefoBa-
-TeJIbHO, 110 -AJJUTHBHOCTH 3TO BEepHO M AnA JN00OH (PYHKUHH, OT-
JWUHON OT HYJSl B KOHEUHOM uucie Touek. [lycTh tenmeps P OTIMUHE
OT HYJSt B TOUKAX Fy, Fa, o ..y Fny o oo B YLy Y2y -« vy Yny ... — €€ 3HA-
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YeHHUs B ITHX TOUKax. I10CKO/MBKY Y nMeeT OrpaHHUEHHOE H3MeHe-
Hne, 10 | Y, | < oo. Buibepem HOMep N Tak, uto > ly,1<e, u
n n>N

HpeACTaBUM ¢ B BHJe CyMMBH

=1y + P
rie Py TNPUHHUMAET 3HAYEeHHd Yi, ..., Yv B TOYKAX ry, ..., I'n H
paBHa 0 BO BCE€X OCTAJAbHBIX, a 1{) OTJIH4YHa OT 0 TOJALKO B TOYKAaX
I'n4i, 'N+2, +.. B cuay cBoficTBa 2
) b b
{F e aw )= {1 dvy 0+ [ F 0928 (0.
a a a

TTepBHIll M3 3THX HMHTErpa/joB IO ykKe NOKA3aHHOMY paBed HYJIO,
a BTOPOH, M0 CBOHCTBY I, AONMyCKaeT OUEHKY

|4

{7 (0 dbix) | < max|f(x)) 2

a

(nockoabky, ouesnmuo, V5 [P]=2 ZNIy,,]<28). B cuay npowus-
n>

BOJIbHOCTH & OTCIO[A BHITEKAeT Hallle yTBepIXKAeHHe.

Tenepb anst nokasaTenbCcTBA CBOHCTBA 3 PACCMOTPHM Pas3HOCTb
P = @®; — @,. Ona OTVIMYHA OT HYJS JHIUIb B KOHEUHOM HJH CUET-
HOM YHCJIe TOYeK, NpuHagiexamux (a, b). Ocraercs npuMeHuTh 2
1 3. B uacTHOCTH, NOCKOJMBKY (YHKUHS C OTPAHHYEHHBIM H3MeHe-
HHEM HMeeT He 6oJiee YeM CYETHOE YHCJO TOUEK pa3phiBa, MosyyaeMm
cJeayiollee CBOHCTBO.

4. Ecau bd)ymcz;uﬂ [ wenpepusna, TO unreepar Pumana —-

Cruatveca Sf(x) d® (x) wHe 3asucur 0T 3HaveHutl, NPUHUMACMbLY

a
pynryueld O 8 ee Toukax paspoisa, rexcaujux sHyTpu (a, b).
IMockosbky unterpan Pumana — CTuiTbeca OT HempepbIBHOM
(yHKUHH COBIafaeT C COOTBETCTBYIOIUHM HHTerpasjiom Jlebera —
Cruntbeca, A uarerpasiia Pumana — CTuaTheca OT HenpephIBHOM
¢yHKuMY f(X) cnpaselsinBLl paBEeHCTBA
b

V10 a® =3 fc h,

ecai @ — QyHKIUUA CKAUKOB, H
b b

w0 =fwa wax, (10)

a a
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ecin @ — aGcomorno HenpepbiBHas ¢yukuus. Ecau npu stom @
unterpupyemMa no Pumany, To unterpas B (10) cnpaBa MoXHO no-
HHMAaTb B PUMAHOBOM CMBbIC/IE.

5. Ipenenbhniii nepexoa noj 3Haxom wuuterpana Cruatbeca.
B ra. V Mpl Jokasaqnn psii TeopeM O MNpeedbHOM Iepexode IMOX
anaxom uxrerpana Jle6era. Ilpu 37oM BOMpoC CTaBU/CH CAEAYIOLUM
c0pasoM: JaHbl MOC/IEN0BATEIbHOCTL GYUKIHA {fz} H HHTErpajbl OT
HUX MO HEKOTOPOH (PUKCHPOBAHHOH Mepe; HAC HHTEPECYEeT BO3MOXK-
HOCTb IIPeJeIbHOTO Tiepexoia noj 3HaKoM HHTerpata. Onnaxko mpu-
MeHHuTesabHO K uHTerpaay CTuiThbeca HHTEpecHa M Apyras Mocra-
HOBKZ BONpOCa: AaHa TOC/AeL0BATeNbHOCTb (QYHKIHI ¢ OrpaHHueH-
upiM usmMeneddeMm {@,}. Ilpn Kakux ycaoBHAX A QUKCHPOBAHHOM
$yHKUEK [ 0N 3HAKOM HHTerpaJia

b

\ () d, (x)

a

BO3MOXKeH IIpefeJbHblil nepexon?

3iech HMeeT MeCTO CleAyiolLas TeopeMa.

Teopema 2 (nepBasrteopeMa Xeanun). [Tycre ¢pynkyuu
D ¢ o2panutenHoim u3MeHeHuem Ha oTpeske [a, b) cxodares & ka-
o doti Touke 3T020 OTpe3ka Kk HekoTopou pyukyuu O, npuuem noa-
Hole ugmenenun pyuxkyul O, 02panuiensl 8 COBOKYNHOCTU:

VimI<C (n=1,2,...).

Toeda npedeavuas ynkyus @ TOMCE UMEET 02PAHUYEHHOe U3-
MeHerue 1 0aa a06ol Henpepoisnol ¢pynkyuu [ cnpasedauso pa-

8EHCTBO
b

b
lim {709 a®, (0= { { () a@ (o). (1)

a

HokaszarteabcTso. [lokaxem mpexzae Bcero, 4To MoJHOE H3-
MeHeHHne npenenbHo GyHkuuy @ He MPEBOCXOXHUT TOH K€ KOHCTaH-
1 C, KOTOpofi orpannuenbl Bce Vo [®,]. JeficTBHTeNbHO, TIPU Jio-
GoM pasbueHun oTpeska [a, b] ToukaMu a=xo << X} < ... << Xm=Db
HMeeM

m m
21O (xp) = D (xp-) | = im X | @, (x4) — D, (1)) | C,
k=1 n—>oo k=l
CJieZI0BATENBHO,
vel®I<C.

Tlokaxkem rTeneps, uto coordouweHne (l1) BHIIOJHEHO B TOM CJaydae,
ecan [—cTynenyataa Qyukuusa. Ilycts [ npunuMaer 3HaueHus hy
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Ha NOJNYHHTepBaJax [Xp—i, xx). Torna

b
V£ () a0, ()= e [®s (52) — s (x-)]
a : k

b
[ £ dD () =3 A [® () — D (x-)].

a k

$lcHo, YTO mepBOe U3 3THX BHIPAXKEHHH IPH N -> 00 NEPEXOAHMT BO
BTOpOe.

Ilycts Ttenepb f— HempepniBHAst QYHKUHS M € — OPOH3BOJBHOE
NOJOKHTENbHOE yHco. Boifepem cTyneHuyartyio QyHKuHo f, Tak, uto

[T (x) — e (x) | <e/(3C)

Torna

b - b b b
{fwaow - {1wdo, 0| <|{ a0 - (10w +
a , - a . a n a ,
+|§rewarw-{f. a0, | +|{ @ a0~ {10 dw, ().

B cuay rteopembl 0 cpemneMm Mis auterpaia CruaTbeca, nepsoe H
TpeTbe csaraeMble 37eCh MeHblle, 4eM &/3, a BPTOpoe — MeHblle &/3
NpH BCeX N0CTaTouHO Goabluux n. ITockoatky & > 0 nmpoussosbHO,
OTCIOl2 BHITEKAET YTBEPIKAEHHE TEOPEMBI.

3ameuyanne. Ira TeopeMa IEPEHOCHTCS H HA TOT cJyyail,
Korja B HHTerpanax

b
{F a0, (v

onuH uau o6a npenena 6eckoneunnl. Ilpu sToMm, onnako, Gpynxuus f
AOJKHA Ha OGECKOHEUHOCTH CTPEMHUTLCH K HEKOTOPOMY KOHEYHOMY
npejesy (3To NO3BOJIeT PaBHOMEPHO AaNNPOKCHMHPOBATL ee Ha
BceM OeCKOHEYHOM MPOMEXYTKe CTYIeHYaThIMH QYHKUHAMU, Mpi-
HUMAWUIUMH JHLIIb KOHEYHOe YHCJIO 3HAUYEHUH).

Ecan nepsast TeopemMa Xesin yCTaHaBJIHBAET YCJOBHS, NIPH KO-
TOphix B HHTerpajse Pumana-— CTuatbeca MOXHO IepexoguTh K
npejieny 1o HeKOTOpo# nocienosatenbuoctd {@r) dGyukuui ¢ orpa-
HHYEHHBIM H3MEHEHHEM, TO BTODAsi BBIACHACT, KOrAa MOXKHO rapa-
THPOBATb C€aMO CYILIECTBOBAHHE TIOC/AEJOBATENbHOCTH, YI0BJAETBO-
psloulell ycJaoBHAM NepPBOIL. ‘
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Teopemad (BropasiTteopema Xeanau). H3 scakoeo 6ec-
Koneyrnoeo muoxcecrsa M pynxyuti @, 300aHHbIX Ha HEKOTOPOM OT-
peske [a, b] u ydosaersoparoujux ycrosuam

max| @ (x) < C, V,5[O]<K, (12)

(C u K—nocrosinuble, onHu u Te ke aasa scex @ e M), moxcro
8bL6paTs N0CAE008ATEABHOCTb, CXO0AWYOCA 8 KaxOol TOuKe OT-
peska [a, b].

HoxasarteabcrTBo. JlocTaTouHo N0Ka3aTh 3Ty TeopeMy AJS
MOHOTOHHBIX GyHKUHH. JleficTBHTENbHO, NyCTh

O=v—g,

rae v(x)—nonsoe usMenenue ¢yuxkunu @ Ha orpeske [(qa, x]. Toraa
byukuuu v, orpevarouue Bcem O & M, ynoBAeTBOPSIOT HepaBeH-
cTBaM

max|o(¥) <K, Valo]=V5[D]<K,

T. €. YIOBJETBODPSIOT YCJOBHAM TeOopeMbl, U MOHOTOHHB. CuHTas,
4TO J/1 MOHOTOHHBIX GYHKUMH TeopeMa N0Ka3aHa, BeIGepeM mocJe-
nosatenbHocTh {Dn} u3 M Tak, uToObl A/ Hee Up CXOAMJIHCH K He-
KOTOpoMY npegneay v. [anee, GyHKUuH

gn’:Un—ch

TOXKE MOHOTOHHBI M YHOBJIETBOPAIOT YCJAOBUAM TeopeMmbl. [losromy
3 {0,} MoXHO BHIGPATH MOANOC/ELOBATENBHOCTD {(I),,k} TaK, 4TO

gnk CX0A4TCSI K HEKOTOPOMY npeneay g. HO TOoraa
Op, (x) > O (x) == v (x) — g (v).

Wrak, npuBefeM JOKa3aTeNbCTBO TeopeMbl a/is ceMeiictBa M MoHoO-
TOHHBIX (yHkuuit. Ilycte ry, ry, ..., rn, ... — BCe palHOHAJbHBIE
TOYKH oTpeska [a, b]. B cuny (12) uucna ®(r;) (rae @ npoberaer
Bce M) 06pa3yioT orpaHHYEHHOE MHOXECTBO, I03TOMY HaMJeTcs mo-

1
caenoBarenprocts (DY)}, cxomsmasics B touke ri. [asnee, u3 mee
2
MOXHO BbIOpaTh MHOANOC/IENOBATENLHOCTD {@23}, CXOAAIYIOCH B

)2
TOuKe ry (4, KOHeYHo, B r;). U3 {(Dn )} BeIOEpEM MOMAIOCIE0BATE D
HOCTb, CXOASIILYIOCS B TOYKe r3, W T. A. JluaronasbHas nocjaenoBa-

Teabrocts {DY} GyLeT, 04eBHIHO, CXOLUTBCA BO BCEX palyuoHab-
HbIX TOUKaX oTpeska [a, b]. Ee npenen ects Hey6biBawowas byHKuns
@, onpesnenennas Noka JHIb B TOYKAX 7y, I, ..., In, ... loonpe-
JleJTUM ee B OCTaJbHBIX TOUKaxX OTpeska [a, b], mosoxus aas uppa-

unonanbubix ¥ O (x)= lim @ (r) (r pauuonaabusr). ITokaxem, uro
r->x—0

nojiyyeHHast TakuM obpa3om HeyOwmiBaromas ¢yukuus @ Bo Bcex
TOYKAX HEMNPEPHLIBHOCTH CJAYXKHT TNPeNeOM I0CAeN0BaTENbROCTH
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{(D(,f)}. Ilycrp x* —opua u3 Takux TtouekK. Torga nss 3amadHOTO
¢ > 0 Moxuo Hakhtu Takoe 6 > 0, uto

[ D(x*) — D (x)| < ¢/6, kKak TONBKO | x*— x| < 8. (13)

Bui6epem panuoHanbHbsle Toukn r’ u r’’ Tak, uro r' << x* <<r” wu
r' > x*—06, r'’ << x*4 8. Ilycte Tenmepb ny HACTOBKO BENHKO, 4TO
1IpH 1 => Ny BBIMOJHEHbl HEPABEHCTBA

| D (r)— D) | <ef6 n | D, (r")—D(r")[<e/6.  (14)
Hs (13) u (14) crepyert, uto
| @, () — @, (") | < Fe.

Tak kak ¢yuxkuus @, HeyGwBatowas, To O, (r) <D, (x") <KD, (r”).
ITosTomy

O () — ©, (xS
SIOE) = Q) [+ D () — ©p () [+ D (r) — D, () | S

[ e 4e
Sgtsgt+ts=¢
a 5To u 3Hauut, uto lim @, (x*) =@ (x*).
n=-» oo

Wrtak, MBI OCTPOUJIHU MOCTeN0BaTeNbHOCTE GYHKIMH U3 M, cxo-
nsuyocs K npejenpHodl GyHrund @ BCIOLY, KpoMme, GbITb MOXeT,
touek paspeiBa ¢yHkuumu P. Tak Kak MHOXKeCTBO TaKMX TOYEK He
Go/siee ueM CueTHO, TO, HPHUMEHHB CHOBa [HAroHaJbHBIA mpouece,
MOXHO H3 nocgepoBatenbHoctd {Dn} BbIIEMUTH MOANOCTENIOBATED-
HOCTb, CXOISIIIYIOCS M B 3THX TOUKAX, T. €. BCIOAY Ha [a, b].

6. OGuwuii BH] JHHEHHBIX HENpPepPbLIBHLIX (YHKUHOHANOB B MpPoO-
CTpaHCTBe HenpepbiBHbIX (yHKuMi. Bbille MBI yKe yKa3blBajiu He-
KoTopble npuMeHeHHst HHTerpana Cruatbeca. Cefiyac Mbl paccmort-
pHM elie OJQHY 3ajauy, CBS3aHHYIO C 3THM MOHATHEM, a HMEHHO,
BLISICHUM OOGUIMA BN JHHekHOro (YHKUHMOHANA B MPOCTPAHCTBE
Cla, b].

Teopema 4 (®. Pucc). Beakuid aunelinbui Henpepvigrolil
¢ynkyuonar F 8 npocrpanctse Cla, b] npedcrasum 6 sude

b
F(h= 1o, (5)

20e @ — HEKOTOPAs PYHKYUA ¢ oeparutennoim usmenernuem 'y, Ipu
3TOM

[ Fll=Vg,[®].

1) 3mech uMeercss B BHAY MHTErpast no OTpesky [a, b].
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HoxaszatenbctBo. IlpoctpancrBo Cla, b} moxHo paccmat-
puBaTbh KakK MOANPOCTPAHCTBO npocTpaHctBa M[a, b] Bcex orpanu-
4YeHHBIX QYHKIHH HA 3TOM OTpe3Ke, C TOH Xe HOPMOH

I fll=supl|f(x)],

utro H B Cla, b]. Tlyctb F— HenpepbiBHBIA JuHeldbld QyHKIHOHAN
Ha Cla, b]. TTo reopeMe Xana — Banaxa ero MOXHO HPOLOJKHTh,
¢ coxpaHenHeM HOpMbl, ¢ Cla, b] na Bce M[a, b]. B vactuoctu, Ta-
KOi NpOJOJIKeHHbHH (yHKuHOHAJ OyneT ompeleseH Ha BCeX (PYHK-
LMSIX BHIA

b { 1 mpn x<r, 16
a (X) =0, ht (9() I npun x>, ecau T> a. ( )

TlonoxuM '
@ (v) = F (k) (17)

¥ nokaxkeM, uto ¢Qyuxkuns @ uMeer OorpaHHYeHHOEe H3MEHEHHE Ha
otpeske [a, b]. [leficTBuTe/IbHO, BO3bMeM INPOH3BOJIbHOE pa3GHeHHE

a=xo << ... < x,=b (18)
3TOro OTPE€3Ka H INOJOXHM
O = 88N ((D (xk)_(D(xk—l)) (k= lv 21 ) n)'

Torna

F 100 = @) 1= 3 00 (D 1) — @ (56-)) =

= S e (e, — o) = F( (g — e, ) ) <

n

Y ay (hey — he,_) N

=

<IF-

n
Ho bynkuns 2, a; (hx, — hx _,) npunnMaeT auwb 3HaveHns =1 u 0.
k=1

CuepnosaTtesbio, ee HopMa pasHa 1. Takum o6Gpasom,
2@ () = @ (ry) ISIF L

TlockoabKy 3TO BepHO JJst JioGoro pasbuenns orpeska [a, b], To
Val®I<| FIl.

Urak, Mbl noctpouau no ¢yuxruuonany F dyuxuuio @, uMenmyo
orparinueHHoe u3MeHenue. ITokaxkeM, 4TO UMEHHO C MOMOUIBIO 3TOI
dyukiun ¢ynaxunonan F sanuceiBaercs B Buse uHterpasa CTuartbe-
ca (15).
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ITycts f— nponssoabnas menmpepbiBHas ¢yukuua ua [a, bl 3a-
NAiUM  TOJoXuTeabHoe & M BbiGepem & >0 Ttak, uto |f(x”)—
— [(x’)| << e npu |x”" — x’| <<§. BuiGepem Ttenepb pasbuenue (18)
Tak, YToOH AJHHA Ka)ao# u3 uacteil Obljia MeHblie §, U PaccMOT-
PHM CTyTeHuaTyro QYHKUHIO [

fo)=1{r) mpn xp <x<xy k=1,2 ..., n
fe(a)=1[(a).

'Ee, OUE€BUJHO, MO2XKHO 3allHCATb B BHAE

1

o) = X 1 (50 [hey (9 — Az, (9]

rae h, — dyukuus, onpenenenHas paserctBoM (16). SlcHo, uto
[ (x)—fe(x)| << e npu Bcex x(a < x << b), T. e.

17 () —Ffe@l<e.

Hafinem snauenune ¢pyukuuonasna F ua snemente fo. B cuny snueit-
HOCTH 370T0 GYHKIHOHAJLA W onpedenenns QyHKUHH A; OHO paBHO

n

=3 TEF (he) = F (ke )] = 2 6010 (5) — @ (xm,

k=1

T. €. IpeAcTaB/feT cO60H MHTErpasbHYlO CyMMYy AAst HHTerpaJja
b

S f (x) dD (x).

a

TloyTomy npu nocTaTtouHo MenKoM paszbueHun orpeska [a, b]
b

F(f) — { F (x) d® (x)

a

<e.

Ho B T0 Xe Bpems
FE(R) — FEISIFI-IF = FAHF - e

CJie/l0BaATEAbHO,
b

F()—{F a0 )

a

<e(l41F1),

OTKYyJa B CHJAY NPOH3BOJBLHOCTH € MoJiydyaeM paBeHCTBO
b

F()y= 1) dn (.

a



372 HEOTIPEAEJIEHHBIN UHTETPAJI JIEBETA [TA. VI

Mbl nmokasanu, 4To MOJHOe H3MeHenHe (yHkunn @, onpejensiemoi
dopmyJoit (17), yloBneTBopseT HepaBeHCTBY

Vool FI. (19)

C npyrofi CTOpPOHBI, H3 TeOpeMHl O CpefHeM Iasl uHTerpasa Puma-
na — Crtuatbeca cpasy cienyer, 4to

IFI<Val®]. (20)
Cpasuusas (19) u (20), nosyuyaem paBeHCTBO
I Flil=Va[®].

TeopeMa NOJHOCTBIO I0Ka3aHa.
3ameuanne. fcHo, 4To B35IB NPOH3BOMLHYIO (DYHKIHI C Orpa-~
unuenHblM u3Metenuem @ Ha orpeske [a, b] u monoXKuB
b

F ()= () dm (),

a

Mbl TTOJIYUHM JHHeHHBIA QyHKIHoHan Ha npocrpaunctee Cla, b]. Ilpu
atom Aee ¢yuxkuun, @, u @, coBnajawmue Ha [a, b] Bciony, 3a
HCKJIOUeHHeM He 6oJjiee ueM CYETHOTO MHOXKecTBa BHYTPEHHHX TO-
YeK 3TOro OTpesKa, ONpefessiioT OHH H TOT XK€ JUHEeHHbIH (QYHKIMO-
HaJ; o6paTHo, nyctb ) 1 O, onpenensioT oaUH U TOT XKe QyHKIUHO-
uaj Ha Cla, b], 1. e.

b b

Sf(x)dcb )= [ (v dd,()

a

AJs KaxKaoi HenpepwiBHOH QyHkuun f. OTciona serko caeayer, 4to
®; — @y =const Bo BCEX TOYKAX HENPEPLIBHOCTH GYHKIHH
®; — @y, 1. e. BCIOAY, KpOMe, ObiTb MOKET, KOHEUHOTO HWJAH CYETHO-
rO MHOKE€CTBA TOYEK.

Takum 06pasoM, KaKI0My HENpPepPLIBHOMY JHHEHHOMY cpyHKuno-
nany va C[a, b] orBeuaer kiacc QyHKUHHA ¢ OrpaHHYeHHBIM H3Me-
HeHueM Ha [a, b), npuuem @; n O, NpHHAAIEKAT OLHOMY KIaCCy B
TOM H TOJBKO TOM CJydae, e€C/iH HX Da3HOCTb OTVIHYAeTCcs OT Io-
CTOSIHHOH He 0oJiee yeM B CYETHOM UHCJe BHYTPEHHHX TOUYEK OTpeE3-
Ka [a, b]. B xa)XxoM TakoM Kiacce MOXKHO BbIODATb OJAHY H TOJIBKO
oHYy (GYHKUMIO, PAaBHYIO HYJIO B.TOYKE Q@ U HENPePHIBHYIO ClpaBa
BCIONy Ha moJyuHTepBane (a, b]. OyHKUUH, YAOBAETBOPSIOLUIHE STHM
yCIOBUSIM, 06pPa3yloT B NMPOCTPAHCTBE BceX PYHKUMN ¢ OrpaHHyeH-
HBIM H3MeHeHHeM Ha [a, b] 3aMKHYTOe JIMHeHHOe NOANPOCTPAHCTBO,
kotopoe Mbl oGosHauuM VYa, b]. 3amerum, HakoHew, 4TO AJs JiO-
6oro ¢yukumnonana F na Cla, b] coorsercrytowas pyuxunsa @(1),
onpenensiemas paBeHctsoM (17), ectb ¢yHkuus umerno us VO{a, bl.
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Tax xak nna takux @(t) ObIO YCTAHOBJIEHO paBeHCTBO || F|=
b o

=Vo[D], 10 Teopeme 4 MOKHO IPUAATDb CACAYIOUIHH BUJ.
Teopema 4'. Cywecrsyer uzomopproe (T. €. B3aUMHO ORHO-

3HAUHOe, JHHEeHHoe W H30METPHUHOEe) CcooTsercréue mexdy npo-

crpancrganu (Cla, b)) * u Va, b}, ycranasiusaemoe pasencreom

b

F(f)={1(x)a® (x).

a

Takoe mnpexcraBjeHHe JIHHEHHOTrO (QYHKIHMOHAKA C IOMOLULIO
¢dynkuun u3 VO[a, b] Ml GyneM HasbBaTh KAHOHUHUECKUM.

M3 310l TeopeMBbl JIeTKO NOJYYHTb CJAEAYIOUIYIO TEOPEMY O Ka-
HOHHYECKOM IIpeJCTaBJeHHH JHHeHHOro QyHKIHMOHAMA HA TPOCTPaH-
ctBe C'la, b] HempepblBHBIX H HeNpepbIBHO AuddepeHunpyemMrx
¢yHKUH, HTPAIOLIYIO CYLIECTBEHHYIO POJb B BAPHAILMOHHBIX 3a4a4aX.

Teopema 5. Beaxuil aunetinoili pyHKYUOHAL 8 NPOCTPAHCTEE
C'[a, b] moimHO npedcrasuTo OOHUM U TOALKO O0HUM CnOCOGOM 8
sude

b

F()=of (@) + {1 (x) a0 (v), 1)

a
20e a.— uucro u O = Veia, b].
HoxasateabcTBo. Pacemorpum B C'[a, b] noanpocrpanctso

C'[a, b] dyukumi, ynosnerBopsiomHX ycaoBHIO f(a) =0, u onepa-
Top A == d/dx, nepesoAslmuil TO MOANPOCTPAHCTBO BO BCE IIPO-
crpaunctBo Ca, b]. Ilycts F — nuneiinbit Gynkuuonan na C![a, b).

PaccmorpuM ero cHauana tosbko Ha noampocrpanctse C![a, b]. Te-
O,

nepb K onepartopy A: C'[a, b]— C[a, b] u Qpyukunonany F: C?[a,b]—»
— R MOXHO NpHMeHHUTb JeMMy o Tpoiike (rai. IV, § 5, n. 4). B cuay
9TOH JIeMMbI HalJeTCs TaKoe JIHHEeHHOe 0ToGpakeHue:

P: Cla, b]— R,
uTO 1151 Kax Aol Gyukuuy g € ol [a, b]
F(g)=1v(Ag). (22)
Kaxnan dynxuus & Cla, b] moxker 6GLThb NpeicTaBieHa B BHIE
fO=@+e®, g=C'a,0].
F(H)=F(f(a) + F (g). (23)

ITostomy
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B cuny teopemnl Pucca, pasenctBa (22) u ompeneneHHs omeparo-
pa A umeeM:

b
Fl@) =1 (g)={ g (1 dD ),

Han
b

F@=\Fmdow), (24)

a

nockosbky [ (x) = g’(x). Ilyctb o — 3uauenue dyuxuuonana F ua
(YHKIHH, TOXIeCTBeHHO paBHoil eauHuue. Torma u3 (23) u (24)
OKOHUATE/IbHO MMOJyuaeM mpejacrasieHue (21).



TJITABA VII
NPOCTPAHCTBA CYMMHUPYEMBIX ¢YHKLHW

Onun U3 BaXKHEHAUHX KJI4CCOB HOPMHPOBAHHHIX NPOCTPAHCTB CO-
CTaBJSIOT TPOCTPAHCTBA CYMMHPYeMBIX (QYHKUHH, B NEPBYI Que-
pelb NPOCTPAHCTBO BCEX CyMMmupyeMmbix Gyuxuuit L; m mpocrpan-
cTBO Ly dhyHKUME ¢ cymMMHpyeMbiM KBajpatoM. Cefiuac MBl paccMoT-
PHM OCHOBHBIe cBoHicTBa 3Tux npoctpaHctB. CopepxKauue 3Toi
rJIaBbl omupaeTcsd, ¢ OAHOH CTOPOHBI, HA O6IlIHe CBOHCTBA METpPHuE-
CKHX M JHHEHHBIX HOPMHDPOBAHHBIX NPOCTPAHCTB, M3JIOXEHHBIE B
ri. 1I—IV, a ¢ npyroii, — Ha BBejeHHnoe B 1. V NOHsATHe uHTerpaJa
JleGera.

§ 1. INlpocrpauncreo L,

1. Onpenenenne 4 OCHOBHble CBOWicTBA npocrpavcrsa L.
ITycte X — HekoTOpoe MPOCTPAaHCTBO C MEPOH p; MPH 3TOM Mepa ca-
mMoro X MoxKeT OBITb KOHEYHOH Hau GecKoneuHoi. Dynem cuutath
Mepy p nNoJNHO#H (T. e. Jo6oe NOAMHOXKECTBO AIOGOT0 MHOMKECTBA
Mepbl HyJb H3MepHMo). PaccMoTpuM coBOKynHOCTh Beex yukuui f,
cymmupyeMeix Ha X. [TockonbKy JnHeliHasi KOMGHHALNS CyMMHDYe-
MBIX QYHKUMH CyMMHpyeMa, 3Ta COBOKYMHOCTb, ¢ OOLIYHLIMHU OIle-
palMsiMu CJIOXKeHH (QYHKUMH M YMHOXEHHst MX Ha uHCaa, obpa-
3yeT JiMHEAHOe NPOCTPAHCTBO. STO NPOCTPAHCTBO Mbl OBO3HAUHM
L,(X, ) wnan, xopoue, npocro L. Beexem B L; nopmy, nosoxus ')

W= §17 () 1du. (1)

$lcno, uTo mpu 3TOM

fefii=lal-lfl
WFe Fo b <SHF -0 Pl

OAHZIKO 11 TOTO 4TOGBI BHINOJHAJOCH U nocnenHee Cx - TBO HOP-
Mbl, 8 HMEHHO,

H

Ifl>0, ecan f=£0,

') 3mech n panbliie CHMBOJ S Gyser OsHauaTb HHTErPHPOBaHHE IO BCEMY

npocrpaHcTBy X,
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PY)XHO CYMTaTh, 4TO DYHKUHH, IKBHBAJEHTHbIE APYr ApPYry Ha X, He
pasinuaoTcs, a CYHTAIOTCH 32 OJUH H TOT XKe 3JeMeHT NPOCTpaH-
crBa L;. B yactHocTH, Hy/eBO# 3/7eMeHT B L{— 3TO COBOKYNHOCTb
Bcex QyHKUMH, paBHBIX HYy/I0 moutH Bcroay. IIpu sTom Bhipaxkeuue
(1) 6yner o6aanate BceMu cBoiicTBaMu HOpMBL. MrTak, MBI npuxo-
UM K CAeAYIOLeMY OllpefleseHuIo.

Onpenenenune 1. [IpocTpancrgom L, waswiBaercs HOPMHUPO-
BaHHOE NPOCTPAHCTBO, 3JEMEHTAMH KOTOPOrO CJAYXKAaT KJAacChl SKBH-
BaJIEHTHBIX MeXIy CcOO0H CyMMHpyeMblx (DYHKUHI; CJAOXKeHHe 3Je-
MEHTOB B L; M yMHOXeHHE HX Ha YyC/a ONpelensiioTcss KaK 06buHOoe
CJI0XKEHHEe W yMHOXeHHe GYHKUHHA '), a HopMa 3amaercs dopmysiof

1Fi= {17 () 1du.
B L;, Kak 1 BO BCSIKOM HOPMHUPOBAHHOM NPOCTPAHCTBE, ¢ NOMOLIBIO

Qopmyint
of, @=If—egl

BBOAHTCSL paccrosinne. CXONMMOCTb MOC/TIeX0BATENbHOCTH CyMMHUpYe-
MbIX QYHKLIMHA B CMBIC/I€ 3TOrO PACCTOSTHUSI HA3BIBAIOT CXOOUMOCTbHO
8 cpedunem. TlpocTpancTBo L; MOXHO CYHTAThb COCTOSIIIHUM H3 KOMI-
JIEKCHBIX QYHKUUMA (KOMIJIeKcHoe L;) WM H3 OJHHX TOJbKO Aeft-
CTBHTeJBbHBIX (HeficTBHTenbHoe L,). CopmepxaHde [AaHHOro mapa-
fpada oTHOCHUTCH K 06OUM 3THM CJIyYasiM.

BecbMa BaxkeH [1/1s1 MHOTHX BONPOCOB aHaJ/u3a CJAeAYIOWHH paKT.

Teopewma 1. [Tpocrpancrso Ly noawo.

HoxkasarteabctBo. Ilycts {fz} — dyunamMenranbuaa mnocae-
0BaTeJbHOCTL B Ly, T. €.

I fo— fmll—0 npu n, m—> 00,

Torna MOXHO HaHTH TaKyl BO3PACTAIOIIYI0 MOC/IeA0BATENbHOCTD
uHAeKcoB {n}, uto

Ve = Py | = § e 0 = F, ()] < 1725
U3 storo nepasenctBa U Teopembl B. JleBu BrITeKaer, uTo psan
Vo F | Fos— Tarl -
cxozpuTes noutu Beroay Ha X. Ho torna u psan

foe T (Foy—1Fa)+ -

1} TouHee: KaXKABIA 3JeMEHT B Ly — 5T0 KJacC SKBHBAJNEHTHBIX MEXAy OGOk
CyMMHpYeMbIX (YHKIHA; YTOGH CJI0XHTb Ba TaKMX KJjacca, Hafo B34Tb B HHX IO
TIpeACTaBHTEMI0 H OGBABHTb CYMMOR KJace, CofiepiKamuil cyMMy BHIOpaHHBIX Apes-
craBuTeneil. SICHO, YTO pe3yAbTAT He 3aBHCHT OT MPOM3BOJA B BLISOpEe NpeiCTaBH-
Tenelt. AHAJIOTHUHO — U /IS YMHOXKEHHS 3JeMeHTa u3 L, Ha 4HCI0.
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CXOIHUTCA HOYTH BCloAy Ha X K HEKOTOPO#H QyHKUHH
flo)=lim [, (x).

Taxum oGpasom, (yHaaMeHTa/bHas TOCAEI0BATENbHOCTb B L,
COJIEPXKUT MOANOC/AE0BATENbHOCTb, CXOAAULYIOCSA MOYTH BCIOAY.

TMokaxeM Temepp, YTO MOANOCAELOBATENBHOCTDb {frn,} CXOmHTCA K
Toll Ke QyHKIMH [ M B cpeiHeM. B cuay ¢ynaaMeHTasbHOCTH MO-
cnenosarenbHoctd {f»}, npu m06om drxcupoanHoM e > 0 aaa Beex
JOCTaTouHO Gosbliux 2 u [ umeeM

{17, @ =1, ()]dn<e.

CornacHo Tteopeme ParTy B 3TOM HepaBeHCTBE MOXKHO TMepeiTH K
npeeay noji 3HakoM uHTerpana npu [ - oco. Tlomyuaem

{17 00— F () 1dn<e,

orkyaa caenyer, uro f & Ly u uro f,, —>[. Ho u3 roro, uto ¢dyuna-
MeHTaJbHAs MOC/AeI0BATENBHOCTL COAEPKHT TOANOCAeA0BATe/ b=
HOCTb, CXOISILYIOCS K HEKOTOpPOMY Ipefleqy, ClIelyeT, 4TO H cama
OHa CXOJIHTCS K TOMY Ke npeneny. ' :

Teopema noxasaHa.

2. Beoay naotssie mMHOXectBa B L), Jlas Besxoit ¢ynkuuu f,
cymmupyemoit Ha X, u Jo6oro & >> 0 cyulecTByer Takas mpocras
cymmupyeMas QYHKUHS @(X), 4TO

11 —ewdn<e.

Jlanee, NMOCKOJbKY IJSl TPOCTOH CYMMHPyeMOH (YHKLHMH, NPHHH-
Malwllell 3HaueHHs Y, Ys, ... Ha MHOXKecTBax Ei, Ey, ..., narerpan
onpenensieTcs Kak cyMma psza

3 (B

'(npu ycaoBuH ero abCoJIOTHOH CXOAHMOCTH), $ICHO, 4TO BCAKYIO
NPOCTYI0 CyMMHDPYeMYI0 QYHKUHIO MOXHO NPeACTaBHTh KaK Ipeje
'(B cpelHeM) MOCJAeN0OBATeNbHOCTH MPOCTHIX (QYHKUHMH, NPHHUMAI-
KX JUlIb KoHedHoe uucao 3navenufl. Mrak, 8 npocrpaucree L,
8c100Yy nAOTHBL PyHKYUY, KanOas U3 KOTOPbLX NPUHUMAET AUULb KO-
He4Hoe 4ucAo 3davenuti (T. e. IpeNCTaBiaseT COO0H KOHEYHYIO JM-
HelHYI0 KOMOHHALHIO UHIMKATOPOB).

Ilyctb R — MeTpuueckoe NMPOCTPAHCTBO ¢ BBEJEHHOH B HeM Me-
PO, YAOBJIETBOPSAIOLEH TAKGMY YCJOBHIO (BBINONHEHHOMY 115 Mephl
Jlebera B eBK/IMIOBOM NPOCTPAHCTBE H BO MHOTHX JPYTLHX MpakTi-
YeCKH MHTEPECHLIX CIYYasix): 8CR OTKPOLITble U 8CC 3AMKHYTbLe MHO-
ocecTsa 6 R usmepumoi, u Oaf 4106020 UBMEPUMOLO MHOMECTEA
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Mc R n moboro & > 0 Halizercs!) Takoe orkpeitoe G O M, uto
RGN\ M) <e. 2

Torna Bepna caepywoiiasi Teopema:

Teopema 2. Muoxecrso scex nenpepvisrblx pyrkyui 8ciody
naotio 8 Li(R, ).

HokasaTenabcTBO. B cuny cKkasaHHoro Bble JOCTATOYHO
J0KasaTh, YTO BCAKas npoctast QyHKUHS, NPUHMMAIOLLAs KOHEYHoe
YHCJI0 3HAUeHHH, ABJAETCA INpEIeIOM, B CMBICAe CXOXHMOCTH B
CpejiHeM, TOC/1eJOBaTe/IbHOCTH HenpepbiBHbiX Gyukuni. Jasee, tax
KakK BCsiKasg CyMMHpyeMasi ipocTas QyHKUHs, NIPHHHMAIOIIASA KOHeY-
HOe YHCJO 3HAUYEHHH, eCTb JHHEHHass KOMOMHALHs WHAMKATOPOB
Xum (X) ¥3MEpPHMBIX MHOXECTB KOHEYHOH MEpBI, TO HOCTATOYHO MpO-
BECTH J0Ka3aTesbCTBO AJs 3THX mocnenHux. Ilycre M — usmepumoe
MHOX€ECTBO B MeTpuueckoM mnpoctpaHcTBe R n u(M) << co. Toraa
u3 ycnosus (2) cpasy caeayer, yro mas JgioGoro € >0 naiayrcs
3aMKHYTOe MHOXecTBO Fy u oTKpeiToe MHOXecTBO Uy Takue, 41O

FyacMcGy nu pnGy)—nu(Fy <e.
Onpenenum Terepb GYHKUHIO e (X), MOMOKUB 2)

p (% RN\G,)
“ O = RN G T (5 )

Ora ¢pyskuus paBia 0 npu xR\ Gu u paBua | npu x & Fup
Ona HenpepbiBHA, TakK Kak Kaxpjas H3 QyHkuui p(X, Fu) n
p(x, R\ Gu) HempepsIBHA M UX CyMMa Hurie He oGpauntaercs B ().
DyHKUUA |xy— @c| He mpeBocxoauT 1 Ha Gy \ Fy u pasna 0 BHe
aToro MHoxecrBa. CiexoBareabHo,

[ () = @ (0100 <,

OTKY/la ¥ BBITEKAET YTBEPXKAEHHE TEOPEMBI.

SicHo, uto npoctpancrso L;(X, n) 3aBucur M oT BbIOOpPa MpoO-
crpanctBa X, u oT Bbt6opa Mepbl pu B HeM. Hanpumep, eciin mepa
COCpeNoTOYeHa B KOHEYHOM uHcsae Touek, To Li(X, p) Gyaer npocro
KOHEYHOMEDHBIM MPOCTPAHCTBOM. B aHa/su3e OCHOBHYIO POJIb HLPAIOT
npocrpancrsa L, 6ecKoHeyHOH pa3MepHOCTH, HO COJepiKallHe Cyer-
HOE BCIOAY IVIOTHOe MOAMHOXecTBO. [lasi TOoro 4ToGbl OxapakTepu-
30BaTh TaKWe NpOCTPaHCTBa L, BBe#eM ellie OJHO HOHATHE, OTHOCH-
meecsi, COGCTBEHHO, K 06LIel TeOpUH Mephl. ’

Onpenenenue 2. Mepa u HasbiBaercsi Mepol €O CHETHLIM
6asucom, eclM CyLlecTBYeT TaKas cuerHas cucrema S ={A,}

1) Cp. ynpaxHeHHe Ha c1p. 291.
?) p(x,A) o3Hayaer paccTosAHUE OT TOUKH X HO MHOMecTBa A.
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(n=1,2, ...) u3MepuMblX NOAMHOXKEeCTB npoctpaHcrea X (cuer-
#bLl 6asuc mepbl p), uTo s BCAKoro nsmepumoro M X u Bea-
Koro ¢ > 0 naiizercs Takoe Ay &€ ¢, uto

B uvactHocTH, Mepa p HMeeT CUeTHBIi 6a3snc, eCcJH ee MOXKHO
NpeICTaBUTh KaK JeGeroBo MPOAOJKEHHE Mephl M, OnpefeseHtHon
Ha HEKOTOPOM cueTHOM nosaykoablie ©. B camom sene, B 310M Cay-
yae -kosapio R(S) (oueBHAHO, CyeTHOE) H TNPeACTaBAACT CoGOM
rckombit 6asuc. OTciofa BHAHO, HampHMep, YTO CUETHbIl HasuC
umeer Mepa JleGera Ha oTpe3Ke, MOCKOJbKY ANs Hee 33 HCXOAHOE
NOJYKOJbIIO MOXHO TPHHSTH COBOKYIHOCTb MOJYHHTEPBAJOB € pa-
LHOHAJbHBIMH KOHIaMH.

Ilpoussenenne p = p; ® p2 ABYX Mep CO CUETHHIMU Gasducampn
Takxe 00J1ajaeT CueTHBIM 0a3ucoM, HGO KOHEUHble CYMMBbI MPOU3EE-
Jeuul 3JeMeHTOB U3 6a3uca Mephl W Ha JIEMEHTH H3 0as3uca Mephl
p2 06pasyioT, Kak Jierko NnpoBepHTb, 6a3uc Mepnl p = pi ® pe. Ilo-
aToMy Mmepa JleGera Ha mJOCKOCTH (a TaKXe ¥ B N-MepHOM Mpo-
CTPaHCTBE) HMeeT cueTHBbIH 6asuc.

ITycTp

A, A ..., A, . 3y

eCTb cueTHBIN 6a3uc Mepbl p. JIerko BuneTb, UTO, pacliupss CucTe-
My MHOXecTB (3), MOXHO 00pa30oBaTh HOBBI CueTHHIH Gasuc 3Toi

MephHi
A, Ay ool A e, (4)

3aMKHYTBHIH M0 OTHOLIEHMIO K ONepaluysiM BHIYHTAHHS U B3SITHS KO-
HEYHBbIX CYMM H IeDpeCeueHHuH, T. €. gBJIAIOUINACA KOJbIIOM.

Teopewma 3. Ecau mepa n umeer cuernoui 6asuc, o 8 L (X, p)
CYwecTayer cueTHoe 6cto0y NAOTHOE MHOMECTBO (PyHKYULL.

HoxasartenbcTso. [TokaxeM, uTo cueTHoe BCIOAY MJIOTHOE
MHOXKecTBO B L (X, p) 06pasyior Koneunble CyMMbl

n
2. i (%), (5)
=1
Tlie Cr — PallHOHAJbHBIE UKCA, A [r — HHAHKATOPHI 3/1€MEHTOB CYeT-
Horo 6asuca Mephl p.

CueTHOCTh TAKOrO MHOMKECTBA OUEBHJHA; MNOKAXEM, YTO OHO
Bciony maotHo B Ly (X, p). Kak Mbl yXe mokasanu, MHOXKECTBO CTY-
neHyaThix QYyHKUMHA, TPUHUMAIOUHUX JHIIL KOHEUHOE YHCJIO 3Haue-
Hui, Bcloay notHo B Ly Tak Kak /106y Takylo GYHKIHIO MOKHO
CKOJIb YrOJHO TOYHO annpPOKCHMHPOBATh (QYHKUMEHR TOTO Ke BHAA,
HO TIPUHHMAIOMIeH JIMlp PALHOHAJbHBIE 3HAYEHMA, JOCTATOYHO II0-
Ka3atb, 4TO JI06YI0 CcTynenuaTylo GyHKIHIO f, npuHuMalomyo 3Ha-
yeHus

Yi, Yoy +--» Yo (BCE Y; PALMOHANBHMI)
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Ha MHO2KecCTBax
. _
E, E, ..., E, (AL_JIE,-=X, E;NE;= @ npu i;éj),

MCXKHO CKOMIb YTOAHO TOYHO &NNPOKCHMHPOBATH B CMbIC/E METPHKH
L, pynkuusamu Buna (5). CornacHo Cle/anHOMY 3aMeYaHHI0 MOXHO
6e3 orpannueHHs OOGIIHOCTH NpeANoJarath, 4To 6asuc Mepsl p sib-
JISIETCST KOJIBIIOM.

ITo onpenenennio cueTHoro Gasuca Mepnl w, npu Jw6om & >0
B HEM CYUIeCTBYIOT TakKue MHOxKecTBa Ay, Aq, ..., Ap, uto

u (Ek A Ak) <e.
TTosnoxum

A=\ U 4, ((=1,2, ..., n
i<k

9 ONpefeuM [* MosoXKus
Yr mpH x E A,

*

[*(x) = "o

0 mpu xR\ UA-.
i=l

Jlerko BHIAETDb, UTO IIpH ILOCTanqHO MaJiOM € Mepa

w{x: f (x) 7 [ (0)}

CKOJIb YyroJHO MaJa H, CJIeLOBaTeJAbHO, HHTErPaJ
§17 00— () 1dn < @max gy Y (o f (8) # 1 ()}

CKOJIb YTOJHO MaJl IIPH JOCTATOUHO MAaJIOM €.

B cuay chaenaHHBIX HAMH NPENOJNOXKEHUN OTHOCHTEIBLHO Gasuca
Mepsl u, Gyrxuus f* ectb Gyukuusa suga (5).

Teopema jn0kasana.

Jna toro yactHoro cayyasi, Korza X ecTb OTPE30K YHCJIOBOMN
npsimolt, a p— Mepa JleGera, cueTHOe BCIOAY IJIOTHOE MHOXKECTBO
B L; MOXHO MOJYUHTb M TIpOLLe, HANpUMep, B3AB MHOXKECTBO BCeX
MHOTOY/JIEHOB C palHoHa/bHbBIMH Ko3dduuuentamu. Ono Bciomy
MJOTHO ([a)Ke B CMBbIC/Ie PAaBHOMEPHOH CXOAHMMOCTH) B MHOXeCTBe
HenpepbIBHBIX (byHKuuu a 3TH nocJefHue 06pas3yloT BCIOAY IJIOTHOE
muoxectso B L (X, u).

§ 2. Npocrpauncteo L,

1. OnpenejeHde H OCHOBHble cBoiicTBa. IlpocTpancTBo L, mpen-
cTasJjisieT CO60H, KaK Mbl BH/EJH, TI0JHOe HOpMUupoBaHHoe (T. e. Ga-
HaxoBO) JHHeHHOe nmpoctpaHcTBo. OLHAKO OHO He SIBJAAETCH €BKJH-
JIOBBIM: OIIpeJe/IeHHYI0- B HeM HOPMY HeJb3fl 3a4aTh C NOMOLIbIO
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KaKoro-nubo CKajsapHOro NpousBefeHus. DTO BHITEKAET H3 «Teope-
Mbl O mapaJjuiejorpamme», ycranossenHoit B m. 8 § 4 ra. III. Ha-
TIpuMep, LA uaTerpupyembix Ha orpeske [0, 2n] ¢ymkumsi f= I,
£ == sin X cooTHOILEeHNe

If+eglFdIf—glfF=2(fr+lg®

B L, e BoimoJIHsAETCA.

DyHKIHOHAJbHOE NPOCTPAHCTBO, He TOJABKO HOPMHUPOBAHHOE, HO
H eBKJHUAOBO, MOXHO IOCTPOHTD, B3IB COBOKYNHOCTb (DYHKUUHA C HH-
TerpupyeMbiM KBajpaToM. BBefeM COOTBeTCTBYIOLIUE ONpeesNeHus.
Bynem cnepBa paccmarpuBath HeficTBUTe/NbHBIE QYHKIHH [, ompe-
JleJleHHble Ha HEKOTOpoM mpoctpaHctBe X, ¢ 3ajaHHOH Ha HeM Me-
poit u. Bce QyHKUMH NIpennosaraloTCs HU3MEpPHUMBIMHU U ONpeeseH-
HpIMH Ha X MOUTH BClOAY. DKBHUBAJEHTHbIE MeXAy CO60i QYyHKUUH
He pasJjinyaloTcs.

Onpenenenne 1. Oyuruus [ waswiBaerca ¢ynkyued ¢ unre-
epupyembim Keadparom na X, ecnu uHTErpas

)72 ) dw

cywectByer (koHeueH). COBOKYMHOCTb BCeX TAKMX (QYHKUHH Mbl
ob6osnauum Lo(X, pn) unu, xopoue, L,.
" YCTaHOBMM OCHOBHble CBOHCTBA (PYHKHHH C HHTErPHPYEMbIM
KBaJpaToM.
1. IIpoussedenue Osyx pynKkyuli ¢ unteepupyemoim Keadparom
eCTb UHTe2pupyeman GyHKyusa. ,
OTO HENOCPEe/CTBEHHO BbITEKAET U3 HePaBEHCTBA

1 () g () 1< [ (x) + @ ()]

¥ cBOHCTB MHTerpaJsa JleGera.

Cunencrpue. Beakas ¢pynxyus f c unrezpupyemoin keadparom
HQ RPOCTPAHCTBE C KOHEYHOU Mepoll unTeepupyema.

B camom pene, nocratouHo, nosoxus g(x)= |, BoCnosb30BaTL-
ca cBoiictBoM 1.

2. Cymma Osyx pyurkyuti usz Ly Taxoue npunadrexcur L.

JleficTBUTEABHO,

(F () + g )P <P (x) + 21 [ (x) g (x) |+ &% (v);

B CHJIY CBOHCTBA 1 Kaxmuas u3 Tpex pyHKUMI, CTOSAIIHX CIpaBa, UH-
Terpupyema.
3. Ecau [ e Ly u oo — npoussoavroe uucso, 10 af < L.
JlelicTBUTEJBHO, ecH | & Ly, To

§laf (1 dn =02 { 12(x) dis < oo,
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CposictBa 2 u 3 o3HaualoT, 4TO0 JuHeHHble KOMOHHAIUH QYHKUHIA H3
L, cHoBa npunapjexar Ly; mpu 3TOM, OUEBHIHO, CJIOXKeHHE (YHK-

uui u3 Ly 1 yMHOXeHHe HX HA Yyucja YIOBJETBOPSIOT BCEM YCAO-
BUAIM, NEPEUHCAEHHBIM B ONpejesieHuH JHHeRHOro NpOCTpaHCTBA
(ra. 111, § 1). Takum o6pasoM, cosoxynnocTe Ly ¢pynxyutl ¢ uure-
epupyemoim K8aOPATOM €CTe AUHEIIHOe NPOCTPAHCTBO.

OnpenenuM rtenepb B Lo ckansipioe npousBeseHiie, NOJ0XKHB

7, &)= F () g () .

SlcHo, uTo Bce TpeGoBaHus, BXOHAfLIMe B ONpeleseHHe CKaJsp-
Horo npoussenenns (cM. § 4, ra. 11I), a numenno:

1) (1, g)=(g1),

2) (hi+T/2 g)— (f1, &)+ (f2 &),

3) (le,g)z (Z(f, g)»

4) (f,f)>0, ecnu  # 0,

IpH 3TOM BHINOJIHEHB. B yacTHOCTH, BhIMOJNIHEHHe ycaoBua 4) obec-
NeuYuBAETCS TEM, UTC Mbl YCJAOBHJHCH He pa3iuyaTth 3KBUBAJCHTHbIE
Mexay cobol GyHKLHH (3a HYJeBOH 3JeMeHT, TakuM o6pa3oM, NpH-
HHMAaeTCsi COBOKYMHOCTb BceX (QYHKUUH Ha X, 5KBHBAJIEHTHbIX [==0).

Urax, BBens nns GyHKuui ¢ HHTErpupyeMblM KBaJpaToM oliepa-
UMK COKEHHUS U YMHOXKEHHS Ha YHCJI0, a TaKXkKe CKaJspHOe NpOH3-
BeJleHHe, Mbl MPUXOANM K CJeAYIOlEeMY OKOHYaTeJbHOMY oIpeje-
JIEHHIO.

Onpeneanenue 2. Eskaudosoin npocrparcrsom L, nazsiaer-
cs1 JIMHEHHOe NMPOCTPAHCTBO, COCTOALLeEe M3 KJIAaCCOB 3KBHBAJIEHTHBIX
Mexay coboll QyHKuui ¢ HHTErpHPYeMbIM KBaJApaTOM, B KOTOPOM
CKaJIipHOe NpOou3BeNeHKe onpeeneto GopmMyJon

. )=\ ewxdn.

B Lg, KaX ¥ BO BCAKOM €BKJUAOBOM IPOCTPAHCTBE, BhillOJHEHD!
HEpPaBeHCTBO KO[HH—ByHﬂKOBCKOFO H HEpaBEHCTBO TpeyroJibHHKA,
KOTOpbl€ B JAaHHOM CJyyae UMEIOT BUI

((rgman) < (rEwan | g0 du

A/ +e@ran<a/{P@dn +4/ (@ an.

B wuacthoct, npn p(X)<<oo m g(x)=1 nepaBencrso Komn—
ByHSIKOBCKOro mpeBpallaeTcs B CJeNYIOUlyi0 MOJIe3HYI0 OLEHKY:

(Jiwan) <w@) {2 @an. )
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Hopma B Ly onpenensiercsi hopMyJiod

||fll=VW%\/§f2(x)dp,

a paccTosiHHe MeX1y 3JeMeHTaMH [ u g — dopmyoi

o (f, g)=||f—gl|=/\/g(f(x)—g(x))2du.

Bennuuny
@~ gnau=1f—gp

HAa3bIBAIOT TaKXKe cpedHum KeadpaTuunsim ykioneruem Gyuxuuit f
u g Apyr OT Apyra.

CxonuMocTh PYHKLHOHANBHON MOC/AEIOBATEBHOCTH B CMBIC/E
MeTpUKH TpocTpaHcTBa Ly HasbiBaeTcsl CXO0UMOCTb0O 8 Cpednem
keadparuurom. EcM HET ONAaCHOCTH CNyTaTh 3Ty CXOJHMOCTb CO
CXOAMMOCTbIO B L, ompenenenHoit B npenbiayuieM naparpade, Mbl
M 31ech GyneM NO0Jb30BaThCsl 60Jiee KOPOTKHM TEPMHHOM «CXOJH-
MOCTb B CpELHEM>.

Teopewma 1. Ipocrpancreo Lo(X, u) npu pu(X) << oo noano.

HoxazarteabctBo. Ilycrs {fa} — dyunamenransbuas mnocsne-
JOBaTeJbHOCTDb B Lo, T. €.

I fn—fmll—>0 mupu n, m— oo.

Toraa B cuny ounenku (1) monyyaem
170 () = fim () 1 SR { § G () = i (0} <
<elwN™ - @

T. €. TIOC/eA0BATENbHOCTh {[n} QyHLaMeHTasbHA W B METpHKe MpO-
crpatcTBa L. TloBTOpsis paccyxieHusi, KotTopble GbiJIH NpPOBeAEHbI
NpU AOKa3aTeJbCTBe NOJHOTHI mpocTpaHcTtBa Ly, Beibepem u3 {fn}
TOANOCEeN0BaATENbHOCTD {fnk}, CXOARILYIOCS TMOYTH BCIOAY K HEKO-

Topo# pynkuuu f. B nepaseucrse
V (F, 00—, ()2 <,

CcnpaBelJUBOM I/ 4JeHOB 3TOH NOANOC/Iel0BaTeJbHOCTH NPH BCEX
JOCTaTOYHO 6OJBIIMX B W [, MOXKHO, HCNOJB3YS Teopemy Pary, ne-
peiiTe K npeaeny npu [ — oo. IMoayunm

§ (7, 00— F)Ran<e,

OTKyla cnefyet, 4t0 f & Lo u uto0 f,,—>f. s 3aBepuwenus noxasa-
TeJbCTBA OcTaercs, Kak H B teopeMme 1 § |, Bocmosnb3oBaThes Tew,
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uyTO, ecnd (yHAaMeHTaJbHAs NOCIEA0BATENbHOCTb COLEPAKHT CXO-
ASLYIOCS, TO U caMa OHa CXOJHUTCS K TOMY XKe mpejedy.

2. Cayuaii GeckoHeyHOH Mepbl. MBl pacCcMaTpHBalH TOJIbKO UTO
GVHKUMH ¢ MHTErpHPYEMBIM KBaJpaToM, ONpeJesieHHble HAa HEKOTO-
pOM TIPOCTPAHCTBE KoHneuno# wMepu. Ilpu stOoM ycaoBue
p(X) << o Henosab3oBasoch NOBOJBHO cyllecTBeHHO. MMeHHO, cHa-
yajga Mbl NpuGeray K HeMy, JOKasbBas, UTO BCAKasd QYyHKUHA C
CYMMHpPYEMBIM KBaJpaToM CyMMHpyeMa H B NepBOH CTeNmeHH, a 3a-
TEM — NP BBHIBOJe HepaBeHCTBa (2), Ha KOTOpOe OMHPasoCh AOKa-
3aTeJLCTBO MOJHOTH npocTpaHcrBa Lo, Eciu paccmatpuBath QyHK-
UMH HAa MHOXecCTBe GeCKOHEeUHO! Mephbl (HamnpuMmep, Ha Bcell mpsiMolt
¢ neberoBoii Mepoli Ha Hell), TO He BcsiKash GyHKuus u3 Ly 6ymer

copepxkarnest B Ly. Hanpumep, GyHKUUuA —=——= He HHTErpupyema
p P y B, pupy

1+ x2
Ha BCceli mpsaMoil, a ee kBajapart uHTerpupyeMm. [lasnee, B ciayuae
p(X) << oo umeer Mecrto HepaBeHcTBO (1), o3Hauarollee, yto H3
CXOJHMOCTH MocJjenoBatenbHocTd GyHKUMHA B Ly ciiefyer HX CXO4H-
Mocth B Ly [Ipn p(X)= oo 370 TOKe HEBepHO: Hampumep, mocJe-
JIOBATEJbHOCTh (YHKIMHA HA NPAMON

{l/n npu | x|<<n,
Pn (¥) = 0 mnpu |x|>n

cxoautes K O B npocrpanctBe Lg(— oo, o0) QyHKIHH ¢ cymmupye-
MBIM KBaJpaTOM Ha MPSIMOM, HO He CXOAHTCS HH K KaKOMY MIpeneny
B Li(— oo, 00). OmHako Teopema O NnOAHOTe npPocTpancréa L
ocraerca cnpagedaugol u npu p(X)= oo!).

Ilokaxkem 310 yrBepxkuenne. Kak n B m. 6 § 5 ro. V, rne mul
BBeJIN TNOHATHE HHTErpaJsa M0 MHOXKeCTBY 6eCKOHEeYHOH Mephl, OyaeM
npejnoJaraTh, UTo BCe MPOCTPAHCTBO X MOXHO TpPeACTaBUTh Kak
CYETHYIO CYMMY MHOKeCTB KOHeuHo# Mepsl. IIycTs

X=U Xo () <oo, X,NXp=0 npn nom

— Takoe npejcTaBienve u nyctb {f»} — dyHnamMenranbHas mnocsue-
noBartenbHocTh B Lo(X, p). Takum o6pasoM, st kaxaoro & >0
cyulecTByer Takoe N, 4to

(1) — F(@Pdn <o nan scex &, I>N.
BreneMm o6oznauenne

¢(x) npn xE X,
o (x) =
0  npu OCTaJBHHIX X.

1) Jloka3aTeibCTBO NOJHOTH NPOCTPaHCTBA L,, nposenennoe B § 1, He 3aBu-
CHT, OYEBHAHO, OT NPEANOJOXEHHA KOHEYHOCTH MepH NPOCTPaHCTBA X.
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Torpa B cuny csofictBa 0-afAnUTHBHOCTH HHTerpaJa JleGera, umeeM

©o

(e —r@pan=Y {[iPw—1P@pd<e.
n=l1 Xn

Jlnst kaxkaoro Koneunoro M u nogasHo

M
Z S [Fo(x) — ™ ()P dn <e. (3)
n=1 Xn

CoBOKYNHOCTb (PYHKLHH C HHTErPHPYEMBIM KBaJpaTOM Ha KaxkKJIOM
Xn» npencrasisier coGoli noJjHoe npoctpaHcTBo. Ilosoxus

1 ()= lim £ ()

(rme CXOAMMOCTb TOHHMAETCS KaK CXOAMMOCTb B NPOCTPaHCTBE
Ly(Xn, n)), Ml MOXKeM nepedTH K npeneny npu [—>oco B Hepaseln-
ctBe (3). I[Tonyuaem

Y (i@ —fowpd<e.
n=1 X

n

Tak Kak 5TO HepaBEHCTBO BHINOJIHEHO A BceX M, TO B HEM MOXKHO
nepeitu K npeneny npu M —> co. Takum o6pa3om, umeem

Y ([0 ) — i (o <e.
n=1 Xn
IMonoxus
f(x)=f"(x) npu xe&X,,

MBIl MO2KE€M HOC/aeAHee HEPABEHCTBO IepenncaTtbh B BHAe
{1f. 00— Foran<e.

Otciona BhITEKaeT Kak NpuHamjexuHocts | K Ly(X, n), Tak u cxo-
IUMOCTb nocaenoBateabsoctd {f,} k [.

Ynpaxunenune Onpemeanm Lp(X, 1) Kak COBOKYNMHOCTb KJAA4CCOB 3KBHBA-
JeHTHHIX MeXLY coGoii ¢yHKunui, aas kortopeix \|f(x)|Pdu < oo, rne | < p <
<< co. Jloxasats, uto Lp (X, u) siBAsieTcs 6aHaXOBBIM NPOCTPAaHCTBOM OTHOCHTEJb-
Ho Hopmul || f|| = (S 1 F(x) P du)llp.

3. Bcropy miorHbie MHOXecTBa B Lo, Teopema 06 nzomopdusme.
Hrax, npoctpanctso Ly(X, p) dyHKUHE ¢ UHTerpupyeMbIM KBajpa-
TOM €CTb M OJIHO € €BKIHIO0BO IIPOCTPAHCTBO. 34 HCKAIOYEHHEM Bhi-
POXJEHHBIX C/y4yaeB, Pa3MePHOCTb ITOTO NMPOCTPAHCTBA GeCKOHEeUH4d.
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C TOYUKH 3peHHSl Pa3JHYHLIX NPHMEHEHHH B aHa/Ju3e BAXKHO BhIsC-
HHTb, KOrja npoctpancTBo Lo(X, p) cemapabenbHO, T. €. COREPKHUT
cyeTHOe BCIOAY MJIOTHOe MHOXKecTBO. B § 1 MBI ycranoBuaH, yTO AnA
npocrpanctBa L;(X, u) cenapaGenbHOCTb BBHITEKAET H3 CYLIECTBOBA-
HHS Y Mepbi p cueTHoro 0asuca. Herpyaso ybeaurnbcs, 4To 3TO yC-
JOBHe rapaHtupyer u cenapabenbnoctb Lg(X, u). IleficTBHTENbHO,
Kaxaywo ¢yHkuuio u3 Lo(X, n) MoxHO mpubGau3uth, ¢ J10G0H TOU-
HOCTbIO, QYHKUHAMH, Kaxaas U3 KOTOpeix paBHa 0 BHe HEKOTOPOTrO
MHOXecTBa KoneuHod Mephl'). [aJsiee, Te e pacCcyXIeHHS, KOTO-
puie Gblin npOBefleHbl NPH AOKa3aTeabcTBe TeopeMbl 3 § 1, mokassbl-
BAIOT, YTO B COBOKYIIHOCTH TaKHX (PYHKUHH MOMHO BBIGpATh Cuet-
HOE BCIOLY TJIOTHOE MHOXKECTBO.

Hrak, eciu mMepa p uMeeT CueTHBIA 6a3nc, TO MPOCTPAHCTBO
Ly(X, n) ectb noaHoe cemapalesbHOe €BK/JAMAOBO TPOCTPAHCTBO.
Huaye roBops, ocTapasis B CTOPOHe TOT cayuai, Korga Li(X, )
HMeeT KOHEUHYIO pPa3sMepHOCTb, MBI NOJy4YyaeM CJaeAyIOUIUH pesyJib-
TaT: ecau mepa w umeer cueTHoui 6asuc, To Ly(X, n) ecro cenapa-
beavHoe euabbepTo80 NPOCTPARCTEO.

B cuay Teopembl 06 uzomopdusme ruab6epTOBLIX MPOCTPAHCTB,
3TO o3HauaeT, yTo Bce Takue Lo(X, n) usomopdHbl Mexay coboi.
B yactHocTH, Kaxpoe Takoe Lg(X, n) usomopdHo npocTpaHCTBY I3
YHCJIOBbLIX TOC/IEI0BAaTENbHOCTER CO CXOAALIeHC CyMMOR KBajpaToB.
Tlocnennee MOXHO paccMarpuBath Kak Lo(X,p), xorga X cuerHo,
a u onpejeseHa Ha BCeX €ro NOAMHOXKeCTBax M paBHa | [is ka-
®K1o0f Toukn. Huxe mor 6ydem paccmarpusars Toavko Lo(X, p),
oTseqarouue mepam co cueTHoim 6azucom. B caydasnx, Korja 1o He
MOXKeT BHI3BATb HeAOpa3yMeHuH, KaxJoe TaKoe MPOCTPAHCTBO Mbl
6yneM o6o3nauath npocto Lo.

[MockoabKy npoctpaHcTBo Lo mpejcrabiaser co60i, KaK Mbi Bbli-
SICHHJIH, PeasH3alHio ruip6eproBa NpoCTpaHcTBa, Ha Ly MoXHO me-
peHectd Bce Te NMOHATHS H (aKThl, KOTOpbie ObLIM YCTAHOBJEHb! B
§ 4 ro. 111 pas aGerpakTHOro rusib6eproBa NPOCTPAHCTBA.

B uacTHOCTH, cOrJiacHO TeopeMe Prcca BCAKHE JHHeHHbIA ¢yHK-
UHOHAJA B THJAbOEPTOBOM npocTpaHcTBe M 3amuceiBaeTcss B BHIE
CKaJISIPHOrO MPOH3BEeHHS

F(h)=(h, a),

rie a — duxcuposannbiii Bekrop u3 H. Iostomy ecakuil aureidnoll
¢ynkyuonan 8 Ly umeer sud

Fh={Frmewan,

20e @ — PUKCUPOBAHHAA DYHKYUS C UHTEZPUpPYeMbIM KBaOpaToM
Ha X.

1) Ecan B(X) << o0, TO 3TOT WAl OTNAAAET.
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4. KomnaekcHoe npoctpanctso L;. Mur paccMarpuBanu ceruac
AeHCTBUTENbHOE mpocTpaHcTBO L. HlsnoxkeHHble pe3y/bTaThl JIErKO
NepeHoCATess Ha KOMIUIEKCHBIH cayuait. KomnaekcHas ¢yuxuus f,
onpefeNieHHAas Ha HEKOTODOM IpocTpaHcTBe X C 3aJaHHOA Ha HEM
MepOl (1, Ha3blBaeTCsl pyHKyUeld ¢ unTezpupyemvism K8a0parom, eCin
HHTEerpaJg '

V17 Pan

X

KoHedeH. Ompeaenus ClI0OXKeHHe TAKUX QYHKUMA H YMHOXEHHE HX Ha
yHucna OOGBIYHBIM 06pasoM M BBeJs CKajispHOe IpoH3BeleHHe IO
dopmyse

&)= () g dn,

X

Mbl TOJYYHM €BKJAWZOBO MPOCTPAHCTBO, Ha3niBaeMOe KOMMNAEKC-
Howm npoctpancteom Lo. (Ilpu 3TOM, KaK U B AeHCTBUTENBHOM CJy-
yae, Mbl CYHTAaeM SKBHUBAJEHTHHIE MeXAy co00f (YHKUUH OLHHM H
TEM JKe 3JeMEHTOM IPOCTPaHCTBA.) ITO IPOCTPAHCTBO MOJHO, a
€Cc/i¥ Mepa | HMeeT CueTHHH 6asuc, To U cenapabenbHo. Takum 06-
pasom (orGpachiBasi KOHEYHOMEpHBIH ciayyail), MBl [OJyyaem, 4TO
KomnaekcHoe npocTpancrso Lg, orgeuaioujee mepe co cuernsim 6a-
3UCOM, eCTb Komniekcroe cenapabenbroe eusvbeproso npocTpax-
creo. Bee raxine npoctpaHcTBa M30MOPGHBL MeXAy co6oil, H 1A%
HHUX CIpaBeNJIHBBl Pe3yJbTaThl, H3JOXKeHHbIe B § 4 ru. II1.

5. CxopumocTh B CpeHeM KBAaJPATHYHOM H €€ CBSA3b C APYTHMU
THNAMH CXOJHMOCTH (YHKUHOHAJBHBIX NOCJel0BaTeNbHOCTEH. BBe-
Is B NpOCTpaHcTBe Lo HOPMY, MBI ONpeie/u/H TeM caMbiM /st
GyHkuui ¢ HHTErPUPYeMbIM KBaipaToM Cledyiolilee NMOHATHE CXOAH-

MOCTH:
in - f’
eCan
lim § (£, () — f ()P =0.

Mb Ha3BaJaW TaKyl0 CXOAHMOCTb CXOAHMOCTBIO B CPeIHEM KBajapa-
tuyHoM. IlocMOTpHM, KakK Takasi CXOAHMOCTb CBsi3aHa C APYTHMH
TUIAMH CXOAUMOCTH (PYHKIHOHAJbHBIX  MOCJA€NOBaTeNbHOCTEN.
[peanonoxuM CHauajaa, 4To Mepa NMpPOCTPAHCTBA-«HOCHTeaA» X KO-
HeuHa.

1. Ecau nocaedosaresvrocts {fn} pynxyuii us Ly(X, p) cxodur-
ca 6 merpuke Ly(X, p), 70 ona cxodurca u ¢ merpuxke Li(X, p).
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HeficTBuTeNbHO, B CHJIY HepaBeHcTBa (2) uMeeM
Yy
Vit —F e 1an<[uwen § (a0 — F o2 au]"”.

OTKY/Ja W CJIelyeT Hallle yTBepXKIeHHe.

2. Ecau nocaedosarensnocts {fn} cxodurcs passomepro, 1o oua
cxo0uTcs u 8 cpedHem K8AOPATUUHOM.

HefictBuTeNbHO, IPH KaXXA0M & >> 0 npH BceX AOCTAaTOYHO GOJb-

X n uMmeeM
lin(x)—i(x)|<3

H, CJIeX0BATEJIbHO,
§ 70— F R dn < e (),

OTKY/a BHITEKAeT Hallle yTBepKieHHe.

3. Ecau nocaedosaresvrocte cymmupyemoix ¢yuxyuti {{»} cxo-
durca 8 cpednen, To ona cxodurcs Ha X u no mepe.

DTo yrBepxKAeHHe Cpa3y XKe cienyer n3 HepasencTsa Yebbliiena
(ctp. 300).

Orcona u us reopemni 8 § 4 ri. V BoiTekaer:

4. Ecau nocaedosaressrocts {fn} cxodurca 8 cpeduem, To u3
Hee MOJNCHO 8bi6paTL NOONOCAe008ATEALHOCTE {fnk}’ CX00RWYOCH

no4Tu 8cr00y.

3aMeTHM, 4TO NPH J0Ka3aTeNbCTBE TEOPEMBI O HOJHOTE PO~
cTpancTBa L) Mbl yXe YCTAaHOBHJIM 9TOT DaKT, He OMHPAsICh Ha TeO-
peMmy 8 § 4 ra. V.

Hetpyano y6esuTbcsi B TOM, UTO H3 CXOAMMOCTH HEKOTOPOH IO-
CJle[OBaTeNbHOCTH B CpeJHeM (M jfa)ke B CpefHeM KBaAPaTHUHOM)
He BbiTeKaeT, Booflle rosops, ee CXOAHMMOCTb NouTH Bcwoay. ed-
CTBHTEJIBHO, HOC/Ief0BaTeNbHOCTD {fx}, mocTpoenHas B m. 6 §4 r1. V,
cxonurca K f =0 B cpeiHeM (4 JaXe B CpefHeM KBaJPaTUYHOM),
HO NPM 3TOM, KaK Mbl BHIeNH, OHA He cxoauTct K 0 HH B omHOH
Touke. O6paTHo, nocIe10BaATENbHOCT {fn} MOMET CXOAMTBCA MOUTH
Bciony (M fa)e BCIOAY) M HE CXOAMTLCA NpH 3TOM B cpefHeMm. Pac-
cMoTpuM, Hanpumep, Ha otpeske [0, 1] mocienoBaTeNbHOCTb (PYHK-
14708
n npu x < (0, 1/a],

0 npu oCTalbHBIX X.

f =1

OueBuano, frn(x)~>0 npu Bcex x < [0, 1]. Ho B 1o e Bpems
1

Slfn(x)ldx=l mpHu BCeX n.
¢
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Cssisp MeXJy pas3AMUHBIMH THIIAMH CXOAHMOCTH B caydae p (X) <<
<C 00 MOXKHO H306pasuTh Clenylolled cXeMoH:

PaBHOMEpHas CXOJHMOCTb

!
¢ v

CXOIHMOCTb B CPEIHEM CXO/JHMOCTb IIOYTH
KBajpaTuyHoM (L) BCIOAY
\ vt

CXOJHMOCTH B CPEAHEM

) — CXOAHNMOCTb 1O Mepe
1

rie NyHKTHpPHAs CTpeJKa 03HauaeT BO3MOXKHOCTb BeIGopa U3 mocJe-
IOBaTeNbHOCTH, CXOAsillefici TNO Mepe, MOMIOCTEN0BATENbHOCTH,
CXOsUIeHCs NOYTH BCIOLY.

B cayuae p(X)= oo (mampumep, nng QyHKUHH HA Bcell yucJIO-
Boll npsaMoit ¢ mepolt JleGera Ha Hell) ycTaHOBJIEHHbIE Bhillie CBSI3H
yXe He UMeloT Mecta. Hanpumep, nocinenoBaTeqbHOCTD

f,,(x)={1/‘/”— mpr | x|<n,
0 npu [x|[>n

CXOIUTCS paBHOMEPHO Ha Bcell mpamol K ¢yHkuuu =0, oxHako
OHa He CXOJAHUTCA HH B CpeJHeM, HH B cpexHeM KBajapaTuuHoM. [a-
Jee, npu p(X)== oo, KaK Mbl y:Ke YKa3blBaJH, CXOAUMOCTb B Cpej-
HeM KBajapaTHuHOM (T. €. B Lg) He BJleuer 3a coBOH CXOZMMOCTH
TOH JKe IIOC/IeloBaTeNbHOCTH B cpelHeM (T.e. B Lj).

3aMeTHM B 3aKJIOYeHHe, YTO M3 CXOJHMOCTH B CpPelHEM HH IpH
p(X) << oo, Hu TeM 6oJsee npu p(X)== oo He ciexyer, Booble ro-
BOpSi, CXOJIMMOCTb B CPEAHEM KBaJPaTHUHOM.

§ 3. OproroHaabHbie cuCTeMbl (DyHKuuit B Ly,
Panbl no OpTOrOHANbHBIM CHCTEMAM

O6ue TeopeMbl, ycranosaennsie B § 4 rii. 111 1s eBKIMAOBBHIX
NPOCTPAHCTB, TOBOPAT HaM, 4TO B Ly HMeIOTCS NOJHBIE OPTOroHAaJb-
Hble (B YaCTHOCTH, OPTOrOHaJibHble M HOPMHPOBAHHBIE) CHCTEMBI
¢yukuui. Takne CHCTEMBI MOXKHO NOJYYHTb, HampuMep, NPUMEHsS
TpoLlecC OPTOTOHANH3ALMH, ONUCAHHBIA TaM Ke, K TOH HJIH HHOH
nonuoit cucreme. Ecim B Ly BeI6paHa HeKOTOpas HoJHAs OPTOro-
HaJabHas cucTeMa {Qn}, TO, ONMATb-TAKH B COOTBETCTBHH C OGLIUMH
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pesyabrataMu § 4 ra. I, Kaxnawii anement f & L, MoxuO npen-
CTaBHTb KaK CyMMY psaja

f=n§ CnPn

—pana ®ypve bynxumu f no oproronaspHoil cucreme {@.}. [Tpu
3TOM K03(PHUNEHTH cn — KO3 duuuentsl Pypbe dynkuuu | no cu-
cTeMe @n — onpenesiiorcs GopMyaaMu

tom e V@ dn (o, = {20 an).

B sTom maparpade Mbpl pacCMOTPHM BaXKHeHIIHEe NMPHMEPh OpTOro-
HaJbHBIX CHCTEM B npocTpaHcTBax Ly m oTBeyaiomme um pasao-

JKeHHsl.

1. TpuroHomerpuueckas cucrema. TpuroHoMerpuueckuit psx
®ypre. PaccmoTpum npocTpancTBo Ly [—n, n] dyHKnnil ¢ nHTErpH-
pyeMbiM KBaJapaToM Ha orpeske [—m, @] ¢ oObiuHOA Mepolt JleGera
Ha 3TOM oTpeske. B 3ToM npocrpaucTBe QyHKIUH

1, cosax, sinnx (n==1,2,...) (1)

06pa3yioT NOJHYIO OPTOTOHAJBHYIO CHCTEMY, Ha3blBAeMYIO TPU2OHO-
merpuseckoll. OPTOroHaNbHOCTb JIETKO IPOBEPSIETCS IPSAMBIM Bbi-
YHCJIeHHEeM, HanpuMep, NpH 1 7= m

T 14
Scosnxcosmxdx =2L S[cosﬁ%n-x-}—cos%"— x]dx=0
-7 -7

u 1. A. Ilonnora cucremer (1) caenyer u3 teopemb Behepurpacca
06 annpoxcumalMu JI000K HemnpepblBHOH NepHOIHYECKOH GYHKIHK
TPHUrOHOMETPUUECKHMH MHorousenami '). Cucrema (1) ue wopmupo-
pana. CoOTBeTCTByHOLlasi HODMHPOBAHHAas CHCTEMA COCTOHT H3

QyHKIHR

1 cos nx sinnx (n___ 1,2, .. )

Ve ' Am T Am

Iycrs f— dyukuns u3 Ly[—n, ni]; ee koadpounventnt Gypoe, orne-
yalomne GyHKIUAM 1, COS nx, sin nx, npuHATO 0603HAYATh @o/2, an
B bn. Takpm o6pa3om, B COOTBETCTBHH ¢ OOIIMMH (QOPMYyIaMH Ans

") B § 2 rn. VIIT M nokaxeM Teopemy Defiepa, npeACTaBAAIONIYIO coGoi
ycuaenne Teopemn Befiepuitpacca. TeM caMuniM GyleT XaHO H AOKa3aTe]bCTBO
NIOJIHOTH TPHIOHOMETPHYECKOH CHCTEMH (He onupaloileecsi, KOHEYHO, Ha H3jarae-
Mbie 3ech (akThi),
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Ko3gp¢uuueHToB Pypbe, uMeeM

14

220____7‘5 Sf(x)dx, T. €. a0=;]{ Sf(x)dx

-1 —_—

aj—

E1 g k14
a, = S f(x)cosnxdx, b, =% S f (x) sinnx dx.
n -z

CoorBercTaylomuil pag Pypoe uMeer BUA

o
a N
T"—I—Za,,cosnx—!—b,,smnx

=}

o qas mo6oit pyukuum f & Lg cxoquTcs B cpeiHeM KBajAPaTHYHOM
uMeHHo K Hell. Ecau

S, (x)=% +Zakcoskx+bksinkx
k=l

—vacTHuHas cymMma pana Pypbe, To cpefHee KBaJpaTHYHOE YKJIO-
HeHue Sp OT [ MOXHO HaHTH No popMmyJe

a’ -
IF (x) — Sn(x)tF=llflP—n(—-§- +Zai —.i—bi).
k=1
Cpeny Bcex TPUIOHOMETPHYECKHX MHOTOUJIEHOB
T (£) =2+ ) a;c08 kx -+ Py sinkx
k=1

C NaHHBIM N yacTHYHAs cyMMa psiga Pypve S, npaer wauayuuyio
(B meTpuke Lg) annpokcumanuio dyukuun f. Hepasencrso Beccenst
IJIst TPUTOHOMETPUYECKOH CHCTEMbl HMeeT BHJ
2 oo T
) + 2 1 2 RS 2(x) d
>+ a2+ 12<o | (0 dx,

n=1 -

HO NIOCKOJIbKY TPHIOHOMETpPHUYECKasi CHCTeMa MOJIHA, Ha CaMOM Jefe
nas ao6oi GyHkuuu U3 Ly uMeer mecto paseHctso Ilapcesans

2 0 r
Y a+e==x (rwa

n=l -
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Iaa mo6oi ¢ynkuuu [ & L, kBaapatsl ee Kospduiuentos Pypoe
ofpasyioT cxoaaumuicsa paa. O6patHo, ecn YHCaa o, G, bn (N =

=1, 2, ...) TakoBH, 4TO Psifl Zlai + b2 cxoamTes, TO psin
s

o0
Q .
T"-{- E a,cos nx 4 b, sin nx

n=1

ToXe cxonutes (B Ly), a ero cymma npesncrasasier co6oil QyaKIHIO,
HMEIOLLYIO o, An, bn cBOEMH KO3 duunentamu Pypbe.

Bce 3TH yTBepKmeHHR (HENMOCPEACTBEHHO BbITEKAKOLIHE H3 06-
wux pesyabrartos § 4 ra. III) nerko nepenocsitcst Ha GyHKuuM, 3a-
NlaHHBie HA OTPe3Ke MPOU3BOJBHON NIuHBl, cKaxeM [—/, I]. Ecau f—
¢$yHKIUA ¢ CyMMUpYeMbIM KBaapaTtoM Ha [—/, {], To 3amena x==nt/!,

7. e. t = lx/n, nepeBoaut f(¢) B pyukumio f*(x)=| (%)Ha oTpeske
[—=, o).
B cooTBeTCTBHH € 3THM
4
P Sf(t)cos-"-f—‘dt, n=0, 1, ...
-1

f

=

br

1
Sf(t)sin -”litdt, n=1,2,...
=1

Psg ®ypve nas GyHKunH f, 3a1aHHOM Ha OTpe3Ke MJIHHHL 2/, uMeer
BHL

)
nt .
.E?...{_ a cos_n___..._.l..b s]nﬂ.
2 n l n l

n=I

3ameuanusa. 1. TpuroHomerpuueckne psigbl GbIIM HCIOAb30O-
Baubl ¢paHnysckum marematuxom JK. @ypne B ero paborax mno ma-
TeMaTHUYeCKOH (H3UKe, B NEPBYIO OYepelb IO TEOPHH pacrpocrpa-
HeHus Temna. Bupouem, ¢opmyant A1 KOIPODUIHEHTOB an U by
BCTpeuarTcs yxKe y Dinepa. B ganbHeilimemM Teopus TPUTOHOMETpH-
YeCKHX PsIOB pasBHBajach B paborax Pumana, dupuxne u ap. Iep-
BoHauasbHo TepMuHbl <«psax Dypee», <«koapduumentsr Dypbe»
U T. A. CBS3BIBAJINCH HUMEHHO C TPHTOHOMETDUHYECKOH CHCTEMOH H
JIMUIb 3HAYUTEIBHO NMO3JHee CTaJU YHOTpebasThest B o61ieM CMEICTe,
onucandoM B § 4 ra. III (1. e. npuMeHHTEJHEHO K NPOH3BOJb-
HOM OpPTOrOHAaJbLHOH CHCTeMe B JII0GO0M eBKJIHIOBOM IIPOCTPaH-
crBe).
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2. VI3 mONHOTBl TPUrOHOMETPUYECKOH CHCTEMbI U OOIIHX TeopeM
§ 4 ra. 111 cnenyer, uro mas mo6ok f & Lo ee psin Oypbe

o0
%—!—Zancosnx—l—bnsinnx
n=1
cxoauTca K maHHOH GyHkumu [ B cpegneM. OQHAKO C TOYKH 3peHHs
KOHKPETHBIX 3a7a4 aHaJH3a BAaXHO YCTAaHOBHTb YCJOBHS, NIPH KOTO-
PHIX 3TOT PSAJ CXOAUTCH K [ B APYroM CMbIC/IE, CKaXKeM, B KaXJO¥
TOYKe, WJIH pPaBHOMepPHO. DTOT KPYT BOINPOCOB MbLl PACCMOTPHUM B
caenymwolled riaase.
2. TpuroHoMerpuueckue cucrembl Ha otpedke [0, n]. OyHKuUHH

1, cosx, cos2x, ... (2)
"
sinx, sin2«, ... 3)

06pasyioT B COBOKYITHOCTH I[IOJHYIO OPTOTOHAJbHYIO CHCTEMY Ha
orpeske [—x, nt). [Tokaxewm, uto Kaxnaas u3 aByx cucrem (2) u (3)
OpTOroHasbHa M mojHa Ha orpeske [0, ] OproronassHocTs mpose-
psieTcs TNpPSAMBIM rnojcueroM. JloKaxkeM TOJHOTY CHCTeMH (2).
Ilycrs f— dyHknus c¢ uHTerpupyeMbiM kBagpatom Ha [0, m]. [o-
onpelesiuM ee Ha nosayuHrepsase [—am, 0) dopmysnoi

fF(—x)=1{(x)
H pas3noxuM ee B paj Pypre no cucreme
1, cosnx, sinnx (n=1, 2, ...).

TMockoabky dyHKuus f, onpenenenHas tenepb Ha [—mn, n], — ueTHas,
Bce Ko3(h(HUIHeHTH NPH CHHycax paBHBH y Hee HyJ0. D10 Cpasy
BHIHO H3 GOpPMYJb A KOIDOHUHEHTOB: AJSA YeTHOH (yHKuuu f
npunz>=1

19

0 T
S f(x)sinnx dx = S f(x)sinnx dx + Sf(x) sinaxdx =
14 0

= S f(x)sinnx dx + S f(x)sinnxdx=0.
0 0

Huaue rosopsi, 31y QyHKuHO Ha [—xn, ] (a TeMm Gosee u ua [0, n))
MOXHO aNNMpOKCHUMHPOBATb B CPeHEM KBajAPAaTHUYHOM ¢ JI0GOH TOY-
HOCTBIO JIMHEHHBIMH KOMOGHHAIMSMH 37]eMeHTOB cucreMm (2). Or-
ciofna caenyet nonHora cucremsl (2). Ilonnora cucremb (3) Ha
{0, n] nokasbiBaeTcss aHaJIOTHYHO, MYTeM HEYETHOTO IIPOAOJKEHHUs
¢yuxuun f, 3ananuoi Ha [0, n], Ha noayunrepBan [—m, 0) no ¢op-

e =)= —{ ().



394 MIPOCTPAHCTBA CYMMMHPYEMBIX ®YHKIMM [TJ1. V1T

[MonyuenHas Npu TAaKOM NPOLOJKEHHH QYHKIHSA HA [—7, n] HeyeTHa
H pasjiaraeTcs Ha 5TOM OTpe3Ke MO0 OJHHM CHHYyCaM.

3. Papn dypbe B KommaekcHoit d¢opme. TpHronomerpuueckuit
P MOXHO 3amHucaTb KOMIAKTHO, €CJMH BOCHOJAb30BaThcs (opMy-
Jamu dfsepa

inx —inx inx —inx
oS nx = ———i;— H sin nx=e—-—2’.5———

Buocsi 3TH Beipaxenus B pan Pypbe, noayunm

00
a »
—2°—+Za,,cosnx+b,,31nnx=

n=1

oo . .
_ 4 emx+e—-inx . e nx__e—inx)—
=7 +Z(“ﬂ 2 ib, 2 =

n=I

aO _|_Z bn — s emx+z a"‘+tbﬂ e—inx — Z Cn einx

n=1 n=I1 fi==— 00

rae co=2ayf2 n npu n =1

a, — ib
Cfl= n 2‘ 2 ’
ap + iby (4)
C_p== ——2-——
Boipaxenne
oo
Z cnetnx
n==-~—00

HA3LIBAETCS TPUSOHOMETpUUecKUm padom DPypoe 8 Komnaekcrod
dopme. KoshGULUHEHTH Cn 3TOTO PAAA BHIPAXKAIOTCH Yepe3 dn H ba
C NMOMOILbIO paBeHCTB (4); OXHAKO JIerKO HamHCaTbh AJSl HUX H Mps-
Mble opmyiibl. JleACTBHTENBHO, KaK NMOKA3biBaeT HEMOCPENCTBEHHOE
BbIYHCJIEHHE,

n

S einfe—ims gy — { 0 npu nwm,

2n mpu n=m.
-7

ITosTomy, yMHOXKast PaBEHCTBO
fr)= 2 cqeins (5)
=00

Ha e~im¥ (m=0, 1, 2, ...) # HHTErpUpYys, HOJYyYaeM
n
S [ (x) e=im* dx = 2nc,y,,

-1



4§93 OPTOTOHAJIBHBIE CUCTEMBI ®VHKUUA B L, 395

7

en=ae |Femmrdr  (m=0, £1, £2,..). ()

-

Pasnoxenue (5) ocraercs B CHJe H AJs KOMIVIEKCHBIX QyHKIHH
C HHTErPHPYeMbIM KBajfipaToM Ha oTpeske [—x, nt]. MHaue rosops,
dyuxuun ei"* o6pa3yioT 6a3uc B npocrpaucrse Ly[—, n] kommieke-
HbiX QYHKUHA ¢ HHTErPHPYEeMBIM KBajpaTOM MOAYyJS Ha OTpe3Ke
[—=, n). T1pu stom Bbipaxenus (6) npenacrtaBagaoT coboil ckansip-

Hble TIPOHU3Be/leHHs [ HAa ei™* B 3TOM KOMIIIEKCHOM TIPOCTPAaHCTRBeE.
. NI
. I —X%
3aMennB ¢yHKuuH €i"* Ha e ! ', MOXKHO mepeHecTH Bce CKa-
3aHHOe Ha nmpocrpancTBo La[—I, [] komniekcHbIX GyHKUME HA OTpes-
Ke [POH3BOJBHON AauHbl 2.

4. Muorounennt Jlexanapa. JIvHefiHble KoMOMHaluu ¢yHROUMA
1, x, %2, ... (7

— 3TO COBOKYIHOCTb BceXx MHorousneHoB. CienoBaTesibHO, CHCTEMA
(7) nonna B mpocrpaHcTBe Ly (YHKIMA HAa NPOM3BOJILHOM OTpe3-
ke !). Oproronanusupys cucreMy (7) ua orpeske [—I1, 1] no orno-
LIeHHI0 K CKaJ/AspHOMY IPOU3BEAEHHIO

1

(¢, 8)= | F()g(dx,

-1
Mbl NIOJYYHM IIOJIHYIO OPTOTOHAJIbHYIO CHCTEMY
QO(x)y Ql(x), Q2(x)’ sevy

rae Qn— Muorousen n-i crenenu. IlokaxeM, YTO KaXablll U3 MHO-
rouneHoB Qn(x) coBmajgaer, ¢ TOYHOCTBIO O MOCTOSIHHOIO MHOKH-
TeJist, ¢ MHOTOUJIEHOM

Ro (x) = (2 — 1"

B camoM gene, Bo-nepBbiX, cucreMa {R,} oproronanbha. Ilycrtm
n = m. Taxk Kax

a* 2 n = a* 2 7
dx® (x - 1) lx=—1"- dx® ()C - 1) |

=0

x=I

') Tlomnora CHCTEMB MHOTOYNEHOB B npocTpaHcTBe Lofa, b] dyuxuuii ¢ unte-
TPHPYEMBIM KBAaAPaTOM Ha NPOU3BONLHOM oOTpeske [a, b] BuTekaeT u3 TeopeMmul
Beftepiuitpacca 0 paBHOMEPHOMl aNNPOKCHMAUHH M0G0 HENPEPHIBHOM (BYHKIHH Ha
oTpe3ke MHorownenamu. Cm. nm. 2 § 2 ra. VIIL
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npu Bcex k=0, 1, ..., n—1, To, HHTErPHPYs NO YACTAM, HOJY-
yaeMm
1 : 1

SRm(x)Rn(x)dx=—S L iy L) S

-1 -

1

= (=) S[ o (x2~1)'"](x2 e,  (®)

Ecan m <<n, To nox 3HAaKOM mOC/eIHEr0 HHTErpaja CTOHT TO-
JKIeCTBEHHBIH HYJb, OTKyda CJelyeT OpPTOTOHaJbHOCTb CHCTe-
Mbl {Rn}

Bo-BrophIX, fICHO, 4YTO MHOrouaeH R, HUMeeT CTeneHb #, T. e. Ka-
KABH Ry NEXUT B HOANPOCTPAHCTBE, MOPOKACHHOM # - | mepBeIMH
ajgemeHTamu cucreMsl (7). Takum oGpasom, Kak cucrema {R,}, Tak
1 cucreMa {Qn} 06/1aKa10T CIEAYIOIHMH CBOACTBAMHU:

1) OPTOTOHAJIBHOCTD,

2) n-fi 3JeMeHT CHCTEMBI NpPHHANJIEKHT l'IOJalOCTpaHCTBy, no-
POXKIEHHOMY sJeMeHTaMu 1, x, ..., x* L

Ho stumu aByMsi CBOHCTBAMH KaXKIBIH 3/JEMEHT CHCTEMBI Olpe-
Aensiercst OJHO3HAYHO € TOYHOCTHIO JIO YHC/JIOBOrO MHOXKHTE/S (Teo-
pema | § 4 ra. III).

Hajinem Tenepb HOpMHpYyIOLHe MHOXHTeAH AJsi Rn(x). B cay-
yae n = m paseHcTBO (8) maer

1 1
Sz dx= 1"S 21| = 1) dr =

R (x) dx = (—1) l[gxz—m = >](x— ) de =

(n!)222n+l l)

= (2n)! S(I ) dx = o1 .

2
Vuaue rosopsi, Hopma Muorousena R, pasua n!2" z\/m Ta-
KuM 06pa3oM, CHCTEM@ MHOTOYJIEHOB

n!12n ’\/ 2 Ra(v)

He TOJbKO OPTOroHaJibHa, HO U HOPMHPOBAHa.
OG6bMHO paccMaTpHBAIOTCA He STH HOPMHPOBAHHBIE MHOTOUJIEHHI,
a MHOrOYJIeHBI, onpeze/semMuie Q)opMynoﬁ

(x) n!2" dx” (xz_ l)n

') IMocnexuuit MHTErpajl MOMKHO BBIYHCIHTH 3JeMEHTapHO, NPHMEHAS PeKyp~
peuTHEIe GODPMYJbI, HIH XKe NyTeM cBeAéHus ero x B-dynxuun,
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Vix nasmiBalor muozousenamu Jlexcandpa, a camy a3ty opmyay —
¢opmnyarod Podpuea. V13 npoBefeHHBIX BBIKJNALOK CJEIYeT, YTO

) 0 npd n=m,

S P, (x) Pp(x) dx = 2 .
! on 1 pH n= m’.
anBelIeM fiIBHbl€ BBHIpAXEHHA INSITH NEePBHX MHOIO4YJIEHOB Jle-
KaHjapa: ~

PO (x) = l’

Pl (x) =X,

3 1
P2 (x)=3x2— E-'
—5,,s_3
P3 (x) - 3 X 9 X,

35 15 3
P4(x)=—8~x4—Tx2+§.

Pasnoxenue ¢ynkivn [ na orpeske [—!, 1] no MmHorounenam
Jlexxanapa umeeT BUA

F(¥) =2 eaPy (¥),

rae 1
2n

¢, =2t _SI F () Py (1) dx.

5. OproronaiabHble CHCTeMb! B Npou3BeleHHsX. KpaThbie paant
dypoe. [lycts Ha MHOXecTBax X’ u X” onpeneneHnl mepnl ' u u”.
CoOTBETCTBYIOLHE MPOCTPAHCTBA (PYHKIHNH C MHTErPHPYEMBIM KBajl-
patom Gynem oGosnauath Lz u L3. B npoussenenuu
, X=X X X"

paccMOTpUM Mepy
p=p" @ p”
1 0603HauuM yepe3 L, oTBeuaiollee el MPOCTPAHCTBO (DYHKUHA C
HHTEerpupyeMbM KpajpatoM. PyHxuuu u3 L, OydeM 3amuchHBATH
KaK QYHKIUHMH ABYX NepeMeHHLIX.

Teopema 1. Ecau {¢m} u {pn} — noswusie opronopmarsrsie cu-

cremol cooreercTéenko 8 Ly u 6 L3, 1o cucrema scex npoussedenuii

fmn (x1 y) = Qm (X) Pr (y)
eCTb NOAHAA OPTOHOPMAALHAR cucTema 8 L,.
JdokasartenbcTBo. B cuny reopemb ®y6uuu (3ameuanue)

S 2% y)dp = Sw?,. (x)(gxpi(y)du”) dp =1.
X

X’ X
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Ecan m 5% m,, T0 B cuay TOf XKe TeopeMbl

{Frn 60 8) Fr (5, )l =
X

= (%0, ) ( Vo )0, () du') du” =0,

X X’

nockobky ¢yukuus [ (%, y)}f, , (%, y) ABYX mepeMeHHBIX CyMMH-
pyema Ha X = X’ X X”.
Ecau m = my, Ho n == ny, 10

§ (s ) v, Yt = (2, o EROLRC) 4" duf =0,
X X’ X7

HokaxeM nosHoTy cucteMbl {fmn}. Honyctum, uto B Ly cyute-
cTByeT QYHKUHA [, OPTOrOHAMbHAA KO BCeM (QYHKUUAM frpn. [Tom0XKHM

Fr()= [ (x, ) om()an’.
2

Jlerko Bugertb, uto QyHxruua Fn(y) UMeeT HHTErpuUpyeMblll KBajapar.
ITostoMy Fr(y)¥n(y) npu no6om n uHterpupyema. CHOBa HCIOMDL-
3yst Teopemy @y6uHu, noayyaem

S Fu(9)bu (y) dp” = S (%, 9) Fma (%, ) du=0.
X

X”
B cuay monHoTH cHCTeMbl {{n} OTCIOLA BEHITEKAeT, YTO AJIsi MQUTH

BCEX Y
Fm(y)=0.

Ho TOTAa IIpH NOYTH KaxKIO0M Yy MMEIT MeCTO paBeHCTBA
[ £, 9) o () dw =0
p

s Bcex m. B cuay nosHOTH cucTeMbl {pm} OTCIOZA HOJyHaeTcs,
YTO NPH NOUTH KAXKIOM y MHOXKECTBO TeX X, rlle

f(x, y) #0,

uMeeT Mepy Hysb. B cuy TeopeMbl ®y6uun 370 o3nauaer, uto Ha X
¢dyuxuus f(x, y) paBua 0 moutn BCIOAY.

[TpyuMeHHM 3Ty TeopeMy K HEKOTODHIM KOHKPETHBIM OPTOrOHAJb-
HLIM cHctemaM. B nmpoctpanctBe QyHKUHMHA ABYX nepeMEHHbIX

fx, g (—a<x, y<n)
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C HHTErPHPYEMbIM KBaApaTOM NOJHYIO OPTOTOHAJbHYIO CHCTEMY OG-
pasyIoT NnonapHble IPOH3BEJCHHS 3/JIEMEHTOB CHCTEM:

1, cosmx, sinmx (m=1, 2, ...)
H

1, cosny, sinny n=1, 2,...),

T. €. GYHKIHH
1, cos mx, sinmx, cosny, sinny, €os mxsinny,
€os mx cos ny, sinmxsinny, sinmxcosny.

Cootpercreytomnil psag Pypbe BHINIAANT HECKOJNBKO 'POMO3AKO, IO-
3TOMY 3JeCb yHoOHee NOJb30BATbCA MOKA3aTeJbHBIMH (YHKLHAMU

gimreiny — gt (mx+ny)  (p, m=0, %=1, &2, ...).

Dtomy 6asucy orseuaer pan dypoe

o

f(x» y) = Z Cmnei (mx+ny),

m, n=—0

rae
n

. |
eon=gr | § [l pemtmeim dedy,
4

-5
MHorounenn Jlexauapa nai0T B NPOCTPaHCTBe (YHKLUA, onpe-
[leJIeHHBIX HA KBajapare
—1<x, y<1,

NIOJIHYI0 OPTOHOPMAJILHYIO CHCTEMY, COCTOSILYI0 H3 MHOTrOUYJIEHOB

AV@m+1)(@n+1) 4™ 4"
mlnlomtntl  gem (6* — 1" dy" (y* — 1"

Bce ckaszanHoe OYEBHAHBIM OGpa3oM NEPEeHOCHTCS Ha (YHKUHH He-
CKOJMIbKHX MepeMeHHBIX. B YacTHOCTH, TPHIOHOMETPHYECKHH PpSX
dypbe ass GYHKUHH R MepeMeHHBIX HMeeT BU

(-]

Qmn (x, y) =

i(nX t.eetngx
Fy, ovey Xg)= > Cay .o mye’ (M1 k%E)
ﬂl PN nk=--oo

rae

n n

1 —i(n X+ otnyx

c,,l...nk=(—2;)—k S S flxy, ..., xp)e (ry¥y k k)dxi co.dxg.

- it 11

6. MHorouJenbl, OPpTOrOHaJAbHbie OTHOCHTEAbHO MAAaHHOTO Beca.
Mbul npuulin K MHOrouseHaM JlexaHapa, OpTOroHadHsHpys (yHK-
107051

1, x, x% ..., %" ... 9)
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OTHOCHTEJIBHO CKAaJIAPHOro NpoOU3BeACHUA
1

{ fg 0 dx,

-1

oTBeyaomiero obbiuHoii Mepe JleGera na orpeske [—1, 1]. Ecan na

3TOM OTpe3Ke 3aJ1aTh KaKylo-JHGO HHYIO Mepy W, TaKylo, 4To (yHK-

uun (9) B COOTBETCTBYIOLIEM HpOCTpaHCTBe Ly O CKaJAPHBIM INPO-
1

H3BeJieHHueM S f(x) g(x)dp suHeHiHO He3aBHCHMBI, TO, MPUMEHHB K
-1

(9) mpouecc OpPTOroHAJH3ANMH, Mbl NPHAEM K HEKOTOPOH cuCTeMe

muorousenos {Qn}, 3aBucsmiel, Boob1le roBops, oT BbI6Opa Mepol .

TIpennosoXuM, uTo Mepa [ OlpejeeHa 1A H3MepuMbix no JleGery

noamHoskects cermenta [—1, 1] dopmyoi

w(E)={g@ax, (10)
E

rie g — GuxcupoBaHHAs HeOTpPHIATe/bHAA CyMMHpyeMas (QyHKUHA.
YcnoBue OpTOHOPMAILHOCTH

Q { 1l npu m=n,
Qm, Q)= 0 npu ms“n
B 3TOM cJlyuae 3alHCHLIBAETCS B BUAE
1
| =n, .
| @ 0Qwawar={ 1 " "= (11)
=1 0 npu m#n.

Oyuxkunst g, onpeneasiomas mepy (10), Hocur HaszBaHue seca wid
secosoli pynrxyuu. Takum o06pasoMm, NPO MHOTOUJIEHBl, YIOBJAETBO-
psiomue yciaoBuio (11), TOBOPSIT, UTO OHH OPTO2OHAAbHKBL ¢ 8€COM &.
BriGop TOrO Mau MHOrO Beca MNPHUBOJHT K PpasjHyHBIM CHCTEMAM
MHorousteHoB. B wacTHOCTH, NOJI0XKUB

1
g(x)=_'\/——l_———7'

Mbl MOJYYHM MHOTOUJIEHE], COBIAJAIOIHE C TOYHOCTHIO A0 MOCTOSH-~
HOTO MHOXKHTEJs C TaK Ha3biBaeMbIMH MHOzo4seHamu Hebouwuesa,
KOTOphLIe ONpefesoTcst hopMyJoi

T, (x)=cosnarccos x (n=1, 2, ...)

H HrpaloT BAXKHYIO POJib B PA3JIHYHbIX MHTEPIOJNSLHOHHLIX 3a4a4ax.
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OpTOroHa/NpHOCTb  3THX MHOTOUY/IEHOB OTHOCHTE/NbHO Beca
1/1/1 — x? nerxo nposepsiercs. JlelicTBuTebHO, MONAras

x==c080, dx=—sin0d0, 4/1—x2=sin0,

NoJIy YaeM
1 k4

S_th_(")_“(’_‘l.dx=gcosmecosn9de=
AT = %2 p [0 npu m=#~n.

7. OproronanabHblii 6asuc B npocrpaHcrBax Ly(—oo,0) u
L,(0, c0). Bnimie Mbl paccMaTpuUBaJHd OPTOrOHAJbHbIE CHCTEMbl Ha
OoTpe3Ke, T. €, Ha MHOXeCTBe KOHeuHoi Mepbl. Paccmorpum Te-
nepb cayyafi 6eCKOHEUYHOMW Mepbl, a HMEHHO, MPOCTPAHCTBO
Lo(— 0o, 00) PyHKHHHA C HHTETPHPYEMBIM KBAaJpaTOM HA BCeH 4uC-
JqoBoil mpsimoil. OpTOroHadbHY cucremMy (QYHKUHH B HEM HeJib3sd
IOCTPOHTb HH H3 MHOI'OYWJIEHOB, HY M3 TPUTOHOMETPHYECKHX (PyHK-
nuit, 60 HU Te, HU APYrUe He NPHHAAJIEXKAT ITOMY HPOCTPAHCTBY.
«Martepnan» s nocrpoenust 6azuca B Lo(—o0, 00) ecTeCTBEHHO
ucKath cpeiu GyHKIHMH, RocTaTOuHO ObICTPO yObiBaoUMX Ha Oec-
KOHEUHOCTH. B wacTHOCTH, Takol 6a3uC MOXKHO NOJAYUUTE OPTOroHa-
Ju3auned nocsenoBaTeJbHOCTH

xne~**2 (n=0,1, 2, ...).

IleficTBUTENbHO, BesiKast Gynkuusa supa P (x)e~*2, rpe P — mHoro-
yjieH, NpUHAMJIEKHT, OueBHAHO, Lgo(—o0, 00), a mosHOTa CHCTEMBI
(12) 6yner pokasaHna B 1. 3, § 4 ra. VIIL

[MpuMenus K QyHKuuaM x"e~*2 npouecc OpTOroHa/NH3aAIUH, Mbl
NOJYYHM cHcTeMy GYHKUHHA BUAA

(pn(x)an(x)e'—x'ﬂ (n=0v 1) 2) “'), (12)
rae Hn, — MHOrounen crenesu f. STH MHOTOYJICHBI HA3LIBAIOTCS MHO-
eounenamu pmura, a camu OYHKUHH Qn — @yrkyuany Jpuura.

Herpyznno nokasath, uTo MHOrOuW/IeHbl DpMHTA COBIAAAIOT, C TOU-
HOCTBIO [I0 TIOCTOSTHHOTO MHOXKHTEJIst, C MHOTOUJIeHaMU

. : de ¥
Hy(x)=(—1)"e -;7—.

. :
! 5 Opu m=n,

HefictBurennno, Muorounen H, umeer, OYeBHUAHO, CTENEHb /I, a CO-
OTHOLIEHHE OPTOrOHaJbHOCTH

oo

S Hyn(x)H,(x)e " dx=0  (m =~ n)

-0

JIETKO TIOJIyYMTb MHTErpHpoBaHHeM no yacTsiM. B cuiy teopemnl 06
OPTOTOHAJIN3aUHN CYUIECTBYeT JHWb OfHA, C TOYHOCTBIO A0 IO-
CTOAHHBLIX MHOMHTEJEH, CHCTEeMa OPTOrOHAMBHBIX (YHKUHH BHAA
P, (x)e=*"2, rpe Py — MHOTOUWIEH 7- CTENEHHU.
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IlonyyenHbli pe3ysnbTaTt HOMyCcKaeT H Takoe UCTOAKOBaHHe. Pac-
CMOTPHM Ha NPAMOH Mepy WU, HMEWLIYI0 IVIOTHOCTb e~%, T. e, Ta-
KyIo, 4TO

dp=e~*"dx.

OTo—KoHeuHas Mepa. B mpoctpanctBe QyHKUMi, MHTErpupye-
MbIX C KBaJpaTOM IO 3TOH Mepe, CKa/sipHOe NPOU3BENleHUE HMEET
BHJ

©0

&)= fegwe=ar,

-0

a MHOrouJleHbl DpMHTA 06pasyloT B HEM OPTOrOHAJbHYIO CHCTEMY.
PaccmorpumM, Hakonen, npocrpaHcTBo La(0, 00) ¢yHkuuit ¢ un-
TerpupyeMbiM KBaJpaToM Ha noaynpsiMofi. B3sB B HeMm cucremy
pyHKUHA g
xne—* (n=0,1,2...)

M NPUMEHUB K HHM IIpOLECC OPTOrOHAJH3alMH, MBI MOJYYHM CHCTE-
My QyHKOHRA
Ln (x) e—x,

HasbIBaeMbIX pyHkyuanu Jaeeppa.

CooTBeTCTBYIOIHE MHOrOUJMeHH L, HA3KIBAIOTCS MHO204AEHAMW
Jlazeppa. Muorodjensl Jlareppa MOXHO paccMaTpuBaTh Kak OpTOro-
HaJibHBI 6a3uC B NpOCTpaHCTBe PYHKUHH, KBaApaT KOTOPHIX HHTEr-
pupyeM Ha nojgynpsmoii (0, o) no mMepe

du=e *dx.

B n. 3§ 4 ra. VIII M nokaxeM, uto cucreMa ¢yHkuuit Jlareppa
nosina B Ly (0, 00).

8. OpToroHaJibHbie MHOTOYJEHbl C JAHCKPeTHbIM BecoM. [lycTh
n-+ 1 pasjiuyHbLIM TOYKAM Xo, X1, ..., Xn JEHCTBHTEJBHON TpPSAMOIT
NPHIHCAHBl B KAYeCTBE <«BECOB» MOJIOKHTENbHblE YHCAA Po, D1, -« .
..., Pn, @ Mepa n onpejenena GopMyJoi

R(E)= X pe
xkeE

T. e. n(E) paBHa cyMMe BecoB, cojlepxaiiuxcsi B E Touex x,. ls-
MEPHMBIMH 110 9TOH «BBIPOXKJEHHON» Mepe fABJSAIOTCS 31ecCh J6Le
MHOXecTBa M GYHKUMH HA NpsMOH, mpHueM Jioboe MHOXKecTso E,
He colepxkalee Touek xx (R=0, 1, ..., n), umeer mepy 0. Tem
caMbIM HMHTErpaj mo Bceil AeACTBHTE/bHOA NpAMON oT GyHKUHH [
paBeH

§ 1dn =73 puf (x0),

-co k=20
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a cKaJsfpHOe npousBefeHue gaerca GopMmyJon

¢, =3 pif (s & (x0).

OueBuano, uro QyHkuuu [ H g OGYAYT 3KBHBAJEHTHH MO Mepe W,

ecnn
[ (xe) = g (%)

BO BCeX TOYKax Xo, X1, ..., Xn, H TOJIbKO B 3TOM CJyuae.
Jsst 5TOro BBIPOXKAEHHOrO C/yyas 3aaya HauJaydlledl annpoKCH-
Maluu B CMbICJIe PaccTOsHUA B Ly CBORUTCH K ONDEMEJEHHIO CyMM

Co®ot+ @+ ..o FCn®m,
©o0palllaloIiHX B MUHHMYM BhIpaXKeHue

n m 2
k;) pk{f(xk) - iZ—::l Ci®; (Xk)} ’

T. €. K 3aJlaye «UHTEPHOJHPOBAHHA 10 METOAY HAMMEHBIIHX KBaj-
paToB».

B cBf3u ¢ 3agauell HHTEPNONNPOBAHUS IO METOAY HaWMEHbUIHX
KBaJpaToOB MHoOrouleHamu sananuoil crenenu I1. JI. UeGnieB pas-
BHJI TEOPHIO OPTOTOHAJBHBIX MHOrouseHoB. YToOB H3/JI0XKHTH OTHO-
CsllHecst CloJa pe3ynbTaTthl HeOblleBa, 3aMeTUM, YTO CHCTEMA

1, x, %2 ..., £° (13)

TIpH Haulefi Mepe W JHHeAHO He3aBHCHMa, TaK Kak cxananoe npo-
usBefeHue (X7, x%) BrIpaxaercs GopmyJon

o, =5 pgr

n JerepMunant ['pamma cucremer (13) ects (cyMmbt mo k£ ot 0
Jo n)

2 P 2 Py 2 PRXE ee 2L PpXR
2P Pkﬂ 2 kai Z pxit!

Zpk Zpkx'” Zp x"* Zpkx

| Vo Vo o Ap. [ 11 1P
W/Pofo '\/P:xx-n'\/P;;x = Popy + . Pa Xo Xi ves Xp
«/p(,xo «/plxl - «/p X§ X

HaoGopor, " mpu r > n JuHEAHO 3aBUCAT OT QYHKUMI CHCTEMbl
(13), rax xax B Hamwem ciydae L, uMmeer pasmepHOCTb n + l.

7 0.
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HOSTOMY npouecc OpTOroHaJjin3aliu NPHBOAHT K KOHEUYHOH cHCTeMe
MHOTI'O4JIEHOB

PO) P]) LRI ] Pm
OPTOHOPMAJIbHBIX B TOM CMBICJIE, UTO

k§0 PP, (xk) Py (xk) =,

¥ Kaxas ¢yHkuusi [ pasjaraetcst B KOHEUHbIH g

n
f"’ Z chr’
r=0
rae

6= 3 puP, (x) (0.
k=0

B Toukax xx BLINOJHSIOTCSA PaBEHCTBa

fe=3 e P ) k=0, 1, ..., ),

T. €. TMOJIHAs CyMMa psiJa eCTh NPOCTO HHTEPIOJALHOHHBIH MHOro-
usnen Jlarpamxa. Hemonnbie cymMmmul

Qm= Z”jlocrpr (m<n)

SBJISIOTCS MHOFOYJEHAMM M-d Crelledy, npubnuxawowuMu f B Tou-
Kax Xx HaUJAy4YlIMM cOOCOG0M B TOM CMBbIC/E, UTO BhIpaKeHHe

3% P (50 — Qs (50

13d Qm Menbllle, yeM JJs JI0O0ro Jpyroro MHOro4JeHa TOH ke cre-
TMeHu m.

9. Cucremnt Xaapa u Papemaxepa — Yomma. XaapoM GBI IOCTPOEH Cienyio-
Wyl npuMep NOJMHOH cHcTeMbl ¢yHkumit Ha orpeske [0, 1]. Cucrema arta cocrout
43 QYHKIHH

. Q=1
H cepHit
Pois
Q115 P12y

Pppr Prgr 0 Ppon
(n-s cepust copepxut 2% ¢ynxuuil), rae
(1,  0<x<1/2,
q’"‘—{-_—l, 12<x<1,
A2, o<x<li/4, 0, 0<x<1/2,
on =9 —4/2, lja<x<l/2, F=<¢ /3, 1/2<x<3/4,

0, 12<x<1, —4/2, 3/4<x<]l,
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Boo6me, nosoxuM (B TOYKax paspuiBa 3HaueHHA QYHKLUHA MOXHO 6paTb MPOH3-
BOJIbHBEIMH)

{ i—1 i—1 1
2 20 —— e
2" ? on <x< on +2n+l ’
) g izl 1 i
Pni = 2” ’ 211 + 2n+l <x< 2".'
i—1 i
0, xeé[T; '27]
(n=0,1,2,...; i=12,...,2%.

Jlerko BHAEeTh, UTO NOCTPOEHHAsl CHCTeMa OpTOHOpMaJsibHa. JlokaxeM ee MOJAHOTY.

Paso6boem otpesox [0, 1] Ha 271! paBHBIX HHTepBaJOB A; H PaCCMOTPHM MHO-
xecTBO M,y Bcex (YHKIHA, COXPAHSIONHX TNOCTOSHHOE 3HAYeHHEe Ha KaXKAOM.
H3 nHTepBaJMoB A;. OueBHIHO, M4, ecTb JikHeliHOe TNOANPOCTPAHCTBO Da3MepHO-
ctu 27+l Kpome roro, Bce ¢yHKUMM Haluel cucTeMbl O (yHKuuil n-it cepun
BKJIOUHTEJbHO BOHAYT B Myn.yy. Tak Kak 3TH QyHKUHH B CHJIY OPTOHOPMAaJLHOCTH
Hallelfl CHCTeMbl JIHHEHHO HE3aBHCHMBI H TaK KaK HX YHCJIO PaBHO

n
1 + Z 2k=2ﬂ,+l,
k=0

TO QYHKUHA Qo H QYHKUMH Qr: cepuit R =0, 1, ..., n ob6pasyior B M, 4, noa-
HYIO CHCTEMY JHHEHHO He3aBHCHMBIX BeKTopoB. OTciofa, 1puHHMas BO BHHMaHHe,.
4yTo J00ast HenpeproiHasg (QYHKUHSA MOXKeT ObITb CKOJb YrOZHO TOYHO aNIPOKCH-
MHpOBaHa (QyHKIHed u3 M,i; (IpH AOCTATOUHO GOJbIIOM 7), Mbl yGexiaeMmcs
B MOJIHOTE HalleH CHCTEMBI.

PaccmorpuM eiie OAWH TNPHMED OPTOHOPMAJbHON CHCTEMBI (YHKUHII Ha OT-
peske [0, 1], npuHannexaiuii Pagemaxepy. [Tonoxum

om = (=)™,

HupivMu cnoBamu, OYHKUHS @n NOJydaeTcs caefyloluM o6pasoM: cerment [0, 11
ZenuTcst Ha 2™ paBHBIX uacTedl A;, TpuueM Ha HHTepBanax A; (i=1, ..., 2m
GYHKIHA Qm NPHHUMAET TIONEPEMEHHO 3HaueHHst +1 u —I1.

OpTOHOPMAJBLHOCTL CHCTEMBI

Qo> Piy ovey Py v v e (]4)
oueBnana. DTa cHCTeMa He moiHa. DTO cjelyeT XOTs Gbl H3 TOrO, UTO, HANMpHMeD,
GyHKIHA

’

1, ecan 0<x<1/4 nmm 3d<x<l,
—1, ecmn 1/4 < x < 3/4,

OPTOroHa/bHa KO BeeM (YHKUMAM cHcTeMbl (14). OHaKo NOCTEHIO MOXHO pac-
WIHPHTb IO MOJHOH OPTOHOPMAJBHOH CHCTEMBI, JOGaBHB K HEH (GYHKIHH BHLa

..mkzq)m‘q)mz"'q)mk (0<m1<m2< o <mk)' (15)

P12 = Q192 ={

‘pmlmz .
OueBHAHO, YTO pacUIHpeHHAs TAKAM 06pa30M CHCTEMa, HaskBaeMas CHCTEMON
Panemaxepa ~— Yoaura, octaHercs OpTOHOpMasbHOH. KpoMe Toro, ona yXe 6Gyxer
nonoft. [lokasaTenbCTBO 5TOrO MPOBOXKTCS AHAJOTHYHO AOKA3ATENLCTBY MOAHOTHL
cucTeMul Xaapa,



FTABA VHI
TPHFTOHOMETPHYECKHE PSJIbI.
NPEOBPA3OBAHHE ®YPbE

§ 1. Ycaosus cxopumoct pana Pypbe

1. JlocraTouHbie ycaOBHSi CXOAHMOCTH psina Pypbe B Touke.
Paccmorpum croBa npoctpanctso Lg[—m, ] dyukuui ¢ cymmupye-
MBIM_ KBaJpaTOM Ha OTpe3Ke [—m, m]. D10, KaK GbLIO [OKa3aHO B
ra. VII, — nosnoe GeckoHeuHOMepHOE €BKJIHAOBO NPOCTPAHCTBO, T. €.
ruab6epToBO npoctpancTBo. OyHKIHH

1, cosnx, sinnx (n=1, 2,...) 1)

©06pasyloT B HeM NOJHYIO OPTOrOHAJbHYIO CHCTEMY, MO3TOMY AJIA
xaxnoll ¢ynkuun f & Lo[—mn, n] psag Oypoe

% + Z a, cos nx -~ b, sin nx, (2)
n=1
e
T n
a, =%S f(x)cosnxdx, b,,=—,}; S f(x)sinnxdx, @)
“n —-n

cxonnTtesl K [ B cpeiHeM KBAaJAPATHYHOM, T. €. B MeTpHKe IPOCTPaH-
crBa Ly[—m, n]. OnHako B cBsi3w ¢ npumeneHueM psaos ®ypbe K
3ajlayaM MaTeMaTHueCcKoH (H3HKH M APYrHM Bompocam OyZer Cylie-
CTBEHHO YCTAHOBHTb YCJNOBHS, FapaHTHPYIOUIHE CXOAMMOCTb psaa
dypbe K f HE TCJIBKO B CpejlHeM, HO W B IaHHON TOYKe, BCIOAY, HJH
Jlaxe paBHOMepHO. Mbl YCTaHOBUM cefluac YCJAOBHS, JOCTATOUHbIE
s CXOAUMOCTH TPHUIOHOMETPHYECKOro psiga B NaHHOH Touke. Cpe-
JlaeM HeKOTOpble NpeiBapHTe/bHble 3aMedaHHs.

BMmecTo QyHKIMI, 3afaHHBIX Ha OTpe3Ke [—a, 5], Mbi MOXeM ro-
BOPUTb O NEPHOJHYECKHX (QYHKUHAX C NMEPHOAOM 27 Ha Bceilt mps-
MOJi, IOCKOJIBKY KaxKAyi0o (YHKLHIO, 3aJaHHYI0 HA OTpe3Ke, MOXKHO
nepHOINYeCcKH npodo/KuTh !). Jlajee, ¢pyHxunu, obpasywouiue Tpu-
TOHOMETPHYECKYIO CHCTeMY, OrpaHuyeHbl, No3ToMy Qopmyan (3),
onpegensioue kodpduunentel Pypbe no 3Tl cuCTEMe, HMEIOT

1) 3ameHHB, ec/i HYXKHO, [(X) SKBUBAJIeHTHOH (QyHKUHeH, MBl MOXKEM CHUHTATb,
aro f(—n) = [(x1).
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cMblca 18 Ji060k cyMMHUpPYyeMo i oyHKuHU ') (a He TONBKO AJS
GyHKUHE ¢ CyMMHUDYeMBIM KBaApaToM). TakuM o06pa3oMm, KaxAOK
¢yukuun f & L [—n, 5] 0TBEUa0T COBOKYNHOCTb €€ KO3(hHUHEHTOB
Dypoe u ee pan Pypre

i (%) N%"— + z a, cos nx -+ b, sin nx.
n==1

IlepefinemM Tenepb K BOIPOCY O CXOAMMOCTH 3TOrO psija B JaH-
HOM TOYKe X K 3Hauenwio QyHKUuH [ B 3T0i Touke. [Tonoxum

Sn(x) =2+ )" @y cos kx + by sin kx. (4y
k=1

TIpeoGpasyem cHauana Sn(x), noacrasus B (4) BMecto Ko3hdu-
UHEeHTOB ap M b, MX HHTerpaJibHble BhipaxKeHus (3). OGo3Hauus me-
peMeHHYIO HHTerPHPOBaHHS uepe3 !, Mbl MOJYYHM

T n ‘
S, (x) =—:; S f(t){%—i— " cos kx cos kt -+ sin kx sinkt}dt =
-1 k=1

=L S f(t){%+2cosk(t——x)}dt.

~1 k=1

Bocnoib3oBaBIIKCh XOPOIUO H3BECTHON (GopMyJIoN 2)

C2n 41
1 -s1n 9 u
5 tcosu+cos2u+ ... 4 cosnu=—o—o, (5)
2sin-g-
6yneM HMeTb
i ; sinQn;-l(t——x)
Sa®)=—\T0 ———dt. (6)
x 2 sin 5

1y Tpn _OTOM, KOHEUHO, AJif NPOHSBOJLHON CYMMHPYEMOR OYHKIMH HHKAKHX
YTBEPXKAEHHH O CXOAHMOCTH pafla (2) MBI He AejaeM.

%) Hdast noayuenus sToi (hopMysB ROCTATOYHO NPOCYMMHPOBATb DaBeHCTBa

. U 1 u

sin - = — 2 sin —

2 2 2°

sin sin cosu + 2 sin —
— —— — gm— s .
) 3 u-2sin =,

. . -1 u
sin u—sin 0= <9 sin =,
2 b cos zu - 2 sin 5
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JT10 npeicTaBieHHe Sp(x¥) H pasiinyHble ero MOAH(HUKALKMH HA3bI-
BawoTcsl unreepasom Hupuxaie.

Cnenaem 3ameny, nonoxus {— x = 2. ITockoabky noa uurterpa-
JioM B (6) crouT nmepuonMYecKast GYHKUHS C NMEPUOAOM 27, HHTEr-
pas oT Hee IO JIOGOMY OTPE3KYy IJIHHBI 271 HMeeT OJHY U Ty XKe Be-
JinanHy. [To3TOMy M NpH HHTErpUpOBAHHU 1O 2 MBI MOXeM coXpa-
HHTb NPeXHHe npeneysl —x u n. [loayuaem

b . 2n+41
1 sin —5—2
sw=t{ictaT2"e
n 2 Siﬂ?
DYHKLUHSA
_ 2m -1
1 sin T 2
D, (z) =% z
sin E‘

HaspiBaeTcs A0pom Hupuxae. VI3 pasenctBa (5) cpasy BHUAHO, YTO

npu Jo6oM n
n

S D,(2)dz=1.
—n
Hcnonb3ys 310 paBeHCTBO, 3anulieM pasHocTb S, (X)—f(x) B BuIe
1 c sin—2-n—;_—1-z
SW—fW=g | e ta—i01 T2 "d @
x Sll’l'?

TakuM 0oGpa3oM, Mbl CBeJH BONPOC O CXOAUMOCTH Sa(x) X f(x) K
BONpPOCY O CTpeMJeHHH K Hymo Hrterpana (7). HccnepoBanue
BTOTO MHTErpaJja OMUpaeTcs Ha CJeNYIOUIYIO JeMMY.
JNemwma l. Ecau ¢ynxdua ¢ cymmupyema na orpeske [a, bl, o
b
lim S @ (x)sinpxdx=0.

->» 00
P a

JlokaszateabcTBO. Ecnyu @ — HenpepuiBHo auddepennupye-
Masi QYHKUHUs, TO C TOMOILIbI0 HHTEPHPOBAHHS IO YacTSIM IOJY-
yaeM, YTO Mpu p —> o©

b b
b
S(p(x)sinpxdx=——<p(x)£°-spﬂ‘a+Sq)’(x)ﬂ’-sp—& dx—0. (8)

a a

Tlyctb Tenmeps @ — NPOH3BOJIbHAA cyMMupyeMas Ha [a, b] dynkuus.
Iockonbky HenpephiBHO AuddepenunpyeMble yHKIUH BCIOLY MJIOT-



§1] YCJI0BUS CXOOHMOCTH PSIAA ®YPLE 403

Hbl B Ly [a, b], ansa mo6oro € > 0 HalifeTcst Takas HEMPephIBHO JH (-
¢GepennupyeMas QYHKLHUA @g, UTO
b

f1oe—e.wiar <. (9
Janee, nMeem
b

S @ (x)sinpxdx

a

b
S [@ (x) — @ (x)]sinpxdx

a

4+

<

-

b
S Q. (x)sinpx dx

IepBoe ciaraeMoe cnpaBa MeHblle, ueM &/2, B cuny (9), a BTO-
poe — CTPeMHTCsI K HYJIO NPH p —> oo coraacHo (8).

JlemMa noxasaHna.

Tenepb MBI JIETKO MOXKeM [OKa3aTtb CJAEAYIOIIHMH JOCTATOYHBIE
NpH3HaK CXOAUMOCTH psifa Pypoe.

Teopema l. Ecau f— cymmupyeman ynxyus u npu ¢puxcupo-
sarnHom X . HekoTopom & > 0 unteepan

8
Slﬂx+?—ﬂn dt (10)
-6

cywjecTsyer, T0 dactuunoe cymmor S, pada Pypve pyuxyuu f cxo-
0arca 8 3Tol TouKe X K [(X).
HoxasarteabcTBo. [lepenumem uHTerpan (7) B BHIe

1]

L lekaoit) 2 o2kl (1)
2 sin —
-7 2

Ecan ¢yukuusa
(I)y f(x+2)—f(x)

4

unTerpupyema (mo 2) B mpeienax or —38 1o 8, To oHa uHTErpHpye-
Ma B Ha BceM orpeske [—mx, ] (mockoabky fe& Li[—m, n]). Ho To-
ria vaTerpupyemMa u GyHKius

fe+2)—fx) =z
2 2 sin (2/2) °

nostoMy K HHTerpaay (11) MoxHO npuMeHHTb Jiemmy 1, u Mbl mo-
JiyuaeM, 4TO 3TOT HHTerpas CTpeMHTCS K HYJIO, KOTHa 7 —> 0o,

3ameuanns 1. Cxogumoctb unterpana (10) naswiBaercs yc-
sosuem Jtnu. OHO, B YaCTHOCTH, BLIIOJHEHO, €CJAH B NAHHON TOY-
Ke x QyHKUHs [ HempephIBHA M HMeeT KOHEUHYIO NPOM3BOAHYIO, MR
X0Ts1 6Bl IPABYIO H JIEBYIO IPOU3BOJHEIE.



410 TPUIOHOMETPHUYECKHE PANBL. MPEOBPA3OBAHUE OYPLE [, vifi

Paccymnenuﬂ, NpOBEJAECHHbIE IIPDH J0KasaTeJbCTBE TeopeMbl 1,
OCTAaHYTCA B CHJE, eCJIH BMECTO yCJOBUA HHHH ﬂOTpEGOBaTb CX0Hu-
MOCTH C/IeAYIOIHX ABYX HHTErpaJioB:

0

3
S (x+z)—-f(x—0) dz u Sf(x+z)—f(x+0) dz (12)

2z

-6 0

tae f(x—0) u f(x -+ 0) cyrb seBblit ¥ npaBbiil npexeasl PyHKUuH |
B TOUKe X (mpeanoJaraercs, 4To X €CTb TOYKA paspbiBa IEePBOro
poxa aas f). HefcTBuTeapHO, pasHocTb

Sn(x)___ f(x+0)—;-f(x-—-0)

MOXHO NPeJCTABHTb B BHJIC
1 0 sin —%2—+—l— 4

- S [f(x+2)—f(x—0)]—m2‘)—‘dz +

-7

o sin2n+lz

+ U6+~ 1+ Ol gy da
0

TpH YCJOBHH CyLleCTBOBaHHSI HHTerpasoB (12) 3Tu Bblpaxenus
CTPEMATCS K HYJIIO, KOTJa 1 —> 00,

~OT1cioa BbITEKAIOT HOCTATOYHBIE YCJIOBHS «IJIOOAJbHOM» CXOLU-
MocTH psna Pypbe, 06bIYHO NMPUBOJUMbIE B KypCcax aHagau3a.

ITycte [— oepanuuennasn ¢yuxkyus ¢ nepuodom 2n, umenoujasn
paspoiebl Auule nepgoz2o poda, u nycre [ umeer 8 Kaxood TouKe
aesyro u npasyro npoussodnvie '), Toeda ee pad Pypve cxodurca
8c100y, a e2o cymma pasna [(x) 8 TOUKAX HeNpepviBHOCTU U PABHA

‘;— (f(x 4 0) + f (x — 0)) 8 Toukax paspoisa.

2. flapo Hdupuxne Dn(z), urpaBmwee OCHOBHYIO POJb B HAIIKX
pacCyXIeHHAX, NpelcTaBaser co6od QYHKUHIO, NPHHUMAILIYIO B
n 4 1
25
xoJgebmomyocsa (puc. 22). B cuny 310ro 06CTOATENBCTBA OCHOBHOI

2
Toyke 2 = ( 3HayeHue i npu OOJbIIHX 3HAYEHHAX N OBICTPO

1) B Touke paspeiBa MepBOro poja JeBas M MNpaBas NPOH3BOAHBIE NOHH-

MAIOTCA KaK
i LE=R =0 el — x4 0)

A0+ —h B0+ h

<COOTBETCTBEHHO,
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BKJaJ B HHTErpa
b

{ 7+ 2) Da(e)az

-7

npu GONbUWIMX N JlaeT JHUIb CKOJMb YrOJHO MaJjass OKPeCTHOCTb TOY~
ki x. Jlas GyHKuuM, yI0BJETBOPAIOIUHX YCI0BHIO JuHH, 3TOT BKIAX
crpemutca K f(x) nmpu n—> co. MoxHO ckasaTb, uTo saapa lupuxie
D, ofpa3yioT nocaen0BaTe bHOCTb QYHKIHOHAJNOB, CXOASLLYIOCH, B
HEKOTOPOM CMbicsie, K §-(QyHKUUH
Ha MHOXKecTBe OGyHKuHi [, pas-
JOXHMBIX B  cxojgawmiics  pal
Dypre.

sIcro, uTo B CcMbice OOBIUHOM
CXOAMMOCTH  NOCJAENOBATEIbHOCTE

{D,} He cTpemMHTCS HH K KaKOMy
npejeny, NO3TOMY, HCCeNyst HHTer- /\
J \/ g

paa (7), Mbl He MOIVIH NPHMEHHTbH
KaKHe-JM60 CTaHJapTHble TeopeMbl
O npeleJbHOM Ilepexoje MNOA 3Ha-
KOM HHTerpasna.

3. Ycaorne [HiiHu, ob6ecneunBaio-
mee cxoaumocte psfa Pypve, Mo-
JXHO 3aMeHHTb IPYTUMH YCJOBHS- Pne. 22.

MH, HO MNpOCTO OTOPOCHTH €ro B

Teopeme 1 Henb3s. JlefcTBATENbHO, NaXe CPefM HENpPEPHL BHH X
CYLEeCTBYIOT QYHKIHU ¢ psiioM Pypbe, pacXoASUIUMCS B HEKOTOPBIX.
Toukax. Cpein CYMMH Py eM bl X QYHKUHKH CyLlecTBYIOT TaKue, psi
dypne kotopuix pacxopurcsi Bcloay (A. H. Koamoropos). Eue B
19156 r. H. H. Jlysun nocrasun cienyioiuyo npobjaeMy: cyuie-
cTBYIOT JiH B Ly GyHRUMH, A1 KoTOphix psan Pypbe pacxomurcs Ha
MHOXeCTBe nNoJoxureabHo#t mepnl? Kak moxasan JI. Kapaecon
(1966 r.), Taknx GYHKUHA He CYILECTRYeT.

Tor ¢akr, YTO CyImECTBYIOT HempephiBHble (YHKUMH, OIS KOTO-
puix psAnx Pypbe CXOLHUTCH He BO BCEX TOUKAX, JErKO BHITEKAeT M3
obuiux TeopeM O caabofi cxoauMocTH ¢yHKuUMOHaMoB (m. 3 § 3
ra. IV). 3ameTnm npexpe BCero, uto

N
VL

I
SID,,(z)ldz-—>oo npu  n—> oo, (13)
-1
JleACTBHTENbHO, YHCIUTENDb APOOH
Isin 2";1 z,
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©o0pawaercsi B | B Toukax, rue

2 1
il e=(k+g)n  k=0,1,..., 1 (14)

‘OKpyKHM KaXJyl0 H3 TOYEK, OIpejensieMbiX ycioBHeM (14), untep-

BaJoOM
2n 41 2k + 1 14
| 53— 22— TLI<—3—. (15)

Jlauna n1060ro M3 HUX paBHA, OYEBHAHO, .B kaxjaoMm us

. 2n+1
3THX HHTEPBAaJIOB Sln—§—

Ha k-M uHTepBane (k=0, 1, ..., n). UmMeenm

47
3@+ 1)
zlne Meubine, yeM 1/2. Ouenum Besu-
2
2

sing <3<y (et 5) () <t

YUHY Sin

[Tostomy uuterpasn ot |Da(2)|, B3sTHI TONBKO MO MPOMEKYT-
KaM, onpejessieMblM yciaosueM (15), Goablue, yueM cyMma

n

n
] 1 1 45 1 1
9 Zi E+1 32 +1) ~ 3m Zk+1'
k=) 2fl+l k=0

DTa cyMMa CTpeMHTCS K 00 1pu #~>oo. OTCioga BbITEKaeT COOTHO-
wmenre (13). Ono osnauaer, yto HOpMH ¢yHKUHOHANOB Dy B mpo-
CTPAHCTBE HeNpephBHbIX (QYHKIUH He OrPaHHYEHBl B COBOKYIHOCTH.
Ho Toraa B cuiy TeopeMsl 0 c1aGoit ¢XOAMMOCTH GYHKIHOHAIOB 3Ta
NOCE0BATEIbHOCTD HEe MOXKeT OwniTbh ¢nabo cXoAsillelics Ha mpo-
CTPAHCTBE HENPEPLIBHBIX (QYHKUMA, T. €. HMEIOTCS HenpepbiBHHIE
dyukumy f, LI KOTOPBIX

FL2

fim S D, () f (x) dx

-7

He CyILeCcTBYeT.

2. YcaoBus pasHOMepHOil cxoaumoctd pana Pypee. Mbl ycra-
HOBHWJIH YCJIOBHS, NOCTATOYHble /151 cxoauMocTH pajna Pypee Hexo-
Topo¥t QyHKuuu [ B Kaxao# Touke. Kiace QyHnkuu#, ynosaersopsio-
LHMX 3THM YC/IOBHSM, BeCbMa ILIHPOK, H JaXKe HENpPEePhIBHOCTL BOBCE
Hie HeoGX0LHMa /st NPEACTaBUMOCTH (YHKIHH CYMMOR BCIOLY CXO-
JSIIerocss TPUTOHOMETDPHUECKOTO psiza. [losoxenne HECKOJBKO H3-
MEHHUTCS, €CJIH Mbl OYIeM HHTEPECOBATHCH YCIOBUSMH PaBHOM e p-
HO# cxomumoctu psaga Pypee. Slcho, uro ecan OyHKums [(x)
uMeeT X0TA OBl ONUH Pa3phiB, TO ee psAlL DPypbe He MOXKET CXOAHUThCS
K Hell paBHOMEpHO, NOCKOJBKY CyMMa DaBHOMEPHO CXOASUIErocs
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" pAla HenpephIBHBIX PyHKHUM Bcerfa HempepniBHA. Takum ofpasowm,
HENPEPhIBHOCTh (PYEKLIHMU eCTh HEeO6XO0AUuMOe (HO, KOHEUHO, He
J0CTAaTOYHOE) YCJOBHE PAaBHOMEPHOH CXOmMMOCTH ee psina Dypbe.
[Tpoctoe nocrarouHoe yc/OBHE MaeT CJeayoias TeopeMma.
Teopema 2. Ecau ¢pynxyus [ ¢ nepuodom 2n abcorworno He-
npepoiena, a ee npou3sodnas [ npunadsexmur Lo[—mn, n), 10 pad
Dypoe pyuxyuu [ cxodurca Kk Hell pasHOMepHO Ha Bceli NPAMOLL.
HoxkasareabctBo. O6o3nauum uepes a, u b, Kospduumen-
ol Pypre ¢ynkuun ['. Tak kak f a6conoTHO HempepbiBHA, TO K HH-
Terpany
43
a, =':IT S f(x)cosnxdx
-

MOXHO IPHMEHHTb (OpPMYyJay HHTErPUPOBaHHUs MO uactaMm. Iloay-
yaeM
T
1
ap =—- S f(x)cosnxdx =

-

1

T ’
1 sin nx | . b
=?f(x)—n— el S f’(x)smnxdx=—7";
-7t
aHaJIOTHYHO,
n
1 . a,
by =\ [(x)sinnx dx=—"1.
-
CuenosaTebHO,
la,| |+ LA LA RS
0 0
Yl b =12 Y Ll Ll ()
n=I n=1
DTOT pAn CXOOHUTCS, MOCKOJBKY
T A Y
- g?(bn +7). . <§(aﬁ +;2—)-

0
2 2 o
a Zlb',’ ~+an < oo B cuny nepasencrsa Beccens. UncaoBoit psia
e

(16) cayxut, oueBHAHO, MaxopaHTOH Aasi pana Pypwe Gyukuun f.
Ho roraa, no npusnaxy Befiepmrpacca, pax ®@ypoe dhyuxunu f pas-
HOMepHO (u a6conoTHo) cxomutcsi. Ocraercsi nokasaTh, 4TO CyMMa
storo psama ectb [. [lycth ¢ —cymma psiza ®ypee dyukuuu f. To-
rla @ HMeeT Te XKe cambie Koapduunentst Pypoe, uro u f, OTciona
B CHJIy HENpepbiBHOCTH 00enXx (QYHKHME mosydaeM, yT1o [ = .
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MoxHO gaThb Apyroe yc/jOBHe pPABHOMEpHOH CXOJHMOCTH psifa
®ypbe, aHANIOrHYHOE YCIAOBHIO [HHYH, HMEHHO: )

Teopema 3. Ecau na nexoropom mnosxcecrse E < [—n, ] cyn-
Mupyeman gyuxyus [ oepanuuena, a ycrosue Hdunu 8binoanserca
Ha E pasnomepro, T. e. Oaa ecakoeo & >0 cywecreyer Taxoe
6§ >0, uro

[

[f{x42) —f{xn)!
S TZ] dz<e

-6

odnospemenno 0ara scex x € E, to pad Pypve ¢pynkyuu | cxodurca
K aTod ¢hynxyuu pasHomepro Ha E.

Jloka3zartenbCTBO 3TOH TEOPEMEl OCHOBAHO Ha JieMMe, CJyKaliel
ycunenueM jgeMmbl | (cM. ctp. 408).

Jlemma 2. Ecau B —npedrkomnaktioe 8 merpuke Li[—n, n}
MHONCECTBO cymmupyemolx Gynxyuid, o 0aa scakoeo & >0 wall-
derca Trakoe N = N (g), uro

b
Sf(t) sinAtdt| <e

a

npu A = N(e) Oan scex f = B o0nospemenno.
Ilna nokasatejbcTBa JIeMMbl BO3bMeM B B KoHeuHylo &/2-ceTb
@1, - - ., @r ¥ BoiGepeM N Tak, uTo6bl

b
Scp;(t)sinhtdt <§, i=1,2, ...,k nipu AZ=N.

a

Ecau teneps f-— npoussosibHast QyHKUHS H3 B, TO npH HEKOTOpOM i

I — ol <ef2
H, ¢JeaoBaTeNbHO,
b b b
Sf(t) sinAt dt| < S(pi (t) sin A¢ dt | + S(f——q),-) sinAtdt| < e.
a a a

TeM caMBIM JleMMa Jl0Ka3aHa.
IIpuMeHeHHe 5TOil JleMMbl OCHOBAHO HAa TOM JIETKO NPOBepsieMoM
¢dakre, 4TO B YCJIOBHAX TeopeMbl 3 MHOXKECTBO (YHKIHH

o () =L D=1

npeaKoMnaxkTHo. JlaspHeRnHe NOAPOGHOCTH JOKA3aTeNLCTBA NPeNo-
CTaBJisiEM YHTATENIO.

Jo cux mop Mbl TOBOPHJH O (GYHKUMSX, 3alaHHBIX Ha OTpe3Ke
[—mn, n]. SicHo, 4TO BCe ckasaHHOe MOXKeT GHTb aBTOMATHYECKH mepe-
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HeCeHo Ha (QyHKUMH, oOnpeje/ieHHble Ha OTpPe3Ke NPOM3BOJbHOM
AnauHbt 21

Ins cnyyasi HECKOJIBKHX HE3aBHCHMBIX NEPEMEHHBIX TOXE MOX-
HO chopMy/nHpoBaTh Kak YCJOBHA, JOCTATOYHBIE JJSI CXOJHUMOCTH
paga ®ypre B KaXAOH TOUYKe, TAK H YCJIOBHS PAaBHOMEPHOH CXOIH-
MOCTH psita Pypbe. Ml He Oy/leM HA 5TOM OCTaHABIUBATHCS.

§ 2. Teopema deiiepa

1. Teopema @Peitepa. IlycTb f-— HenpepbiBHasi GYHKUUA C Te-
puonoM 2n Ha npsaMoi. dta QYHKUHUS OIpefessieTCsi CBOHUM PSiOM
Dypre

_‘_;L_I_Zan cos nx -+ b, sinnx n

n=1

OJIHO3HauHO. [leficTBUTENbHO, ec/iH [ H 3 — JBe HempepbiBHbIE QYHK-
HHH, HMeOLIHe OIHH H Te Xe Ko3pduuuentsr Pypoe, 10 fi — f2 —
HenpepbiBHAS QYHKIUSA, PaBHAS HYJIO NTOYTH BCIOAY H, C/1EJOBATE/b-
HO, TOXJIeCTBeHHbIH HyJb. OaHaxko mockoabky psg Pypee Henpe-
pbiBHOH (YHKUHH, BOOOLle rosopsi, He 00$13aH CXOLHUTHLCSA, Mbl He
MOXeM TaKylo (QYHKUHIO [ HONYYHTb HENMOCPEICTBEHHBIM CYMMHpO-
BanneM ee psana Pyppe. Crnoco6 BOCCTAHOBJNEHUS HeENPePHIBHOM
$yuxuun no ee psny ®ypoe gaer usjaraemasi HUXKe TeopeMma, J0-
Kasannas B 1905 r. Qefiepom.
Ilycts

k
Sk(x)=%+z @; cos jx + by sin jx (2)

j=1
—yactuuHas cymma psiga ®Pypoe dyuxuuu f. [Momoxum

6, () = So(x)-}-S;(x)-{;l cer 4 Sno1{x) . 3)

Boipaxenua on — cpeiHue apudMeTHyecKHe CyMM Sy — HA3BIBAIOT-
csi cymmamu Petiepa dyuxuuu f.

Teopema l. (Petrep). Ecau [ — nenpepoisrasn pynxyus c ne-
puodom 2n, 10 nocredosaresvnocts {on} ee cymm Peiiepa cxodurca
K [ pasnomepno na sceil wucao80i ocu.

JlokasaTeabcTso. BocnonbayeMes nosydeHHBIM B MpebiAy-
IieM naparpade HHTErpa’ibHbIM NPECTAB/IEHHEM YACTHAHBIX CYMM
pana Pypoe:

n 2k +1
l SIH'TZ
Se(¥) =+ Sf(x'l'z) ——dz.
-1 2 sin —

2
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[lomcraBuB 3TH HHTerpajbl B PaBeHCTBO (3), MOAYUHM AMA Gp(X)
cjlelyoliiee BEIpaXKeHHe:

1 ¢ {n! sin 2k;-1 z
= | {3 ——fa+ae,

KOTOpO€e ¢ OMOMIbI0 hopMyJn ')

n—1
3" sin(2k + 1)z = Sininz

sin 2
k=0

MOXeT GHITh NPENCTaBJIEHO B BRIE TAaK HA3BIBAEMOrO UHTEZPAAR
PDeiiepa:

1 T [ sin n%
o W=me | [—2 |1 +2) 2. )
~% s -5-
Bripaxenne
. 2
1 sinn 'E'
(D,, (Z) == onm on z (5)
2

HasniBaerca Adpon Pedepa. Popmyay (4) MOXHO nepenucarth B

BHIE
k-

W= | 1(+20,@)da (6)

-7

Hawm Hy>XHO JI0Ka3aTb, 4TO NPH N ~> 00 3TO BHIPAaXKeHHE PaBHOMEPHO
crpemutcs K f(x). OTMeTHM mpelBapHTEbHO CJIELYIOIIHE CBOHCTBA
anpa ®etepa:

1) (Dn (2)20,

2) Sd),,(z)dz=1,

3) npu mo6oM ¢ukcupoBaHHOM 6 >0 1 n-> co umeem
-8 7

| @u(e)dz={ () dz=n,6)0.
3

-7

1) D1y GopMyay Jerko NOJYYHTb, CYMMHDYS N0 & paBeHCTBa
2sin (2& + 1) z-sinz==cos 2kz —cos2(k + 1) 2.
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Tlepsoe 13 3THX CBOHCTB OYEBHAHO, BTOPOE MOJY4YaAeTCsl H3 paBeH-

ctBa (6), ecan MoNOXATL f(X)==1 H yuecTb, 4TO AN TaKOH QyHK-

UMK 0x(x)== 1 npu Bcex n; HAKOHEl, TPeTbe CBORCTBO Cpasy BbiTe-
.oz 2

Kaer u3 Toro, 4rto ecan § <2< m, To sing =—- M, caenoBa-

TeJbHO, \
2
Sin 7 —
__ 2 <(i‘_)2
2 S\ 2/

sin —
2

VuurtniBas 3t cBoiicrBa sinpa Pefiepa, HeTPYAHO HOKasaTb Teo-
pemy. Tak kak GyHKuus [— HenpepbiBHash H NepHOAHYECKas, TO
OHa OrpaHHYeHa ¥ PABHOMEPHO HempepuiBHA Ha Bced npamoit. Hua-
ye roBopd, CYUECTBYeT TaKkas nocrosHuas M, 4to ansa Bcex X

) IsM (7)
u nasa xaxnoro € > 0 nangercsa rakoe § > 0, uto
") — T )1 <ef2, (8)
KaK TOJILKO
[x” —x"]| <.

ﬂﬂﬂ JAOKasaTeabCTBa TEOpeMbl HAM HYXHO OLUEHHTb pa3HoCTb
t

f@ =0, )= | 1) —F(x + 2] () dz,

KOTOPYIO MOXHO NPEACTaBUTb B BUIAS CYMMbl CAELYIOUIHX TpEX Hii-

TerpaJion:
-8

I-=§{ {0 —fx+2)0,(2)dz,

-3
4

L= {t@—Tx+2}0,)dz
-3

Io={{f )~ + 2} 0, (2)dz.
]
H3 (7) n (8) HenmocpencTBEHHO BHLITEKAIOT CJAEAYIOLIHE OLEHKI:
- 1<<2Mn, (9),
Mo 1< 2Mn, (3),
[

]!0|<—§- S D, (2)dz <—;—.
-3
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BriGepeM Temnepb ro HaCTOIBKO GOJIBLIMM, YTOOHL IPH 1 => Mg U JaH-
HOM 0 BLIMOJHAMIOCH HEPABEHCTBO

2Mn, (8) < e/4.
[f(x)—0,(x)| <e/f2+e/d+e/d=ce,

OTKYy[la B CHJY IIPOH3BOJLHOCTH & H CJeLyeT YTBepXKAEHUE TEOPEMBI.

OTMeTHM, 4TO NPH JOKa3aTeJbCTBE MBbl HCIIOJAb30BAaJH TOJbKO
CBOHCTBA 1)—3) aapa Peiiepa. ITo NO3BOJSET NOJMYUATh PasaHd-
Hble o6o6uienusi TeopeMsl | (cm., B wactHoCTH, 1. 3 3TOr0 mapa-
rpada).

2. Honnora TtpHronomerpuyeckoii cucremol. Teopema Beitep-
wrpacca. M3 reopemn Peliepa cieayeT nmoaHOTa TPHIOHOMETpHYE-
CKOJi cHCTeMbl B mpocTpaHcTBe Ly[—m, nt). [lefictBHTeNbHO, B CHIY
3TOH TeopeMbl JI06asi HempepulBHAA (DYHKUHS ecTb Hpeles paBHO-
MepHO (a 3HAYUT, H B CPeJHEM) CXOIfLleHCs MoC/el0oBaTENbHOCTH
TPHTOHOMETPHYECKHX MHOTOUWIeHOB gn. OcTaeTcsi 3aMeTHUTh, YTO He-
npepbiBHble QyHKUHK Bcioay miaoTHb B L. Teopemy ®efiepa MoxHO
paccMaTpuBaTb KaK yCHJeHHe TeopeMbl Beftepurtpacca o6 ammpo-
KCHMAalHH HeNpepbiBHbIX (YHKUHHA TPHIOHOMETPHYECKUMH MHOTO-
YyJeHaMU: 3Ta NMOCJAEAHSAS YCTAHABJIUBAET, UTO BCSIKasi HeMpephiBHAS
(yHKUHS eCTh paBHOMEDHBIH mpejles KaKoOMH-TO MOC/JAel0BaTENb-
HOCTH TPHTOHOMETPHUECKHX MHOTrou/IeHoB, a TeopeMa (Pefiepa yka-
3blBaeT BIOJHe ONpeJeJseHHYIO NOCIeJOBATeNbHOCTb, 06aa-
Jlalollyio 3THM CBOHCTBOM, — NOCJe0BaTeNbHOCTE CcymMM Peitepa
(3). VM3 rteopembl Befiepmitpacca o paBHOMepHOH aNNpOKCHMAIHH
HeNpepbLIBHOH NepuoanyecKoil GyHKUUH TPHIOHOMETPHYECKHMH MHO-
rouseHaMu JIerko cjaefyer H BTopas Teopema Befiepmirpacca — 06
annpokCHMaluu ajre6panyecKMMH MHOrO4YJeHaMH Jio00oi (yHKuuH,

HeNpepeIBHON Ha HEKOTOPOM oTpeske [a, b]. IleicrtBurenbHo, ecnu

. X —a
f(x)— Takast GyuKuus, TO, MOJONKHB t=mn, T. e, Xx==

t(b

Torna

1b—a) +a, w™mb nonyuum dyHkuwio ¢(f) or f, 3ajaHHYI0 Ha

[0, =]. HpOILOJI)KI/IM ee BHavajie Ha noJycerMeHT [—mx, 0), moJ0XKHUB
¢ (—1t)= ¢(t), a moToM, no MEPUOAUYHOCTH, HA Bclo npsmyio. Ilo-
CTPOUM Tenepb TPUIOHOMETPHUECKHHA MHOrouseH Tn, yIOBJAETBOPSIO-
LIHUHA YCJIOBHIO

[T, () — @ (t)| <e/2 upu Bcex t.

Janee, BCAKHA TPUTOHOMETPHYECKHH MHOTOUJIEH pasJjiaraetcsl B psj
Te#sopa, cxoasILuiics paBHOMEPHO Ha J1I000M KOHEUHOM HHTepBaJe.
Ilycte Pm—uactuunas cymma psaga Telsnopa ans T, Takas, 4To

[T, () — P, ()| <e/2 mpun 0 <EC .
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Torna
lo(t) — P, ()| <e mpu 0 <<t <.

CnenaB B P (t) o6paTHyio 3aMeHy ! = Z:z 7, Mbl IOJYYUM MHO-

rouied Qm(¥), yAOBAETBOPSIOIUI YCAOBHIO
[f(x)—Qu(x)I<e npn a<<x<b.

3. Teopema dPeitepa nas npoctpaHctBa L;. B Teopeme ®deilepa nocturiyrta
onpejiesieHHas CHMMeTPHS MeXKIY YCJOBHEM H yTBepXKIeHHeM TeopeMhl. M3 Toro,
yro ¢yHKUHA [ npuHanmexut npocrpanctBy C [—n, ] HenpepbiBHHIX (GYHKIHI,
clefyeT, YTO OTBeyalolllHe el cyMmbl Pefiepa CXORATCA K [ B MeTpuKe TOro xe
camoro npocrpanctBa C [—mx, 7). AHanorHuHBle TEOpeMBl MOXKHO TOJYYHTb U JJS
JAPYrHX QYHKIHOHAZBHBIX OPOCTPAHCTB, B 4aCTHOCTH, AJs NpocTpaucTBa L, [—m, mt).
Tounee roBopsi, uMeeT MeCTO CJAefyiolllas TeopeMa, KOTOPYIO eCTECTBeHHO Ha3BATh
Teopemoit Defiepa AJaA CYMMHPYeMbX (QyHKUHIL:

Ecau | — cymmupyeman na orpeske [—m, m] pynxyus, to ee cymmor deliera
cx00arca K Hell no Hopme npocrparcrea Ly [—m, m).

JLoKa3aTeJbCTBO 3TOTO YTBEPKAEHHS MOMKeET ObIThb MOJYYEHO ¢ IOMOUIbIO pac-
cyXpeHHl, OMU3KHX K H3JIOXKeHHBIM B n. 1. Mbl He OyleM 3jecb HX NPOBOIHUTD,
OZIHAKO OTMEeTHM CJeAYIOWHK BaxKHLIH ¢akT, BuITekalolluii n3 Teopembl Deftepa
ANsl CyMMHUpPYeMBIX GyHKOHUHA.

Beakan cymmupyeman pynxyus 00HO3HAYHO (C TOYHOCTBIO A0 3KBHBAJEHTHO-
cTH) onpedeanerca ceoumu Koadguyuentanu dypoe.

JeficTBHTEJIBHO, IYCTh [ ¥ g — ABe CyMMHUpyeMble GYHKIHH, HMEIOUIHEe OfHHA-
koBble Kosdduunentot @ypne. Torma Bce kKosdduuuentst dypve dynkumn [— g
pasubl 0. CuenoBaTesbHO, TOXAeCTBeHHO paBHel 0 u Bce cymmb @efiepa mns
f— g Ho torna u ux mpexen B Ly, T. e. dyuxkuus f—g, ectb 0 NOYTH BCIORY.

§ 3. Huterpan ®ypoe

1. OcnHoBnas teopemMa. B § 1 6blim ycTaHOBJNEHBI YCJIOBHS, MpH
KOTOPHIX TepHoanuecKass (YHKLHA MOKeT OBITh pasjoxeHa B CXO-
aswmicst pang dOypbe, T. e. mpejcTaBieHa KaK CyNeplno3Hlus rap-
MoHHYecKHX KoseGanui. IlombitaeMcsi cefiuac mepenectu 3ToT pe-
SyJbTat Ha QYHKIUM HeTllepPHOAHYeCKHe. Mbl yBUANM, 4TO NpH
JOBOJIBHO OOIIMX NONOJHHTENbHBIX YCJIOBHAX TaKOe [peCTaBjaeHHe
BO3MOJKHO, HO TOJbKO yKe C NIOMOLIbIO He psina, a MuTerpasa, tak
HaspiBaeMoro HHTerpana ®ypbe.

Haunem ¢ naBogsmux coobpaxenuil. Ilycty ¢pyuxuus [ na xa-
KJIOM KOHEUHOM HHTepBasle VYIOBJIETBOPSET YCJAOBHAM, obecredu-
BAIOIHUM pasJiokuMoctb ee B pan Pypve. Muaue rosops, npeanoso-
HKHM, 4TO f CyMMHpyeMa Ha Ji060M KOHEUHOM HHTepBaJe H B Ka-
XKIOH TOuKe ypoBaeTBopseT ycaoBuio uuu. Paccmatpusas f, cka-
XKeM, Ha oTpeske [—I, [, MBI MOXeM HamucaTb pasjoXKeHHe ITOH
¢dyngunn B pax Pypoe:

f(x)=—"2£+2akcos$x+bksink7"x. (1
k=l
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HO}lCTaBHM CI043 BMeECTO ax H bh HX BblpaXeHust:
U !

=% Sf(t)dt’ ak=-i— Slf(t)cos—kl?—tdt,-
-1 -

!

1

b= Sf(t)sin 2 1at.

TToayuum
1

!
f(x)__-2l_ S,f(t)dt+; S f(t)coskT“xcosflltdt—l-

+—:— S f(t)sm-’%—xsm tdt———- Sf(t)dt+
iy
!

+—;— S f (@) [cos %—xcos t+sm T xsin k;‘ t] dt,

3 {

Fo)= Sf(t)dt+ Z {rocos ke ¢—nar.

-1

HonosnuM mpennosoxennss o QyHKUHH [ elue OAHMM: NMyCTb 3Ta
GyuKuua abCoNIOTHO HHTErpHpyeMa Ha Bceli . mpsMof, T. e.

oo

Slf(t)ldt<oo. 3)

-0

Ilepeiinem reneps (moka uucto dopmanbHo) B paBeHnctse (2) K npe-
neny npu l->oo. B cuny (3) nepBoe cnaraemoe B NpaBOH 4acTH
pasedctsa (2) npu [— oco crpemurcsi X HyJo. Bropoe ciaraemoe
MOKHO PacCMaTpHBaThb KaK HHTErpaJsibHyl0 CyMMY (HO TOJBKO pac-
NPOCTPaHEHHYI0 Ha GeCKOHEeYHBIH NPOMEXKYTOK) AJIsl HHTerpaJa

S F () dA
oT GYHKUHH Ol
F(h)=— { f® cosnt—nat,
=1
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€CJIH NMOJNOXHUTb Ay = Rn/l u Ah = nfl. TlosTomy dopmansunii npe-
JesibHbIA nepexon B (2) npu [—> 0o NPHBOAHT K paBeHCTBY

00 L]

fo=1{a § r@cosae—xnar. @)

0 -0

DTO U ecTb HCKOMOE NpeAcTtaBiaenue. Beens 0603HaueHns:

I

o =L\ focosnar, 8=L {i@sinra,

—00 ' —o0

L
P

‘paBeHcTBO (4) MOXKHO NMepemucaTh B CJeAylolleM BHAe, aHAJOTHY-
HOM psiily @ypbe:
fx) = S (@, €08 Ax + b, sin Ax) dA. (5)

0

Mbl nonyunstu paBeHcTBO (4), HaspiBaeMoe opmyaoti Pypoe, ¢
ToMoLLbi0 GOpPMANBHOrO TNpejesibHOro nepexoaa. MoxHO 6GblIo OBl
-060CHOBATh CIPaBeJHBOCTb 3TOTO NMepexoja (MpH clAesaHHBIX Bbillle
npeanosioXeHusax o yukuuu f), OLHAKO Mpolle A0Ka3aTb paBeH-
«TBO (4) HemocpenctBeHHO. HTak, goKa)eM ciaenyollyi0 Teopemy.

Teopema 1. Ecau ¢ynxyua [ abcortoTho unteepupyema Ha
8ceil npamoli u 8 Touke x yoosaersopser ycarosuio Junu, To umeer
MECTO pasencTeo

f(x)=%g A S f () cos A (t — x) dt.
0

- 00

JJoxaszareabcTBo. BeexeM o60o3HaueHUue

(s ]

A
1w=2{a {rocosre—na ©)
0

-—00

HaMm Hy»XHO n0Ka3aTb, tn'o}im J(A) cywectsyer u pasen [(x). Tak
: Seo

Kak [ aGCONIOTHO WHTErpHpyeMa, TO BHYTpPeHHU# uHTerpas B (6)
CXOJHTCH, a HBOUHOH wmHTerpas cxopurcs aGcosiorHo. Hcnonbsys
Teopemy PyOund, usMeHUM B NOBTOPHOM HHTerpate (6) mMopAmOK
HHTErpHpPOBAHHA:

o0 A o
J(A)=-:; S dtS f(t)COSh(t—x)da,=_1ﬂ_ S F) sinz;litx—x) dt.

0 -0
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3aMeHOH NepeMeHHHIX f-—— X = Z npuBelleM 3TOT HHTErpaj K BHAY

oo

1a=1 (it ™

- 00

Xopouio n3BecTHOE PaBEHCTBO

oo

',17" S smAzdz_l(A>0)

- 00

nospoJisietT 3anucatb pasnoctb J(A)— f(x) B Buae
J(A)—f(x)=~:; S ﬁx—_'_—z-l,—:—f(—x)sinAzdz. @8y

IIpencraBuM crosiliufi cnpaBa HHTErpal B BHIAE CYMMBl Tpex
cjlaraeMblx:

N
I~ =1 S LoD I i ez +
-N
1 flx+2) _ ) S sin Az
+ = S—T——smAzdz - ——dz.

|zI>N 121=N

BTopoit u Tperuil ujieHBl cCpaBa MPEACTABJAAIOT COGOA CXOASIIIHECS
HHTerpaJjbl, 1 KaXJbli M3 HHX MOXeT ObiTb CleJlaH MeHbIle, YyeM
/3, ecnn yucno N B3sito nocrarouno GoabuiuM. IlepBoe ciaraemoe
cnpaBa (nmpu ¢urcupoBanHoMm N) cTpeMHTCS K HyJI0, Koraa 4 — oo
(B cuny nemmbl 1 § 1 n yenosusa Iiun). Takum o6pasom, nosyuaem

Jim (7(4) = f (x)) =0

uTO U TpeGoBaNOCh 10Ka3aTh.

2. Unrerpan Pypne B komniaekcHoi ¢opme. B uHTerpasbHOiX
dopmyse Dypbe (4) BHYTpeHHHI HHTerpasJ npeacTaBiseT coboit
YeTHYI0 GYHKOHMIO OT A, YTO TO3BOJISIET NepenucaTb 3Ty (QOpMyay
B BuJe

fr) =52 de S F(f)cosh(t — x)dt. (9)

Jlanee, u3 a6co/OTHON HHTErpHpyeMocTH QYHKUMH [ ciledyer, uTO
00

MHTErpaJ S f(®)sinA(t — x) dt cymecrByer u npeacrasaser co6oi

-—00
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HEYeTHYI0 ¢yHKuuio ot A. I[Tostomy

2—‘n de S f@)sinA(t—x)dt=0 (10

(ecnu HMTErpaJ no A MOHHMAaTb B CMbIC/E [VIABHOTO 3HAYEHHH, T. €.

N
Kak lim S) [Tpu6asus k (9) pasenctBo (10), ymMHOXKeHHOe Ha
N->oc0
-N

—i, IOJIyYHM.
o= {an {FOene-nar

ATo paBeHCTBO Mbl OyleM Ha3biBaTb KOMNAEKCHOU (opmyarod
Dypoe.

§ 4. NpeoGpasoBanne Pypbe, cBONACTBA H NPHUMEHEHHS

1. Npeo6pasosanue ®Pypbe u dopmyna obpawmenns. Hurerpans-
Hyio ¢opmyny dypbe MOXKHO pacuseHHTb HAa JABa paseHcrsa. Ilo-
JIOXHM

00

gwy={ f@ear (1)

00

Torna

00

=g § gmensan ©)

—_—

3ametuM, yto popmyna (1) umeer cMmblea AAS J11000H a6COMIOTHO
muuterpupyemolt  dyukuun  f. Takum  o6pasoMm,  Kaxuaoi
f& Ly(— oo, 00) mbl ¢ momomibio popmyast (1) conocrasisem onpe-
Jlesiennyio GYHKLMIO g, 3allaHHYI0 Ha BCell YHC/I0BON npsimMoi. OyHk-
uus g HaspiBaercs npeobpasoganuem Pypoe ucxonHoH Gynkuuu f.
‘@opmyna (2), Bhipaxaiomas [ uepes ee npeoGpasoBanne Pypbe,
HaspiBaercsl gopmyroll obpawsenus aAns npeobpasosanus Dypoe.
Caenyer o6paTHTb BHHMaHHE HA CXOACTBO MeXAy dopmynamu (1)
u (2). Bropast u3 Hux otsauuaeTcs OT nepBoil JHMIIb 3HAKOM B [OKa-
3aresie U MHOXHTeseM 1/(2n) nepen muTerpansom. MoxKHO 6bIIO Gbi
JOCTUTHYTb 3/1eChb ellle GoJbllefl CHMMETPHH, onpefenus g hopmy-
J10#

eW=—= | Fwear, ()

-—00
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Torna ¢opmyna obpamiennst npuHsaa 6u BUL

o0
fw=— {gmenar, )
'\/2:«
— 00
T. €. pasjiuuHe 0CTajoCh OBl TOJIbKO B 3HAKe MOKa3aTesisl 3IKCLo-
HEHTHI.

Onnako npu BceM HX BHellHeM cXxonctBe dopmyanl (1) u (2),
N0 CyWecTBY, pa3/HyHbl: B NepBOH H3 HUX HHTerpas] CyULeCTBYeT
B 0OLIYHOM CMBICTe (MOCKObKY & Lj(—o0,0c)), a BO BTOPOI,
Boo6llle roBops, JWlIb B CMbIC/AE rJaBHOTO 3Hayenus. Kpome toro,
paBeHctBo (l)—>3T0 onmpelenenre QyHKNHH g, a4 B PABEHCTBE
(2), npexncrasasiiolleM co00A HHYIO 3alIMCb HHTErpabHoi GopMyJibE
dypbe, CONEPXKHUTCH YTBepKAEHHE YTO CTOSUIMI TaMm clpasa
MHTerpaJl paBeH MCXOAHOA ¢yHKuun f. Kak Mbl BHAeau Bbllle, AJS
obecreyeHysl STOrO PAaBEHCTBA HAa [ HAAO HAJOXKHTL, IOMHMO HHTEr-
pPUPYEMOCTH, elle JIOTOJHHTeNbHble YCJIOBHA, CKaxKeM, YCJIOBHE
JlAaun.

3ameuanne. Mb onpenenunu npeo6pasopanue Pypve g Aas
Bcsikoit Gynkuun [ u3 Lj(— oo, o) u nokasaau, uto ¢yskuus f,
yIOBJETBOpsIOILas ycJaoBHIO JIWHH B KaX/[0# TOYKe, BhHIpAKaercs
¢ nomowpio (opmyas obpallleHHs uepe3 CBoe TnpeobGpasoBaHHe
dypbe g. 3710 NoNOKEHHe Bellled B TOUHOCTH aHaJIOTHYHO TOMY, KO-
Topoe uMeercst pas pagos Pypoe. JeficTBuTeNIbHO, KO3 b D HIL U € H-
T Pypbe

n

1

e =1 S f(x)e inxdx
—-n

onpeaesienbl aaa ecsixont f & Ly[—n, ni], o1HaKO CXOANMOCTb P A 1 &

dypbe

00
Z cneinx

=z — 00

(urparontero 3nech posib GopMysibl o6pallenns) MOXHO rapaHTHPO-
BaTb JIHIIb NPH ONpEeeHHBIX JONOAHHTENbHbIX YCI0OBHAX (yC/l0BHE
Jlvnn). Bmectre ¢ Tem s npeobpasoBanus Pypbe (Kak u aas
pAza; cM. KoHell § 2), HMeeT MeCTO ciefyloliee: ecau 048 pynkyu
fe Li(— oo, )

{ 1 e-ax=o,

70 [(x) = 0 noutu bc;ody.
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JelicTBHTeILHO, U3 HANMCAHHOrO BHILIE PABEHCTBA BLITEKACT.
TIePBLIX, YTO JJisl BCeX MEACTBHUTENbHBIX [ # A

o0

S f(x +f) e~ g =0.

—- 00

Tloacxum Tenepk

§
o) =\Fu+nd,

TAe §— npoH3BoJbHOE (HKCHPOBaHHOE MAEHACTBUTENbHOE YHCJIO.
Ilpumenss teopemy @yOHHH H HCNONBL3YS YCIOBHE, HAJOXEHHOE Ha
Gyukuuio f, serko ycMmorperb, uto QyHKUHMA ¢ (KOTOpas Kak W f,
LpHHAAJNeXKUT K Ly(—o00, 00)) yHOB/NETBOPSIET TOMY Ke YCJIOBHIO,
T. €.

S e(x)e M dx=0

Tpu Bcex AelicTBHTesnbHBIX A. Ho, Kak serko Buaers, dyuxuus ¢
afCoMOTHO HeNmpepbiBHA HAa KaX[AOM KOHEYHOM OTpe3Ke H, C/efo-
BaTeNbHO, NOYTH Bciony obaamaer KoHeunol npousBogHoi. B wacr-
HOCTH, 3Ta (QYHKUHMS NMOYTH BCIOAY yAOBJeTBOpsier yciaoBuio [iHH.
Tlostomy B cuay Teopembl 1 § 3 oHa noutu Bclony o6pawaercst 8 0,
TaK Kak ee mpeo6pasoBanue ®Pypbe ects ToxaectBeHusiit 0. Ho ¢
wenpepuiBHa, Tak uto @(x)== 0. M3 3T0r0 BHITEKAeT, B YAaCTHOCTH,
TO NPH BCeX JeHCTBHTEbHbIX §

3
J rwat=o

0

H, caejoBarenso, f (x) = 0 noutu BcOAy.
paCCMOTpHM Tenepb HEKOTOPble MTPHMEPHL.
. Oyers f(x)=e~ ¥,y >0, HamxeM npeo6pasoBanve Pypbe
31Ol QyHkuuu. Hmeers

g = S e~VIxlg=ite gy — Se‘ﬂxl(coslx——isinkx)dx=

=2 S e~Y*cos Ax dx.
1]

C noMmouibio ABYKpaTHOTO ua’rerpupoaanﬂﬁ N0 4acCTAM HaXOAHM

g(k)_— ”+Y2.
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2. Tlycrs
[ opu |x|<a,
f={ o o2
npu | x|>a.
Torpa
— —iA — —i e —eTi  2sinha
g = | Femar= | e-mmay L2 2oinia

(Cinenyer obpaTuTh BHHMaHHe HA TO, 4TO QYyHKUUA g 3xech HeE
npuHandexXunT Li(—oo,00)).

3. Iycts f(x) = Torma

¥4
oo

gw= | om 2 3)

-—00

DroT HHTErpas INpollle BCEro BBIYUCAHUTbL € TOMOLLLIO TEOPHH Bblue-
toB. Ilyctb cHavana A = 0. JlonoJHHB 1efCTBUTENbHYIO OCb, O KO-
Topoii Gepercst uHTerpas (3), NOJYOKPYXKHOCTbIO GeCKOHEUHO GoJib-
HIOTO pajiMyca, Jexalled B HMXKHeH INOJYNJIOCKOCTH (T. e. B TOM,
re 5KCIOHEHTa e~** CTPeMHTCst K HYJIO), MOJYYHM, YTO HHTErpas
(3) paBeH cyMMe BBIYETOB HOJBIHTErpa/bHOH (PYHKIHH B HHXKHEHR
TIOJIYTIJIOCKOCTH, yininomeuﬂoﬁ Ha (—2mi). B Huxdell noaymiaocko-
—iAx

CTH QYHKIHS —3——5 HMEET OJIHH NOJIOC NMePBOro MOPANKA B TOUKE

x = —aqi. Bbiuer B 3TOf TOYKe HAXOJAUTCA 110 H3BECTHOH (opmyse:
2

ecau f(z)=%((-2i) u @(a)==0, a P(2) umeer 8 TouKe Z = q HYsL

nepsvueo nopadka, To eviver Gynkyuu f 8 To4ke a pasen 1;’,(&)) . Tlo~

3TOMY B HallleM cJjyyae IoJjayyaem

e——ak

— 2ai

g(\) = —2xi

=%e‘“’“ npu A > 0.

ITpu A << 0 anajnoruuHo (paccmarpuBas TOJbKO BEPXHIOW MOJY-
IUIOCKOCTb BMECTO HHMXKHEH) mNoaydaeMm

g == et

Taxum o6pasoM, OKOHUATEIbHO
k11

g)=—e M (— o0 <A < o).

Bnpouem, 3TOT pe3ysbTaT MOXKHO NOJYYHTb cpasy no dopmyJe oG-
pallienusi, HCnoab3ys npuMep 1 u reopemy 1 § 3.
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4. INonoxum f(x) = e"=*, Mmeem

oo

g = S e=arle=1hx gy (4)

- 00

‘3aechb MO HHTErpaJoM CTOUT aHaJMHTHUeCKast (QYHKUIHS, HE UMeo-
nast oCoOOEHHOCTeH B KOHEUHOI 4YacCTH IJIOCKOCTH H CTpeMsAlascs
K HYJI0 BAOJb KaXKAOH MNpSAMOH, HapaJssieIbHOH JeHCTBHTENbHON
ocu. Ilostomy B cuny teopembl Kowmn uuterpan (4) He H3MeHUT
€BOEro 3HadeHuf, eCcJM ero B3fATb He Mo AeHCTBUTE/bHOH ocH, a
Bronb Joboi mpsaMoit 2= x4 iy (y = const), mnapaJenbHOR
atoll ocu. TakuM oOpasowm, “

o0
a() = S e— el iy | oM+ 1)) i —
00

00 o0
=eay2+7\y S e—ax’-—?aixy—ihxdx=eay’+7~y S e—ax'—ix(2ay+7t)dx_
o o] x

BriGepeM Tenepb NMOCTOSIHHOE 3HAYeHHe y TaK, 4TOoObl B NOKasaTtese
NOJABIHTErPaNbHON 3KCIOHEHTHl HCYe31a MHHUMAsi 4acTh, T. €. I10J0-
XuM y = —A/(2a). Torna

A2 A K‘ R
a2 M _ A n
gA)=e 4 2a S e~ dx=e 4 /\/F’
—~00 .

TOCKOJBKY

oo
S e~y =np /.
[s+]

B yacTHOCTH, ec/IH MOJIOXKHTb a = 1/2, TO MBI MONyYUM
P =e, g()=+/3w ehn,

T. e. QyHkuus e~*"2 pepesoputcs npeo6pasosanueM Pypbe cama
B 'cebs (C TOUHOCTBIO 10 MOCTOSTHHOIO MHOXKHTES).

2. OcHoBHBIE cBoiicTBa mpeoOpasoBanuss Pypbe. M3 dopmyns
(1), onpenenswomeit npeo6pasosanrue Pypbe, BbITEKAET PsiI CBOHCTB
3Toro npeoGpasosanns. PaccMoTpum 3Th cBofictBa. s coxpaie-
HHA 3anHcu Oylem npeoGpasoBaine Pypbe Ppynxuun f o6osHauartb
cumBosioM F[f]. Mnaue roBops, Mbl 0603HauuM uepe3 F juHeHHBIA
onepaTop, OnpefeseHHslii Ha npoctpancTBe Li(— oo, o) u crasqa-
IHA B COOTBETCTBHE KaxKA0H (QYHKIHMH H3 ITOrO0 NPOCTPAHCTBA €e
npeo6pasosanne Pypoe!).

1) Boo6ie rosops, He nNpuHaanexaiee L),
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1. Ecau nocaedosaresvnocts {fn} pynxyuii ua Ly(— oo, oo)
cxodurca 8 merpuke npocrpancréa Li(— oo, oo), 10 nocaedosa-
TeabHOCTb ux npeobpasosanui Pypee g. = Flf,] cxodurcs pasno-
MepHO Ha 8cel npamoil.

I710 yTBepXKAEHHe CPa3y BhHITEKaeT W3 OYEBHHON OLEHKH:

]

18— gn MW § 1720 — Fm () 1.

- 00

2. ITpeobpasosanue Pypve g abCONOTHO UHTe2puUpYemoi pyHk-
yuu [ npedcrasaner co60l 02PAHULEHHYIO HENPEPLIBHYIO DYHKYLIO,
KOTOPAA CTPemMuTca K HYyAto npu |A]—> oo,

JlefAcTBUTENbHO, OrpaHnyeHHocTh ¢yHKIuM g = F[f] cpasy Bua-
Ha U3 OLIEHKH

oo

lemI< 17w lax.

— 00

Ilanee, ecin [— xapakTtepuctuueckas (QYHKUMA HHTepBana (a,b),
TO 1J1s1 Hee

—iha _ ,—ikb

b
—ihx s
g(h)zSe A dx-I 7 .
a

dra pyHKUMA, OUEBHAHO, HENPEPHIBHA H CTPEMUTCH K HYJIO NPH
|A]-> co. Tak kak onepauus F nepexoma or f K g suHefiHa, 1o or-
cioja cheayer, yto npeo6paszosanue Pyppe M0G0l CcTyneHuaTtol
¢ynkunn (T. e. JMHEHHOH KOMOMHAMH WHAHKATOPOB MHTEPBAJIOB)
ecTb TOXe HenpepbiBHass GYHKUHA, CcTpeMsllasca K HyJIO NpH
A—> 4 co. Haxkonen, cryneHuaThie OYHKIHM BCIOAY IJIOTHH B
Li(— o0, o), noatomy ecan f & L, To cylllecTBYeT NOC/IEI0BATEb-
noctb {fn} crynenuarnix ¢yuxumii, cxomsmascs K f B Lj(—oo, 00).
Torga B cuiay cBoiicTBa ! noc/enoBaTeNbHOCT QYHKUHE grn==F[fx]
CXOAHTCS paBHOMepHO Ha Bceil npsmoi kK ¢ynkuun g = F[f]. Ho
TOrAa TnpelenbHass GOYHKUMs g TOXe HeNpephiBHA H CTPEMHTCA K
HYJI0 IpH [A|—> oo.

U

Ynpaxuenuns 1. Jlokazath, uro npeobpasosanne Pypre g abco.I0THO:
MHTErpHpyeMoll GyHKuuY [ paBHOMEPHO HENpPEepPHIBHO HAa Beell NPAMOH.

2. Ilycts B — npocTpaHCTBO paBHOMEPHO HENPEPHBHHX Ha (—oo, oo) (QYyHK-
IBA, CTpPeMAIHXCS K HYMO Ra GeckoHeunocTH. Ilokasarb, uro npeobpasoBaHue
®ypre F ectb omepatop 3 L;(—oo, o©) 8 B ¢ nHopMoOii 1, ynoBnetsopfiOliMiL
ycaosuo Ker F = 0

3. Ecau | a6coarOTHO HenpepuleHa Ha KAXOOM KOHEUHOM UHTEep~
6are U [’ Ly(—o00, ), TO UMeET MECTO PABEHCTEO

FIFl=irF[f].
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Takum ob6pasoM, nupdepennnpoBannio QYHKUHMH (NIPH YKa3aHHbIX
Bblllle YCJOBHSAX) OTBEYaeT YMHOXeHHe ee npeobGpasoBaHus Pypee
Ha il
JeficTBHTeIbLHO, aBCOMIOTHO HeNlpEpbiBHAS HA KaXAOM KOHEUHOM
HHTepBale QyHKUHMS MOXeT ObITb 3aIHCAHA B BHIE
X

Fo =1+ {F®ar.

4]

M3 abcoaioTHoil uuTerpupyeMoctd [’ cienyer, uTo cTOslee 31ech
CrpaBa BEIpaXKeHMe NPH X->00 H INPH X->— 00 HMEET Ipeslen.
DroT npefes MoxeT GbITH TOJAbKO HyJeM, TaK KaK HHaye QyHKUHA
f He Guia Gbl MHTErpHpyeMa Ha BCell MPAMOH. YuHTHIBas 3TO, Mo-
Jy4aeM ¢ NOMOIbIO HHTErpHPOBAHIA UaCTAM

FIFI0 = { I')erdx=

T4 S f(x)e=*dx =irF[f] (4),

- 00

=] (x) et

yTO ¥ TPeOOBaNOCh 10Ka3aTh.
Ecan ¢dyukuusi [ Takosa, uto f*~1 afco/ioTHO HenpephiBHa Ha

KaxaoM uHTepBaste u f, ..., [W & L;(— oo, 00), TOo ¢ noMouibo Ta-
KHX e pacCyXIAeHHil TIoJyunM
FIf®]= " FIfI. (5)

4, Coasb mem0Oy cTeneHnvlo 2AA0KOCTU GYHKYUUL U CKOPOCTHIO
yboieanun Ha 6eckoneunocTu ee npeobpasosanus Pypve. Pasgenus
paBsenctBo (5) Ha (il)* n BcnomnuB, 4To npeoGpa3oBanune Pypbe
BCerja CTPEMHTCH K HYMI0 Ha GecKOoHeYHOCTH (cBoilcTBO 2), moJay-
uuM, uto ecau [® abcoatoTHO UHTE2pUpYeMA, TO

R Gl 1N

T. e. B 3Tux ycuaosusx F[f] yOviBaer na OeckoHeyHOCTH ObicTpee,
uem 1/|A|* Hrak, uem Gosblie npousBojHblx B L; nmeer f, tem
6ricTpee y6bniBaeT Ha GecKoHeyHOCTH ee nmpeobpa3oBaHue Pypoe.

5. Ecau [ cywecreyer u npuradaexcur Li(— oo, o0), 10 FIf]
abCONOTHO UHTEe2pupyema.

JelicTBUTEeNIbHO, NPH yKasaHHbIX ycaoBusax F[f] orpanuuesa u
y6piBaer Ha OeckoneuHocTH ObicTpee, uem 1/A% Otciopa caenyer
HMHTErpHPYEMOCTb.

Buime (cBodicTBO 4) Mbl NOKasaJju, yTo ueM GoJbllle MPOH3BOA-
HbIX uMeer QyHKUMA [, TeM GhicTpee yGbiBaeT HAa GECKOHEUHOCTH ee
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npeobpasosanne Pypoe. CnpaBeasuBo H JABOHCTBEHHOE YTBEpKIE-
HHe, 2 HMEHHO, YeM ObicTpee yOniBaeT f, TeM riaxe ee npeo6Gpaso-
Banue Pypoe. Toynee rosops, BepHO ciefylolllee YTBEPXKAECHHE:

6. Ilycre kax ¢ynxyus f(x), rax u xf(x) abcoaroTHo unTe2pu-
pyenot. Toeda pynkyus g = F[f] dupppepenyupyema u

g’ (4) = F [— ixf (¥)]. 6)

HefictBurensHo, npoauddepeHIHPOBAB HHTETPaJ

=]

S f(x)e—**dx,

— 00

ompee/AIOWUNA &, 0 NapaMeTpy A, Mbl IOJYYUM HHTErpas

0

—1i S xf(x) e~th* gy,

-0

KOTOPbIH (B CHJIYy HHTerpupyeMoctd GYHKUHH Xf(X)) cxomuTcs pas-
womepuo no A. CienoBaTtenbHO, NMPOU3BOAHAS (YHKLUUS g Cylle-
CTBYeT U uMeeT mecto (6).

Ecan f takoBa, 4to aGCOMIOTHO HHTErpupyemb! QyHKUHH [(X),
xf(x), ..., xPf(x), TO, KaK NMOKa3bIBAIOT AHAJOTHYHLIE paccyxie-
uust, QyHKUUSA g HMeeT NPOU3BOAHBIE N0 P-TO MOPANKA BK/IOUHTE/b-
HO, NpuyYeM :

gRM)=F[(—ix)'f(] (¢=0,1,..., p).

7. Ecau norpebosats, 4tobsl ynkyua | ybeisasa na beckoreu-
HOCTU euie GovicTpee, To g 6yder ewe 6oaee 2aadkol ¢pyukyietd. Vs
NpeNNoNoXKeHusi, uto xPf(x)e Li(— oo, o) mpu Bcex p, BbITEKaeT
6eckoneunas auddepenunpyemocts GyHkuuu g. Honyctum renepsb,
uto e%1% f(x)& Li(— o0, o) npu Hekotopom & > 0. Torpa g(1)
pacrpoCcTpaHseTcsd € NeHCTBUTEJbHOH OCH A Kak aHajJuTuHueckas
GYEKUEA B MOJOCY HA IVIOCKOCTH § == A -} i KOMIIEKCHOro nepe-
MEHHOrO0, IpHYeM LIHPHHA 3TOM NMOJMOCH TeM GoJblie, yeM 6oJblie §.
Bo BCSIKOM c/iyuae MOXKHO yTBEPKIATh, 4TO & OyJeT aHaJHTHUECKO#H
dynkuuedt npu |p| << 8. [eficTBUTENLHO, HHTErpPaJ

5]

S f(x)e=i%t dx,

- 00

OueBHNO, 6yHeT CXOAuTbCA NpH |u| << 8 u onpenensarh HempephiB-
Hy10 QYHKIHIO, COBNANAIYI0 ¢ npeoGpasoBanneM ®Pypoe QyHKIuH
f Ha peficrBurennuoit ocu. Tor dakrt, uto 3Ta PyHkuus auddepes-
uupyema npu |p| << 8 B cMbic/ie TEODHH aHaJHTHUECKHX (yHKUHuH,
JIOKa3bIBAETCSl COBEPILEHHO TaK Ke, KaK CBOHCTBO 6.
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3. Moavora dynkuuit Ipmuta u Jlareppa. Hcnoawsys coobpa-
JKEHHH, M3JIOKeHHble B MpeablaylieM ad3ane, MOXKHO MOKa3ath, UTO
ecau usmepumasn ¢yrkyus f nouru scrody na unrepsase (a,b), ede
— oo L a<Cbs<C oo, orauuna or 0 u ydosieT8opser Yca08UIO
[F(x)]| << Ce=8%1, 20e >0, ro cucrema @pynxyuii {x*f(x)}, n =
=0,1,2,..., noana 6 Ly(a,b). ‘

Orciona, B 4yacTHOCTH, OyeT CJAefoBaTh, uto QyHKUUU Dpmura
06pasyoT NOJHYI0 cucTeMy B Lp(— oo, o0), a ¢dyHkuuu Jlareppa —
B Lo(0, 00) (cm. n. 7 § 3 ra. VII).

Hoxaxem chopMynupoBaHHoe yTBepxAeHHe o mnoJaHore. Ilpex-
noJoxXuM, uro cucrema {x*f(x)} wHe mnonna. Torma B cuay
Teopembl XaHa — BaHaxa HaiijeTcss Takast HeHyJaeBasi (YHKIUs
h e Ly(— oo, 00), uto

00

Sx”f(x)h(x)dx=0 (h=0, 1,2, ...).

- 00

(M1 ucnosb3oBanu TeopeMy o6 ofuieM BHIAE JHHEHHOrO Henpepbis-
Horo ¢yHKIHOHaNa B rHAbOEPTOBOM INPOCTPAHCTBE; €CIH paccMar-
puBaercs KomIiekcHoe Lo(a,b), to BMecto h(x) wmamo nucath
h(x).) Hcuo, uto fh & Li(a, b) u, 6onee toro, e**\fhe L, (a, b)
npu Jiobom 8, << §. B nanpHefiieM ymo6HO cuuTarth, uto f(X) U
h(x) ompeneseHbl Ha Bcell NPAMOH, NPOAOJKAS HX, €CAH HEOBXOMH-
Mo, 3a (a,b) nynem. Ilyctb g — npeo6pasoBanne ®Dypbe Pyuk-
uuu fh, T. €.

gW= §1h@e " dx.

U3 ckazaHHOTO BBIIE CJeAYeT, YTO PYHKUUS g TPOJONKAeTCd Kak
ananutuyeckas B nogocy [lmg|<< 8. C apyroit cropomsl, B CUNy
cBofictBa 6 Bce Mpou3BoAHbIe 3TOH (PyHKHHH Ipu A = 0 obpalator-
cst B 0, Tak uto g(A)= 0. [lo cBOKCTBY eJIMHCTBEHHOCTH, NOKA3aH-
HOMY B M. 1, orciona caenyer, uyto f(x)h(x)=0 nouru Bcioay u,
caefoBatesbHo, A(x) = 0 moutn BClOALY, Tak Kak f(x) moutH BcioAy
oranyna ot 0. Ho aTo mportuBopeunt Hamemy npennogoKeHHo o
TOM, uTo i -—HeHy/aeBas QyHkuua. IlosyueHHoe mnpoTuBOpeune u
JOKAa3bIBaeT IOJMHOTY cHCTeMbl {x"f(x)}.

4. MNpeoGpaszosanue Pypbe ObICTPO yOBIBAIOINHX GECKOHEYHO
nuddepedunpyembix Gynkumii. ITonpsyace TeM, uTo npH nepexoie
ot $yukiny [ X ee npeoGpasosaunio Oypbe g CBOHCTBA IV1aLKOCTH
dyHKIHM U yOblBaHUSA ee HA GeCKOHEUHOCTH MEHSIIOTCH pOJISMH, Jer-
KO yKa3aTh eCTECTBeHHble KJIacchl QYHKIH, KOTOpble MepeBoisTcs
npeoGpasoBanneM ®@ypbe caMmu B cebs.

ITycte  Seo— COBOKYMHOCTb GeCKOHEWHO autdepeHurpyeMbIX
GyHKUpl HA NPSIMOH, U KaXAoH M3 KOTOPHIX cyliecTsyer naGop
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noctosHubX Cpq (3aBuCAllUX OT camof OyHKuuu [ u uyucea p, q)
TaKHX, YTO
[ xPf@(x) | < Cpy. @

[Mokaxewm, uro ecin f=S_, To u g=F|fl= S, Tlpexne scero
13 (7) cremyer abCOJIOTHAsI HHTErPHPYEMOCTb KaXcIod M3 QyHKuui
xPf@(x). JleBCTBUTENLHO, NOCKOAbLKY (7) BHINMOJHSETCS NPH BCeX p
1 g, T0

[ P[P () IS Cpao, of 4%,

T. e. Qynkuus xPf@(x) ybbiBaeT He MenmieHHee, yem 1/x2. Orciona
B CBOIO ouepenb cuaenyer, uto ¢yuxuua F|[f] umeer npousBomubie
Bcex nopsaakoB. Haxkowuer, cornacro n. 2, ua cymmupyemoctu f@(x),
g=1, 2, ..., caenyer uro g = F[J]] y6piBaer Ha GeCKOHEUHOCTH
GuicTpee, yem 1/[A]9. PaccmoTpuM tenepb GyuKuuu

(1) g? () = (— i) F{(x"F (=)' ");

Ka)knas M3 HUX, Kak npeobpasosanne Pypbe HHTErpHpyemoll PpyHk-
LMH, OrpaHuyea HeKoTopoi noctosinHoil Dy Takum obpasom, ecan
[=S«, T0 u g = F[fl = S«. O6partHo, nyctb g = S«, TOrAa, N0 A0-
Ka3aHHOMY, QyHKUHA

F= | gwerde

w0

BXOAHT B Sw. Ilonoxum [ (x) =2—1n- *(—x). Scho, uto e See.
B 10 e Bpems no gopmyse o6pauieHus

g(A) = ..2]?!_ S *(x) et dp = S f(x) e~ it dx,

—_0 —

T. €. g ectb npeoGpasosanue Pypoe dyuxkuuu fe S_. Urak, npe-
o6pasopanue Dypbe nepeBOAHT KJ1aCC S. CHOBA B BECb KJACC Su.
flcHo, 4TO 3TO OTOGpAKEHHE B3AHMHO OXHO3HAUHO.
o
Ynpaxuedue. [lyeth fE S, 1 S xPj(x) dx =0 upu scex p = 0. Cre-
- 00

AyeT N OTCIOAE, 4TO f(x) = 0?

5. MpeoGpasosanne dypve u cBepTka Qynkuuit. [Tyctb fiu [ —
HHTErpHpYyeMble HAa BCeH npamMofi QyHKuHH. PyHKUMA

f@={ hehE—ga

- 00
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HasbiBaeTcsi ux ceeprkod. DPyHkuusa f(x) onpexeneHa HpH TNOYTH
BCeX X W HHTerpupyema. JlefCTBHTEJbHO, NBOHHOH HHTErpasn

0 oo

{ {nonE—vdzax

—00 — 00

CyLIeCTBYeT, MOCKOJIbKY CYUIECTBYeT HHTerpaJ

o0 o0

{ {1h@nmidgam

—_—00 =00

(cM. sameuanne K teopeme Py6unu, crp. 318). CaemopaTennbHO,
CYLIECTBYET H HHTErpas

{rdae= {ax (r@n—9a

®ynxuus f o6osnauaercss cumBosoM fi=fo. Beiuncaum npeo6pasosa-
une ®dypoe cBeptku nByx ¢yuxuuit uz L,. Ilpumensaa teopemy ®y-

OHHM U nosarast x — & == 7, NoAyuaem
{Fe-max={ { [ f@ f?<x—§)da}e-i*xdx=
= & fi (‘é\.{ S f'g(x—?é)e"”""dx}d§=

= ‘ fi (E){ Sf?(’f]\P_"""e"'“dT]}d§=

= { rme=oman (i @e-ma,

F{fi*f’.}]:F[fI]F[f‘zl-

Wrak, npeobpasosanue Dypve nepesodur onepayuro ceeptku 8 60-
Aee npocTyro onepayuio — ymHoxcerue Gynkyul. dTot GakTt urpaer
Ba)KHYIO POJb BO MHOTMX NpHMeHeHHsX npeoGpasoBanus dypre.

- 6. Mpumenenue npeoGpazosanns Pypbe K peleHUI0 ypaBHEHHS
TengonpoBoaHocTH. IlpuMenenue npeoGpasoBanus Dyppe K aud-
GdepenuvanbLHEIM YPaBHEHHMAM OCHOBAHO Ha TOM (CM. m. 3), 4TO OHO
nepeBONNT omepanHio nHGGbepeHNUPOBAHUS B omepauHio YMHOXe-
HHS Ha He3aBHCHMoe nepemeHHoe. CiefoBartenblo, ecau y Hac
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KMceTcs JiMHelHoe aud@epeHuHalbHOe YPABHEHHE C [OCTOSHHLIMH
KO3 dunnesTaMu

y +ayr D4 L Fa,y + ay=¢(x), (8)

To npeo6pa3oBaHue Pypre mepeBoAHT ero B aJrefpavvyeckoe
ypaBHEeHHE BHAA

(W' z+a, A 24 ... F a,mirz + az=1p(d), (9)

rne 2= F[y] n y = F[¢]. Oanako naa oGuixuoseHubix puddepen-
LHAaNbHBIX YPaBHEHHI 3TOT NpHeM He OTKPbIBaeT KaKux-auGo cyule-
CTBEHHO HOBHIX TEPCIEKTHB, TaK KaK pelleHue JHHeHHbX ypaBHEHNH
C TOCTOSIHHBIMH Ko3(pduuueHtaMu H 06e3 TOro He NpeAcTaBIseT
6oabiux Tpysnocred. Kpome toro, nepexox ot (8) k (9) Bosmoxen,
ecau HeussecTHas (QYHKUMA y = y{X) HHTErpHpyeMa Ha Bcell mps-
MOH, a JAJsl pellleHHH JUHEHHBIX ypaBHEHUH C MOCTOSHHBIMU KO-
¢MUHeHTaMH 3TO, BOOOIlle TOBOPS, He HMeeT MecTa.

Bonee cymecrBenHo npumenenune mnpeo6paszopaHus @ypbe K
yPaBHEHHAM C YaCTHBIMH NPOM3BOAHBIMH, IJle OHO IIO3BOJISET, NpPH
OnpeflesIEHHbIX YCAOBHAX, CBECTH pellleHUe TAKOro YPABHEHHS K pe-
mennio o6bKHOBeHHOrO AudbepeHuranbHoro ypasHenus. [Tokaxkem
3TO Ha MpHMepe pelleHud 3anauu Kollu 1715 ypaBHeHHS TemJonpo-
BOJHOCTH.

Bynem uckatb pewenne ypaBHeHus

ou (x, ¢ 0%u (x, 1t .
ot 20 o
npu — oo << ¥ << oo u t =0, obpamaromteecs npu ¢ =0 B 3anan-
Hylo QYHKUHIO do(x). Pu3NUECKHH CMBICA 3TOH 3afayM COCTOMT B
HaXO0XKIEHHH TeMnepaTypsl 6eCKOHEUHOro TeMJIONPOBOASALIErO CTEPK-
HA B Ji060oii MoMeHT BpeMend ! >0, ecnin B HayaJbHbIH MOMEHT
= 0 ero TeMIepaTypa B KaxA0H TOUKe ecTb Uo(X).

IMpennosoxus, uto Ue(x), uo(x) u ug(x) npuuapnexar
Li(— o0, oo0), OyaeM HucKaTbh pellieHHe MOCTaBJAeHHOH 3ajaiH B
knacce GYHKUHA u(x,?), YAOBJETBOPSIOIUX CJAEAYIOUIUM YCJO-
BUSIM:

1) dyuxunn u(x, t), ux(x,1), (X, {) a6COMOTHO HHTETPUPYE-
MBI TI0 Bceil ocu X npH Jo6om ¢urcnposautom ¢t = 0;

2) ¢ynkuus u;(x,?) ¥uMeeT B KaxkKIAOM KOHEYHOM HHTepBaJe
0 << ¢ << T uHTerpupyeMmylo MaxopaHTy f(x) (ue 3aBUCSLLYIO OT f):

o0

g (e, 1<F (), | FR)dx < oo

-0

Buinoauum B ypaBHenuu (10) mnpeoGpasoBanue Pypre no x.
[Tpu aToM cnpaBa Mbl NMOJYYHM

Flug,(x, )= — A0 (@, £), rae v, )= Flu(x, )},
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a cjIeBa B CHJIy yCJI0BHSA 2) HMeeM

oo

Plud= § s pe-trar=Fp §utr e-rear=o,0, 0.

—00 -—

Takum o6pasom, npeo6GpasoBanue Pypbe nMepeBONUT YpaBHEHHE
(10) B o6viKHOBeHHOe nH(depenlHalbHOE YpaBHEHE

vy (A, ) =— A2 (A, 1),

JI KOTOPOTO HaM Tellepb HYXKHO HalTH pellleHue, oGpaliarouieecs
npu t = 0 B pyHkuuio

0 (1) =Flun()] = | uo(x)e=rdlx.

Taxum pemrenuem 6yaet, O4eBHIHO,
v (A, 1) =e~Mtyy(A).

Tenepp ans TOro utoObl NMOJNYYHTb pelleHHe HALUell NepBOHAYAJb-
HOM 3ajauH, ocTaercsd HaHTH Ty QyHKUHIO u(x, {), npeoGpasoBanuem
Dypbe KOTOPOH CayXKHT Pyuruus v (A, f).

Hcnonbsys npumep 4 1. 1, nonyuaem

1 X

—A 4
e =F — .
[21/nt ]

IToatomy
| -

v (2, t>=F[21/E[ e_z‘—]'F[uo(x)]=1~‘[2«}JF _Z_:*uo(x)],

T. €.

00

u(x, t)=2»\/;n_t S e—ﬁuo(x—g)dg.

Mpul nonyunsin Tak HaseiBaeMblit uxreepas IMyaccona ans peurenus
ypaBHeHHS TEeNJONPOBOLHOCTH.

7. NipeoGpasosanne Pypbe (DYHKUHMI HECKOJNLKHX TMepeMEHHbIX.
ITpeo6pasosanne Dypbe, pacCMOTPeHHOE HAMHU N/ QYHKLHI OXHOM
TiepeMeHHOH, JIErKO TEePeHOCATC Ha (YHKUHH HEeCKONbKHX Iepe-
MEHHBIX.

[Mycrs f(xi, X2, ..., %¥n) — QYHKUHSA, WHTErpUpYeMas IO BCe-
My n-mepHoMmy npocrpaHctBy R™. Ee npeobpasosanuem Pypoe
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Ha3biBaeTcss QYHKIHSA

g()vl, ;LQ, “eag ;vn)=

o

(=]

. —i Ao+x Ao+ s x M

= S Sf(x,,xg, e, x)e R *wta)dx, ... dx,.
(23

-—0

ITOT N-KPATHBIA HHTErpaJ, 3aBeJOMO CYLIeCTBYIOIUAH, MOCKO/b-
Ky f(¥1, X2, ..., Xn) HHTErpHpYyeMa, MOXHO 3afHcaTh, [0 Teopeme
®y6uHH, B BUAE CJedyIOllero NOBTOPHOrO HHTErpaJja:

g(a'h A’2y ey }Vn)=

o0 oo o0

- S S Sf(x,, Xy «oey Xp)e—iEmMidy L

—c0 —0 -~ 00

Xe ivhdy, .. } P dx,. (11}

HHaue roBopsi, MOXKHO TNepefiTH OT PYHKUHUH £ MEpeMeHHBIX K ee
npeoGpasoBanuio Pypbe, nocaenOBaTeNbHO BHINOMHAS npeobpasoBa-
HHSl 710 KaXK/JOH H3 NepeMeHHbIX B OTAeJbHOCTH (B J0GOM NOpsig-
ke). O6Gpawmas nocjaenoBaTe/bHO Kax<Ayl0 H3 1 olepaluuil B PaBOil
gqactd paseuctsa (11), nonyuum dbopmyay

1
f(xl,xg,...,xn)—'f-w S e S Sg(kl,lz,..., ;\vn)X
Xe'*ntndh, } e n=tnmrd, L. Y e M,

Ee MOXHO nepenucaTtbh B BHJe n-KpaTHOro MHTErpaJsa

f(xh x?a ey xn)=
’ S S 8 (i Agy vy Ag) @’ Crtitmdot Hoaka) gy o, (12)

= @)

—00 — 00

ONHAKO, TIOCKOAbKY GYHKIHS (A1, A2, ..., An), BOOOILE roBOPS, HE
o6s13aHa 6biTb cymMMupyeMmol no Bcemy R™, HyXHO ykasarte, B Ka-
KOM CMBbICJIe CcJefyeT IMOHHMAaTb 3TOT MHTErpaJd H Te YCJAOBHA Ha
f(x1, X2, ..., Xp), TPH KOTOPHIX OHA NpeNCTaB/sAETCA HHTErpa-
aom (12). :

OauH H3 BO3MOXKHBIX OTBETOB Ha 5TH BONPOCH Jd€T CJaelyiouias
TeopeMa.
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Teopema 1. [Tycre ¢pyukyus f(xi, X3, ..., Xn) UHTE2PUPYEMQ
no scemy npocrpancrey R™ u ydosareTeopaer ycaosuam:
'f(xl+thx2)"', xn)_f(xl’x27"'s n)l<c|tlla
”(lexz'*‘tz, ceey xn)_f(xl9x27 ooy X )I<C(x,)|t2{"
‘f(xhx%" x +tn) f(xlvx21"') n)[
<C(xl’ x?a s vy n—l)ltn Ia)
rae (13)
0<a<], SC(xx)dx1<oo, S
v S C(xy, Xoy vy Xp—y)dx dxy oo dx,_ < 00,

To2da ¢popmyra obpaujenus (12) cnpasedausa, ecau uwreepar 6
Hell noOHUMAaTL KaK

N, N N,
- lim S ... lim 5 lim S gy Ay, ..ty )X
(2It) Ny->o0 -V,

Nl n-— -N
>< eixn n d}\, }g *p—thp—y dln—l . }eix’lldll.

JlelicTBUTENLHO, TOCKOABKY f (X1, X2, ..., Xn) CyMMHpyema B R,
TO B cHay TeopeMbl ®y6HHH OHA CYMMHDYyeMa IO X PH [OYTH BCEX
X2, ..., Xn. Clle1OBAaTENBbHO, CYLIECTBYET QYHKUHS

0

fl (A'l’ X2, o ey xn)= S f(‘xh x29 “ oy )Cn) e’ix‘hl dxl'

- 00

Hs (13) cnenyer, uto f(xy, X2, ..., Xu) Kak ¢GyHKUNSA OT X yAOBJe-
TBOpsAET yCJ0BHIO TeopeMbl 1 § 3; mosToMy f(xy, Xg, ..., Xn) MOXKHO
BHIPa3HuThb uepe3 f; no hopMyJe obpaluenns

Ny

. 1 ix A,
f(xh Xgy ooy xn)= lim — S fl (}“h Xgy o eny. xn) elx‘hl d7"l'
Ni> oo 2n N
—~N

ﬂa.nee, €CJIx MBbl NTOJIO2KUM

f2 (}"I’ A'21 x3’ sey xn)= S fl (}\’h X2y +0ny xn) e‘ixxlz dx2;
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TO U3 ycnosus (13) caenyer, uto s fy cnpaBennuBa GopMyna 06-
pallenus

N,
. 1 .
fl (}"1) X2y o vy xn)= hm E S f2()"l’ }"2r ey xn) elxzhdkz’
Ny=> o0 N,
T. €.
Fxp, %9, vy x,)=
Ny N2
. 1 . 1 .
—_— L — X2h ixh
Nl‘l_l;noo 5o S {N{l}’)nw 5 S fo(hy, Agy + .., x,)eiveh dkz}e *hi g,
—N A
OnpenennB aHaJOrHYHbIM 06pasoM fs(A(, A2, Az ..., Xp) H T. 4., MBI

u npuaeM K ¢opmyse (12).

ITpeo6pasobanne Pypbe GYHKUMI HECKOJNLKHX MEPEMEHHBIX WIK-
POKO HCHOJb3yeTCA B TEOPHH YPaBHEHHH C YACTHBIMH NPOHU3BOJLHBI-
mu. PaccMoTpuM, Hanpumep, ypaBHenue

du ?u 0%u
=t 0y (14)

OMHCBbIBAIONIEe MPOLECC PACIPOCTPaHeHHs Tem1a B IIOCKOCTH. Ilycth
B MoMeHT { == 0 TeMmeparypa 3ajnaHa:

u (O’ X, !/)=u0 (x, y)'

HanoxuB #a nckomoe pelllenue ypasHenus (14) yciosus, aHadgo-
FHYHBIE TeM, KOTOpbie yKasaHsl B I. 6, Mbl MOXeM che/aTbh B ypas-
Henun (14) npeo6pasobanue Pypbe mo mepeMeHHbIM X H y. B pe-
3yJbTaTe NoOJIyYUM OOBIKHOBEHHOE YpaBHEHHE

d
~d-';—=—(k2+02)v, (15)
rae
v, A, 0)= S S u(t, x, y)e t*xton gy dy,

Pewns ypasueune (15), MoxHO 3aTeM HaliTH pelleHHe HCXOA-
Horo ypasuenus (l4) ¢ nmomouwpio Gopmysiel 0GpaieHus.

§ 5. IlpeoGpasosanue ®ypbve B npocrpancrse Ly(—oo, o)

1. Teopema Ilaanwepens. BepHemcs cHavasa X TeM pesyJbra-
TaM, KOTOpble Mbl noayuuan gas psagos Pypoe. Qasi Goabinel awna-
Joruu ¢ npeobpaszosanuem Oypbe Gyaem paccmatpuBath psal Pypoe
B KOMIJIEKCHOH (hopMe, T. €. BO3bMEM HaA OTpe3Ke [—, ] NOJHYIO
OpTOroHasNbHyio cucremy ¢Qyukuuil e™*, n =0, =1, +2, ... u Ka-
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XKIOH cymmupyeMol Ha oTpeske [—u, 1] GyHKuMH [ MBI HOCTaBHM
B COOTBETCTBHE II0CJIEJOBATENbHOCTh €€ K03pduuueHtoB Pypbe
T

c,,=—21; Sf(x)e“’"”dx (n=0,x1,%£2,...).

-n

Ecau ¢yukuus [ He TOJIBKO CyMMHpYeMa, HO M MMeeT CyMMHUpye-
MBI KBaApaT, TO ee Ko3pduuueHtTo Pypbe yLOBIETBODSIOT YCJIO-
BHIO

oo

2 e B<oo.

N=—00

Wnaye rosops, mepexos OT CyMMHpyeMOi ¢ KBaapaToM GQyHKUHH K
COBOKYMHOCTH ee Kosdhouuventos dypre ectb oTobpakeHue eBKJIH-
noBa npocrtpanctBa L, Ha €BKJMLOBO NMPOCTPAHCTBO [y, mpHueM 310
otoGpakeHne JHHeHHO M yuoBaeTsopsier paBeHcTBY IlapceBans

o Y leaf= \17(x)pdx (1)

fn=-—-00 ~7

(T. €. 3TOT TNepexoi OT/IMYAeTCA JIHIIb YHCIOBHIM MHOMKHTEJNEM OT
npeoGpa3oBanys, COXPaHAIOLIEI0 HOPMY).

O6patumcsl Tenepb K npeo6pasosannio Pyprve mias GyHKUMH,
3aJlaHHBIX Ha BCel NpPsIMOH, U NOCMOTPHM, HeJlb3sl JU 3TO Npeobpa-
30BaHHE TPAKTOBATh KAaK HEKOTOPLIA JIHHEHHBIH omepaTop B KOM-
IJIEKCHOM TIpocTpaHcTBe Lo(— 0o, oo0). OcHOBHasi TPYAHOCTH CO-
CTOUT 3J€Cb B TOM, UTO (PYHKUHS C MHTErPHPYEeMbIM KBaJpaToM Ha
npsMon He ofs3ana mpuHajpjaexatb L)(— oo, 00), T. e. npeo6paso-
Banue Pypbe B CMbIC/E, ONpefeneHHOM B § 4, MoxeT A/ Hee H He
cyuectBoBaTh. OHako 05 BCsiko#l f & Ly(— oo, 00) MOXKHO ompe-
nenuth npeo6pasoBaHue Pypbe B HECKOJbKO HHOM cMbicse. [lpu
3TOM TOJYYaeTcs CJAeAyIOLlasi TeopemMa, KOTOPYI MOXKHO paccMar-
puBaThb Kak anasor paBeHctBa Ilapcesans (1).

Teopema (Ilmanwepenn, 1910 r.). Qasa scakod ¢pynkyuu
f & Ly(— o0, o) unrezpaa

N

av = | e meax

~N

npu awbom N npedcrasaser coboil ¢yuxyuro or A, npunadiexca-
wyto Kk Ly(— oo, o). IIpu N - oo ¢hynkyuu gy cxo0arcs 6 merpu-
Ke npocrpancrsa Ly k HekoTopomy npedery g, npuuem

o o o)

{le@ par=2x {10 pax. ()

—00 —o0
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Ity ¢ynkyuio g HasviearoT npeobpaszosanuem Pypve Gynkyuu
fe Ly Ecau | npunadaesxcur taxsce u k Ly(— oo, o), o coorser-
creyiowan dynkyua g cosnadaer ¢ npeobpasosanuem Pypove ¢ynk-
yuu f 8 oboiunom cmoicae.

HoxaszareabcTBo. OCHOBHAS uAest HOKA2aTeJbCTBA COCTOMT
B TOM, YTO PaBeHCTBO (2) ycTaHaBAHBaeTcs cnepBa /1S BceX QyHK-

" UMW, NpHHAAMeXAIUX KAacCy S GeckoHeuHO AuddepeHUHpyeMbixX

ObiCTPO yOBIBAIOUIHX GYHKIHI, KOTOPbIE BCIOAY MIOTHBI B Ly(—o0, 00),
a NOTOM pacIpOCTPaHsAeTCs IO HelpepbIBHOCTH Ha Bce Lg(— oo, 00).
PeanusyeM Tenepb 3Ty HIEIO B AeTassiX.

1) Ilycts fi, fo & Seo. O603HaUHM uepes g1 H g2 COOTBETCTBEHHO
ux npeo6pasopanue Pypre. Mmeem

{nwrma= | L lameranfma=

— 00 —o00

- S[g () szme-fwx]dh%n Yacraers

- 00 - 00 -0

IpHYeM HM3MEHEHHe MNOPSAJAKA HHTErPHPOBAHHUS 3JeCb 3aKOHHO, MO-
CKOJIbKY QyHKUHUA

g1 (1) o (x) et

a6CoJIOTHO HHTerpupyemMa B IIOCKOCTH (X, A). ITonoxus B nosyyen-
HOM paBeHcTBe fy = [, = [ n g, = g = g, noJayuum, uto ¢opmyaa
(2) Bepua aas mo60i GyHKuHY [ & Se.

2) Ilycrb Tenepb f-— npousBonbHasi GyHKuus u3 Ly(— oo, o),
obpalanuiascs B Hy/1b BHe HEKOTOporo uHrepsana (—a, a). Toraa
f wunrerpupyema wHa wuntepBaie (—a,a) (T. €. NPHHALJIEKHUT
L,(—a, a)), a cnepoBatenapto, 0 Ha Bceft npsamofh. [TosroMy aaa uee
onpeneseno npeobpasobanue Pypre

00

gy= { 1(mereax.

—00

Tlyctb tenepb {fn} — nmocaenoBatenbHocTs QyHKUHE H3 Sw, 06pa-
WAIOIHXCSl B HYJAb BHe (—a,a), M CXOASILAfACA MO HOpMe Mpo-
crpanctBa Ly(— oo, o0) k f. Tlockoasky [ u Bce fn oTaHuHBl OT
HyJs JIMLIb HA KOHEYHOM HHTepBaJe, NocienoBaTe bHoCTh {fn} cxo-
autca K f u no Hopme npoctpanctBa Ly(— oo, o). ITostomy (cm.
n. 2 § 4) nocnenoBateNbHOCTb {€n} CXOAMTCA K £ PABHOMEpPHO Ha
Bceil npsmoii. Kpome Toro, nocienoBatenbHocTb {gn} OdyHaames-
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Taabiia B Ly(— oo, o). [eAcTBHTENbHO g, — gn € S, M03ITOMY
B CHJIY yXKe JOKa3aHHOro

o0 0o

{1e.00—gnypar=2x |

—00 )

Ifn(x)—-—fm(x)Fdx,

OTKyZAa M cJaeayeT GYHIaMeHTaJbHOCTb MOCJAEROBATENbHOCTH {gn}.
3HauuT, 3Ta NOCJAELOBATEIbHOCTb CXOAHUTCSl B Lo, mpuueM K TOH xKe
caMoit QyHKUMH g, K KOTOPO¥ OHa CXOAMTCA paBHOMepHO. [TosToMy
B DaBeHCTBE

= 5 1l g 2

MOXHO NepedTH K npefenay npu n->oo. TakuMm o6pa3oM, nojayuaem,
4TO PaBeHCTBO (2) crnpaBelsIUBO 175 Kaxnoil [ & Ly, obpaimalonieii-
Csl B HYJIb BHe HEKOTOPOro HHTepBaJa.
3) Ilyctb, Bakonel, f-—mnpoussonbuast Gyukuua u3 L, ITloso-
KHM
f(x) mpu |x|<N,

fN(x)={ 0 mpu |x|> N.
Slcuo, uto
If—Ffyll—0 npu N->oo.

®yukuns fy npuHagnexur Lj(— oo, o), creoBaTeNbHO, A5 Hee
cyuiectByeT o6bluHoe npeobpasosanne Pypre. OHO paBHO

% N
gv(M)= S fy(x)e it dy= S f(x) e= M dx.
= 3

IlockoabKy B CHAY NYHKTA 2) HAUIUX PacCyXkIeHHi
; 1
Iiv—Fulf == lgn—eul?,

dynxunu gy cxopatTcs B Ly K HekoTOpoMy Inpeseay, KOTOpbii Mbt
o6o3znauuM g. [TosToMy B paBeHcTBe

Wy iE= ol gy P

MOXHO NepelTH K npenenay npu N — 0o, OTKy[a NnoJyyaeM COOTHO-
menne (2) aas npoussobHoll f & Ly(— oo, 00). [epBas uactpb Teo-
pembl Tlnanumepens nokasana.

Ecan Tenepb QyHKuus [ npHHALIEKHT KaK Ly(— oo, o0), Tak &
L (— o0, ), To Ans Hee cyulecTByer npeo6paszoBanue Pypoe

oo

gw= {1@ear,

- 00
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noHnmaemoe B 00bluHOM cMbicste. Ilpu stom ¢byuruuu fy cxompsrcs
K[ B Li(—o0, 00) u, 3Hauut, ux npeo6pasosauus Oypve gy cxo-
nstcs K g paBHomepHo. Ho, kpome Toro, Kak Mbl YCTaHOBHJIH, (YyHK-
LHH gy CXOASATCS B MeTpHKe Lg(— 0o, 00) K HEKOTOpPOMY mpenedy,
KOTOpblit Mbl 0603Hauunu g. OTciofa ciaefyer, 4To § COBNALaer c g.
JlokazaTenbCTBO 3aKOHYEHO.

CnencrBue. A3 cootHouwenus (2) cpasy evirekaer, 4to 0AA
2106061% [1, fa & Lo(— 00, o0) gbinoaneno pasencrso

ViR a=a { amz@ma.

[as noxasatenbCcTBa JOCTATOYHO HAMHCaTh paseHCTBO (2) aaa
¢yuxuun fi-4f2 u 3ateM cpaBHATH BbIpaXKeHHS! CnpaBa H CJeBa.
Ecin pasencrso (2) o3nauaer coxpaHeHHe HOpMBI B Ly mpu npeo6-
pasoBannu Pypbe, TO NMoC/IefHee PABEHCTBO O3HAYAET COXPaAHEHHUE
CKaJIipHOTO NPOU3BEEHHS.

2. ®yukuuu Ipmura. Teopema [lnanmepens, u3noxeHHAs B npe-
AblAylieM INyHKTe, O3HauaeT, 4YTo npeoGpasoBaHue Pypbe MOKHO
paccmMaTpuBaTh KaK OrpaHH4YeHHbIH JHHeHHbIA oneparop F, oroGpa-
Xalomui npocTpaHcTBo Ly(— oo, o) Ha ce6s. Ecan B 3ToM npo-
CTpaHCTBE BbIOPATb KaKylO-AHO60 NMOJNHYIO OPTOTOHAJIbHYIO HOPMHPO-
BaHHYyIO cucTeMy, TO oneparop F (kak u /io6Go#i npyroft JuHedHbIA
OnepaTop) MOXKHO 3alHCaTh C IOMOLIbI0O GECKOHEUHOH MaTpHIIbL.
Bun aToit mMaTpHLBl 3aBHCHT, KOHEYHO, oT BbiGopa Gasuca. [Ipoiue
BCEro Marpuiia, OTBeyalollass TOMY HJH HHOMY OIepaTopy, BBITJIf-
JHUT B TOM cJy4ae, KOIZa COOTBETCTBYIOILUA 6a3HC COCTOMUT M3 COG-
CTBeHHBIX ()YHKIMHA AaHHOTO OmNeparopa: B 3TOM CJydyae Marpula
uMeeT nuaroHasbHyro ¢opmy. ITocMoTpuM, cyuiecTByer Jin TakoH
6asuc aas npeobpasosanust Pypve F? Muaue roBops, nMocMOTPHM,
Kakne QYHKUHH U3 Lo(— 0o, 00) ABAAOTCS COGCTBEHHBIMH /A Mpe-
obpasoBanus Pypoe F? Iasi 3TOH UeJSH 3aMETHM, 4TO ypaBHEHHE

j—;’; — &’ =uf @)

nepesoautcsi npeoGpaszoBanneM Pypbe B TaKoe Xe ypaBHeHHe!)
2
(nocxonbxy omepauHsi ——r [EPeXOAHT B YMHOXeHHe Ha —A%,

. d?
a4 YMHO2KeHHEe Ha —x2—B onepanuio W). HOSTOMY €CTECTBEHHO

HCKaTbh COGCTBEeHHble (YHKUMH omepaTtopa F kak pellienust ypasHe-
aust (3). Byaem uckatp pellleHHSI 3TOrO ypaBHEHHs, HMEIOIIHE BHJ,

[ = we—*"2,

1) TlpepnosaraeTcst, KOHEYHO, YTO HeM3BeCTHast (yHKUUs [ YAOBJAETBOpAET
COOTBETCTBYIOLUHM YCAOBHAM IVIAAKOCTH H yObiBaHHS Ha GeCKOHEUHOCTH,
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rae @ — mHorouiled. [TogctaBuB 31O BhIpaxkenne B (3), MoayuuM
IJsi W ypaBHEeHHe
w"” — 2w = (p + ) w.

w=a+ax+ ... +a,x", (4)
noJiydaeM pPaBeHCTBO
2a,+3-2a;x+ ... +n@mr—1)ax*2?) —
—2x(a; +2ax+ ... +naxr)=
=@+ D@+ax+ ... +ax").

CpaBuuBag B HeM K03(PPHUHEHTH NPH ONHHAKOBHIX CTENEHSIX X CJe-
Ba U crpaBa, HaXOAHM, 4TO

—2na, =+ Da, — 2(n— 1 ap—=n+ D a,—,
¥ T. 1., BooGuie,
kik—1Da,—2(k—2)ap—=(n+ 1) az—. 5y

TlockoabKYy MBI CyuTaeM CTapumuili K03bpOULUHEHT @n OTJIHYHBIM OT
HYJSl, LOJ2KHO GbITb

pn=—@Cn+1) v a,-,=0,

T. €. | AOJKHO OblTb HEYETHHIM LENbIM OTPHUATENbHBIM UYHCJAOM.
Bce koshduLHeHTH MHOTOUJEHA W ONpPefeNsIOTCS COOTHOUIEHHEM
(5) ¢ TOYHOCTBIO 0 NMOCTOSTHHOro MHOXKuTeas. IIpn atom Te Ko3h-
({HUIMEHTH!, YeTHOCTb HHAEKCA KOTOPHIX OTJIHYHA OT YETHOCTH 4YHCJia
n, T. e. CTelleHH MHOTOYJeHa W, paBHbl Hymo. HaoGopor, Bce k03dh-
¢duIHeHTH ¢ HHAEKCAMH, HMELUMH Ty YK€ YeTHOCThb, YTO H A, OT-
anyHbl OT Hyad. OHM HAXOAATCS MO PeKYPPEHTHOH (Gopmy.e

k(=1
2= 9p _op— 4 %

ITonaras

(ecnmu 3HauyeHHe an 3ajano). Taxum oGpa3oM, Mbl mosydaem ¢op-
Myay Aas w:

n —1 — - ~
w,,(x):a,,(x -—"(n4 )x"—z—l-n(n 1)(2’82)('1 3)x"‘4—...).

Urak, Mel noctpouan cucreMy QyHKuul Brja
P, (X)=w,(x)e=*? (n=0,1,2,...).

$icHo, uTO KaXzAas M3 3TUX QYHKUMA NpuHAANEXHT Lo(— oo, oo)
(6narosapst HaJHYHIO MHOXHTeJs e~*/?). Bro6GaBok, 3T GyHKIHH
Nonapyo OpTOroHanbHul. [lelicTBuTenbHO, cornacho (3) umeem

@, (x) — X%, (x) =—(2n+ 1) @, (x),
gy () — x%@, (x) = — (2m + 1) @, (x).
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YMHOXKHUB fIepBo€ M3 3THX PABEHCTB HA @Pm, & BTOPOC —HA @n H Bbl'
YHTasd H3 OOHOr0 paBeHCTBA APYTroe€, NoJdyyaeM

9P, — PP, =2(m—n)q,Q,
HANU , ,
(9.9, — 9.9,] =2(m—n)e,9,.

Ecau n 5= m, To, UHTErpupys 3710 paBeHCTBO, NOJy4aeM

oo

1 ’ ’
S P, () @, (1) dx = 5 S [929m — @] dx=

1 ’ ’ 00
=3 (m—n) [(pn‘pm - (pmq)n]__

Taxkum 06pa3oM, OPTOrOHAJbHOCTD J0Ka3aMa.

Kaxxabi H3 3/1€MEHTOB @n NOJYYeHHOH OPTOrOHAJBHON CHCTEMB
TpeACTaBAsieT coB0il MHOTOU/IEH CTENeHH 7, YMHOMEeHHbIH Ha e~*'/2,
CrenoBaTesbHO, €€ 3J€MeHThl JOJIKHB, ¢ TOYHOCTHIO [JO YHCJOBBIX
MHOXHTeJeH, COBNAjaTb ¢ (QYHKHHAMH IDPMHTA, KOTOPble MBI IO-
crpousd B § 3 ra. VII oproronannsauueil nocsnenoBatesibHOCTH

e~¥R  xe~*2 . . xne~*'2
B npocrpaHctBe Lg(— oo, 00).

[Tokaxem Tenepb, 4to QYHKUHH {Pn} ABAAIOTCH COOCTBEHHBIMM

GYyHKUHAMH npeobpa3oBanua Pypoe:

Fo, == @y, (6)

3710 BHITEKAET H3 CAeNyIOLHX $aKTOB.
YpasHenue (3) HHBAPHAHTHO OTHOCHTEJNbHO I[peobpazoa-
Hust F
2. Ypasuenue (3) npu KaxKIOM 1 HMeET, C TOYHOCTHIO A0 MO-
CTOSIHHOTO MHOXKHUTEJIs, JHUIb OXHO pelleHue BHAa Pn(Xx)e~*"2, rge
Py ~— MHOTOUYJIEH CTENeHH M.

d n
; —x2g (i L) p-xv2
3. IlpeoGpazosanne Pypbe mepeBogut x"e™*/ B(l dx) e =

=Q,(x)e *"2, rne Qn-— MHOrouJieH cTenmeHd n (nocJe/Hee yTBep-
JKJIeHHe JIErKo NpoBepsieTcsl MO0 HHAYKLHH).
M3 pasencrBa (6) caeayer, UTO HPU KaKIOM UesJOM &

Frg, = ckg,.

Ho npeo6pasoBanue Pypbe, MpUMeHEHHOE UYETHIPEKAb, MEPEBONUT
Kaxayo dyHkinio B cebd, yMHOXKeHHYIO Ha 4n?. [Toatomy ¢! = 4n?,

T. €. Cn MOXET MPHHHMATb JHIWb 3HaueHus == 4/ 2n u =i/ 2a.
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Hrak, npeo6pazosanue Pypve F 8 npocrpancree Ly(— oo, o)
ecTv AuMelinbil oneparop, KoTopuul 8 6a3uce, cocToauem u3 Qynk-
yuid 3pmuta, 3anucet8aeTca KaK OUQ2OHANBHAR MATPUYA C INEMeH-

ramu euda =/ u +i4/2n").

§ 6. Mpeo6pasosauue Jlanaaca

1. OnpepesieHte U OCHOBHbie CBOiicTBa npeoGpasosanus Jlan-
Jaca. [lpumennMocTs npeobGpasoBanuss ®Pypre K nuddepeHunanb-
HbIM YPaBHEHHSIM CYLIECTBEHHO OTPaHHUHBAETCsl TEM, YTO 3TO mpe-
06pa3oBaHye OnNpefeseno Jullb Mg PyHKUMH, CyMMUDyeMbIX Ha
BceH npsaMon. B wacrsocth, npeoGpasoBanne Pypbe He CyLleCTByeT
s QYHKUMH, pacTymUX NPH X —> — 00 HJH X —> 00, a TakHe QYHK-
MY HepeiKO BO3HUKAIOT NpH pelienuu guddepeHLHa bHBIX ypaB-
HeHHA. DTy TPYJAHOCTb MOMKHO INpeojoJierb, PacnpoCTPpaHHB Npeod-
pasoBanne Pypoe Ha 06061ieHHbIe QYHKUHH; 06 3TOM IIyTH Mbi CKa-
KeM KpaTtko B § 8 stoft raaBul. [pyro#i BO3MOXHBIA NOAXOA, He
RBIBOASALME 32 PaMKH KJ1aCCHUECKOTO TOHATHA QYHKOUHM U KIacCH-
YeCKHX MeTONOB AaHa/aH3a, COCTOUT B 3aMeHe IpeoGpasoBaHHs
Dypbe Tak HaszbiBaeMbiM npeobGpas3oBaHueM JlanJaaca.

Iycry dyuxkuns [ (BooGuie roBopsi, He HHTErpupyemasi Ha BCel
TIPSIMOH) CTAaHOBUTCSI MHTErPHPYEMOH, eC/M €€ YMHOMKUTh Ha e~V%,
THe Yy — HEKOTOpoe AeACTBHTeJbHOEe uucao. Torma HHTerpad

0

g(s)= S fxye is*dx = S f (x) e—#hexn dx

- 00

OKa3blBaeTCsl CXOASALIMAMCS AN HEKOTOPbIX KOMIIEKCHBIX § ==
== A -+ i\, B YaCTHOCTH, OH CXONHUTCA Ha NpAMOl p = —y. Ha 370
npAMOA OH cayXRUT npeoGpasoBanneM Pypbe dyHxuuu f(x)e—ve,

HanGonee BaXKHBIA AR NPHJIOKEHHH CAyuyal, B XOTOPOM Hallil
npeanonoXeHns o6 HHTerpupyeMocTd GYyHKUOHM f(X)eV* BbimoJHe-
MBI, — 3TO TOT, KOrja [ yIOBJNETBOPSET CJAEAYIOUMM YC/JIOBHAM:

[f (x)} < Ce¥* npu x>0,}

f(x)=0 npu x<O0 0

!} Ecan npeo6pasoBanne ®Pypbe onpenenuts GpopMyJod

oo

S Fx) e gx

—00

1
Vom

{1. e. popmyaon (1’) § 4, a ne dopmyaoi (1)), To ero yeTBepTas creneHb GYAeT
€[HHHUHEM OTepaTopoM, H B Gasuce, cocToAWeM K3 GYHKUMA IPMHTA, MH MOMY-
gaeM nns F AnaroHajbHYI0 MaTpuUY ¢ aaeMeHTaMy =1 u 44

Fifl=
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(Yo 1 C — nocrosiunsie). Murerpan

©o

g(S) = S f(X) e—isk dy — S f(x) e—isx dy (2)
0

-—00

CyWIEeCTBYET IIPH BCeX § = A - ip, Takux, uto p << —vys, T. €. B NO-
JYNJIOCKOCTH, OrPaHnyeHHON npsaMoi Ims — —vyo, u npencrasaser
coboii mpeobpasdoBanne Pypbe dyukuum f(x)er*. Drta nocaenHAs
MOXeT GbiTh MoJydeHa H3 g ¢ NOMolUblo popMy.sl obpauienns (MbL
CuHTaeM, 4TO [ YROBJETBODPSAET YCJOBHSIM, IIPH KOTOPLIX 3ta (op-
MyJia NpUMeHHMa)

o= | g9 ema,

OTKyJa
ip+ o0

F0) = S g(s)e*ds  (s=A -+ ip). 3)

in—oco

IMockonbky ¢ynkuus f(x)e* npu p << —yo yObiBaeT Kak 3Kcio-
HeHTa (B cuay (1)), ee mpeo6pasoBanne Pypre g, a 3HAUMT, H
g(s)ei*, ecTb (QyHKUMA, aHaJHTHUECKass B IMOJYMJIOCKOCTH
Ims << —Aq.

Cnenaem renepp B dopmynax (2) u (3) 3ameHy mepeMeHHbIX,
TIOJIOKMB p == i§ n o6o3HaunB g(s) uepez @ (p). [Noayunm

© ()= f () errax 2
. 0
—p+ioo ~u+ioo
=3 § o0 L=z | onera @)

—p—ioco —u—1o0

®yukuus @ onpeflenreHa M aHAMUTHYHA B  TOJYIJIOCKOCTH
Re p > vyo; ona HasmiBaercs npeobpasosanuen Jlanraca Gyurunu f
(ynosaetBopsirouielt ycaouam (1)).

Tlpeo6pasoBanue Jlannaca no cBOUM CBOHCTBAM MaJjIo OT/IMYAET~
cs oT npeo6GpasoBanus ®ypve. Onnako kmace GyHKUMH, A8 KOTO-
phIX onpenesieHo npeoGpasoBaHue Jlamnaca, CyleCTBEHHO OT/JHYEH
oT Knacca Ly(— oo, co) (yHKUMH, 1151 KOTOPHIX CYLECTBYeT Npeob-
pasoBanune ®Pypre.

2. INpumenenue npeob6paszosanns Jlannaca k peuwieHH0 aud-
thepeHUMaNbHBIX ypaBHeHWHl (onepaTtopHblii mMeton). [1peoGpasoma-
nue Jlannaca MOXHO NPHAMeHHTb IJA OTHICKaHHs pelleHHH audde-



§ 6] TMPEOBPA3OBAHHE JIATIJIACA 447

peuunaJpHBIX ypaBueuuil. Ilyctb naHo auHefinoe puddepenunans-
HOe ypaBHeHHe C MOCTOSTHHBIME KO3 duLuueHTaMu

Y+ ay 4 L by =b(x), (4)

u HyCTb HureTca ero pemeﬂne, yZIOBJIeTBOpHIOLU,ee HayaJbHbIM YCJIO-
BUAM '

yO) =y, ¥y O =y, ..., y¥*0)=yp—. (5)

TIpumenum k ypaBuenuio (4) npeoGpasosaume Jlanmacal), T. e.
YMHOXHM ero Ha e P* g mpounterpupyem ot 0 mo oo. ITycts
Y(p)={ y(x)e-rax

0

— npeoGpa3oBanue Jlamnaca ¢yukumn y. Murerpupya no uacram,
Mbl Haiilem npeoGpa3oBaHue Jlannaca nNpoU3BoOAHON y':

00 00

§ v errde=ywers|"+p{ ywerrax=prp) — s

0 (]

Tlpumensig a1y Gopmysy nocaenoBaTe/nbHO, HalgeM

oo

S Yy (x)e P dx=p(p"~'Y (D) — Yn—2—PYn—3 — +o- = P""2Y0) — Yp—i ==
0
n—1

=p"Y (P) = Yn—1 = PYn—2— .. — P""'go=p"Y (p) — Z P Ry
k=0
Ilycrp, HaKoOHel,

B(p)= S b(x)e~r*dx.
0

B utore mpeoGpasoBanue Jlannaca mepesoaut auddepeHunanbHoe
ypaBHenue (4) [c yueToM HauanbHbIX ycaoBuit (5)] B anreGpauue-

CKO€ ypaBHeHHUE
Q)+ R(PY (p)=B (p),

rae B — npeo6pasoBauue Jlannaca ¢yukuuu b, Q — MHOrousen or
p crenenu n — 1, 3aBucamMA OT KO3(QQPULHEHTOB ypaBHEHHS H OT
HavaJbHBIX AaHHbIX. Hakonen,

n

— k —_
R'— k}=:0 Qu—-pP”y, Q== 1

~— XapaKTepUCTHYECKHH MHOrowseH ypaBHeHHs (4).

') HerpyAHO NOKa3aTb 3aKOHHOCTb €ro NPpUMEHEHHA K ypasHeuuio (4), ecau
16(x)| pacteT He CAMILKOM GBICTpO,
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V3 nosyueHHOro ypaBHEeHH HaxoAHM

Y (P) — B (P)R"(‘p? (p) .

Pewenne y mojyuyaerca orcioga no gopmyJe obpauieHis

—u+ioco
S B(p) =Qp) oo g,

1
y(X)=——- R (p)

2mi )
~p—io
3TOT UHTErpas OGLIYHO BLIUHCHASIETCS € MOMOIMIBLIO BhLIYETOB.
st pemieHns ynnHeHHbX AudQepeHUHaNbHbIX YpaBHEHUHA C Mo-
CTOAHHBIMH KO3 ®HUIHEHTAMH H3BeCTeH TaK Ha3biBaeMbil omnep a-
TOPpHBH MeTod OH COCTONT B TOM, YTO B TAKOM YPaBHEHUH

Yy 4 ayn4 Lo+ ay=10b()

JeBast 4aCcTb PACCMAaTpPHBAETC KaK pe3y/ibTaT NPUMEHeHHS K HeH3-
BeCTHOH (PyHKIHMH y onepaTtopa

dy__ d" an—!
A(Z)_ v M Sorar i EEEE + a,, (6)

a peuleHHe ypaBHEHHS — KaK MPHMEHEHUE K ero npasoil 4acTu ypas-
HeHHus onepatopa, obpaTHoro K omepartopy (6). Pesyabrar npume-
HeHHS TAKOro ofepaTopa K HEKOTOPbIM NPOCTEHWHM (QPYHKUHUAM —
TPUTOHOMETPHYECKHM, [10Ka3aTeNbHbIM, CTEMEeHHLIM W MX KOoMOUHA-
HUAM — HETPYAHO HAaHTH C TIOMOLLbLIO HENOCPEeACTBEHHBIX BblyHC/Ie-
duil. TO JaeT BO3MOXHOCTb aBTOMAaTH4eCKH BLIIUCHIBATL pellieHHe
JHHEeRHOro ypasHeHHS C MOCTOSHHBIMH KO3(QHUHeHTAMH, €C/H ero
npaBasi 4acTb IpeicTaB/sieT co60fi KOMOMHAUHM TaKuX (QyHKUHH.

$lcHO, uTO OnmepaTopHBIll METOA MOXHO HCTOJNKOBaTh KaK IIpume-
HeHHe B lesABHOW ¢opme npeobpasopanua Jlannaca (ycraHas/au-
BaIOILEro OnpejeseHHoe COOTBETCTBHE MexAy aaredpoit auddepeu-
LHaJbHBIX OnepaTopoB BHAa (6) U anreGpofi MHOrOUJIEHOB), 4TO Kak
pas U MOXHO paccMaTpHBaTh Kak 060CHOBaHHE 3TOTO METO/a, 4acTo
GUrypupylollero B TeXHMYeCKOH JHTeparype B BHAE HEKOTOPOro
«peuenTa».

§ 7. Mpeobpa3zosanne Pypbe — CTHaATHECA

1. Oupenenenue mnpeoGpasosanus Pypoe — Cruntoeca. Bep-
memcsi cHoBa K npeo6pazoBanuio  Pyppe B NPOCTpaHCTBE
Ll (-—— 0, OO):

gmy= | ef () dx.



§7 TIPEOBPA30BAHUE ®YPLE — CTHJITbECA 419

STy ¢opMysy MOKHO Nependcatb B BHAe HHTerpaja Pumaug —
Cruatbeca

gW= | et dF ), ()

rape
x

Fy= { fea @)

- 00

— a6CoJIIOTHO HeNnpepbuiBHASA q)yHKIlHﬂ C OrpaHHYEHHBIM H3MCHEHHEM
o0

Ha BceH YHCAOBOH OCH | paBHLIM S | (x) ldx). OniiaKo $2ABEHCTBO
— OO

(1) nmeet cMbic He TOJBKO A QYHKUHN Buaa (2), no u pad Jjio-

O6biIx QYHKIUHA ¢ OrpaHHYeHHBIM H3MeHeHHeM Ha Bcell npsimoil. Mu-

TerpaJ

00

gt)= | e=rdF (v),

- 00

rae F—npou3BosibHasi QYHKLUHSA € OrpaHHYEHHLIM H3MEHEHHEM Ha
npsiMoii, Mel 6yaemM Ha3blBaTbh npeobpasosanuen Pypove — Cruatve-
ca ¢yukuun F. Ilns npeo6pasosanus Pypbe — Ctuarbeca coxpa-
HSIeTCS1 PsAA CBOHCTB, YCTAHOBJEHHbIX HaMH paHee AJaS OOBIUHOTO
npeo6pasosanus Pypbe, HanpuMep, ciaenywouiee: GyHKUHA g, ONpe-
JeneHHas uHTerpasoM (1), HempepbiBHAa W orpaHuueHa Ha Bcedl

npsiMoi.
IleiicTBuTENBHO,
fg(A)—g () I<
N .
< S l e—iMx . p—ilax ldp (x) + S I e~ ihix — p—ilux ldF (x)
-N IxI>N

Bropoe ciaraeMoe cnpaBa MOXHO cleslaTbhb CKOJNIb YrOAHO MaJbiM
(cpasy npu Jo6GbIX Ay H Ag), B3siB N nocrtatouno 6oJblIMM, a mep-
Boe NpH (UKCHPOBAHHOM N CTPeMHTCSt K HYJIO mpH Ay — Apg—>0.

Opnnako He Bce cBoficTBa npeoGpasoBaHus ®ypbe nepenocsites
Ha npeoGpasoBanne Pypbe — Cruartbeca. Tak, oHO He cTpemuTCs,
BooGlle roBopsi, K Hymo npu |A|— oo. [Tycts, Hanpumep,

0 mpm x<0,

F(x)={ I npu x>0.
Torna

g() = S e~ dF (x)= 1,
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Ananornuno, npeo6pasosanie Dypbe — Ctusitbeca GyHKLHH, pas-
noit 0 mpu x << %o u 1 mpu x > xo, ectb &/, T. e. nepuosnueckas
(YHKUHA OT A.

Ecau F — yHKUHA CKAYKOB, /11 KOTOPOH TOUKH

n=0, =1, =2

— &y
CJyXKaT TOYKaMd paspbiBa, a uHcaa
ey Ay, Aoy Ay vy Gy ovns (rue Zla,,l<0'~,
n

— BCGJHYUHAMH CKAYKOB B 3THX TOYKAX, TO

oo

S e~ irx dF (x) = Z a,e—ink

— 00 n

ecTb Tepuoanyeckas ¢GyHkuus c nepuogom 2n. Ecaum ke F umeer
CKaykH @n B TOYKAX Xn, OOpPA3YIOMHMX NPOH3BOJIbHYIO NOC/EN0BaA-
TeJbHOCTb uHCeJ (BoOOGLIe roBOpsl, HECOH3MEPHMBIX), TO €e Ipeos-
pasoBanue Pypbe — CTHATBECA HMeEET BUL

> ae” Fnh,
n

DyHKIHU TAKOTrO THIA OTHOCATCS K TaK Ha3blBaeMBIM NOUTU nepuo-
Quueckum QYHKIHUAM.

2. Nprmenenus npeoGpazoanus ®ypbe — CTuatbeca B TeOpHH
BeposiTHocTeH. 1 cyMMHpyeMbIX Ha (—oo, o) QyHKIHUI Mbl BBeY
B § 4 nousiTe CBEpPTKHU: '

00

f=Fsh@={ hx—DhEd &
IMonoxum -
Fo= {iwa, Fw={roa « A= {Lod

TTpounTerpupoBaB paseHCTBO (3), mepenulileM ero CJeAyOHIHM 06-
pasoM:

F (0= §i(t)dt= §dt [ fe—D@da=

= §°{ §f1(t—§)dt}f2(§)d§= [ £ —0ar

- 00 o0 -— OO

(i3MeHeHHe NOpPAAKA HHTErpHPOBAHUS 3]leChb BO3MOXHO B CHAY
TeopeMbl ®PyOHHH H a0COJIOTHOH MHTErpupyeMocTH ¢YHKUHH f).
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IlonyseHHOE HaMH COOTHOILUEHHE

F= \ Fix—9dFr@

-—00

conocrapasier Gpynkuuam Fi u Fy ¢ynkuuio F. Ho unrerpau, cros-
IMil 34ech cipaBa, cyllecTByer Kak HHTerpan Jle6era — Crunrtbeca
He TOJABbKO AJ5 abCONIOTHO HenpepeiBHBIX (QYHKIMH, HO M 1AJd JIO-
6nix aBYX (QYHKUMA C OrpaHHYEHHBIM H3MEHEHHeM Ha BCEH IIPSMOH.
HaszoBeM Bbipaxenue

oo

F= | Fixc—9dr,0), (4)

- 00

rae F; u Fy— nponsBosibHble (YHKUHH C OrpaHHYeHHLIM H3MeHe-
HMeM Ha npsMol, ceepTKold atux 08yx (ynxkyul n 0603HAUHM ero
F,+F,. TloxaxeM, uto BbipaxkeHune (4) npeacrasasger cobolt ¢GyHK-
11110, ONpeje/eHHYI0 NMPH BCeX 3HAUEHHAX X M HMEIOULYI0 OrpaHH-
YeHHOE H3MeHeHHe Ha Bcell npsiMoii!).

HedfictButenbio, Fy— QyHKUHSI C OTPaHUYEHHBIM H3MeHEHHEM,
cJleloBaTeabHO, OHa u3MepuMa no Bopenio, a noromy unrterpasn (4)
cymecTByer npu Beex x. [adee,

|F)— Fla) =] | (Fi(x =8 — Fi (6 —8) dF(0) |<

< {IFGE—9-Fx-01drarrE),

OTKyIa
VIFISVIFIVIF

T. e. F — QyHKUHSA ¢ OrpaHHYEHHLIM H3MEHEHUEM.

Teopema 1. Ecau F ecto csepTka @yrkyul ¢ oepanuuentsin
usmenernuem Fy u Fo, a g, g1 u go— ux npeobpasosanus @ypve —
Cruatseca, TO

g () =g, (&) g2 (A).
JNoxasatenbctBo. [Tyets F == FxFyu

A=Xg, Xi, «vo.y Xp=0

1) B kuure B. M. TnuBenko «Hurerpan Crnartbecas, Iocrexnsnar, 1936,
Haha 2J€MEHTADHas KOHCTPYKUMR, NO3BOAAIOWlast NDHAATL CMBIcA ¢opmyae (4)
6Ge3 UCroNib30BaHHA MEpH,
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— HekoTopoe pasbuenne orpeska [a, b]. Torna npu kaxxgom A
b n

Se—ihx dF (X)= lim e—mxk(F(xk)—-F(Xk_l))=

p max Ax, >0 et

= dim {3 TP (R (0, 8) — P (v — D) AR, @),

max Axk—>0 =l

T. €.

b-§
{ S e~irt qF, (x)}e“”‘ngQ(g).

.a_g

Sbe‘”“‘ dF (x)= §°

[Tepexoaa 3zecb K mnpejeny npu a-—>—oo U b-—»o00, noayyaem

K oo el

J errrar = etedr () § etar, ),

-0 -_— 0 - 00

T. €.
g =g () g ").

Teopema o ToM, 4to mpeoGpasoBanne Pypoe — CTuaTbeca ncpe-
BOJANT CBePTKY (DYHKUUHA B YMHOXKEHHe, LIHPOKO UCMOJb3YyeTcs B Teo-
pun BeposiTHOCTEH (MeTOJd XapaKTEepPHCTHYECKHX ¢ YHK-
uuit). Eciu § 1 n— 1Be He3aBUCHMBle cayuafiHble BeJAHUYHHBL, a F)
n Fo— ux QyHKUHH pacnpeie/ieHus, To BeJHYHHE § -+ 1 OTBeuaer
(QyHKLMS pacnpeneseHus

F=F % F,,

Heo6xoauMocTb paccmMaTpHBaTb CyMMbl HE3aBHCHMBIX CJyuail-
HBIX CJlaraeMblX BO3HHKae€T B TeODHUH Bepomﬂocreﬁ O4YeHb 4YacrTo.
Ilepexox or ¢yHKUHA pacnpefeseHus K HX NpeoOpa3oBaHUAM
®ypre — Cruntbeca, —TaK  Ha3blBAEMBIM  XapaKTepUCTHYECKHUM
(yHKLHAM, — [103BOJISI€T 3aMEHHTb ONepauuio CcBepTkH OoJsiee Npo-
CTOH U yA0GHOH omepauuedl yMHOXEHHS.

Ynpaxueuns 1. Jlokaszath, urto npeobpasosanue Pypbe — Cruatbeca
obnafaeT CBOMCTBOM €JHHCTBEHHOCTH: eCiu (YyHKUHS F HenpepeiBHA cJeBa, a e?
npeo6pasoBanne @yppe — CTuATbECA €CTb TOXAECTBEHHBIA Hyab, To F(x) =
= const.

2. Jloka3aTb, 4TO OmnepanHs CBepTKH (PYHKUHH C OrpaHMYEHHBIM H3MeHeHHeM
KOMMYTaTHBHA H acCONHATHBHA.

§ 8. lIpeoGpasosauue Pypue oGobuIeHHBIX PYHKIMI

Mpl yxe roBopuJH, 4TO npHMeHeHue mnpeobpazosaHus Pypoe,
MOHHMAaeMoOro B .00bIYHOM CMbIC/e, B AH((epeHLHANbHBIX ypaBHe-
HHUSIX M JPYTUX BONPOCAX CHJbHO OTPAHHYHUBAETCH TEM, YTO 3TO Ipe-
o6pasoBaHue ONpeAeJeHO JHWb AAsd QyHKUHUH, aGCOMOTHO HHTErPH-
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pyeMbix Ha Becell npsmoit. Ilpumenumocts npeoGpasoBanus Pypbe
MOXKHO CYUIECTBEHHO PAaCLIMPUTb, BBeAS MNOHSTHE MpeoGpas’oBaHus
Dypbe 151 06061eHHBIX QYyHKUHH. M3JI0)KMM OCHOBHblE HIEH Ta-
KOFO TIOCTPOEHHS.

PaccmoTpum cHOBA TNPOCTPAHCTBO So (QYHKIUHH, GeCKOHEUHO
JuddepentupyeMblXx Ha BCed MpsAMo# u yObIBaIOIIHX Ha GeCKOHeU-
HOCTH BMeCTe CO CBOHMH NPOHM3BOXHBIMU OBICTpee, ueM Jiobas cre-
nenb /x| (cm. § 4, ra. IV).

[IpuHAB Se 32 MPOCTPAHCTBO OCHOBHBIX QYHKUHH, paccMor-
PHUM COOTBETCTBYIOLEe IPOCTPAHCTBO 06 0 6 1l e H H bl X OyHKINH Seo.

Omnpenenum Teneps B NpocTpaHcTBe Se NpeoGpasosanne Pypoe.
JLAsi 3TOro BCIOMHHM TPEXJe BCEro, YTO MPOCTPAHCTBO S NEPEBO-
autest npeobpasoBanneM Pypbe (roHHMaeMbIM B OGBIYHOM CMbiCJIe)
Bcebs: eciuo =S, 10 Flole S, npuuem F ecTb B3aHMHO OIHO-
3HaYyHOe OTOGpaKeHHe Sw CHOBA HA BCe Sw. Mcxoms u3 atoro, BBe-
IeM ciefyloliiee onpenenenue. [Ipeobpasosanuem Pypove 0606uen-
Hotl ¢yuryuu [ < So nasvisaerca aunelinoul pyukyuonar g € Ss,
onpedeasiemolii popmyroti

(g, v)=2x(f, 9), rme P=F]g]. (1)
Aty dopMyay MOXKHO NMepemnucarb H Tak:

(FF, %) =2x (f, ) = 2n(f, F~'p),

T. €. ipeo6pasoBanue Pypoe QyHkiHOHANA [ & S5 ecTb QYHKUHO-
Ha/l, KOTOPBIH HAa KaXIOM 3JeMeHTe P & So NPUHUMAET 3HAUEHHe,
paBHOe (YMHOXEHHOMY Ha 27) 3HaYyeHHIO HCXOAHOro QyHKIHOHa/a

i na snemente @=F"'y, rue F'— oGpaTHoe mnpea6pasoBaHue
Dypre.

[Mockosibky P = F [¢] mpoGeraet Bce S, KOTa @ NPoOGEraeT Se,
paBenctBo (1) nmelficTBHTENIBHO ompejensieT (QYHKUHOHAX Ha BCeM
Sco: JINHEHHOCTD W HENPEPBIBHOCTH 3TOr0 QYHKUHOHAJAA NPOBEPSIOT-
Cs1 HEeMmOCpeICTBEHHO.

Cpenn 3/1eMeHTOB Sk COfepkaTcs BCe aGCONIOTHO WHTErpHpye-
Mble QyHKUMH. /st HUX TOJBKO 4TO CHOPMYJHPOBAHHOE OIpesese-
aue npeo6Gpasosanus Pypee coBnamaer ¢ oObiunbM. HelicTBuTens-
Ho, eciu fE= S, 9= S, € =F[fl u y==F[g], T0o no Teopeme
Tlnanwepens nonyyaem

2n(f, @) = (g, V), 2)

TIpHYEM, NP 3aJaHHOH [ CyLUeCTBYeT JHIIb OAHA, C TOYHOCTBIO [0
9KBUBAJIEHTHOCTH, QYHKUHA g, YAOBJIETBOPSAIOLIAsSE STOMY PABEHCTBY
npu Bcex @ & S,,. C moMoubI0 COOTBETCTBYIOLIErO NpPeAeabHOro Me-
pexojfa HeTPYAHO NOKa3aTh, UTO PaBEHCTBO (2) umeer MeCTo M AJA
J06oit f e Lj(— oo, 0o). Takum o6pasom, npeobpasosanne Pypbe
o6o6uieHublx GYHKIME npeacrasisier co6oll pacnpocTpanenue Kjac-
€H4ecKoro npeo6pa3oBaHus Ha GoJsee MIHPOKHH Kiacc OOBEKTOB.
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Ipumepsn. 1. ITycts f(x) = ¢ = const. Toraa

(o]

2n(f, @) =2n | co()dx=2nc(0)  (v=FIq]),

—o0

T. €. npeob6pasosanne Pypbe KOHCTAHTH PaBHO 3TOH KOoHCTaHTe,
YMHOXEHHOH Ha 21 H Ha §-QyHKUHIO.
2. Mlyers f(x) = eiox, Torna

2n(f, @) =2xn S e~i%g (x) dx = 2np (— a),

T. e. npeo6pasoBaHie Pypre QyHKUHH €i%* ecTb cABHHYTas 8-QyHK~
nust 8 (x + a), ymHoXKeHHas Ha 27,
3. Ilycrb f(x)= x2. Toraa u3 paBeucraa

v () =— | 2% () et ax,

IOJIOXKHB B HeM A = 0 ¥ YMHOXMB ero Ha 2w, nosyyaem
27 (2%, @ (x)) = — 2" (0),

T. . npeo6pasoBanne Pypbe QYHKUHH X% ecTb BTOpAs NPOH3BOAHAR
ot 8-pyuxuun, yMHOXeHHas Ha —27.

CrnenaeM HECKOJBKO 3aKJIOUHTEJNBHBIX 3aMeYaHHH.

Mpi  onpenennnn npeo6pasopaHue Pypbe pias 0GOGUIEHHBIX.
¢yukuuit HaZl Se. Ho MOXHO 6bl10 6Bl B3ATb M JI060€ Apyroe oc-
HOBHOE MPOCTPAHCTBO, HanpHUMep, npocTpancTBo K GeckoHeuno aud-
depennupyembix GuHHTHBIX QyHkuni. dua kaxnon ¢yukunn ¢ = K
npeo6pasoanue Pypbe (B OOBLIYHOM CMBICHAE) CYUIECTBYET M, Kak
MOXHO MNpOBEepUTb, NpeACTaBaseT COOOH LeNylo aHaJ HTHYeCKYIio-
GYHKUMIO 3KCNMOHEHIHAJNbHOTO pocra. Tounee roBops, npeobpa3oBa-
une Oypbe ecTh JUHEHHBIH omepaTop, NepeBOASLINH [IPOCTPAHCTBO:
K B npocTpancTBO Z, 3M€MeHTaMH KOTODOTO CJYXKaT leJble aHaH-
THUeCKHe (DYHKIHH ¢, M5 KaxXHOH H3 KOTOPbIX BHIIIOJHEHbl Hepa-
BEHCTBA

[Pl (s) I<Chet ™ (g=1,2,..)),

rae T= Ims, a C; 1 a— NOCTOAHHbIE, 3aBHCSALUE OT PYHKUHH P
IMockoabky B npocrpanctBe K ObljO BBEJEHO MOHSITHE CXOAMMOCTH,
oto6paxenneM F, nepesonamwuM K B Z, uHAyLHpPYeTCH HEKOTOpOE
NOHSATHE CXOLUMOCTH B Z: MOCJHENOBaTeNbHOCTb {Y,} cxomuTcs B Z
K ¢, €CAH COOTHOWIEHHE (n —> ¢ BHIMOJHEHO AJS1 COOTBETCTBYIONX.
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npoo6pasos. BrnpoueM, 310 nousTHE CXOZMMOCTH HETPYAHO chopMmy-
JIHPOBaTh H He NO0Jb3ysch npocTpaneTBoM K1),

[Tycts teneps f— npoussoabubtil snement us K*. IlocrasuMm emy
B COOTBETCTBHE JIMHeHHBIA GYHKLHOHAN g HAa Z, NOJOXKHUB

(g, ¥)=2n(f,9), rae P=F]g].

Dror dynkunHonaa g Mbl Ha3oBeM npeobpasosaruen DPypve pyrk-
yuonaaa f. Takum ob6pasom, npeoGpasosanune Pypbe 06061eHHON
«pyHkuMn [ Hajy ocHOBHBIM npoctpaHcTBoM K ectb oGoGiieHHas
dyukuua Ham Z, T. €. HaX TeM NPOCTPAHCTBOM, B KoTopoe K mepe-
BoauTc rnpeoOpaloBaHneM @Pypbe, NOHHMaeMbIM B OOBIYHOM
‘CMBICJIE.

To ke camoe mocTpoeHHe NPOXOIUT W AJs O60OLIEHHBIX QYHK-
IHHA HaJl KaKUMHU-TH00 HHBIMH NPOCTPAHCTBAMH OCHOBHBIX (PYHKIHH.
Tlpu stom Kaxaptit pas GyxerT BO3HUKATb CXeMa, BKJWOYauias B
.ce6s1 uyeTblpe MNPOCTPAHCTBA: HEKOTOPOE HCXOJHOE MNPOCTPAHCTBO
OCHOBHbIX (YHKHHH, COBOKYNHOCTb mnpeoOpasoBaunii Pypbe 3THX
«yHkUu# (T. e. BTOpOe NPOCTPAHCTBO OCHOBESIX (YHKUHH) U 1B
CONPSKEHHBIX IIPOCTPAHCTBA.

TlpoctpancTBo npeoGpaso-
Hpompang)TB:KSf;5"le"““x —£ | Baunit Dypse 0606mennbix
y bynkuui
TIpoCTpancTBO OCHOBHBIX F Ilpocrparcteo mpeoGpaso-
bynxuui —_— Banuit Pypbe
OCHOBHHX (yHKUHA

Dra cxema CBOAMTCH K JABYM NpPOCTPAHCTBAM, KOrJa 3a OCHOBHOE
TPOCTPAHCTBO MPUHUMAETCH Sw, MOCKOJNBKY OHO MEPEBOAMTCA Mpe-
obpasosanueM Pypbe camo B cebsl.

[Tonsitne mnpeoGpasoBanust Pypbe 111 0606LIEHHBIX GYHKUURA
HalllI0 IIHPOKOE NpPHMEHEeHHe B TeOPUH AH(PGepeHIHaNbHBIX ypaB-
HEHHH C YaCTHBLIMU NPOU3BOJHBIMH. UnTaTeNb MOXKET 03HAKOMHTHCSA
-C 3TUMHU BOnpocamu, HanpuMep, no kuure I'. E. Hlunosa [52).

1) Mmenno, Yn —0 B Z, ecau npu cdukcupoBanubix Coq(g=1,2, ...) u a
BbINOJIHAOTCS HEPaBeHCTBA

| sy () |<< Cqe®!l™l,

# Yn — 0 PABHOMEPHO Ha KaXAOM KOHEUHOM HHTEpBaje REHCTBHTEABLHON OCH.



Fr1ABA IX
JIMHEAHBIE UHTETPAJIbHBIE YPABHEHHUS

§ 1. OcHoBHbie onpenenenns. Hexoropble 3anaum, npuBoAAUlHE
K MHTErpalbHbIM ypPaBHEHHSIM

1. Tunb! HHTErpaJbHLIX ypaBHEeHHH. HHTeepasvHbim ypasHeHuem
Ha3blBaeTCsl ypaBHEHHe, KOTOPOe COJNEPKHT HEH3BECTHYIO (YHKIHIO
NOJA 3HAKOM HHTerpajda. TakoBo, Hanpumep, ypaBHeHHe

b

o) = K(s, Do dt + 1(s), (1)

a

rae [ u K—ussectuble QyHKUMH, a @ — uckomas. [lepemeuubie s
1 t mpoGeralot 31ecb HEKOTOPbIl (PHKCHPOBaHHBIA OTpe3ok [a, b].
XapakrepHass ocoGeHHOCTb YypaBHeHHsI (l)— ero JmHefiHOCTH:
Hen3BecTHass QYHKLUHS @ BXOAMT B Hero auHelHo. Pap 3anau npu-
BOJNUT ¥ K HeJuHEeHHbIM HHTErpasbHBIM YPaBHEHHAM, HanpuMmep, K

YpaBHEHHAM BHAA
. b

o()={K(s, D200, nat,

a

rie K n g —3anandple GyHkund. Mbl, 0QHaKO, BO BCEM AasbHeH-
lIeM OTPaHHYUMCSH JUHEHHBIMH YpaBHEHHIMH.

Otpenbuble HHTErpasibHble YpaBHEHHS pacCMaTPHBAJHCh ellle B
Hauaje npouuoro croserus. Tak, eme B 1823 r. AGenb paccmorpen
ypaBHeHHE

Ho={—20a  ©0<a<1,10=0),

§ =0

HocALlee Temepb ero MMs. 3Aecb [-—3ajauBas QyHKUuA, a @ —
uckoMas. AGejb mokasas, 4TO pellleHHe 9TOrO YpaBHEHUs HMeeT BHJ,

t
ply=-nme {10y

L (t—s)'—9
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Onnaxo ofmas Teopusi JUHEHHBIX HHTErpPaabHLIX YpaBHEeHMH Gblaa
nocrpoena quip Ha pybexe XIX u XX croseruit, B 0CHOBHOM B pa-
6otax Boabreppa, ®pearonbma u I'mnbbepra.
YpaBuenue (1) HaswiBaercs ypasuenuem Ppedzosbma 6TOPO2O
poda (cp. . 4 § 4 ra. II), a ypaBHeHne
b

VK hemdat=Fs) (@)

a

(B KOTOpPOM Heu3BecTHasd QYHKIHA ¢ COLEPAKHTCH TOJbKO IOJ 3HA-
KOM HHTerpasa)-— ypagsreruem Ppedeorsma nepsoeo poda.
YnomsiHyToe Bhllle ypaBHeHHe AGessi OTHOCHTCS K TaK Ha3biBae-
MbIM ypasHenuam BoavTeppa; obmuil BUA 3THX YPaBHEHH{l TaKOB:
8§

VKis, 000 at=F(s) 3)

a

(ypaBHenre Bonbreppa nepsozo poda) unu
s

o= K, Do dt+ () (4)

a

(ypaBuenue Boabteppa 8Topoeo poda). flcHo, uto ypaBHeHHe BoJib-
Teppa MOXHO paccMaTpHBaTh KakK ypaBHeHue ®pearosbma, B Ko-
Topom (yukuusi K yaoBaeTBOPSeT yCAOBUIO

K(s,)=0 mnpu t>s.

Onnako ypaBHeHHS BOJIbTEPPOBA THIA 1€1€COOGPA3HO BBIIENUTH B
0COObIl  KJacc, MOCKOJAbKY OHH 006/aJaloT PSAAOM CYULeCTBEHHbBIX
CBOMCTB, OTCYTCTBYIOLIHX y TPOH3BOJbHBIX (PeNrosbMOBHIX ypaB-
HeHuM.

Ecan B ypaBnenuax (1), (2) uaun (3) ¢yukuus f pasna mymo,
TO TaKoe ypaBHeHHe Ha3blBaeTcsi 0OHOPOOHbIM. B MPOTHBHOM cJy-
yae ypaBHEHHE Ha3bIBAETCS HEOOHOPOOHbLIM.

2. NMpumepsl 3a5ay, NPHBOJSAIINX K HHTETPANbHbLIM YPABHEHHSAM.
B nanpHefimux naparpadax 3Tof raaBbl MBI PACCMOTPHM OCHOBHbBIE
CBOHCTBA JIHHEHHBIX HHTEIPAJbHBIX YPaBHEHUH, HO CHAYaJa Mbl OIH-
ileM HeCKOJbKO 3ajay, NPUBOASLUIMX K TAKHM YPaBHEHHM.

1. Pasnosecue naepyscennoti cTpynol. PaccMoTpum CTpyny, T. e.
yIOpYryl0o MaTepuaJbHYIO HUTh HAJHHBEL [, KOTOpasi MOXKeT CBOGOLHO
u3ru6aTbCsl, HO OKa3biBAET CONPOTHBJIEHHE DPACTSXKEHHIO, IIPONOP-
1MOHAJbHOE BeJHUHHE 3TOro pactsikeHusi. [lycts KOHUBI CTPYHOI
3aKpemyeHbl B Toukax x =0 u x = [. Torga B no/ioxeHu#n paBHO-
BeCcHsd CTPyHa COBHajgaer ¢ oTpe3koM ocu x, 0 <C x << [ ITpeamono-
JKUM Telepb, YTO B TOUKe X = £ K CTPyHe NPHUJIOKEHA BEPTHKAJb-
Haa cuna P = Pg. Iloa ne#icTBHeM 3TOR CH/IBI CTPYHA OTKJIOHHUTCS
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OT NIOJIOXKEHHS PaBHOBECHSA H NPHMET, OoueBHAHO, POpPMY JomaHOA,
n300paxeHHOH Ha puc. 23.

Hafinem BesnuHHy § OTKJOHEHHs CTPYHBI B TOUKe & mog Aaefi-
cTBHeM cusbl Py, npuioxkeHHo# K 370l Touke. Ecim cuna Py mana
10 CPAaBHEHHIO C HATsAXKEHHeM HeHarpyxKeHHOH CTpyHul Ty, TO ropu- -
30HTAJbHYI0 MPOEKUH® HATAXKEHHS HArpyKEHHOH CTPYHH MOXKHEO:

no-npexHeMy CYHTaTb pasHon To.

Ae— B8 g Torma u3 yciOBHA DABHOBECHS
\ _f/ CTPYHBI IOJY4YaeM PABEHCTBO:
™. ¥ 6 6
B Ty T + T T = Py,
) OTKyna
Prc. 23. _{=p¢
0= ~Tq Pr.

Ilycrb Temepb u(x)— nporu6 CTpyHH B HEKOTOPOH TOYKE X [1OX Aef-
crBueM cuabl Pg. Toraa

u(x) = PG (x, &),

x(l—
—(T—oli) npu 0<<
Gx, E)=
WO=) u=ne oo,
Tl P <
W3 stx dopMyn cpa3y BHAHO, B HacTHOCTH, uto G (X, &)= G(E, x).
IlpennosokyuM Temnepb, YTO HA CTPYHY HEHCTBYeT CHJa, pacnpepne-
JieHHasi 10 Hell HempephiBHO, ¢ MJAOTHOCTBIO p(E). Ecau sra cuna
MaJsa, To AedOpMalHsl 3aBHCHT OT CHJbI JHHEHHO, a dopma Harpy-
JKEeHHOH CTPYHB! ONMUCbIBaeTcs (pyHKLHEH

rae

*<SE,
</

1
u(@={Gx ep@d (5)

0

Hrak, eciu 3anana Harpyska, AeHCTBYIOLIas Ha CTPYHY, TO hopMy-
Ja (5) mosBossieT HaHTH GOpMY, KOTOPYIO MPHMET CTPYHA MOJ AeH~
CTBHEM 3TOH HarpyskKu.

PaccmorpuM Tenepb o6paTtHyIo 3aauy: HaiTu TO pacnpedeserue
Haz2pysKku p, npu KOTOPOM CTPYHA npumer 3a0anuHyr gopmy u. Mbr
NOJYUHJIN JISl HAXOXIeHHs1 QYHKUMH p 10 3aJaHHOH U ypaBHeHHe,
KOTOpO€ C TOYHOCTBIO N0 0003HaueHWA ecTb ypaBHeHue (2), 1. e.
uHTerpaJjbHoe ypaBHeHne ®penrosbma mepBoro pona.

2. Csoboonvie u soinyncdennsie Koarebanus cTpyusl. Ipeanono-
HM Tenepb, YTO CTpPyHa COBepHIaeT Kakue-to Kojebanus. IlycTb.
u(x,t)— noJioXKeHHe B MOMEHT ! TOH TOYKH CTPYHBl, KOTOpas
nuMeeT alCUHCCY X, H MyCTh o — JHHEHHAs MJIOTHOCTL cTpyHsl '). Ha

') Mpl nonaraeM, uto p == const, XOT 3T0 M HeCYUleCTBEHHO AAA AaMb~
Helero.
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SJIEMEHT CTPYHbI AJHHBI dx ﬂeﬁCTByeT CHJ1a HHEPUHH, paBHas

92 , u (&, ¢
— 240D gy, omyma pe)=—2E0,

TloacraBus 370 BeIpaxceHue BMecTo p(E) B dopmynay (5), Mel mo-
Jy4HM

!
u(r = —{ G, Dp 2Bl gg ©)
AR

TlpennonoxuM, 4YTo CTPyHa COBepLIaeT rapMOHHUYeCKHe KoseOaHUs
€ HeKoTopo#i GUKCHPOBAHHOH YACTOTOR ® M aMIAUTYLOR u(x), 3a-
Bucsite#l ot x. Muaue rosops, nycts

u(x, t)=u(x)sin of.

Tloacrasus 310 Bblpakenue B (6) W coxpatuB 06e 4acTH paBeHCTBA
Ha sin of, noayuaeM JJIg 4 CAeAylollee UHTerpaJbHOE ypaBHEHHE:
!

u (x) = p? S G (x, &) u (t) dE. @)

)

Ecnu crpyHa coBepilaeT He cBOGOAHBlE KOJieGaHHS, a BbIHYyXKIeH-
Hble, NOJ [efCTBHEM BHelIHeH CHJIbI, TO, KAK NOKa3biBaeT HEeCJ0X-
Wast BbIK/IAJKa, COOTBETCTBYIOLlee ypaBHeHHe rapMOHHYECKHX KoJe-
Gaunil cTpyHn! OyXeT UMeTb BUJ,

!

u()=p0?{ G (v, Du @ dE +f (),

0

T. e. OyAeT HeONHOPOAHBIM ypaBHeHHeM PpeArosbMa BTOPOrc poja.
3. Ceelénue Oupgepenyuarvioix YpasHenul K UHTE2PAN6HOLM.

Huorpga pemwenve aud@epeHlnalbHOIO ypaBHeHHs lesecooGpasHo
CBOJAHTb K pelleHHI0 HHTerpaJbHoro. Hanpumep, noxaswisas cyuie-
CTBOBaHHE W eJHHCTBEHHOCTb pelleHns AuddepeninanbHoro ypas-
HeHUs!

y’=f(x’ y)

¢ HAYaJbHbIM YCJIOBHEM Y (Xo) == Yo, Mbl BuAeau (B ra. II), uro ero
YA06HO CBECTH K HHTerpajibHOMY YpPaBHEHHIO (HeJTHHEHHOMY)
X

Yy=yo+ Sf(E,y)df;-

Xa

Takoe cpeiéHHe BO3MOXKHO W naa auddepeHUHaNbHBIX ypABHEHHI
TopsiiKa Bblllle MepBoOro. PaccMoTpuM, Hampumep, ypaBenue BTO-

poro nopsaka ”
¥+ i) y=0.



460 JIMHEMHBIE UHTETPAJIBHBIE YPABHEHUSI [T IX

Ionoxus [(x)=p?— o(x), rae p == const, sanuieM ero takx:
Yy’ + oy =o(x)y. 8)
Kak n3BecTHo, pelienne ypaBHeHus
Y’ + 0’y =g(x)
C HaYaJbHBIMH YCIOBHAMH y(a) = yo, y’(a) =y, MOXKHO mpexcra-
BUTb B BHUJIE

¢ sinp (x — a)

W =yocosp(e—a)+ L= 4 Lo 1o ae.

[ToaTomy HaxoxaeHHe pellieHusi ypaBHeHus: (8) ¢ TeMM ke Hauadb-
HBIMH YCJOBHAMH CBOAUTCSl K PELIEHHIO HHTErPajbHOTO YPaBHEHH:T

X

) — N o@sinp 1y @a=

’ o
=y0cosp(x—a)+w*

§ 2. HurerpanbHnie ypaBHeHus ®pearosbma

1. MHrerpanbunlii omepatop Ppenroasma. B sTom naparpade
Mbl GyleM paccMartpuBaTth ypasHeHus Ppearosbma BTOPOro pona,
T. €. ypaBHeHHUS BHIA o

b
o= K(s, Do dt+f(s). (1)

Bee Berpevaromnecs saech M HuXe QYHKIHH Mbl GyAeM mpeanosa-
rate, BooOLle roBOps, NPUHHMAIOMIMMH KOMIJEKCHB e 3Hage-
nusi. OTHOCHTENbHO GyHKUMM K, HAa3pBaeMoil A0pOM 3TONO ypaBHe-
HUSI, Mbl TNIPeNNOJIOXKHM, YTO OHA H3MEPHMa M NPHHANIEXKHT Kjac-
cy L, na xBanpare a << s, { << b:

b b

{1k npdsat < o, ©)

CeoGonunii unen [ ypasHeHus (l)—3T0 HexoTOpas 3ajauHas
dynkuna us Lyla, b], a ¢ — neussectHas Qynkuus us Lg[a, b]. Anpa
kaacca Lo HaswBaiores adpamu lurvbepra — [ muora.
ComocraBum ypasueHuio (1) omepatop A, ounpeneasiemblii pa-
BEHCTBOM: A = ; 3TO 03HAYaEeT, UTO
b

(K nomar=v ). ®)

a
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Besaxuit onepartop Buga (3) HasbiBaeTcs oneparopom Ppedeoas-
ma. Ecniu xe saapo K(s,t) ynosnerBopsier yciaosuio (2), T0 on Ha-
aniBaerca oneparopom ['uaebepra — [lImudra. Vicenenosanune ypas-
Henus (1), pasymeercsi, CBOAHTCA K H3YUEHHIO CBOHCTB 3TOro omne-
paropa. .

Teopema 1. Pasencreo (3), ede K(s,t)— pynryus ¢ unreepu-
pyemoim K8adparom, onpedeasner 8 npocrparcree Li[a, b] komnaxr-
HbLl aurelinoli oneparop A, HOpma KOTOpPo2O YOOBAETBOPAET Hepa-

E€HCTBY
b b
HAHs;4v/SSIK(&t)Pdde (4)

Il 0OKa3aTeJbCTBO. 3aMeTUM npexae BCEro, 4TO HHTErpan
b

(1K npat

a

cyllecTByeT B CHay Teopembl PyOuHH Hu ycnoBus (2) aas moytd
Bcex s. MHaue roBops, K(s, ) Kak QyHKUHs OT { DU NOYTH BCeX §
npuHaanexur Lg[a, b). Tak xax npousBelleHHe (GYHKUHH C CYMMH-
pyeMBIM KBajpaToM CyMMHpPYeMO, TO HHTerpaJj, crosiuuii B (3)
crupaBa, CYIUIeCTBYeT AJISl IIOUTH BCeX S, T. €. QYHKUMS P onpenesne-
Ha noutH Bcrony. [loxaxewm, yto $ & Ly[a, b). B cuny mepasencrsa
Kourn — ByHuskoBckoro mjsi noutu Bcex § umMeeM

b 2 b b

K6 newat) <§ike neatflowra=

a a a

Fp(s) f=

b
=lor{IK (s 1 pat.

a

Vnterpupys no S u 3aMeHsis NMOBTOPHBIA uHTerpan or |K(s,t) |2
JIBOIHBIM, NIOJTYYUM HEPaBEHCTBO
b

b b
lag =19 Pas<tior { {1 k(s nrdsar

a

KOTOpOe 1aeT W unterpupyemocts [{(S) |2 u ouenky (4) ans wop-
Mbi onepatopa A. Ocraetcsi mokasaTh, uTo onepartop A KoMmmakrte.
Iycts {$n} —nonuas oproronanbhas cucrema B Ly[a, b]. Torna
BCEBO3MOXKHBIE TIONapHbIe NPOU3BEACHHST Ym(S)Pn(f) obpasyior
NOMHYK0 CHCTeMY B mpoctpakctse Lqg((a, b] X [a, b]) (cM. Teopemy !
n. 5 § 3 ra. VII) n, caenoBarenbho,

K@ 0= X () b (0).
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[Monoxum Tenepn
N

Ky (s, )= m-;=l UV (S) ¥, (1),

H nycth Ay — omneparop, onpeneasemslit aapom Ky (s, t). dror one-
paTop KOMMaKTeH, MOCKOJABbKY OH mepeBOoAuT Bce Lofa, b] B Koueu-
HOMEPHOE MOANPOCTPaHCTBO (B ru. IV Mbl HasBaju TaKHe omepaTo-
pbl KoHeuHoMepHBIMHU). Heficteutensuo, ecan ¢ & Ls[a, 6], To

b N b
Ao = Kp(s, D0 dt= Y a0 (s) {00, (1)t =
a m, n==| a

N N
= Z Ym (S) Z Ampbn,

m=l n=!
rae
b
b= {00 v. 00,

a

T. €. KaXAblH 3jeMeHT ¢ & Lg[a, b] nepeBoaurca oneparopom Ay B
3JIEMEHT KOHEYHOMEDHOTO MOJIPOCTPAHCTBA, MOPOKAEHHOIO BEKTO-
pamu Y1, ..., Pn. Hanee Ky(s, t) npencrasisier co6oil 4acTHUHYIO
cymmy paga Pypoe dpyuxknuun K(s, t), mosromy

b b
§ ks 0—Ky(s, 2dsat—0 npn N> oo,

Ortciona, npuMenus oueHky (4) k onepatopy A — Ay, umeem
fA— Ayll—0 upu N-—oo.

Bocnosib3oBaBUIMCL TEOPEMOH O TOM, YTO MpEAesa CXOAAlleHcA mno-
C/I€I0BATENBHOCTH KOMIIAKTHEIX ONepaTtopoB Kommnakted (m. 2 § 6
ra. IV), nonyuaem KoMnakTHOCTb oneparopa A.

3ameuanuns |. B nponecce pokasartenbcrBa teopeMbl | Mbi
YCTaHOBHAH, 4YTO BCsiKMA omepatop [Hab6epra — IlIMuara mosker
GbITb MpeaCTaBJeH Kak npejen (B CMbICAe CXOAHMOCTH IO HOpMe)
NI0C/€A0BATEBHOCTH KOHEYHOMEPHBIX HHTErpasibHbIX ONEepPaTopoB.

2. Mlyetb Ay u A — nBa omnepatopa Buma (3) u K(s, ),
Ks(s, t)— ortBeuatomine um sapa. Ecau onepatopet A; u A; pasub,
T. e. Ajp = A9 nasi Becex ¢ & Ly[a, b], o K (s, t) == Ka(s, t) nourn
Bcrony. HedictBurtensro, ecau

b

A — A= (K, (5, 1) — K (s, ) @(t) dt =0

a
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s Bcex ¢ & Laja, b], To npu noutu Bcex § € [a, b)
b

V1Ki(s, = Ky(s, ) Pat =0
H, 3HAYHT,

b b
S Su(l(s, 1) — Ky (s, {) Rds dt =0,

OTKyjfla H caenyet Halle yTBepxjaeHue. Takum oGpasoM, ecan Mo,
Kak oObluHO, He OyneM pas/iH4aTbh 3KBHBAJEHTHble MexXIy co6oi
cyMMupyeMbie QyHKIHMH, TO MOXHO CKa3aTb, YTO COOT8ETCT8uUe me-
HOY UHTE2PANBHBIMU ONepaToOpamMu U A0pamu 83aAUMHO OOHOBHAYHO.

Teopewma 2. ITycte A —oneparop 'uavbepra — Imnudra, on-
pedeasenviti a0pon K(s,t). Toeda conpsocennotii emy oneparop A*

onpedeaserca «conpasernoim» adpom K(i,s).
JdokasareabctBo. Mcnonbsys teopemy Pybunu, monyuaem

b b
(A, g)=S{SK(s, t)f(t)dt}E(?)ds:

a a

a

b b b b
={ (ke t)f(t)mdtds=g{SK(s, t)mds}f(t)dt=

a

b b
—_ Sf(t) {SK(S, t)g(s)ds}dt=(f, A*g),

OTKY/la M CJeJyeT YTBepKIeHHe TEOPEMHI.

B uacruoctu, onepatop A Buma (3) camoconpsaxen B Lj[a, b],
1. e. A* = A, Torja u TosbKO TOrAA, Korna K (s, f)= K(t,s). B cay-
yae, KOTfla pacCMaTpHUBaeTCs AEHCTBHTEJbHOE THJIb6EPTOBO MpO-
CTpaHCTBO (H, CTas0 GBITh, JeHCTBHTE/bHbIE Apa), YCJIAOBHEM CaAMO-
CONpSIKEHHOCTH CJIY:KUT paBeHCcTBO K (s, f) = K(1, §).

3ameuanue. Mb paccMoTpenn HHTErpajbHble ONEpPaTOphl,
JeACcTBYIOLHe B npocTpaHcTBe Lo[a, b]. Onnako, kKak Bce cKazaHHOE
Bhillle, TAK M H3JlaraeMble HUXKE pe3y/bTaThl NMePeHOCATCH 6e3 u3-
MeHeHMH Ha TOT cayyal, Korja BMecTO oTpe3ka [a, b] Geperca Jio-
60e Apyroe NpocTpaHCTBO C MePOH.

2. YpaBHeHHs C CHMMeTPHYECKMM $iAPOM. PaccMOTpHM uuTe-
rpajbHoe ypaBHenne ®pearosbma BTOpPOro poja

b

o) =K, no@at+1(s), (5)

a




464 JIMHEMHBIE UHTETPAJIBHBIE YPABHEHUS (T 1X

$lPO KOTOPOTO YAOBJIETBOPSIET YCJAOBUSM
b b

1) SSIK(S, 1) Bdsdi < oo,

2) K (s, t)=K(¢, s).

Mp 6yzneM Ha3blBaTh TaKHe YDABHEHUS YPABHEHUAMU C CUMMETpU-
weckum sidpom. B cuny teopem 1 u 2 npepiayliiero nyHKkTa COOTBET-
cTBylolni onepatop Ppearosbma

b

ag=\K (s, o at (6)

a

KOMNakTeH H camoconpsixkeH. CieroBaTenbHO, JIsT HEFO ClIpaBeJiu-
Ba Tteopema I'mabGepra — llmunra (m. 5 § 6, ra. V). [Ipumenum
3Ty TeopeMy [JIs OTBICKaHus peuieHuil ypasHenusi (3). ITockosbky
N9 Hac HMeIT 3HadeHHe JHUIbL KOMIAKTHOCTb H CaMOCOTpSKeH-
HOCTb onepatopa (6), a He ero HHTErpa/JbHOE NpeACTaBJeHHe, ecTe-
CTBEHHO NucaTb ypaBHeHHe (5) B CHMBOJIHUECKOi ¢opme

¢o=Ap + . (7)

ITo Teopeme 'mnpbepra — IlMuara ana A cymectsyer Takast opTo-
HOpMaJbHAs CHCTeMa COOCTBEHHBIX PYyHKUHH {Pn}, OTBeuwaoUIUX He-
HYJeBbIM COGCTBEHHbIM 3HaueHHsIM {An}, UTO KaxKAblil s/1eMeHT § u3
L, npencraBuM B BHIE

§= Z a P, + gly rae A§' =0.
n
Ionoxum

f= Zn: babn +1 (AP =0) ®)
1 6yaeM HCKaTb pelleHne ¢ ypaBHeHHs (7) B Buie
o=2 xb+9¢ (A’ =0). ©)

ITonctaBus pasnoxenns (8) u (9) B ypaBuenue (7), mOJyuYHM

2 Kby + @ = ; Xnhnbn + ; b, + f.

STO paBeHCTBC )’IIOBJIeTBOpﬂeTCH B TOM H TOJbKO B TOM cnyqae,
Koraa ,
=09

Xl —A,)=0b, n=12...),

H
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T. €. Korja
F'=e¢,
bn
xnzl——m Hpﬂ }\,n # 1,
by =0 npu A, = .

[Tocnearee paBeHcTBO gaeT Heo6XOAMMOE M JOCTATOYHOE YCJAOBHE
paspemnMoctu. ypasHeHust (7). Koopauuatel x,, oTBeuawline Tem
n, 1A KOTOPbIX An == 1, npu 3TOM npousBosbubl. Mbl mosyuyaem,
TakuM o0pas3oM, CaeIyoUulnil pesyabrar.

Teopewma 3. Ecau 1 He sasaserTca co6CT8eHHbIM 3HAYCHUEM
oneparopa A, 10 ypaeuesnue (7) npu aobom [ umeer 00HO U TOALKO
o0Ho peutenue. Ecau sce 1 ecTo cobersennoe srnauenue oneparopa A,
70 ypasnenue (7) paspeulumo 8 TOM U TOAbKO TOM cAy4dae, KO20Q
€80600HbLL 4neH [ opTOZOHAAEH BCeMm COBCTBEHHbIM (YHKYUAM one-
paropa A, oreevaroujum cobcrgennomy sHauenuro V. Ecau 310 no-
C/AeOHee YCcAoBUe BLINOAHEHO, TO ypasHenue (7) umeer GeckoHeuHoe
MHONMCECTBO pewerud.

3. Teopembr ®penroabma. Cayqail BuIpOKAEHHBIX aaep. Mul ne-
peinem Tenepb K pacCMOTpeHHI0 ypaBHeHnil ®penronbma BTOPOro
poja ¢ gApaMu, NOJUHHEHHBIMH YCI0BHIO

b b

SSIK(S, fHRdsdt < oo

aa

(oGecneunBalomeMy KOMMAKTHOCTb onepaTtopa), HO Ge3 yC/a0BUA
CHMMETPHHU.
[Ipeanonioxum cHauasa, 4TO pPaccCMaTpUBaeTCs ypaBHEHHe
b

o= K(s, Do dt +1s), (10)

a

AAPO KOTOPOT'O — BbLIPDOKAEHHOE, T. €. UMEET BUJ
K(s, )= X Pi(s) Qi (1), (1n)

rie Pi, Qi — dynxnuu u3 Ly, Oneparop ¢ siapom suna (11) mepe-
BOJHT BCAKYI0 OyHKIHIO ¢ & Ly B cymmy

b

Yrio{ewewa,

i=l a

T. €. B 3JIEeMEHT KOHEYHOMEDHOro MONNPOCTPAHCTBA, MOPOKACHHOrO
dynxkunamy Py, i=1, 2, ..., n. 3amerum, uto B Bupaxkesun (11)
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dyuxuua Py, ..., Fi, MOXHO CUHTATL JIHHEHHO HE3aBHCHMBIMU Me-
KAy coGofi. [eficTBuTenbHO, €cau 3TO He Tak, TO, MpPeACTaBUB Ka-
KAy H3 GyHKUMA P; Kak JuHeliHyio KOMOMHAUHIO HE3aBHCHMBIX,
Mbl NOJIYYHM, 4TO TO Ke camoe sapo K(s,!) MOXHO 3amucath B
BHE CyMMbl MeHbLIEro uucaa caaraeMbix Buga P;(s)Q;(f), rak urto
¢byukuun P; nuHeHO He3aBHCHMBL. AHAMOTMYHYIO PEAYKIHIO MOXKHO
npojenath Aas QyHKuui Q;. Kax sierko Buaetb, nocje 3THX pelyK-
LM TOJMYYUTCH AP0, B KOTOPOM H P; u Q; 6yayT Mexnay coboft au-
HEHHO He3aBHCHMBI.

Hrak, 6ynem pematb ypaBHeHHe (10) ¢ BbIpoKIEHHBIM SADOM
(11), B xoropoM yuruun Py, ..., Pp (tak xe Kak u Qy, ..., Q)
JuHeliHo HesaBucumbl. [ToncraBus B ypaBuenue (10) Bmecto K(s, £)
CONTBETCTBYIOLLYIO CYMMY, nonytmm

ww—FP@ﬂ DO dt+F(s). (12)

Bgens o6o3nauenns
b

{atemar=aq,

a

nepenullem ypaBHenue (12) B Buae

@ ()= 2 4P (5) 1 )

IMoacraBus 3T0 BhIpa)KeHue AJist @ B ypaBHenue (10), monyunm

ZmP@+H@—ZPwﬂQﬂ42mmm+fJﬂ+f»aa

i=l j=l

TMosoxuB
§@wmmm=%,@MMMm=

sanuiem paBaeHCTBo (13) Tax: a
S api=3 o)

dyukunu P;, N0 NPeAnoJOKeHHIO, JUHEHHO HE3aBHCHMBI, MOITOMY
OTCI0/la CJIeyeT PaBeHCTBO COOTBETCTBYIOUIHX KO3((HIHEHTOB:

q;= .Zl“iiqi+bi’ l=1, 2, R (X (14)
=

l]q}+b]
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Mbl nostyynan aas KO3QQPHUHEHTOB §; CUCTEMY JIMHEHHBIX ypaBie-
uuit. Pemus ee, Mol Halinem ¢pyHKIHIO

9= X, a:Pi () + £ )

Ita GyHKUIMA YyIOB/ICTBOPAET HHTErpajbHOMY ypasuennio (10), no-
CKOJIbKY BCe BBIKJALKH, C MOMOU(bIO KOTOPBIX MBI NPHULIH OT ypas-
gennst (10) x cucreme (14), MoXHO mpogesatb B o6paTHOM [Mo-
psKe.

irax, pewenue unreeparvroeo ypasnenus ¢ 8oLpoxcOeHHoiM A0-
oM c800UTCA K pewienuto cooTsercTayowel emy cuctemor (14) au-
Helinbix aseebpaudeckux ypasHeHull.

Ilns cucrem siMHeHHBIX ypaBHEHMH XODPOLIO H3BECTHB YCJIOBHS
CYLIECTBOBAHHA H €AHHCTBEHHOCTH pellleHHH.

[. Cucrema nuHefiHbIX anreGpanyecKux ypaBHEHHI

Tx:.l/ (T=”aik”y xz(xh cvy xn)r yz(yl’ Sy .l/n))

pasp€uiMa B TOM # TOJIbKO TOM CJayuae, KOoraa BEKTOD Yy opToroHa-
JIEH KaXJ0MY peulleHHIo COHPH}KCHHOI;'I OllHOpOlIHOﬁ CHCTEMBl

T2=0 (T*"=|agl).

II. Ecan perepmunaut mMatpuusl T OT/IHYEH OT HyJIs, TO ypaBHe-
HHe Tx =y uMeer mpH JIOGOM Yy OLHO H TONBKO OAHO pCLIEHHUE.
Ecan ke nerepmuHant Matpuusl T paBed HYJIO, TO OZHOPOAHOE
ypasHenne Tx = 0 uMeeT HeHy/ieBble pellieHus.

IT1. Tlockonbky matpuua T u compsikeunas marpuua T* umeror
ONHH M TOT XK€ paHI, OAHOPOAHbIe cuCTeMbl Ix =0 u T*2=0
HMEIOT OJHO H TO e YHCJO JHHEeHHO He3aBUCHMBIX peLleHHi.

B cuay TOfi cBA3H, KOTOpasi, KaK Mbl BbISICHHJIH, CYUIeCTBYeT Me-
XY HHTErpajbHbIMH YPABHEHHSIMH C BBIPOXKIEHHBIMH AApaMH H
CHCTEMaMH JHHEAHBIX a/ire6panyeckKuX ypaBHEHHH, 3TH yTBepiKje-
HHSL MOXCHO DaccMaTpuBaTb KaK TeOpeMbl, OTHOCSLIHECs K pelle-
HUSIM BbIPOXKAEHHBIX HHTerpanbHblX ypaBHeHHA. Mbl nokaxem B
CJIelyIolleM MYHKTe, 4TO, N0 CyLIeCTBY, 3TH XK€ TeopeMbl HMEIOT Me-
CTO H [J1 YPaBHEHHHA C NIPOU3BOJbHB MH (He 063aTENbHO Bbl-
poxaenubiMu) sapaMH. OQHAKO, NOCKOJBKY AJSi HeBbIPOMKIEHHBIX
HHTErPanbHbIX ONEpaTOPOB TaKHe MOHSATUSA, KAK PaHr MAaTPHIibl H
JIeTEPMHHAHT HE HMEIOT CMbIC/1a, COOTBETCTBYIOUIUE TEOPEMBI HYXKHO
Oyner cOpMyJNHPOBATL TAK, YTOGB 3TH MOHSTHA B HHX He y4acr-
BOBAJH.

4. Teopembl ®pearonbma Jjas ypaBHEHHH ¢ NPOH3BOJBHLIMH
aapamu. bynem cHoBa paccMaTtpHBaThb ypaBHeHHe

b

o= K(s, Do dt+F(s), (15)

a
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EO Terepb Ha ero siapo OYyAeM HaKJaalblBaTh JULIb ycjaoBHe [uib-
Gepra — lIMuara -
(Vi neasat < oo

a a

(o6ecneynBalonlee KOMNAKTHOCTL oOnepaTtopa), HO He OyxeM 3T0
NP0 HpearosaraTb HH BLIPOXKIEHHBIM, HH cHMMeTpHdeckuM. Hac
OyLyT HHTepecoBaTb YCJOBHS paspelluMocTd ypaBHeHus (15) u
ceolictBa ero pemwenunil. [Ipn 3TOM cymecrBeHHbiM AJs1 Hac Gyjer
JIHIUb CBOHCTBO KOMIAKTHOCTH oOllepatopa, OTBeuYalollerc ypasHe-
uuio (15), a He ero uHTerpajbHoe npenacrabienne. [Tosromy Mt 6y-
IeM Bce JafbHelllne PacCMOTPEHHS BECTH IS ONEPaTOPHOro ypas-

HEHHs
p=Agp + 1, (15)

cyurtas, 4T0 A — NMPOMU3BOJIbHBIA KOMNAKTHBI OmepaTop, 3afaHHblil
B ruib6epTOBOM mpocTpancTBe H.

Monoxus T=1—A (rae I —enuunuuslii oneparop), mepemn-
wewm ypaBHenne (16) B Buze

To=1. (17)
Bynem napaay ¢ 3TuM ypaBHeHHMeM pacCMaTPHBATh OJHOPOAHOE
ypaBHeHue
Tgy=0 (18)
H CONpPAXKEHHbIE ypaBHEHUs '
Ty =g, (19)
T*py=0 (20)

(T*=1—A*). Cazb MexXLy CBOHCTBAMH pEIUEHMI 3THX yeTbipex
ypaBHeHHH yCTaHABJAMBAeTCs CAeAyOWHMH Teopemamu DPpen-
roJgbMa.

I. Heoonopodroe ypasuenue To = paspewumo npu rtex u
TOALKO Tex [, KOTOpble OPTO2OHAAbHLL KANOOMY PeuenHuro conps-
HeHHo20 00HOPOOHo20 ypasHerus Ty = 0.

Il (aavreprarusa @pedeorvma). JJubo ypasuenue Ty = f umeer
npu a0bom f = H 00Ho 1 ToAbKO 00RO pewenue, aubo 08HOPOOHOE
ypasrerue Topg = 0 umeer Henyresoe petuerue.

1. Odnopodnvie ypasrenus (18) u (20) umercr 0dHO u TO KHCE,
U NPUTOM KOHEYHOE, HUCAO AUHEUHO He3a8UCUMBLY petueHiLd.

[Ipexne uem mpHCTYnaTh K J0Ka3aTe/IbCTBY 3THX TeOpeM, 3aMme-
THM, UTO OHH CNpaBeJIMBLl (B CHJY CKa3aHHOTO B M. 2) aJis ypas-
HeHull ¢ cumMmerpuueckuMm supom. Ilpu stoM B cuay coenageuns A
u A* teopema Il cranoBuTCA TPHBHAJIBLHOM.

C apyro# CTOpOHB, €caH A — BHIPOXKAEHHBI HHTErPaNbHLIH Ofe-
partop, TO COOTBETCTBYIOIIHE YpaBHEHUS CBOAATCH, KaK Mbl BHIAEIH
Bblllle, K CUCTeMaM JIHHEHHbIX a/are6pauuyecKux YpaBHEHHH; mpu
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9TOM TeopeMnl ®pearojbMa aBTOMATHUECKH MEPEXOISIT B TEOPEMbl
O JIMHEHHBIX CHCTeMax, NMpHBeJeHHble B NMpPEAbIAYILEM YHKTE.

ITockonbKy BCsiKHE KOMIIAKTHBIA OrepaTop ecTb Npefes] CXOaf-
IEeHCS TOCAe0OBATEJIbHOCTH BBIPOXKIEHHBIX, T. €. KOHEUHOMEpPHDIX,
OIepaTopoB, Mbl MorJu Gbl J0Ka3aTb teopembl ®pexarosoma c mno-
MOILBIO COOTBETCTBYIOUIEIO HPENENbHOrO 1epexofa (0T BHPOXKIeH-
HBIX flep K HeBLIPOXKAEHHHIM). Mbl, OfHaKo, mofigeM Mo APYromy’
OyTH W HafMM [0Ka3aTeJbCTBO 3THX TeOpeM, He CBsi3aHHOe C pac-
CMOTPEHHEeM BLIDOXKJIEHHBIX YpaBHEHHII.

HoxkasarteabctBo Teopem ®penroabvma. Hanomuum,
uto Ker B ecTb COBOKYyNHOCTb HyJell JUHEHHOTO HEIPEPBIBHONO Ole-
patopa B (1. e. MHOXKeCTBO BceX TeX X & H, 1as koropbix Bx = 0),
a Im B — o6nacth 3HaueHuil onepatopa B, T. e. COBOKYIIHOCTb BeK-
TOpoB BHla Yy = Bx. flcno, uro Ker B Bcerna ectb 3aMKHyTOE JIH-
HeilHoe moanpocrpactBo. MuoxectBo Im B Takxe npeacrasiser
coboit nHefinoe MHOroo6pasne, OAHAKO, BOOOIE FOBOPS, He 3aMK-
Hytoe. Mbl cefiuac nokaxewm, yro mias onepatopa I = [—A, rae
A — KOMIJIEKCHBIH ONepaTop, 3aMKHYTOCTb COOTBETCTBYIOULETO MHO-
roo6pasus HMeeT MecTo.

Jlemma t. Mnoecoobpasue Im T samkryro.

Hoxasarteabcrtso. Ilycte yn=ImT u yn—>y. [o npenno-
JIOXKEHHIO CYLIeCTBYIOT TAKHE BEKTOPHl Xn & H, uTo

Yn="Tx,=x,— Ax,. (2

Mbl MOXeM CYHTaTb, UTO BEKTOPH Xn opToroHaabHbl K Ker T, Bbi-
unTas, ecan HeoOXOAMMO, H3 Xn ero npoekuuto Ha Ker T. [dasee,
MOXHO CYHTaTb, 4T0 ||xx[l orpanuuenst B coBokyndoctu. [leficTpu-
TeJNbHO, B MPOTHBHOM CJydae, Nepexois K IOANOCAeN0BATENbHOCTH,

Mbl Obl umenu |xnll = oo n, pasmeans ua |lx»l, noayunan 6ur u3
X X .

(21), uto m - A“—an”eO. Ho tak kak onepatop 4 Komnaxres,
n

TO, CHOBA MepeXofs K MNOANOCAEN0BATENbHOCTH, MOXKHO CUHTATH IO-

x (1]
CJ1e/10BaTeNbHOCTD {Am} cxonsueiics. [Toatomy u ”;n” y-6
n n

HEeT CXOAMThCH, CKameM, K Bektopy 2z < H. fcuo, uto |zl =1 u
Tz=0, 1. e. z& Ker T. OnHako Mbl CYHTaeM BEKTOPH Xn 0pTOrO-
HaabupiMi K Ker T u, cienoBatesnbHo, BeKTOp 2 06si3aH GbiTh 0OpTO-
ronanpubiM K Ker T. TlosyuenHoe nporuBopeune u no3BoasieT cuu-
Tath, 4T0 ||xxll orpaHnuenn B coBokymhocTu. BmecTe ¢ TeM B 3TOM
cayyae IOCTeNOBATeNbHOCTb {AXn) MOKHO cuHTaTh CXOASLLedcs,
- @ TOrja, Kax sto cjeayer u3 (21), 6yner cxonsaueiicss 1 mocJaenosa-
TesbHOCTb {xn}. Ecin uepes x o6oamaunts npesen s1oil mocsenosa-
TEJBHOCTH, TO U3 (21) caenyer, uto y = Tx. Jlemma nokasana.

JlemMma 2. [lpocrpancreo H seaserca NPAMOU OPTOCOHANBHOL
Cymmod 3amknytoLx noonpocrpancre Ker T u Im T*, 1. e.

KerTHIm ™= H, (22)
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U QHEA0SURMD,
Ker7"®ImT=H. 123)

HokasateabcTBO. Mbl yXe 3HaeM, uTo 062 MOANPOCTPaH-
€TBa, Qurypupywoune B JeBoll yacTH paBeHcTBa (22), 3aMKHyThHI.
Kpome TOro, oHM OpPTOrOHa/bHBL, NOCKOMbKY ecan h e KerT, 1o
(h, T*x)——(Th x)_O Jas scex x & H. Ocraercst A0KasaTh, 4TO
HIKAKOH HEeHYJeBOH BEKTOD He MOXKET ObiTb OJHOBPEMEHHO OPTOro-
naiabHetM K Ker T u Im T* Ho ecn Bektop 2 oproronanen x Im T*,
1o pis Joboro x & H umeem (72, x) = (2, T*x) =0, 1. e. 2= i\erT
PapeHctBo (23) mOKa3biBaeTCst aHaJIOTHYHO. Jlemma JoKasaHa.

M3 nemmbl 2 cpa3y BbiTeKaeT mneppasi TeopeMa ®pearosbma.
Heiicrsureasno, f_L KerT* B ToM u TOJABKO TOM ciyuae, ecan
feImT, 1. e. ecu cymecryer Takoe ¢, uto T = f.

Hauee, nns kaxporo uenoro k nonoxum H* = Im(T*), rak uro,

B yactHocTH, H' = ImT. flcHo, uro moaupocrpancrsa H* o6pasyior
TEeNOUKY BJIOXKEHHBIX MOANPOCTPAHCTB,
HoH'DHIDS ..., (24)

a B cuay jgeMMbl | Bce 3TH noAanpocrpaHcTsa 3aMKHYTH. Ilpu 3atom
T(H?) = H#+,
Jlemwm a 3. Cywecrsyer takoe j, yuro H**!' = H* npu scex k=j.
Hdoxasareabctso. Ecau rakoro j ue cyutectsyer, To, oue-
BHIHO, Bce % pasnuuubl. B 3TOM cayyae MOXKHO MOCTPOUTH TAKYIO
OPTOHOPMHPOBAHHYIO MOCAEA0BATENbHOCTh {Xz}, UTO thHk H op-
Toronasbuo H*+. Ilycrs | > k. Torga

A,’Cl — Axk = — Xp + (x, -+ Tx;, —_ Tx,)

o, crefoBaTebHo, |Ax, — Ax, ]l = 1, tak xak x; 4+ Txp — Tx; = HRHL,
TMostomy u3 mocneposatenbHocTH {AXx} Heslb3si BbHIOGpaTh CXOAA-
1elcs NOJANOC/AEA0BATEIbHOCTH, YTO, OAHAKO, IPOTHBOPEUHT KOM-
naktHocTu oneparopa A. TeM caMpim JleMMa J0oKa3aHa.

Jdemma 4. Ecau KerT ={0}, ro ImT = H.

HoxasateabctBo. Ecim Ker T={0}, o oneparop T B3aum-
HO OJHO3HAYEH H, CJeqoBaTesqbHO, ecau npu 3toM ImT 5= H, To
uenouka (24) COCTOMT M3 pasJHYHBIX MOANPOCTPAHCTB, a 3TO NPO-
Tupopeunt jgemme 3. [Tosromy Im T = H. Auanoruuno, ImT* = H,
ecaun Ker T* = {0}.

Jdemmab EcaulmT = H, o Ke. T = {0}.

NlokasatenbcTBo. Tak kKak ImT = H, rto, no nemme 2,
Ker T* = {0}, no toraa, no semme 4, Im T* =H u caegosatennbHo,
no aemme 2, Ker T = {0}.

CoBoOKynHOCTb JeMM 4 W 5 H coCTaBasieT COfepXKaHHe BTOPOR
Teopembl (anbrepuartussl) Ppexronsma. Tem cambiM 3Ta TeopeMa
JOKa3aHa.

Jlokaxken, HaKoHel, TpeThio Teopemy Opearonbma.
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[Ipeanonoxum, yro nosnpocrparcteo Ker T 6eCKOHEUHOMEpPHO.
Torna B 3TOM noanpocTpaHcTBe HalaeTcst GeCKOHEUHAs] OPTOHOPMII-
poBaHHasa cucreMa {xxz}. Ilpn sToM Axp == X3 n, cienoBaTesbHO, PR

k=1 nmeem || Ax, — Ax; l|=«\/2 . Ho rtorna us nocaenosatesbHo-
ctn {Axz} Henb3s BBHI6PATH CXOAALLEHCH TNOANOCAELOBATENLHOCTH,
4TO MPOTHBOPEUYUT KOMIIAaKTHOCTH oneparopa A. '

[lyctb renepp p— pasmeprocts KerT u v — pasmepHocThb
Ker T*. Tlpeanonoxum, 4ro p << v. ITycts {¢1, ..., @u} — oproHop-
mupoBanHbiil 6asuc B Ker T u {(, ..., Py} — OPTOHOPMHPOBAHHBIH
6asuc B Ker T*. [Tosoxum

N
Sx=Tx + ,Z_::] ()C, (p]) '\i?jv

Tak kak onepartop S nosnyuaercs u3 onepatopa T nputasie-
HHEM KOHEYHOMEDHOTO ONepaTopa, TO BCe Pe3yJ/bTaThl, HOKa3aHible
Bbllle /15 onepatopa 7, oCTaloTcs BEPHBIMH H Jd onepartopa S.

[TokaxeM, uyro ypaBHeHHe Sx = 0 HMeeT TONLKO TPHBHAMLHOE
pewenue. J{eficTBUTENBbHO, TONYCTHM, UTO

T+ 2 (5 @) % =0. (25)

Tax xak BeKTODH Y; B CHJY JieMMbl 2 OpPTOrOHaJbHEI KO BCEM BEK-
TopaM Buaa Tx, To us (25) crenyer, uto

Tx=0
H
(x, 9)=0 mpn 1<j<<p.

[TosTOoMy, ¢ OZHOH CTOPOHBI, BEKTOP X JIOJIXKeH ObITb JHHEHHOM
KOMOHHAllMe! BEKTOPOB @j, a ¢ APYro, — oproronasnes um, Caego-
BaTesbHo, ¥ == 0. Hrak, ypasnenne Sx =0 umeer tonbko Tpusl-
anbnoe pewenne. Ho Torna no eropoit teopeme cywecrsyer Takoit
BEKTOp Y, UTO

19
Ty + ];1 (y, ‘Pj) Y =P,

YMHOXHB 3TO PaBEHCTBO CKaJ/IAPHO HA P11, MBI NIOJIYYHM cripasa !,
a cnesa 0, nockonpky Ty ImT, a ImT _L Ker T*. d1o mpotuso-
peure BO3HUKJO U3 npeanonoxenns p << v. [Tostomy p = v. 3ame-
Has tenepb oneparop I Ha T* Mbl NOAYYMM p << v H, C1eJ0BaTe h-
HO, = V.

Teopema 111 noxasauna moanoctsio.

3ameuanud L. B reopemax ®peirosbma mo cymectsy pedn
uper 06 o6patnmoctu onepatopa A —1I u 3TH TeopeMbl 03HAUAIOT,
y10 A = | — Hau perynsipHas touka ans A uam co6cTBeHHOE 3HA-
ueHHe KOHEUHOH KpaTHOCTH. Pasymeercs, Bce, uto yTBepxjaercs B
3THX TeopeMaX, OCTAeTCs CNPAaBEeAJHBLIM H JJsi onepatopoB A — A,
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ecan A 5= 0. Tlostomy scakan oraudnas or 0 TOuUKQ cnekTpa KOM-
NAKTHO20 0Neparopa ABASETCA e20 COOCTBEHHLIM 3HAYCHUEM KOHEY-
Hoti kpatnocTu. Kpome TOro, Ml 3HaeM, 4TO MHOMKECTBO TaKuX c06-
CTBeHHBbIX 3HaueHHH He OoJiee 4deM cyeTHO. BBHAy cjeacTBus Ha
<T1p.243 0 BCcerAa npHHAANEXKHUT CIIEKTPYy KOMNAKTHOTO OrepaTtopa
B OeCcKOHeYHOMEPHOM IIPOCTpaHCTBe, HO He 00s13aH, BOOOLIE TOBO-
psi, 6bITb COGCTBEHHBIM 3HavyeHHeM. KoMMaKTHbIE oneparophl, M
kotopbix 0 CAYXKHUT €JHHCTBEHHOH TOYKOH CIeKTpa, HasslBaiofcd
(a6ctpakTHBIME) oneparopamu Boavreppa.

2. Mbl poxkasaau Tteopembl Ppexpronsbma assi ypaBHeHHs BHAA
¢ = A¢+f, rne A — KoMnakTHHH onepaTop B rWILGEPTOBOM MPO-
cTpanctee. JTH TeopeMbl MOryT ObITb IepeHeceHH (e3 CylllecTBeH-
HBIX H3MeHeHWH W Ha ciayuyali npousBoJbHOr0 GaHAXOBA MPOCTpaH-
crBa E. Tlpu sroM, pasymeercs, CONpSKEHHOe YypaBHeHHe P ==
= A*p - g Oyner ypaBHenueM B npoctpancrBe E*, ycnosHe opto-
ronaJjibHoCTH (f, Po) = 0 HYKHO NMOHMMaTb Kak obpalleHue B HYJb
Ha saeMente [eE Kaxaporo QyHKUHOHAJa U3 TOANPOCTPAHCTBA
Ker T* < E* pemennii ypaBHenua T*yo == 0 u 1. 1. Msnoxenue reo-
pem Ppexronbma nns ypaBHeHHH B 6aHaXOBOM IPOCTpPaHCTBE CO-
Jepxntes, nanpumep, B kuure JI. A. JTiocteprauka u B. K. Co-
6o0aeBa «dneMenThl QYHKUHOHANBHOIO aHAJIH3A.

5. Ypasuenuss Boavreppa. ¥Ypasnenuem BoasTeppa (BTOpPOroO
pojia) Ha3blBaeTCsl HHTerpajbHOe ypaBHeHHe

o()={K (s, hodt+F(s), (26)

tae K(s,t)—orpannuennass usmepumast ¢yHkums: |[K(s,t)|<<M.
ITockobKy 3TO YpaBHEHHe MOXHO pPacCMaTPHBAThb KaK YaCTHbIA
cnyuail ypaBuenus ®Ppearonbma (¢ AAPOM, PABHBIM HYJIO TMpH
t > s), Teopemb PpeAronbma crnpaBeiUBL U 1519 ypaBHenus (26).
Onnako jpasi ypapHeHnit Bosbreppa aTH TeOpPeMBl MOXHO YTOUHHTH
caeayolum obpasom. ¥Ypasuenue Boavreppa (26) npu awobod
pynryuu f & Ly umeer 00HO u TOAbKO 0OHO peuierue.

JleficTBHTeIbHO, AOCJAOBHO NOBTOPss paccyxjienus u. 4 § 4
ra. 11, Mpl BHAHM, UTO HeKOTOpAas CTeNeHb onepaTtopa

s

A(p=SK(s, f) o (1) dt

a

ABJSETCA CKHMAIOLUIMM OIlepaTOpOM H, Cle0BATENbHO, ONHOPOJHOE
ypaBHeHHe MMeeT eJMHCTBeHHOe (TpuUBHaJbHOE) pellenHe. B cuay
teopeM PpenrosbMa OTCIOAA U CJAEAyeT Halle yTBepXKIeHHe.

Ynpaxuenue IlycTh Ha OTpeske 3a1AHO WHTErpajbHOe ypaBHeHue Ppen-
roJbMa BTOPOIO Poia ¢ HenpepbiBHHIM fAApoM. JlokaszaTh AJISL TAKOrO ypaBHEHH#
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TeopeMn Ppenronbma @ npocTpancreée nenpepoisnoix Pynxyud. Tipn stoMm posb
«COTPRIKEHHOTO YpaBHEHNsl» HrpaeT HHTerpaJbHOe ypaBHeHHe € TPaHCIOHHPOBaH-
HbIM AADOM, 8 OPTOrOHAJLHOCTb MOHHMAETCsl B CMbicae Lo.

6. MurerpanbHbie ypaBHeHHn mepBoro popa. A6cTpaxkTHbIM Ypas-
Hetuem Ppedeoavma nepsoeo poda HasbiBaeTCsi ypaBHEHHE BHAA

Ap=T, @7)

T. €. ypaBHeHHe, cojeprKalllee HeH3BECTHYIO (QYHKIHIO ¢ JHUIb MO
3HAKOM KOMIIAKTHOTO ONlepaTopa.

Pelienve Takoro ypasHeHHs npeicrasisier co6oil 3anauy, BooG-
me roBops, 60/ee CHOKHYIO, UeM pellleHHe ypaBHEHMs BTOPOro poaa,
n ypaBHeHHe (27) He MOXeT HMeTb pellleHHs NpH a1006 0 H npasoi
YacTH.

PaccMoTpum BHauasle B KauecTBe IIPOCTEHIEro npyumepa ypas-

HCHHE
s

o) ={owat,

a

T. €. ypaBHeHHe C AApOM

1 npun 1<s,
K@n={ pES

0 npu £> 5.

Ono umeer oueBnaHoe petuenne ¢(s)==](s), ecan [ abcomoTHo
HelpepeiBHA U ee NPOU3BOAHAA npuHannexutr L, u oHO Hepaspe-
WHMO B NPOTHBHOM CJllyyae.

ITokaxem, uto u B oOlleM cayuyae ypaBHeHnue (27) He Moxer
6bITb pa3peliuMO NpPH NMPOH3BOJbHOM [ & H. JleficTBUTE/IBHO, Cylie-
CTBOBaHHE pelllenust ypasBHeHus A¢ = [ npn mawbom [ H o3na-
yajo O6bl, 4TO 9TOT onepatop oroGpaxaer 1 cuosa Ha Bce H. [lo-
KaxeM, 4TO 3TO HeBO3MOXKHO. Bce H M0XHO npeactaButh Kak cym-
MY CYETHOro yHcJsa wapoB S, (HanpuMep, wapos paauyca I, 2, ...
...y N, ... C OeHTPOM B HyJe). Kaxnabii U3 HHX nepeBOAHTCS KOM-
NaKkTHbIM onepatopoM A B NpelKOMNAKTHOE MHOXKecTBO. Takum
o6pa3oM, 3amblkaHue ImA ecTb cymMMa CHETHOro 4HcJda KOMAaK-
ToB. Ho B H /moGoli xoMnakT Hurie He IJIOTEH; B TO Xe Bpemsa H,
Kax ¥ Jio0e NOMHOE METPHYeCKOe NPOCTPAHCTBO, HE MOXKET OBITb
NpeACTaBJEHO KaK CyMMa CUETHOTO 4ucjaa HHUrfe He IVIOTHBIX MHO-
xKectB. Takum o6pasom, ImA 5% H; HHLIMH CJI0BaMHU, KaKo8 Gol Hul
6oia KomnaxtHoul oneparop A 8 H, ypasnenue Ag — f ne moser
66T paspewumo npu scex [ H.

~ JIpyroil CyueCTBEHHbIH MOMEHT COCTOHT B TOM, 4TO oneparop,
o6paTHbIi KOMNAKTHOMY, He orpaunued. Ilostomy, ecau f, u fo—
ABa GJIM3KHX MexAy coboft anementa 3 H u 06a ypaBHEHHS

Agy=f,, Ag, =,
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paspeuiuMbl, TO COOTBETCTBYOMIME pelleHHs ¢ = A~!f, # @2 = A~'f»
MOTYT CHJIbHO OTJIMYaThCA ApPyr ot Aapyra. Muaue rosops, ckoisib
YrOIHO MaJias NOrPelliHOCTb B CBOGOJXHOM 4YieHe YDaBHEHHSI MO-
XKEeT NPUBECTH K CKOJb YrOAHO GoJsblliof olIN6GKe B pelleHUH. 3ajaa-
Y, B KOTOPHIX MaJioe H3MeHeHHe HCXOAHBIX JAaHHBIX NPUBOLHT K
MaJQMy H3MEHEHHIO pelieHHst (3Ta «MajloCTb» MOKET B Da3HbIX
3a]auax TOHHMATLCA I0-DAa3HOMY), HA3BIBAITCA KOPPEKTHOLMIL.
Pewenne HHTerpasbHOro ypaBHEHWs NepBoro poaa (B OTJAHYHE OT
YPaBHEHHSI BTOPOTO pOJA)— HEKOPPeKTHAas 3ajada. 3a mocjejiHee
BpeMsi Pa3HOTO PO/a HEKOPPEKTHbIE 3a/aul H METOABl HX PeryJspu-
3auuu (T. e. CBeACHUS MX K 3a/layaM, B TOM HJH MHOM CMblcjie KOp-
PEKTHBIM) MOJYYHJH IIHpOKoe pa3BuTHe. ONHAKO H3JI0XKEHHE ITHX
BONIPOCOB BBIXOJHUT 3a PAMKH JIAHHOI KHUTH.

§ 3. UnrterpanvHbie ypaBHEHHsl, COAepXKallie Napamerp.
Meroa Ppenroabma

1. Cnektp KomnakTtHoro onepatopa B H. Bynem paccmatrpusath

ypaBHeHne
(D=A4A(P+f,
(I—2rl) o=, )

rae A — KOMNAKTHbIA omepatop B ru/bGepToBOM mpocTpancrse f,
a A — YHCJOBOH mapamerp.

B cuay anbrepHatHBbl ®peArojbMa BO3MOXKHHI JBa H TOJIBKO
JlBa B3aHMOHCKJAIOYAIOLIUX Cayyas:

1. YpaBuenne (l) uMeer npu maHHOM A OJHO H TOJNbKO ORHO
pelienue aas Kaxporo fe H.

2. OpHopoauoe ypaBHeHHe ¢ = AA@ uMeeT HeHy/eBOe pelIeHHe.

B mepsoM cayyae onepatop I — AA ortobpaxaer, U MNPHTOM
B3aMMHO oaHosHauHo, H Ha Bce H. Otcioma ciaemyer CyulecTBOBa-
Hie OrpaHu4yeHHOro o6paTHOro onepatopa (I —AA)-1. dro pasHo-

HJIY, HHAaye,

CHJIbHO TOMY, UTO OMEpaTop (A——I) onpenesnen Ha sceM H u

OrpaHuueH; HHaue roBOpPsi, B 3TOM cayyae 1/A He NpHUHAAJNEXKHUT
cnekTpy omeparopa A.

Ilyctb Temeph MMeET MeCTO BTOPAsi BO3MOXKHOCTb, T. €. Cyllfe-
CTBYET TAKOH OT/IHUHBIA OT HYJA 3JEeMEeHT cple H, uto

o =~rAq,, wm Ag,= ';;‘ P

torna 1/A ectb coGCTBeHHOE 3HayeHUe onepatopa A.

Mbl mostyuaem crenyiouluii pesysbTaT: Kaxdoe OTaudroe OT
HYyss 4ucso p = 1/h ssaserca cob6CTBeHHbIM 3HAUEHUEM KOMNAKT-
Hoeo oneparopa A aubo peeyaapro. VlHbiMu c/OBaMH, y KOMIIAKT-
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HOTO onepaTtopa HenpepbiBHblI cneKTp JAuGO COBCEM OTCYTCTByer
Jin60 COCTOHUT M3 OAHON Toukn pu = 0.

O6beAMHENB TOJLKO UTO CKadaHHoe ¢ TeopeMoil 4 § 6 ra. IV, Mbt
nosyyaeM cliefyiollee ONMHCAHHE CIeKTPa KOMMAKTHOrO ornepartopa
B H. Cnekrp mwo6oro xommakTtHoro oneparopa A B H cocrour u3
KOHEUHOT'O HJH CYETHONO YHC/JAa OTJIMYHBIX OT HYJAS COGCTBEHHBIX
3HAYEHHH My, Mo, - - -5 Mn, ..., KAXKJI0€ H3 KOTOPBIX HMeeT KOHEUHYIO
KPATHOCTb, M TOUKK Hyab!). Touka Hyab — eauHCTBEHHAs BO3MOXK-
Has npejeabHAs Touka JJs mochaenoBatedbHoctH {un}. Cama Touka

= 0 moxeT ObITb COOCTBEHHbIM 3HayeHHeM KOHEYHOH HJin Oecko-
HEYHOH KPAaTHOCTH, a MOXeT H He OblTb TOYKOH MHOXeCTBa CO0-
cTBeHHbIX 3Havennil. Kax 6biio nokasano B 0. 5 § 2 ans ypaBuenus

@=ABq + [,

rae B — uuTerpa/bHbLIH onepaTop BOJbTEpPpOBA THIIA, BCEraa HMeEeT
MecTO TMepBblil caydyad anbrepHaTtHBn ®Ppearonbma (pa3peliuMocTb
npu aiwo6oM [ < L,). Muaue rosops, CneKTp HHTErpasbHOTO onepa-
Topa thuna Boabreppa coctout u3 omHo#l ToukM p=0. Bmecre ¢
TeM B KoHlle 1. 4 § 2 Mbl Ha3Ba/u aOCTPAKTHBIM onepatopoM Boub-
Teppa KOMIAKTHBIH omepaTop, CNeKTP KOTOPOro cBoAuTcs K Touke 0.
TTosToMy MOXKHO CcKa3aTb, UTO HHTErpaJbHbii onepatop BosabTeppa
siBsieTcs W abCcTpakTHBIM onepatopoM BoabTeppa, U BCa 3Ta TEp-
MHUHOJIOTHSI OKa3bIBaeTcsl ONpaBAaHHOM.

2. OTbicKaHMe pelleHHs B BHAe psaa no crenewam A. Herepmu-
nantel ®pearoabma, GopmMasbHO pelleHHe YpaBHeHHA

(I—2rA)e=f
MOXHO 3amucaTh B BUJe
g=(—2d)"'f. @
Ora dopmysia AeACTBUTENbHO OlpejensieT pellienne, ecauf|AAl <1,
T. e. [AI< TAT' TIOCKOJbKY B 5TOM cayuae onepatop (I — AA)-!

cyulectsyer, onpenened Ha BceM [ u orpamnuen (cMm. m 7 § 5
ra. 1V). Tlpu stom onepatop (/ —AA)~! MOXHO npeacrasurs Kak
cymmy crenenudéro psga

(=AM =142+ 2+ ...+ + ...,
CXOJNMOCTb KOTOporo (1o HopMe) oGecneunBaeTcs ycaoBueM | A | <

< If All. CaenoparenpHo, peweunne (2) nawero ypasneuua (1)
MOJXKHO 3aIHCaThb TakK:

o=[+AF+ A+ ... +2"A + ... (3)

1) p =0 o6s3aTeNbHO NPHAARJEKHT cnekTpy A, nockoabky A-!1 He Momer
61T orpannuen B GeckoneunomepHoM H (cM, crectsre ma crp. 243).
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ITOT Ke pes3ysabraTr NOMYYHTCS, ec/u HCKATh pELleHHe ypaBHeHUs
(1) B BUne cTeneHHOro psina

=0+ A, + ... +2"¢,+ ...

(roe @n ot A yXe He 3aBucAt). IlogcTaBUB 3TOT P BMEcTo ¢ B
npaBylo H JeByW uyactu ypasHeuus ¢ = A - f u npupasuss 3za-
TeM KO3 QUIHEHTH NPH OJMHAKOBHIX CTENEHAX A B o6eux YacTsx
PaBEHCTBA, Mbl TIOJYYHM

q)0=fv (P|=Af,---, q)n,::Aq)n’“l:Anfv
T. €. psan (3).
[Tokaxem, uro ecam A — wuHrTerpadbHbiil omnepartop [uabbep-

ta — UlImuara, 1. e. oneparop, onpenelisseMbli KBaAPaTHUIHO HHTEr-
pupyembim sapom K(s, ¢), to oneparop (/ — AA)~! upu pocratouto
MaJbiX 3HaueHHsIX A MoxeT ObiTb 3amucad Kak cymma [+ AT'(A)
eIMHAYHOrO oneparopa / ¥ HEKOTOPOro HMHTErpajbHOTO onepaTopa
AT'(A) Tnanbepra — lImuiara ¢ KBaapaTU4YHO HHTErpHPYeMBIM fA-
pOM, 3aBHUCAILUM OT napaMmerpa A. BoisicHum cHavyasa, kakum o6Gpa-
30M 3amnuchiBatorcst saapa omepatopos A%, A3 u 1. n. PaccmoTpum
Aas 3Toro GoJee OOHIMA BONPOC: MYCTb AaHbl [ABa HHTErpabHbIX
oneparopa
b b

to={K(s, no0at, Bo={Qes, Howat,
a

a
rae

b
LK (s, £) Pdsdt =Fk? < oo, SiQ(s, f) Rdsdt =g < oo.

Q o
R >
Ry

Haiizem siapo oneparopa AB. Mmeem

ABp = !K(s, u)§Q(u, t)@(f)dt}du:

a

|
-}

P e

b
SK(S, ) Q (u, t)du}up(t)dt.

B03MOXHOCTb H3MEHEHHs 3[eCb MOpANKa HHTErPUPOBAHHA BhITe-
Kaer u3 teopembl PyOHHH, NOCKOAbKY MOAbIHTErpadbHas (YHKUAA

K(s, )Q(u, Yo ()
CyMMHpyeMa 1O COBOKYITHOCTH IlepeMeHHbIX # M ! Kak npousseje-
HHe IBYX GYHKUHA
K(s, o) n Q(u, 1),

KBaJpaT Kax/o#l U3 KOTOPbIX CYMMH[YeEM.
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[Nosoxum \
R(s, )=\ K(s, wQu, Hdu; (4)
B cuay HepaseHnctBa Kown — ByHakoBckoro umeem
b :
| R (s, t)'l“’<gl K{(s, u) Pdu §lQ(u, ) Ed.

OTKy/a

b b
{SIRG, Hypasar<woge.

Hrak, npousseneune IByX HHTErpajbHLIX OnepaTopos Tuna I'uib-
6epra — lIMuara ecTb oneparop TOro e THNA, C AAPOM, Ompese-
asemblM Gopmynoi (4). B wactHoctH, nosoxus 4 = B, noayuzewm,
uTo A% ecTb HHTErpasbHLIH ONepaTop ¢ sIAPOM

b

Ky(s, t)= SK(s, u)K (u, t)du,

KOTOpOE yIOBJIETBOPSET YCJAOBHIO
b b

S S|1<2(s, t)12dsdt<[§ §IK(3, t)g?dsdt]2=k4,

aa

orkyna || A2||<<k?, rae

b b
k2=SS|K(s, 1) B ds dt.

AnaJiorH4HO noJlyuaeM, 4TO KaxXAblit u3 omepatopos A" onpene-
Jsercs aipoM
b

K, (s, t)=SK,,-l (s, K, Hdu (=23, ...),

a

YLOBJIETBOPSAIOILHM YC/IOBHIO
b b

| {1KaGs, Rasar<tm. ©)

a a

Anpa Kn(s,t) HA3BIBAIOTCA UTEPUPOBAHHBIMU AOPAMU.
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IMpu |A| << 1/k pan
K(s, D+ AKy(s, D+ ... +2"7'K (s, )+ ..

CXONMTCA B CHJY OUeHKH (D) B npocrpaHctBe Lo([a, b] X [a, b))
K HekoTopoll ¢ynkuuu I'(s, {; L), KkBajpaT KOTOpO#l cyMMupyem no s
u t npu kaxaom |A|<<1/k. Hnrerpaabuwmii onepatop I'(A), ans
kotoporo ¢yuxuus I'(s, f; A) cayXuT anpoM, ecTb CyMMa cXoasiie-
rocs psaaa

A4+ o a4 L (6)

KOMITAKTHBIX ONEePAaTOPOB H, CJeJOBATEIbHO, OH KOMIAKTeH.

HomBOXHB 3Ty CyMMY Ha A H npu0aBUB K Hell eIMHHUHbIA Ofle-
patop /, Mbl u nonyuum oneparop (I — AA)~1. Urak, meficTBuTe b~
Ho, npu |A| << 1/k oneparop (/ —2AA)~! ecTb cyMMa eAMHHYHOrO
onepatopa / u KomnakrHoro onepatopa AI'(A) ¢ aapom

()

AT (s, £ A) = 2 A"K, (s, ©).

n=1

Yenosue |Al<< 1/k pocraTouno mas cxomumoctu psga (6), Ho
BOBCE He HeoGXOMHNMO. B HEKOTOpHIX cayyasx 3TOT PN MOXKET OKa-
3aThCSl CXOASLIMMCS Ja)ke NMPR BCcex 3HaueHusix A. Hanpuwmep, ecan
A — onepaTop BO.IbTeppOBa THNA C SAPOM, YAOBAETBOPSICUIUM YC-
JIOBHIO :

K (s, DI M,

TO, KaK NOKa3hlBaeT NpsMOH NOACYET, A/ HTEPHPOBAHHBIX siAep
K. (s, t) cnpaBensnBa onenka:

n n—1
| Kas, 1< 20 =P,
OTKYZa cJelyeT CXOAHMOCTb psana (6) npu jao6oM A.

Onnaxko, BooGle roBops, cTeneHHOR psj (6) HMeeT HEKOTOphIH
KOHEeUYHbIHl pajguyC CXOAHMOCTH. B TO Xe BpeMsi ypaBHeHHE ¢ =
= MA@ -+ f uMeer pelllenre Py Bcex A, KPOME KOHEUHOTO HJIH CyeT-
'HOTO uMCJa 3HAuYeHHH, UMEHHO Takux, uto 1/A ecTb coGcTBeHHOE
3HayeHue onepatopa A. ®pexrosbM MokKasal, uTo AJS WHTErPadb-
Horo oneparopa A, onpejenseMoro OrpaHM4YeHHB M H Hemnpe-
pelBHB M sigpoMm K(s,t), peuenne ypaBHenuss ¢ = M-+ [ mo-
XeT ObITb HalifleHo caenylomuM cnoco6oM. Benem oGoasnauenne

S .. 8, K(sl’ tl) e K(Sl’ tn)
(3 )] o) K
U ) T K (s 1) e K (s 1)
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n onpeneaum ¢yuxkuun D(A) u D(s, {; ), HasbviBaembie, COOTBET-
CTBEHHO, OerepmurnanTom Ppedezosbma u munopom Ppedeorsma,

dopmynamu:
b b
1 B

ml?_‘,

D(x}.:l—xsbk(g)d&l +

...+(-1)"ft—j§...§x(2:::EZ)dg,...dg,nL..., 7)
ok (}) -2 {2 )ant 31§ x (VL D) .
e (=1) fﬂ§ §K(ts 2 z:)dg‘ v din . ®)

Toraa nng uHTErpaibHOrO ypaBHEHUS
b

o) =2 {K(s, o dt+7(s)

a

Pe30JbBEHTHOE A4pO JaeTcd GopMyJioi

T, t; =220
H pelIeHNe 3anuChIBAE€TCSI B BHIE
b
D (s, t; A
wo)=Fs)+a§ LS 1 4 ©)

a

JJIS BCeX 3HMayeHnil A, Takux, yto 1/A He eCTb COGCTBEHHOE 3Haye-
HUe mHTerpasbHoro omepartopa A, orsevaiowero supy K(s,!). Ilpu
stoM D(A) u D (s, t; L) npeactaBasiior co6oil uesbie aHaAUTHYECKHE
dyuruun napamerpa A B D(A)=0 B TOM H TO/NbKO TOM cayuae,
ecau 1/A ecTb co6CTBEHHOE 3HAYeHHe HHTErpaJsibHOro orneparopa A.
Kax noxasan s 1921 r. T. Kapneman, dopmynn (7), (8) u (9),
nosiyuenHble PpearosbMoM B MPeANOSOKEHHH HENPEPHIBHOCTH SIAPa
K(s,t), ocrajoress B cusle M Iaa J06Oro sapa ¢ HHTETPHUPYe-
MBIM KBaldpaToM. Mel He GyieM NPHUBOAHTb 34eCh BBIBOJIbI
Gopmyan (9) 1 Gopmya (7), (8) 1).

1) Cu. T.Carleman, Zur Theorie der Integralgleichungen, Math. Zeitschr.
9 (1921), 196—217, a Takke F. Smithies, The Fredholm theory of integral
equations, Duke Math. Journal, 8 (1941), 107—130.

BriBon gopmya (7), (8) u (9) cM. B kuurax [35] u [46].




FTABA X

SJEMEHTDHI AH®PEPEHLLHAJIBHOIO HCYHMCJIEHUA
B JHHERHbBIX NPOCTPAHCTBAX

B Tex Bompocax QyHKUHOHAJNBHOrO aHajn3a, KOTOPLIMH Mbl 3a-
HUMAJHUCh B NpeAbAYIIHX TVIaBaX, OCHOBHYIO DPOJIb MIPaJid MOHATHS
JnHeHHoro pyHkuuoHasa H AuHeAHOro onepartopa. OQHAKO HEKOTO-
pble 3ajauH, BO3HHKAOILHEe B (PYHKINOHAJBHOM aHaJu3e, HOCAT Cy-
LleCTBEHHO HeJUHeHHBIA XapaKTep; OHH NPHBOAAT K HeOGXOLHMMOCTH
pasBHUBATh HApAAY C «IHHEHHBIM» H «HeJHHEHHbH» PyHKUHOHAJIb-
HbIfl AHAJH3, T. €. H3yyaTb HeJHHelHble QYHKUHOHAJB H HeNHHEH-
Hble onmepatopsl B 6eCKOHeYHOMepHbIX mpocrpaHcTBax. K uesuueil-
HOMY (QYHKUHOHAJALHOMY aHAJIH3Y OTHOCHTCH, NO CYLIECTBY, TAKas
Kpaccuyeckass o06JacTb MaTeMaTHKH, KaK BapHALHOHHOE HCYHCJe-
HHe, OCHOBBl KOTOpOro Oblin 3aJjoxenbl eume B XVII—XVIII Bs. B
paborax Bepuyaan, dfinepa, Jlarpanxa. Oanako B UeJIOM HeJH-
HelHbIH (YHKIHOHAJbHBIH aHaJ/H3 NpecTaB/sieT cOGON CpaBHUTE/ b
HO HOBYIO 00J1aCTb MaTeMaTHKH, MOKa ellle AajeKkylo OT CBOEero 3a-
BeplleHusi. B 3ToH rnaBe Mbl M3/10XKHM HEKOTOpHIE MEPBOHAYA/bHbIE
NIOHSITHA, OTHOCSLLKECH K HeJHHeHHOMY GYHKIHOHAJIbHOMY aHaJ/u3y,
B OCHOBHOM K TeOpHH AH(PGepeHUHPOBAHHS, H HEKOTOpble MpHMe-
HeHHA 3THX MOHSITHH.

§ 1. Nnddepenunpopatine B JMHHEHHBIX NPOCTPAHCTBAX

1. Cuabnbiit puddepenunan (nuddepenunan @dpewe). IIycrs
X n Y — Ba HOpDMHpOBaHHBIX npocTpaHcTBa U F — oTo6paxenne,
neficTyioilee U3 X B Y u onpeseneHHOe HA HEKOTOPOM OTKPHITOM
noamuoxkectse O mpocrpancrsa X. Mbl HasoBeM 3T0 oTOGpaeHue
Qugppdpepenyupyemoim B nannoit Touke x < O, ecau cyllecTsyer Ta-
KOl orpaHHuYeHHbill JHHeRAHbI onepaTtop L.e L (X,Y), uto amna
Jio6oro &€ > 0 MoxHO HaliTn § > 0, npH KOTOPOM H3 HepaBeHCTBa
jI7ll << 8 cenyer HepaBeHCTBO

| Fx4h)— F(x)— LalI<el| k] (1
To xke caMoe COKpallleHHO 3anHuChiBalOT TaK:
F(x+ h)— F(x) — L.h=o (h). @)

N3 (1) cnenyer, uto auddepenuupyemMoe B TOUKe X 0TOGpaKe-
HHe HenpepbiBHO B 3TOH Touke. Buipakenue Lyfi (nmpexcrasisiollee
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co6oi1, oueBuaHO, Npu KaxXaoM h e X snement mpocrpaHcTsa Y)
Ha3bLIBAETCH CcuAbHbiM Ougpepenyuaron (unn Ougpgpepenyuaron
Ppewe) orobpaxkenns F B Touke x. Cam JuHefHbIH onepaTtop Ly
HA3bIBAETCS NPou3e00Hol, TOUHee, CUAbHOU npouséodHol otobpa-
xeuusi F B Touke x. Mpl GyneM 0003HauaTh 3Ty NPOM3BOAHYIO CHM-
BostoM F/(x).

Ecau oro6paxenne F guddepenunpyemMo B TOYKe X, TO COOTBET-
CTBYIOIlasl NPOM3BOJHAA ONpeflesideTCsy €NUHCTBEHHBIM 06pasoM.
B camoM pgene, paBeHctBo |[Lih— Lohil = o(h) nas onepatopos
LieZ(X,Y), i=1,2, BoamoxkHo, aulib ecan Ly = Ly.

YcranoBUM Tenmepb HEKOTOPble 3JeMeHTapHble QaKThl, HeNocpes-
CTBEHHO BBITEKAIOLHe U3 ONpeae/eHUs] IPOH3BOLHOH.

1. Ecau F(x)= yo=const, o F/(x)=0 (1. e. F'(x) 8 3ron
cay4ae ecTe Hyaesoli oneparop).

2. Mpoussodrnas Henpepoi8HO20 AuHeliHo2o oTOOpaxernus L ecto
camo 3To oTobpancerue:

L’ (x)==L. 3)

JeficTBUTEIBHO, IO ONpeJleSIeHHI0 HMeeM
L(x-+h)—L(x)=L(h).

Heckoabko menee OYyeBHAEeH c.nenyromnﬁ BaXXHBIH pe3yJbTar.

3. ({lIpoussodnas caomcnol ¢pynxyuu). Iycre X, Y, Z — tpu HOp-
muposannsix npocrparcrea, U (xo)— OKpecTHOCTy Touku X9 X,
F —orobpancenue 3t10ii okpectvoctu 8 Y, yo = F(Xo), V(yo)—
OKpecTHOCTy Touku Yo = Y u G — oTobpasicenue 3TOl OKPeCTHOCTU
8 Z. Toeda, ecau orobpamenue F Ougpgpepenyupyemo 8 rotke xo,
a G Ougpdpepenyupyemno 8 touke yo, 70 orobpascenue H = GF (xo-
TOpOe Onpeje/fieH0 B HEKOTOPOH OKPECTHOCTH TOYKH Xo) Ougpgepen-
Yupyemo 8 ToUKe Xo U

H' (x0) = G’ (yo) F’ (xo). 4)
JeACTBUTENLHO, B CHITY CHENaHHBIX MPEANONOKEHHH

F(xo+8)=F (xo) + F (50 E + 0, (8)
G(yo+m) =G (y) + G (yo) n + 02 (1.

Ho F’(xo) u G’ (y,) — orpanuuenttie Juneiinsie onepatopst. [ToaToMy

H(xo+8) =G (5o + F' (x0) § + 0, (8)) = G (y0) + G’ (yo) (F" (x0) § +
+ 01 (8)) + 02 (F' (%0) § + 01 (8)) = G (o) + G” (o) F’ (x0) & + 03 (2).

(ITpoBeauTe aKKypaTHyIO BHIKJAIKY C & ¥ 0).

Ecmu F, G u H—uncnossie ¢ynknuu, 1o dopmyna (4) mpe-
Bpamaercst B M3BeCTHOE NpaBWIO AuddepeHNIHPOBaHUA CIOKHOH
(OYHKLMH.
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4, Ilycre F u G —0sa Henpepbvierbix 0TOGpaxcerus, delicrayro-
wux us X 8 Y. Ecau F u G Oupgpepenyupyemor 8 touke xp, 10 u
orobpanenun F+4- G u aF (a— uucao) tome dupeperyupyemot
6 3TOoll TOHKe, nputem

(F 4 GY (x0) = F’ (x0) + G’ (x0) (5)
(@F) (xo) =aF’ (x,). (6)

1)

Jle#icTBUTE/IbHO, H3 ONPEReICHHS CYMMBI ONEPATOPOB H NPOU3-
BejleHHs ollepaTopa Ha YHCJIO Cpasy HoJydaeM, yTo

(F+G)(xo+h)=F(xo+ h) + G (xo + h) =
= F (x0) + G (xo) 4+ F’ (x0) b + G” (xo) h + 0, (h)

aF (xg+ h) = aF (xo) 4 aF’ (xo) h + 0y (),

OTKyZa caenylor pasedcrsa (b) u (6).

2. Caabwoiii puddepenunan (auddepedunan aro). I[1ycts cuosa
F ecrtb oro6paxenue, neictyomee us X B Y. Caaboim dugpgeper-
yuarom uan ougpepenyuaron aro ortobpaxkenus F B TOUKe X
(npu npupaweHuy k) HaspBAeTCSl Npepest

H

DF(x, i) =-% F(x+th)|_~lim

F (x + th) — F (x)
=0 ¢50 t ’

rie CX0AMMOCTb MOHHMAETCS KaK CXOJHMOCTb [0 HOPME B IPOCTPaH-
cree Y '

Wwuorpa, caenys Jlarpauxy, Boipaxenue DF(x,h) wuaspiBaior
niepBOi Bapuauueil oro6paxenus F B Touke x.

Cna6uiit nuddepenunan DF(x,h) moxer H He GbITb JHHEeH
no h. Ecain e Taxkas JHHEHHOCTb HMEET MEeCTO, T. €. eCJIH

DF (x, h) = Fe (x) h,

rie F;(x) — orpaHnuyeHHbi# JnHeHHHI OMEPaToOp, TO 3TOT OIEPATOP
HasbiBaeTcs: ¢aabot npoussodnol (nau npouseodHoi Iaro).
3ameruM, uTo LJf ciaabbix NPOU3BOAHBIX TeopeMa o auddepe-
LLHPOBAHHH CJIOXKHOH (yHKuuH, BooOue rosops, HeBepHa. (lIpuse-
nure npumep!) .

3. ®opmyna koHeunnlx nmpupauenuii. [Tycte O — oTKpLITOE MHO-
XectBO B X M TyCTb OTPe30K [Xo, X] IenukoM comepxutca B O.
Iyctb, nHakonel, F ectb oto6paxenne X B Y, onpesnenennoe a O u
nmeiollee c1abylo NpousBORHYI F; B KaxI0# TOYKe OTpeska [xo, x|
TTonoxkus Ax == x — Xo ¥ B35IB IPOU3BOJDBHLIA yHKUHOHAN @ = Y¥,
PaccMOTPHUM YHCJIOBYIO GYHKUHIO

[ () =@ (F (xo+ tAx)),
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onpenenennyio npu 0 <<t <Cl. Ora dyuxuus auddepeniupyema
no f. HeficTBUTENbHO, B BEIPAXKEHUH

f(t+At)—f(t) F(xo+ t Dx 4+ Bt Ax) — F (%o + ¢ Ax)
‘p( Af )

MOXXHO NepeHTH K mpejenay TOA 3HAaKOM HeNpepbiBHOLO JIHHEHHOrO
¢yuxunoHana @. B pesyabrare nojayiaem

() = @ (Fé (%0 4 ¢ Ax) Ax).

IMpumenus k ¢ynkuuu f Ha orpeske [0, 1] GopMyay KoHedHbIX
npHpalleHni, NONYyYnM

F(O=FO)+[(6), rre 061,

@ (F (x) — F (x)) = @ (F (%0 + 6 Ax) Ax). (7)

D710 paBeHCTBO HMEET MeCTO AJs Jioboro gynxkuuonana ¢ & Y* (pe-
anuuHa 0 3aBucuT, pasymeercs, ot ¢). VI3 (7) noayuaem

| (F(x) = F(xo)) ISl Oilégl"Fa(xO"*‘eAx)” TAxl. (8)

BriGepem Tenepb HeHyAeBOH QyHKUHOHAM @ TAK, UTO
@ (F(x) — F(xo)) =ll@ll- Il F (x) — F (xo)

(Takon ¢QyHKUMOHAN @ cymeCTByeT B CHJY CJHeICTBHS 4 Teope-
mbl XaHa — Banaxa (cM. n. 3 § | ro. 1V)). Ilpu stom uz (8) no-
Jyqaem

IF(x) — F(x I<< sup [Fe(o+0A0)[-[Ax]] (Ax=x—xo). (9)
o<t

T. €.

DTO HepaBeHCTBO MOXKHO paccMaTpPHBATb Kak aHanor Gopmy.bl KO-
HeUHbIX NpUpallennii AN YNCAOBLX PYHKUUA.
IMpumenus dopmyay (9) x oTobpaxeHuio

x — F (x) — Fc(xo0) Ax,
HOJIquM cnenylomee HepaBQHCTBO:
| F (x) — F (x0) — Fe(x0) Ax | < ,Sup | Fz(xo -4 0 Ax)—Fe(xo) |l - | Ax .

4. Cpasb Mexnay caaGoii u cuabHOH auddepennupyemoctoio.
CunbHas u cnabas nnbdepeHLHpyeMOCTh NpeacTaBadioT coboit pas-
JUUHbie TOHATHS Jae B CJyyae KOHEYHOMEPHBEIX MPOCTPAHCTB.
JelicTBHTEeNbHO, U3 aHaAJN3a XOPOILO H3BECTHO, YTO JJIs YHCJIOBOI]

YHKILHH
F=Fx, -y x0)

npu nz= =2 us3 CyleCTBOBaHuA HpOHSBOlIHOH

g{f(x-i'th)
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npHu J1I060M PUKCHPOBAHHOM h = (hy, ..., hy) eule He Caenyer aud-
(hepeHUHPYEMOCTh 3TOH (QYHKLHM, T. €. BO3MOXHOCTH MPENCTABUTDL
ee npupatlenne f(x +h)—f(x) B Bume cymmbl auuefinoir (mo h)
YacTH M YjieHa BhILIE NMEPBOTO MOPSAAKA MaJOCTH OTHOCHTENbHO A.
[IpocrefiiimM NpHMepoM 3/eChb MOXET CJAYKUTb DYHKUHS ABYX
nepeMeHHbIX
3
Xixy
f(xl, x2) — x‘li + x; »  €CJH (xlr x2)¢(07 0)) (l l)

0, ecan  (xg, x5)=1(0, 0).
912 (QYHKUMS HENpepbiBHA BCIOAY HA IUIOCKOCTH, BKJIIOYAS TOYUKY

(0,0). B Touke (0,0) ee cnabolit xuddepenunasn cyuecrsyer u pa-
BeH 0, MOCKQJIbKY

O+t —F(0) Pk
lim —m———— = oA e
t->0 t t->0 °hy + £°h;

Bumecte ¢ TeM stor puddepeHunHans He SABASETCS IVIABHOH JIMHeMs
HO¥ 4YacTbio npupamteHuss ¢pyHkuuu (11) B Touke (0,0). HdeiicTBu-
TeJIbHO, eCJTH TOOMHTh H2 = hi, TO

h, k)—F(0, 0 . A4 1
Jri>0 B0 Qh;«/h‘z_[_ At

Opnnako ecan oro6paxenue F HMeeT CH/IbHYIO IPOHU3BOAHYIO, TO
OHO HMeeT U calylo, MPUUYEM CHJIbHAS M caabasi NPOM3BOAHBIE COB-
nanaiot. [leficTBuTebHO, A/ CHIAbHO AH(depeHnnpyeMoro oto6pa-
XKEeHHsT UMeeM '

F(x + thy — F (x) = F’ (x) (th) + o (th) = tF’ (x) h -+ o (th)

F(x+iht)—F(") =F'(x)h+i(;ﬂ’>f"(x)h'

BBHISICHHM YC/IOBHS,, IPH KOTOPHIX M3 cjaGoit auddepexunpye-
Mocti oToGpaxenusi F ciaenyer ero cusibHas nuddepeHiupyeMocTs.

Teopema 1. Ecau caabas npousgoonas F:(x) oro6paxenus F
cyuecteyer 8 nekotopoli okpecrnocTu U Touku xo u npedcrasaser
coboil 8 3roli okpecTHOCTU (ONepaTopHyro) PYHKYUIo or x, Henpe-
POIBHYIO 8 Xo, TO 8 TOHKE Xo CUAbHas npoudsodnas F’(x,) cyuwe-
cT8yer u cosnadaer co cAaboll.

Hokasareabcto. [lo € > 0 naitnem 8§ >0 Tak, yto6bl npu
]l << 6 BbIMOMHSIIOCH HEpPaBeHCTBO:

[ Fe(xo+ k) — Fe(xo) [ e
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[Tpumenus x orob6paxenuto F ¢opmyny (10), mosayuynm:
I F (xo+ h) — F (x0) — Fe (xo) RIS

< sup | Felxo+ 0h) — Fe(xo)| lTAI<eihl
0 01

Tem camuiM umeer Mecto (1), T. e. JOKa3aHO Kak CYyUleCTBOBA-
‘HYe CHJbHOM Npou3BoiHO# F’(Xp), Tak M ee coBIajdeHHe CO caa6OH
TIPOU3BOAHOM,

B nanbHeiimiem Mbl GyneM, ecJH He OroBOpPeHO NPOTHBHOE, pac-
cMaTpHBaTh Takue orobpakeHHs, Koropeie Aubddepenunpyemnl B
CHJIBHOM, a 3HAYUT, U B c1a6OM CMBICJIE.

5. duddepenunpyemble dyHkunonansi. Mbi BBeM auddepes-
uuai orobpaxenus F, neficTByIOllero U3 OJHOTO HOPMHDPOBAHHOI'O
npoctpaHcrBa X B Apyroe HOpMHpoBaHHOe mpoctpaHcTso Y. ITpous-
BonHas F/(x) Takoro otoOpa)KeHHs NPH KaXAOM X — 3TO JIHHEH-
Hbii omepatop u3 X B Y, T. e. anement npocrpanctea Z (X, Y).
B uacTtHocTH, ecan Y —umcnoBasi mpsaMasi, To F — npuHuMalomas
yucaoBble 3Hauenuss Gyuxuus na X, T. e. dyskunonasa. Ilpu stom
mpousBogHas QyHKUHOHAsNA F B TOUKe Xo €CTb JHHEeHH B i QyHK-
1OHAJ (3aBHCSAIIUA OT Xo), T. €. 3JeMeHT mpocTpaHcTBa X*.

[Tpumep. Paccmorpum B JeACTBHTENbHOM T'H/Ib6EPTOBOM MNpPO-
ctpanctee H ¢dynkunonan F(x)=|xl|%. Toraa

Ix+hP—lxlF=2(, &)+

BeauuuHa 2(x, h) npeacrasasier co6oil riaBHyo JuHelHy© (o h)
‘YacTh 3TOrO BhIpAXKEHHS], C/eJOBaTeNIbHO,
F’ (x) = F¢(x) =2x.

Vnpaxuenue Hairi npoussonnyio dysxusonana || x|l B ruasGeprosom
mpocrpanctse. (Orser: x/|| x || npu x %= 0; npu x = 0 He cymecTByeT.)

6. AGcTpakTHbie QyHkuuu. [IpeanosoxumM Ternepb, YTO K YHCJIO-
BOJ NPSMON CBOAMTCS NpocTpaHCTBO aprymentoB X. OrtoGpaxkenue
F(x), comocraBasiolllee YUCJAY X 3JeMEHT HEKOTOPOro OaHaxoBa
npoctpancTBa Y, HasbiBaercsi ab6CTpakTHol pyukyued. TIpousson-
Haa F’(x) aGctpakTHOM ¢GyHKUHH (ecqu OHa CYILECTBYeT) mpe-
craBasger cofoit (mpu KaxKAOM Xx) 3JeMeHT mpocTpaHcTsa Y — kaca-
TeJIbHBIE BEKTOD K KpuBoi F(x). das abcrpaktHoit dyukuuu (mpen-
cTaBasiowled co6od (QYHKLIHIO OJHOrO UHCJOBOrO apryMmeHTa) cJja-
6asa anddepeHIUPYEeMOCTb COBNALAET C CHIBHOM.

7. Uurerpaa. Ilycte F — aOcTpakTHast (QYHKUUS AeHCTBHTE/Nb-
HOro apryMenTa ! co 3HaueHHsiMH B GaHaxoBOM MNpocTpaHcTse Y.
Ecau F 3anana nma orpeske [a, b], T0 MOXKHO ONpenesuTbh HHTErpad

pynxuuy F no orpesky [a, b]. Dot uHTerpan nosuMaercs Kak mpe-
JleJ1 HHTErPaJbHEIX CyMM

n—1
kggF(Ek) (Fev1— 1),
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OTBEYAIOUHX PasbuerHsIM
a=H<H< ... <t,=0b, E,[t, tr]),

NpH ycJaoBUH, UTO max ({41 — fp)— 0. Vuterpan (npelcTaBisiOWRE
co6oH, oueBHJHO, 371eMeHT U3 Y) ofosHayaercs CHMBOJOM

§ F (¢) dt.

Paccyxnenus, B 3HaUHTeNIbHOH Mepe aHaJOrHuHbleé NPOBOAHMLIM
nas GYHKUMH, NTPUHUMAIOIHX CKajdspHble 3HAUeHHS, [OKa3biBAlOT,.
4TO MHTerpaj oT (QYHKIHH, HEIPePLIBHOH Ha OTpe3Ke, CYLIECTBYET;
1pH 3TOM OH 06/1aJlaeT CBOMCTBAMY OOBIYUHOTO PUMaHOBA HHTErpaJa.
Cpenu 3THX CBOMCTB OTMETHM cJefyioline.

1. Ecin U — dukcupoBaHHOe JHHeHHOE HempepbiBHOE OTOGpa-
XeHHe NpocTpaHcTBa Y B HEKOTOPOE NPOCTPAHCTBO Z, TO

b b
\ur@®ai=v{F@ar. (12y

2. Ecan F(f) nmeer Bun f(f)yo, rae f(f)— uncnoBas cdynkuus,
a Yo — QHUKCHPOBAHHBIA saeMeHT U3 Y, To

b b .
Sp(t)dt;yo Sf(t)dt. (13y
ba ) a

3. SF(t) dt <SHF(1) ldt.

Myers cuosa X u Y — HOpMuUpOBaHHBIE [IPOCTPAHCTBA,
a BC(X, Y)— snuHeliHOe NMpOCTPAHCTBO BCEX HENpepPLIBHbIX OrpaHH-
yennbix ') oro6paxenniit X B Y. B npocrpanctse BC(X, Y) moxuo
BBECTH TOIOJIOTHIO, TIPHHHMAS 32 OKPECTHOCTH HYJS MHOKeCTBA

Up,e={F: sup [F(x)]| <e}.
Ixi<n

Ha noanpocrpancrtee £ (X, Y)< BC(X, Y) Bcex nuHefiHblX Henpe-
peIBHBIX oTOOpaxeuuit X B Y 3Ta TOmosorks coBnagaer ¢ o6uuHoR
tonoJiorsel B & (X, Y), 3anaBaemoll onepartopHoit Hopmoi. Ilycto
J = [%o, Xo + Ax] — KakKOH-HMOYAb TPSAMOJHHENAHBI OTpe3ok B X.
HonycTnM, YTO 3aJ1aHO HeNpephiBHOE OTOOpaKeHWe 3TOr0 OTPe3Ka

1) Orobpaxenne F:X— Y nasblBaeTCsl 02pAHUYEHHBIM, €CllH LA BCSKOTO
OrpaHHYeHHOTO MHOXecTBa Q < X MHoXecTBO F(Q) orpannueno B Y. Heannneit-
H 0 € HenpepsiBHOE 0TOOpaXxceHHe He 0643aTeJbHO OI'PAHMUEHO.
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B npoctpancteo BC(X, Y), 1. e. uto Kaxno# Touke x & J conocras-
JIeHO HeKoTopoe oToGpaxkenue F(x)e= BC(X, Y), uenpeprisuo 3asu-
csililee oT BeKTOpHOro napamerpa x &J. Toraa mMoxuo onpenenuthb
uHTerpaj or F(x) mo otpesky J, nosaras

X+ Ax 1
S F(x)dngF(xO—l—tAx)(Ax)dt (14)
X 0

(3nech F(xo-1tAx) (Ax) npu xaxpom t [0, 1] ectb aaemedT npo-
crpaHcTBa Y, sBasiomuiicst o6pasom anementa Ax & X npu oro6pa-
xkeHun F(xo 4 tAx). SlcHo, uTO HHTErpaJs, CTOALWHUE B NpaBoil YacTH
‘Gopmyanl (14), cynlecTByeT u SBJISIETCS 3JEMEHTOM INPOCTpaH-
crBa Y

[Mpumenum 3Ty KOHCTPYKIMIO K BOCCTAHOBJICHHIO OTOGDAaKeHHs
TIO ero Npou3BOAHOM.

Paccmotpum oto6paxenue F, kotopoe aedictByer us X 8 Y u
HMeeT Ha OTpe3Ke [Xo, Xo + Ax] HenmpepbIBHO 3aBUCALLYIO OT % CHJIb-

Kot Ax
HyI0 npousBojanywo F’(x). Torma cymecTByeT HHTErpas S F(x)dx.
Xo

JloKaxem, 4TO HMeeT MeCTO paBeHCTBO

Xot+Ax
F'(x)dx = F (xo -+ Ax) — F (x), (15)

Xo

-obobmatouiee popmyny Heiorona — Jlei6unia. deficTBHTeNbHO, 1O
-OnpeleseHuo,

Xo+Ax n—1

S F/(x)ydx =1im Y F’ (o4 t,, Ax) (Ax) (foss — b) =
;A 8->0 =0
n—1

=lim ; F7 (i) (Axy),
Tae
Xp=Xo Tt Ax, Axp=(tys, —1t)Ax u 8= mkax (thr) — to).

Ho B TO Xe Bpemsi npu Jo6om pasGuenun orpeska 0<Ct << 1
HMeeM

F()Cg ']r AX) —_ F(X(}) =:z;:0 [F (XO + ter AX) - F(XQ + tk AX)I -
n—1

= 2 [F (xgs1) — F ()]

k=0
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ITo popmyne (10) mosnyuaem
n-1
k;g[f’ (¥e+1) — F (xz) — F' (x;) Axy]

n—1

<[Ax | ,§o (o1 — £) SUDI F7 (x4 -+ 0 Axy) — F' (xi) I (16)

Tak xak npoussonHasi I'(x) HempepniBHA, a CJeL0BATENBHO, H paB-
HOMEpHO HenmpephiBHA Ha OTPe3Ke [Xo, Xo -+ Ax], npaBast uactb Hepa-
BeHcTBa (16) cTpeMHTCA K HYJIO HPH HEOrpaHHYEHHOM H3MeJjbue-
HHH pasbHeHuHst oTpe3ka [xo, Xo+ Ax], oTKyzsa u BbiTekaer pased-
c¢TBO (15).

8. MNpouspoanpie Boiclux nopsakoB. Ilycte F — nuddepenuu-
pyemoe oroGpaxenue, fgeficrsyiollee u3 X B Y. Ero npoussognas
F'(x) npu kaxaoMm x & X ectb anement u3 £ (X, Y), 1. e. I/ ectn
oro6paxenue mpocrpaHctBa X B NPOCTPAHCTBO JIUHEHHBIX oOmepa-
topeB & (X, Y). Ecan 310 oTOGpaxenue nuddepeHUnpyemMo, 10 ero
NPOU3BOJHAS Ha3bIBaeTCsi 8TOPOi npou3sodnoli orobpaxenuss F u
o6osnauaerca cumBosaom F’/, Takum obGpasom, F/(x) ectb ajeMeHT
npoctpancrtea (X, £ (X,Y)) nuHeHAHBX ONepaTopoB, AEHCTBYIO-
wux u3 X B Z(X,Y). [okaxeM, 4yTo 3/71eMEHTH 3TOr0 NPOCTPaH-
CTBa JOmycKaloT GoJsiee YNOOHYVIO H HArJISAHYIO HHTepIpeTaluio B
BHJe TaK Ha3biBaeMbIX GUIHHEHHBIX OTOOpaXKeHHH.

Mbul roBopuM, uTO 3amaHO OusuHetinoe OoTOGpaXceHue NPOCTPaH-
ctBa X B NPOCTPAHCTBO Y, ecin KaxXkao# ymopsioueHHOH mapé ase-
MeHTOB X, X’ u3 X nmocTaBJeH B COOTBETCTBHE 3JIeMEHT Y =
= B(x, x’)e Y rak, uto BBITOJIHCHB CJIEyIOlLe YCIOBHS:

1) pas no6bix xj, Xg, X1, X2 n3 X u M06LIX yHCea &, f HMET
MECTO pPaBEHCTBA:

B (ax] + Br,, xf) =oB (xl, x{) + BB (%, xf),

B(x;, ax{+Bx))=aB (x;, x1) + BB (x;, x3);

2) cyulecTByeT Takoe INOJOXKUTeNbHOe Yieao M, uro
1B (x, ) I<Mllx]l- 11" 17y

npu BCex X, ¥’ & X.

IMepBoe u3 3THX YCJOBHI O3HAuaeT, 4To otrobpaxcenue B mumeii-
HO IO KaxJAOMY M3 ABYX CBOHX apryMeHTOB; HETPYAHO TOKasaTb,
YTO BTOpOE YCJOBHE PABHOCHJIBHO HeNpephBHOCTH B mo coBoxym-
HOCTH apryMeHTOB.

HauMenbinee us uucea M, ynosiaerBopsitomiux ycaosuio (17),.
HasblBaeTcsi HOPMOU GUHHEHOTO orofpaxenus B u o6oszHa-
yaercs ||Bl].

Jlunefinble omepauuu Haj OHJIHHEHHBIMH OTOOpaXKeHHAMH ONpe-
JIeS10TC 0GBIUHBIM criocoGoM H 06/1aJaI0T OGLIYHBIMH CBOHCTBAMH.
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TakuMm oGpasom, GunuHelHsie oTo6paxenus npocrpaicrsa X B npo-
cTpaHcTBo Y camu 06pasyloT JHHelHOe HODMMDOBAHHOE MPOCTPAH-
CTBO, KoTopoe Mh o6Gosznauum B (X% Y). Ilpu noanore Y mosaHo u
B(X2Y).

Kaxgomy anementy A u3 npocrparcrsa £ (X, Z (X, Y)) moxuo
NOCTAaBUTh B COOTBeTCTBHe 3jeMedT U3 B (X2 Y), nmonoxus

B(x, x')=(Ax)x’. (18)
‘OuyeBHJIHO, UYTO 3TO COOTBETCTBHE JHHelHo. [TokaxKeM, 4TO OHO Tak-
e H H30MeTpUyHo u orobpaxaer mnpoctpanctso Z(X,Z(X,Y))

Ha. Bce mpocrpanctBo B(X?%Y). [efictButesibHO, ecan Yy = .
= B(x,x")=(Ax)x', 10

lyl<<Il Ax

e I<SHAL-
I BI<H Al (19)

C 1pyro#t CTOpPOHBI, ecau 3agaHo OuaHHeliHOoe otobGpa)kenue B, To
npu durcupoBanHoM x & X orobpaxenue x' —>(Ax)x’ = B(x, x’)
eCTb JuHelHOe oToGpakenne nmpocrpancTsa X B Y.

Takum 06pasoM, KaXKAOMY ¥ & X CTABHTCS B COOTBETCTBHE 3Jie-
MeHT Ax npocrpauctsa £ (X, Y); oueBunHo, uto Ax JAMHEeAHO 3aBH-
CHT OT X, T. e. OunHHeliHoe oto6pakeHne B onpejnensieT HEKOTOPbIl
asnement 4 nmpocrpanctBa £ (X, £ (X, Y)). Ilpu srom sicHo, uTo oTO-
Gpaxenne B BoccranaBauBaercst no A npu nomotun dopmynt (18) u

EIR B4

OTKyJa

Il Ax||l= sup [(Ax)x"||= sup [IB(x, )I<IBI-lxl,
Ihx! <t I %<1
OTKYy/la
A< Bl (20)
Conocrasasis (19) u (20), nonyvaem ||[All=IBl]. Hrak, coorser-

creue Mexay B(X%Y) nu Z(X, Z(X,Y)), onpenensiemoe paseH-
creoM (18), smuHefiHO M H30METPHUYHO, a CJEeN0BATENbHO, B3aUMHO
oaunosnauno. Ilpu atom o6pa3 mpocrpanctea & (X, Z(X,Y)) ects
Bce B(X%Y).

Mu BBIICHUJIH, YTO BTOpas mpousBoaHas F’/(x) ectb sneMeHT
npocrpanctBa Z (X, Z(X,Y)). B cooTBercTBHM ¢ TOMBKO 4TO CKa-
3aHHBIM Mbl MoxeM cuntatb F’/(x) snementoM mnpocrpancTsa
B(X2, Y).

Paccmotpum anementapueiil npumep. Ilyetb X u Y — xkoneuwo-
MepHble €BKJIHAOBHI NPOCTPAHCTBA pasMepHOCTedl M U M COOTBeET-
creenno. Torna xaxnoe nuuefinoe oro6paxenue X B Y Moxuo 3a-
natb HeKoTopo# (n X m)-matpuitefi. Takum o6pasom, npousBonHast
F’(x) orobpaxenus F, neficteyiomero u3 X B Y, ectb (3aBucsimas
or x < X) marpuna. Ecin B X u Y BeiGpannl 6asucsl, ckaxem,

e, -+, emBX u fy, ..., [oBY,
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TO
x=xie,+ o+ .. FXmlm, y=uyfiF+yfot+ ... Fynfo.

Toraa otoGpaxenue y = F(x) MoXHO 3anucaTh B BUje

yl_‘F ()C[, sy xm)’
y —F (xl) c0 ey xm):
H
JY, dyy Oy
0x, Oxy; "7 Oxp
F’ (x): e v e e s s e o .

OYn Ol OYn
d9x dx, ' Oxpm

Bropas npoussoanas F'/(x) onpenensieTcs B 3TOM Caydae COBOKyH~
Zyk

Ox,0x; *

BEJHUYUH Qk, ij MOXKHO paccMaTpuBaThb KaK onpezessieMoe GopmyJioit

m
b, ;== ,21 Ak, i %

HOCTBIO n X m )X m BEJHYHH Oy, ;; == Takyio COBOKYyNnHOCTHL

JnHelHOe oToGpaKeHue mpocrpaHcTBa X B mpocrpanctBo L (X, Y}
HJH KaK onpefienseMoi fbopmyﬂoﬁ

6unnHeliHoe oTo6paxKenue npocrpatcrsa X B Y.

OueBnAHBIM o6pa30M MOXKHO BBECTH TOHSTHE TpeTbPH 4yeTBep-
TOl M BOOOIILE n-i POU3BOAHON oTOGpaxeHust F, 1efCTBYIONEro U3
X B Y, onpejenuB n-10 IPOU3BOAHYIO KaK NMPOM3BOLHYIO OT TMPOH3-
Boano#t (n— 1)-ro nopsinka. Ilpu atom, oueBHAHO, -7 NMPOHU3BOM-~
Has npexpcrasjsier coboit sseMeHT mnpoctpaHcTBa Z (X, L (X, ...

£ (X,Y))). Tlosropsia paccy:KIeHHs, TIPOBeJEHHblE AJA BTO-
pPOH MPOU3BOJIHON, MOXKHO KaXIOMY 3JEMEHTY 3TOr0 MpOCTPAHCTBA
€CTEeCTBEHHbBIM 06pa30M IOCTaBHTb B COOTBETCTBHE 3JeMEHT HNpo-
crpanctBa N (X, Y) n-nuueliunix oroGpaxenuit X B Y. Ilpn stom
NOJ, Nn-AUHEUHbIM 0TOOpAJCeHuemM TOHHMAETCS TAKOEe COOTBETCTBHE
y=N(x, x”, ..., xX™) MeX1y VyNOPSJOUEHHLIMH CHCTEMaMH
(x/, x”, ..., x™) snementoB u3 X U 3/MeMeHTaMH NpocTpancrsa Y,
KOTOpOE JHHEHHO N0 KaXXAOMY u3 x! npu QHKCHPOBAHHBIX OCTajb-
HBIX 3JIEMEHTaxX H YJOBJeTBOpSeT Npu Hekotopom M > 0 yciaosuio

I N, 7, .., x™) A xe ),

Takum 06pa3soM, #-10 TPOU3BOAHYI0 OTOGpa)keHusi I MOXKHO CUUTATD.
ajieMeHTOM npocrpanctsa N (X7, Y).
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9. HAuddeperunansl BbICIINX NOPAAKOB. Mbl onpeleaun (CH/b-
Hbifl) Anddepenunan orobpaxenns F Kax pe3ynbTaT NpUMEHEHHS
K 3JemeHTy h & X nuueiiHoro onepartopa F/(x), 1. e. dF = F'(x)h.
Juddepennnan Broporo NOpAfKa omnpejeasieTcsi Kak d2F =
= F""(x)(h,h), T. e. KAK KBaJPaTHUHOE BHp aXK eHHeE, OTBE-
yawoouee orobpaxenuio F”’(x)e B(X% Y). Ananornuud nudpdepen-
IHAJOM A-TO TOpSAKa HasbBaercss d"F=F®(x)(h, h, ..., h), 1. e.
“TOT 3JIeMeHT NPOoCTpaHcTBa Y, B KoTOpHil asieMent (A, A, ..., h) =
e XX XX...XX=X" nepesoaurca oroGpaxennem F™(x).

10. ®opmyaa Teiinopa. CunbHas nudpdepeHunpyeMocTs oTo6pa-
ennst F osnavaer, uyto pasHocts F(x 4 h)— F(X) Moxer GbiTh
IIpe/icTaBjeHa B BHAE CYMMbl JHHEHHOTO uJeHA M CJIaraeMoro,
HMeIoLlero NopsifoK Bblllle MEPBOro oTHOCHTENbHO ||A]l. OGobieniem
aroro dakra gasiaserca ¢dopmyna, anajsoruyHas Qopmyse Teinopa
JJIST YMCJAOBBIX QYyHKIHUIL.

Teopewma 2. [lycre F — orobpascenue, deiicteyroujee us X 8
Y, onpederennoe 6 nexoropoii o6racru O < X u rakoe, uto F™(x)
cyujecteyer U npedcrasaner cobol PABHOMEPHO HenpepuleHyro
Pyuryuro or x 8 O. Toeda umeer mMecTo pagexcTso

Fx+h)— F(x)=F (x)h+ 5 F"(2) (, B) + ...

o FOW (B, B o, B, (21)

2de ||o(x, b [l=o (I 2I").

HoxaszatenbctBo Gyxnem Bectw no uuAykuud. [pu n==1
pasenctBo (21) tpuBnasbHO. Bo3bMeM Temepb NPOH3BOJIbHOE (HK-
‘CHPOBAHHOE 7 W NPEATNOJIOXKHUM, YTO PAaBEHCTBO, MOJydalolleecs U3
(21) sameno#t n Ha n— 1, yXe J0Ka3aHo /s BCeX OTOGpa’KeHHI,
YAOBJIETBOPSIOUIUX YCJOBHAM TEOPEMBI, B KOTOPHIX # 3aMEHEHO Ha
n— 1. Torpa nas oto6paxenus F’ nmeem

F'(x+B)=F (x) + F" () h o0 F7 (1) (h, B) + ...

o T PO @G, B ey B, (22)
rae lloi(x, k)| = o([|Al"""). WuTerpupys oGe wactn pasencrsa (22)
no orpesky [x, x 4 4] u monsaysce popmynoit Hoiotona — Jlefi6uu-
na (15), mbl mosyuum
1 1

F(x+h)—F(x):SF'(x+uz>hdt=S{F'(x)+tp”(x)h+

0 0

+_2!l_t2F///(x)(h, h)_l_ﬁtn—lf‘(ﬂ)(h, ey h)}hdt+R1n (23)

I

e R, = S o, (x, th) hdt.
. 1]
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Hs (23) noayuaem
Fx+h)—F(x)=

=F @Qh+5 P QBB+ oo+ FP@0, ..., B+ R,

npuueM 1

IR (lloy (e, )1 Il dt = o (A1),

0

Tem caMbIM Hallle yTBepKeHHEe AOKA3aHO.
©opmyny (21) naswmBawoT @gopmyasot Teiropa Oas orobpa-
Hcenuil.

§ 2. Teopema o HesiBHO#H (YHKUMH H HEKOTODbIE €e NPUMEHEHHs

1. Teopema o HesBHOH (ynkuun. OnHa M3 BaXKHEHIWHX TeopeMm
KJIaCCHYECKOro aHasinu3a, uMerolllas pa3Hoo6GpasHble NpPUMEHeHHs, —
3TO TeopeMa O HedABHOH (GyHKuWH. Mbl cefiuac moka)keM, 4To 3Ta
TeopeMa NepeHoCHTCsl 6e3 GOMbIIMX H3MEHEHHH C YHCAOBHIX (yHK-
UHH Ha OTOGpaXeHusl MPOM3BOJbHBIX GaHAaXOBBIX NMPOCTPAHCTB.

Teopema 1. Tycre X, Y, Z — 6anaxoesr npocrpancrsa, U —
OKPeCTHOCTb TOUKU (Xo, Yo) = X X Y u F — orobpasxenue U 6 Z, 06-
aadaoujee cAe0yrouWUMU CBOUCTBAMU:

1. F nenpepoisro 8 Touke (Xo, Yo).

2. F(xg, yo)= 0.

3. Yacrnaa npoussodnas Fy(x, y) cywecrsyer 6 U u nenpe-
puieHa 8 To4ke (Xo, Yo), @ oneparop F; (xo, yo) umeer ozparuden~
Houl 06paTHbLil.

Toeda ypasnenue F(x,y)= 0 paspewumo 8 nexoropoii okpecr-~
HOCTU TOUKU (Xo, Yo). ToUuHee 3TO 03HaUaeT caedyroujee: CyuyecT8yroT
rakue € > 0 u 8 > 0 u rakoe oTobparcerue

y=f(x), (1)

onpedenennoe npu |lx — xoll << 8 u uenpepeoieroe e Touxe xo, 4O
Kascdasn napa (x,y), 041 koropol ||x — x|l << & u y = f(x), ydo-
B1€TEOPSET YPABHEHUIO

F(x, y)=0, 2y

u obparto, kaxdas napa (x,y), yoosrersoparouwasn ypasneruro (2)
u yeaosuam || x — x| <8, lly — yoll < e, yoosaersopser u (1).

HNokasatenbctBo. OGosnauum wuepes Umy <= Y coBokyn-
HOCTb TeX Y, AJsl KOTopelX (¥,y)e U npu naunom x. Bymem cuu-
Tath, 4To ||X — Xol| HacTonBKO Mano, uTO Yo & Uy, M paccMoTpiM
onpenenennoe Ha Uw) oroGpaxenne Ay

Ay =y — [F; (%o yo)]_l F(x, y). (3)
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$lcHo, uTo ypaBHeHue
Ay =y

paBHOCH/IbHO ypaBHeHHo F(x, y)= 0.

Ilnsi nokasaTenbCTBa CYIECTBOBAaHMS pellienusi ypasenust (3)
NpPUMEHHM TPHHUUN CKHUMaoWuX oTobpaxennit. C 3TCH ueablo IO+
KaXKeM, uTO AJS KaXkKIO0ro AOCTaTOuMHO MaJioro € > 0 Halijercs tas
Koe § > 0, uro npu ||x — xoll << 8 oTo6paxenue Ay ABIAAETCH CHKH-
mapomum 1 nepesoaut mwap [ly — yoll < & B ce6ss. Haunem ¢ Toro,
YTO BHIYHCAUM M OLEHHM [0 HOPME NPOH3BOJAHYIO OTOGpaxeHUs A,
Vimeem B cuny dopmya (3)—(5) § 1:

ALy @) =1—[F, (% 4)]"' F} (x, y) =
=[F} (%0 90)]” [F} (¥ Y0) = F} (6, 9)]-

© 4
B cuay HenpepbiBHOCTH Npou3BojHOl Fy B Touke (Xo, Jo) MOXKHO
BbIOpaTh € U § Tak, uto

A (I<qg<1.

3T0 HepaBeHCTBO BCJeACTBHE (OPMYJbI KOHEYHBIX NpHpalleHHH
osHauaer, uTo oro6paxenune A (x) mnpocrpaHctBa Y mpu Jio6Gom x,
YAOBJETBOPSIOLIEM HepaBeHCTBY [lx—Xol|<<d Ha mape [y—yoll<<e
apasiercs: cxumalomwuM. Onennm tenepb [|Ayo — yoll. Mimeem:

A ¥o— vl <[[F} (xo yO)]—l” JF (% v0)|=

=“[F; (*or yo)]q"'"F(x’ Yo) = F (%o 4o)|-

B cuny HenpephiBHOCTH oToGpaxkenuss F B Touke (Xo, Yo) mociennee
BHIpaXKEHHe MOXKHO clesiaTh 3a cyeT BbHIGOpa § CKOJb YrofHo Ma-
abim. ITyets 8 > 0 HacTOMIBLKO MaJio, YTO

Ayyo— yoll<e(l—q) mpu |lxo— x|l <8.

ITpoBepuM, UTO NMpH TakoM BhiGope § oroGpaxkenue Ay) mepeBoguT
saMkayThil Wwap lly —yoll < e B cebs. JlelicTBuTENbHO, ecan
lx —xoll <® u lly—yoll < e, TO U3 GoOpMYJB KOHEYHBIX NpHpa-
LIeHH} NOJNYyYHM

I Aoy — ol < AwYo— Yol + 11 Ay — Ao I <<
<e(—q + sup [, (90 (1—u0))|- |9—vo|<e(l—g)+eg=e.

Hrak, npu [[x — xoll << 8 oto6paxenne Aw) nepeBOAUT 3aMKHY-
toili Wap |ly— yoll << & B ceba u sBAgETCS HA 3TOM LIApe CKUMAIO-
(M. 3HAUYHT, B 3TOM Iape CYLIECTBYET €IHHCTBEHHAS HEMOABHK-
nas Touka y* = f(x), T. e. TOuKa, AT KOTOPOH

¥ =y —[F, (%0 %)]" F(x, s,
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T. €. B CHJIY YCJI0BHSL 3 TEOPEMbl
F(x, y")=0.

Otobpaxenne f n ectb HCKOMOe. [lefiCTBHTE/BHO, CIPABEANKBOSTY
ypaBuenus (2) yxe npoBepeHa. Paserctso [(xp) = yo BbITeKaer us
€IHHCTBEHHOCTH HEeNOJABHKHOM TOUKH HJs oTo6paKeHHs Ay, a He-
NPePLIBHOCTL MOCTPOEHHON GyHKUMU [ ciiefyeT U3 TOTO, 4TO B npu-
BEJICHHBIX BblIe DPACCyXKIEHUSIX BOJMUHHA € MOXKET OiTb B3ATa
CKOJIb YTOJHO MaJIoH.

3awmeuanune. Herpyauo nokasatt, uto ecau B teopeme | npex-
NOJ0XUTh OTOOpax<enne F HenpepblBHBIM B okpecTHoctH U (a ue
TOIbKO B TOYKe (Xo, Y0)), TO COOTBETCTBYIOWEE OTOGpaxKenue [ Gy-
JeT HelpepLIBHO B HEKOTOPOH OKPECTHOCTH TOYKH Xg.

Huxecnenyouan teopeMa ycraHaBiuBaeT yclOBHSA, NPU KOTO-
PLIX QyHKLHS, onpenensieMas ypaBHenueMm Buua F(x,y)=0, nuo-
(depeHunpyema.

Teopewma 2. ITycro soinosnenst ycaosus teopemst 1, u nycro,
kpome 1020, 8 U cyujectsyer wactnas npouseodnasn Fx, nenpepois-
Has 8 To4Kke (Xo, Yo). Toeda orobpanenue [ Ouppepenyupyemo &

104Ke Xg U 1
F(x0)=— [F; (%0 Y0)I™ Fr (%o Yo)- 4)

Hokasateabcrtso. O6o3HauuM BhipaxkeHue, crosiuee B (4)
cnpasa, yepes A. Ouno mpexacrasasier coGoii JuHeHHbIE omeparop,
neiicreyrounit u3 X B Y. JlokasaTb, YTO 3TOT ONEPaTOP CHYKUT NPO-
H3BOJHOH OTOOpa)eHust [ B TOUKe X¢, 3TO 3HAYMT JOKa3aTb Cylle-
CTBOBaHHe 1Ja Kaxjoro &€ > 0 rtaxoro 8§ >0, uro npu Jw6oMm x
TaKOM, UTO [lx — Xoll << 8, BBINONIHEHO HEPaBEHCTBO

IF ()= F (o) — Alx — xo) | < ell x — xoll. ()

IMonaras f(x) ==y, u 3amenus f(x,) Ha yo, a onepatop A — ero BbI-
paxenueM (4), uMeem

f)—F (XO)_‘A (x—xo) =y—Y,+ [F; (xo» .‘/o):rI F, (xo’ Y) (x—x0)=
= [F; (xO’ yo)]—[ {F (xo’ Yy) (x — X))+ F; (*or o) (¥ — ¥o)}-

Ho F(x, y)=F(xy, yo) =0, nosatomy ¢ nomownio GopmMyJab Ko-
HEYHBIX NMpHpAlIeHNH NoJyyaeM TaKyIO OLEHKY:

I1F(x) = f (ko) — A (x — x) IS FY (%o, 9ol ™' X
XIF (0 5) = F (%90 Yo) — Fr (%0 90) (£ = x0) — F (%6, 40) (4 — vo)} | <
<ULF Coo )11, 510 D2 (0 8 (= ), 0+ 01 (v — ) —

CF G )] [ —ral o | (o 0 (s x,),

0<0,9<1

got el(y—yo))—F;(xo’ yO)” ‘ ||y—yo”]<"["”"xoﬂ+uy‘yoll]'
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rae BEJHUYHHA 1) MOXKET OBITh CILEJIaHa CKOJIb yroxHo MaJoH B cH a1y

HENPEPLIBHOCTH IIPOHU3BOAHBIX Frm Fy, ecay BeqMYHHaA O jocTa-
TOYHO MaJia. TakuM o6pa3oM, Mbl HOJYUHJIH, YTO

l!f(x)—f(xo)—A(x—xo)li<n[llx—on-Hlf(x)—f(xg)lll<
<nlllx—xl+1AGE—x) I+ 1] ) =t — A (x — x0) ]

Orciona IpH A0CTAaTOYHO MAJIOM 1M NOJydaeMm

) — F ) — A (x — ) I<n(L— )" (L +TADIx — %l

W 0151 noKas3aTeabCTBa HepaBeHCTBAa (D) ocTaeTcs JHMb BuIGPATH 1
tak, uto {1 —n)~1(1 + |All) << e. Teopema nokasana.
PaccMoTpuM Temepb HEKOTOPHIC NPHMEHEHHS TEOPEMBl O HesB-
HOU (PYHKIHH.
2. TeopeMa 0 3aBHCHMOCTH pelleHusi AMddepeHnHanbHOTO ypas-
HEHUs OT HayaJabHbIX AaHHbIX. Paccmorpum 3agauy Komwm anaa auc-
(hepeHIHANBHOTO ypaBHEHHS

dxfdt = [(t,x), x(lo)= Xo, (6)

rie f(t, x) u x — saeMeHTH HeKoTOporo GaHaxoBa mpoctpancrsa E.
3anaua (6) paBHOCHJAbHA HHTErpajbHOMY ypaBHEHHIO

t

x(t) — xo— S f (7, x (v)) dv =0. @)

ty

3anumem 3T0 ypaBheHHe Kak F(xo, x(#))=0. Takum o6pasowm,
F—o510 onepatop, oTo6paXKaloui NpsiMyl0 cyMMy npoctpaHcrsa E
W TPOCTPAHCTBA CE[to,t]]HerepblBHO ILHde)epeHquyeMbIX byuKuUit
cO 3HaueHHSAMH B E B MPOCTPaHCTBO Cz;[to, t). Ecau dyukuusa f (¢, x)
HenpepblBHA W MMeeT HeNmpepuBHYIO N0 (f, ¥) NPOM3BOAHYIO, TO Bb-

paxkenue
t

x(t)— {1, x(@)de

to

onpeneaser maddepenunpyemoe  oTtobpaxeHHe  MPOCTPAHCTBA
Ck [to, tl] B ce6a. CaenosatenbHo, U F(xq, x(¢)) ectb nuddepeqiu-
pyeMblit mo x(f) omepaTop, a Tak KakK Xo BXOZHT B F(xo, X (t)) an-
JUTHBHO, TO I ecTb auddepenunpyemas Gpynkuus na E X Ciy'to, t1].
Jduddepenuunal 310d QYyHKIMH O X HMEET BHI

t

Flh=h(t)— S i (v, £ (%) A () dx. 8)

to
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Hpaaaa 4acTb ITOr0 PABEHCTBA ONpefelNsieT onepaTop, oTobpaxao-
mnit Cg[to, 4] B ce6s. Dror onepatop ob6partuMm. leficTBHTeBHO,
ans aw6oit dyakuun y(f) = Ck [to, t1] ypaBHeHue

Feh () =1y (1),
nan

t
b=\ B @) h@de=y),

tq

pPaBHOCH/IBIIO "HDepeHLHATbHOMY YPaBHEHHIO
dh (¢ ’
LD et x @) RO =y () )

¢ HayaabHHIM ycaoBueM k() = y(to).

YpaBueune (9)— 310 JuHeNiHOe ypaBHEHHE C HeENpPePBIBHBIMH
Ko>(Q(HIHEeHTAMH, NOSTOMY B CHJY H3BECTHHIX TeopeMm (cM. [24])
CyLLeCTBYyeT €A4HCTBEHHOE pellleHHE 3TOr0 ypaBHEHHs], OIpefesieH-
HOe Ha BceM otpeske [fo, f1] H ylOBJeTBOpAIONIEe YKA3AHHOMY BBIHIE
HauaJbHOMY YCJIOBHIO, a 3TO H O3HAaYaeT OOPaTHMOCTb Omepa-
Topa Fy.

Ho.nyqeﬁﬂbxﬁ pe3y/abTaT 03HadaeT, YTO K YPaBHEHUIO

F (%0, x (1)) =0

npumMeHnMa Teopema o HeaBHOH ¢yukuuu. B cuay srofi Teopembt
peluenne x == x(f) HaHHOrO ypaBHEHMs, KOTOPOE MOMKET pacCMaTpH-
BaTbCsl Kak (YHKUHS NEpEeMeHHOro HadajJbHOTO 3HAYEHHS Xp: X ==
= x(t, xo), nudpdepenunpyemsiMm o6pasoM 3aBHCHT OT Xp. B uacr-
HOCTH, IpHHHMas 3a E KoHeyHOMepHOe NMPOCTPAHCTBO, Mbl MOJyYaeM
OOBIUHYIO TeopeMy O HelpepbiBHOH AuddepenuupyeMoil 3aBUCHMO-
CTH pelleHHsl cCHCTeMbl AHMQQepeHLHaNbHbIX ypaBHEHHH OT Hadalb-
HBIX YCJOBHH.

AnasorHyHBIM 06pPa30M € IOMOIUBIO TEOPEMbl O HEABHONH (yHK-
UHH MOXeT ObITb NOJY4YEeHO yTBepxkIeHHe o nuddepenunpyemoin 3a-
BUCUMOCTH pelieHHs AuddepeHUHaNbHOrO ypaBHEHHS

%———-f(t, X, Q)

a

OT IapameTpa o, €CJH ero npasas 4acrtb nuq)dpepeﬂunpyeMbm 06-
pa3oM 3aBHCHT OT Q.

3. Kacareabuble MHoroo6pa3us. Teopema J]lOCTepHHKa B Kaye-
CTBe €lle OJHOro NPHMEHEHHs TeopeMbl O HefdBHOH (yHKUHH pac-
cMoTpuM ciepyomui sonpoc. Iycrs F(x), rne x = (x, x2), — nuc-
GepenunpyemMast QyHKuusi Ha IIOCKOCTH. ¥YpaBuenue F(x)=0 on-
penessier Ha MJ0CKOCTH HekoTopyio Kpusyio C. Ilycte Xy — Touka,
npuHajgiaexamas 3tol kpusoi. Kacaresasnas x kpuso#i C B jaHHOf
TOUKe MOKeT ObiTb ompefesneHa JIHOG0 KAK COBOKYIHOCTb BEKTOPOB
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BHIA Xo+ th, rie h — BeKTOop, nepneHAHKy/AspHbi BekTOpy F’(Xo)
(. e. rpaguenty ¢yHxkuuu F B TOUKe Xp), HGO KaK COBOKYNHOCTH
TOUYEK Xp -+ th, paccTosHHe KOTOPHIX 10 KpuBo#H C ecTb GeCKOHEYHO
mMaJjas BB MepBOro nopsijka otuocuresnbuo f. CojaepxkaHue Teo-
peMmbl JliocTepHHKa COCTOMT B TOM, UTO 3KBHBAJIEHTHOCTb [BYX OIl-
pelesneHu KacaTeNbHOH HMeeT MeCTO H AJsi MHOroo6pa3uii B Mpou3-
BOJIbHBIX $aHAXOBBIX NPOCTpPAHCTBAaX. BBeneM HekoTOphle MOHATHSA
u o0o3naueHHusi, HeOOXOAUMbBIE [IJsi TOYHOH (GOPMYJHPOBKH COOT-
BETCTBYIOLEH TeOpeMBbl. ,

[Mycrs X u Y — GawaxoBei mpoctpancrsa u F — oro6paxenue
npocrpancrea X B Y. [Tyctb nanee My — cosokynHocTh Touek u3 X,
yaAoBJIeTBOPAIOWHX ypaBHeHHl0 F(x)= 0, u xo= M, Ilpeanono-
3KHM, 4TO oToOpaxKeHyue F HenpepblBHO Au(pdepeHIlupyeMO B HEKO-
Topoit okpectHocTH U TOukH Xo. Mol Ha3zoBeM oroGpaxkenue F pe-
2YAAPHLIM 8 TOUKE Xo, €CJAH JuHeHHbI onepaTtop F/(Xo) otobpaxaer
npocrpaHctBo X Ha Bce Y.

O6o3nauum yepe3 T, COBOKYMHOCTb 3jeMeHTOB h & X, ynosae-
TBOPAIOIWHUX yenoBuio F/(x0)h = 0, 1. e. To = Ker F/(xy). dcuo, uto
Ty ects moanpoctpancTBo B X. CABHr 3TOro mOANMPOCTpPaHCTBA Ha
EEKTOpP Xg, T. €. MHoroo6pasue xo-+ To, 0603HauuM uepe3 T, u Ha-
30BeM JIMHEHHBIM MHOrooGpasueM, KacaTeabHbim K MHOXKecTBYy Mo
B TOUKe Xxo. MiMeeT MecTO cileAyiomas Teopema.

Teopema 3 (JI. A. Jliocrepuuk). ITpu yxazaunsix svie ycao-
susax oTHocureavHo F aaement xo -+ h npunadaedcur kacaressrnomy
mHo20006pasuto Tx, 8 TOM U TOALKO TOM CAyH@e, eCAU PACCTOAHUE
anementa Xy -+ th or muosxcecrsa My ecTo 8eauuuna eoiue nepsozo
nopadKa MAAOCTU OTHOCUTEAbHO {.

DTa TeopeMa HrpaeT OueHb BAXKHYIO POJib B 3a71aYyax ONTHMaJb-
HOro ynpasJeHus. OHa CJYKHT HHCTPYMEHTOM, C HOMOLIBIO KOTOPO-
ro H3BEeCTHOE MPABUJIO MHOXHUTeseH Jlarpanxka HaXOKAEHHS YCJA0B-
HOTO 9KCTPEMyMa MOXKeT ObITb PaclpoOCTPaHeHO HA WIHPOKHH Kpyr
SKCTPEMAaJIbHBIX 3a/lad B OAHAXOBBIX MPOCTPAHCTBAX.

CKonbKO-HHOYAb NOJHOE H3/10XKEHHE 3THX BONPOCOB BBLIXOAUT 34
paMKu HacTosiulefi KHHIM (0 HHMX CM., HanpUMep, B KHuUre:
AL 1. Hodde u B. M\. Tuxomupos, Teopuss 3KcTpeMasbHBIX
3anau, M., «Hayxka», 1974). Mbl orpaHHuuMcss TeM, 4TO MpoBejem
JI0Ka3aTeNbCTBO TeopeMbl JIIOCTepHHKA /ST TaK HA3BIBAEMOTO «pa3-
JIOKHMOTO» cjyyas, B KOTOPOM TeopeMa JIIOCTepHHKa NOUYTH He-
NOCPEJCTBEHHO BBLITEKAeT H3 TeopeMbl 0 HeaBHON QyHKuuH. MMenno,
NPEANONOKHM, YTO NPOCTPAHCTBO, HA KOTOPOM OIpeleNeHo oTobpa-
x)eHne F, MOKeT GBITh Pas/iokKeHO B MPAMYIO CYMMY

X=T,DT:
noanpocrpanctsa To = Ker F'(x,) n nexoroporo mpocrpancrsa T¢.

(3amernM, uTO B GaHAaXOBOM NPOCTPAHCTBE, OTIHYHOM OT THJILGEp-
TOBA, HE BCAKOE MOANPOCTPAHCTBO MMEET NpsiMoe ponosiHeHue. bo-
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Jiee TOTO, MOXKHO II0OKasaTb, YTO €CJAH B TpocTpaHcrBe X BCSAKOE
JuHeHHOe MNOANPOCTPAHCTBO HMeeT TpPsIMOE JOmoJaHeHHe, To X —
THIb6EPTOBO NMPOCTPAHCTBO.)
[Tpn sTOM mpennosiokeHHH TeopeMa 3 MOKET GBITb CHOPMyJH-
poBana cJaelylOUIHM 6oJiee TOYHBIM 0OPa3oM.
Teopema 4. Ecau
X=T,DT;

u orobpasxcenue F: X -—>Y ydoeaereopser yxasawnnvim sviue ycro-
8UAM, TO CYW,ECTBYET TAKOEe 20MeOMOPPHOe 0TOGpaNceHue OKpecT-
HOCTU TOYKW Xo 8 Mo Ha oxpecTHocTy 37Ol 2He Touru 8 Ty, 41O
pacctosnue mexndy cOOT8ETCTBYrOWUMU Opye Opyey TOUKAMU eCTb
BEAUYUNHA BbICULE20 NOPAOKA MAAOCTU NO CPABHEHWUIO C UX PACCTOS-
Husamu 0o TOUKU Xo.

Hoxasarteabcrso. O6Gosnauum uepes A omeparop F/(xo),
paccMaTpuBaeMblfl TOJILKO Ha NOANPOCTPAHCTBE T, T. €.

AE=F"(x)t mpn EteT:.

IMokaxkem, uto A oro6paxkaer Ty Ha Bce Y. JleficTBUTENbHO, TIO yC-
JIOBHIO KaKJblil seMeHT U3 X uMeer BUJ

x=h+%t heT, teT:
F (x0) x = F' (xo) (h -+ &) = F’ (x0) § = AE, ~ (10)

tTak Kak F’(xo)h=0. Ho mo ycnosuio F’(x;) oro6paxaer X na
Bce Y, & sTc M o3Havaet, yro AL mpoGeraer Bce Y, Korxa & mpoGe-
raer Ty. lanee oroGpakeHue

A Ty —Y

IToatomy

B3aUMHO OJHO3HAUYHO, TaK Kak, eciau AE =AE,, T.e. F/ (%) (§,—E2) =
=0, 10 & —E & Ty, orkyna & — & = 0. Hrak, onepatop A 06-
patuM u 110 Teopeme Danaxa oGpaTHblil onepatop A-! JuHeeH u
OTPAHHUUEH.

IlpencTaBuB Kaxablii sneMeHt x & X B BHIE

x=x0'Jl—h+gy hETOy gET§3
nepenuiieM ypasheune F(x)= 0, onpeneasiomee mMuoroo6pasue M,
TaK:
O (h, &) =F (to+ h + &) =0.

Yacrapit nuddepennnan atoit pynxknuu B touke (0, 0), orBeuaio-
muil npupamienuio Ag BToporo apryMenTa, umMmeeT BHJL

@} (0, 0) AL == F” (xg) AE = A AE.
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Onepatop A=®;(0,0) umeer o6paTHblii, I0OITOMY B CHJIYy Teope-
Mbl O HeABHOH ¢yHkuuuH ypasBHedue D (A, E)=0 B HeKoTODOMH
okpecrnoctH Touku (0,0) paBHOCHJIBHO ypaBHEHHIO BHIA

E=1v(h),

rie Y{(h)— nuddepenunpyemoe orobpaxenue, YAOBJIETBOPAOLIEE
yeaosnio P (0) = 0.

Mgl noayunan, uro Kaxaas Touka x & My, nocrtatouno Ganskas
K TOYKE Xo, HME€eT BH/J,

x=xo+h+v(h), hsT, PH)eT:
TeM caMbIM MOCTPOEHO OTOGpaKeHHe
X0+ h <> xo+ h + ¢ (h)

FEKOTOPOH OKPECTHOCTH TOUKH Xo B Tx, Ha OKPECTHOCTb TOM XK€ 10Y-
0

KH B My D10 oToGpakeHHe B3aHMHO OJHO3HAYHO H HENpepbIBHO.
Ocraercsi nokasatb, YTO PacCTOsSIHHE MEXKAY COOTBETCTBYIOLIUMH
ApYr APYry TOYKaMH, T. €. Beiuduua ||P (k) |, umeer Boicwuilt nops-
JIOK MasoCTH MO cpaBHEHUIO ¢ [|A]].

Huddepenunpys pasencrso @ (h, p(h)) =0, umeem:

1(0,0) A+ D% (0, 0) V' (0) A= D% (0, 0) & +- Ay’ (0) A =0,
OTKy/Ja
W Q) h=—A""DL(0,00h=—A""F (x)) h=0.
TTosTomy B paBeHcTBe
Y(R) =9 O0) + 9 0) A+ o(llAl)
nepBbi€ ABa CJaraeMblX CipaBa paBHbI HYJIO, T. €.
Yry=o(lal),

410 H TpeboBanock. Teopema gokasaua.

§ 3. AKcrpemanbHbie 3a5a4u

Onun M3 caMblX CTaphiXx M HauGoJsiee pa3paGOTAHHBLIX Pa3lesoB
HeJHHEeHHOro (QYHKLUHOHANBHOTO aHa/NU3a — HAXOXK/EHHE SKCTpeMmy-
MOB QyHKLUHOHaNOB. M3yuenue Takux 3amad COCTABJSET COAepkKa-
HHE TaK Ha3bIBA€MOrO BAPH AN HOHHOTO HCUYHUCJ € HHS. Dosb-
INHHCTBO METO/OB, CYIIECTBYIOUIHX B BapHALHOHHOM HCYHCJICHHH,
CBfI3aHO CO CNELHAJbHBIM BHAOM TeX (QYHKUHMOHAJOB, KCTPEMaJib-
Hble 3HA4Y€HHs KOTOPHIX MunyTcss. ONHAKO HEKOTopbie 0o6uiHe mpue-
Mbl U Pe3yJbTAThl MOTYT ObITE CHOPMYNHPOBAHBL U AJA GoJjiee HJH
MeHee IPON3BOJBHBIX (yHKIHOHAMOB. He craBs cebe 3mech 3anaun
CKOJIbKO-HIOY/Ib [OJHOIO H3JIOMKEHHSI BAPHAUMOHHBIX METO/0B, Mbi
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OrpaHMYHMCS KPAaTKHM DaccMOTpeHHeM 3JeMeHTOB o6iuiell Teopii,
JI€X<alINX B OCHOBE BaDHALIHOHHOTO HCUHCJEHHS.

1. Heo6xopumoe ycaosue akcrpemyma. Ilycts F — Hekoropulit
AEHCTBATENbHBIA QYHKLMOHAJ, ONpefeleHHb Ha GaHaXOBOM Mpo-
crpanctse X. I'oBopsaT, uto dyHkunonan F docrueaer e touxe xo mu-
HUMYMQ, €C]IH U1 BCeX X, NOCTATOYHO ONM3KHX K X, BHINOJHEHO He-
pasedcTBo F(x)— F(xo) = 0. Ana/ioruuHO onpejensieTcsi MakCHMyM
¢ynkunonana. Ecin B nanHol Touke xo dynxkunonan F gocruraer
MUHHMYMa WJIH MaKCHMyMa, TO Mbl GyleM TOBOPHTb, YTO B 3TOMH
TOYKe QyHKuUMOHaN F umeer akcrpemym.

K OTBICKaHHIO 9KCTPEMYMOB TeX HJIH MHBIX QYHKLHOHAJIOB MOTYT
GBITh CBeJEHbl MHOTHE (H3HUYecKHe M MeXaHHUYeCKHe 3aj]ayuH.

Has ¢yukuuit n nmepeMeHHBIX XOPOILIO H3BECTHO CJeNylOllee He-
00X0MMOe YC/IOBHE 3KCTpeMyMma: ecnn ¢yuxuus [ auddepenuupye-

Ma B Touke X,==(x}, x3, ..., ¥}) M MMeer B 5ToM TOuKe SKCTpe-
MyM, TO B 3To# TOuKe df = 0 uau, YTO paBHOCUJIBHO,

o _ob o _ o _o

dx, ax, v O0xp *

DTO ycJOoBHE JIETKO NePEeHOCHTCS Ha (QYHKLUOHAJLl HA TPOHU3BOb-
HOM HOPMHPOBAHHOM IPOCTPAHCTBE.

Teopema 1. [aa ro20 urobor Qudpdepenyupyemoii ¢pynryuo-
Haa F docruean 6 Touke xo IKCTpeMyMma, Heob6X00UMO, 4TOGbL e2o
Qugppepenyuan 8 3T0l TOUKE PABHAACA HYAO npu scex h:

F’ (%)) h =0.

Hnaue rosops, Heo6XoauMO, uTo6n F/(x,) = 0.
Hokasatenancrtso. [lo onpenenennio Auddepenuupyemoctn

nMeeM
F (o =+ h) — F (xo) = F'(xo) b 4 o (h). (D

Ecan F'(xo)h=* 0 nns wekoroporo h, TO mpH HOCTATOYHO MaJbIX
LEeHCTBUTENBHBIX A 3HAK Bcero BuipaxkeHusi F'(xo) (M) o(Ah) cos-
najgaeT co 3HaKOM ero ryasHoro unena F’(x) (Ah). Ho F’(xo) — au-
HelHbll  (yHKUHOHAA, noaToMy F’/(x) (M) = AF’(x¢)h. CuepoBa-
TenbHo, ecin F'(xo)h=~= 0, 10 Bhipaxenue (1) MoXeT NpUHUMATHL
NpH CKOJMb YFOZHO MaJbiX A Kak MOJIOXKHUTENbHbIE, TaK H OTpHIaA-
TeJIbHBE 3HAUEHUS, T. €. SKCTPEMYMA B TOUKe Xg GBITb HEe MOXKET.

PaccMOTpUM HEKOTOpBIE TIPHMEPHI.

1. Tlycts ,

F@ =it x0)a, @)

a

rne [ — HenpepmBHO IuddepeHunpyemas GYHKUUA. ITOT QYHK-
IIHOHAJ, paccMaTpuBaeMmblit B mnpocrpaHcTBe Cla, b] HenmpephiBHBIX
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GYHKUMH Ha orpeske [a, bl, auddepennupyeMm. IeficTBrTENbHO,
Fx4+h)—F@x)=

b

b
= (Ui xO+rO) =7 x@lat= {7, x OV h@ dt +o(h),

a

OTKYZAA ,

dF = S i (¢, x () h (¢) dt.
a

PaBeHCTBO  HY/MI0 3TOrO JIHHEHHOTO (YHKIMOHAJA JJsi  BCeX
h & Cla, b] osnauaer, uto f, (¢, x(t)) =0. [leficTBuTe/IbHO, NPH Besi-
xoM x(t) & Cla, b] npoussonnas [, (¢, x (f)) ecTb HenpepeIBHAsE DyHK-
uud or f. Ecau B Kako#-To TOuke fy OHA OTJIMYHA OT HYJsI, CKaxew,
iv(tp % (%)) > 0, T03T0 HepaBeHCTBO MMeeT MeCTO M B HEKOTOPOH
oKpecTHOCTH (@, B) ToukH fo. Toraa, nonoXuB

ht)—{ t—a)@B—1) mu a<EH,
)= 0 npu ocTanbHHX f,

noJjyyaeM ,

{f. nr@wat>o.

a

Honyqeﬂlﬂoe NPOTHBOpEYHE A0KA3LIBAET Halle YTBepXKIeHHe. YpaB-
Henne [, (f, x)=0 onpeneaser, BooGlle roBops, HEKOTOPYIO KpH-
BYIO, Ha KOTOPOH (yHKUHOHAN (2) MOMKeT HOCTHraTb 3KCTpeMyMa.

2. Pacemorpum na ToM ke mpocrpancrse Cla, b] ¢ynkumuonais

b b
Fi={ (K@, & x@)x @ at az, @)

rie K(&i, E2) — HenpepbuiBHast (yHKuuA, yjloaxéTBopmomaﬂ ycJao-
Buio K(E1, &2) = K(&2, &). Herpyano noacunrats, svo mudbepen-
}naga 3toro GyHKLUHOHAJA paBed

b b

aF=2{ (K, 02 @) rE) az .

a a

Ecnu npu Besikom h e Cla, b] sto BeIpaxenue pPaBHO HYJI0, TO B
CHJIy PacCyXKIeHuH, IPOBEJieHHbIX B IpuMepe 1, umeem
' b

SK(gh E) x(§)dE =0 pna Bcex £y aCE D

a
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Qane u3 pelledHit 370ro ypasBHeHusi — ¢pyHkuusa x = 0, OtBer ua
BONPOC O TOM, HMeeTCs JH B 3TOH TOYKe 3IKCTPEeMyM H cCylle-
CTBYIOT /I ADPYrHe TOYKH, B KOTOPbIX 3KCTPEMYM BO3MOXKEH, 3aBH-
cut or Buaa ¢pyHkuun K (&1, &) u Tpebyer NONOJIHHTENBHOIO HCC/E-
JOBaHMUS.

3. Paccmorpum dyHKnUOHAN

b

Fy =1t x0, v @)a, ()

a

orpepenennbiii Ha npocrpanctse Cl(a, b] HenpeprBHO ﬂu(p(pe%el?l)n-
x (!
dt ’
a f(t,x, x')— mBaxzapn auddepenuupyemMas (QyHKUHS CBOHX apry-
mentoB. dyHkuuonas (4) urpaer OCHOBHYIO POJib BO MHOTHX BOIPO-
€ax BapHALMOHHOrO ucuuciaeHuss. Haligem ero znuddepenuuad.
IMonb3sysacwy popmyJoit Tefnopa, nonyyaem

pyembix Gyakuuit Ha oTpeske [a,b]. 3pmecp x'(f) =

b

Fletn)—Fe)={1F @ x+h o+ 1)t % 2 dt =

a

b
=+ 1ryat+o(ian),

a

rae ||All —Hopma ¢yuxkuuu h Kak snemenra mpocrpanctsa C'[a, b].
Hrak, neo6xoauMoe YyCJIOBHe 3KCTpeMyMa is (GyHKuuonasna (4)
uMeeT BHA,
b
dF = (1ih+ 107y dt=o. 5)
a
B tako#l HHTerpaJjbHOH ¢opMe 3TO yCJ0BHE MaJjo NPUTOAHO AJS Ha-
XOXKIeHusT TOH QYHKUHHM X, HAa KOTOPOH JOCTHUTaeTcsi 3KCTPEMyM.

TIpeobBpasyem ero x GoJiee yAoOHOMY BHIY, NPOHHTErpupoBaB B (D)
unen [, no uactsm!). ITonyunm

b

b
{rwar =g

a

a

b
d o
—Sh—d;fx,dt.

') rta onepanusa TpebyeT LOMOJHHUTENBHOr0 OGOCHOBAHHSA, MOCKOJABKY CylLie-

o o 4
. CTBOBaHHE NPOH3BOAHON Xx”, BXOASIEH B BhIPa)eHue [y’» He mpemmonaraercs,

d
dt
. CM. 1o 3TOMY TNOBOAY /1000 KypC BapHAIHOHHOIO HCUHCJICHHS,
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Takum o6pasom,

b
b
d
daF =\ (i, — %7 Yhdt + 18] =0, (6)
a a
3t0 PaBEHCTBO HOJI2KHO BBIIIOJHATBHCA NPH BCEX h, B TOM YHCIES ©

TaKuX, 151 Kotopbix h(a)= h(b)= 0. CaenosaresnHo,
b

§ (12— oz Y=

a

npu Bcex A, pas kotopux A(a)==h(b)= 0, otkyaa, B cuay paccy-
KJECHUH, aHAJOTHYHHIX NIPOBEIEHHbLIM B npuMepe 1, mosayuaem

4 d 4
A ) )

ITostomy paBenctBo (6) cBOmMTCA K
frh)e=0. (8)

Ecan ¢ynxuunonan (4) paccmaTpuBaeTcst Ha BCeX HelpPepbiBHO AHG-
¢epenunpyeMbix GOYHKUHUSAX X, ONpefeseHHBIX HA [a, b], TO Mbl MoO-
*eM B3aTh A Tak, uto A(a)==0, h(b)5 0, u Torza u3 paseHCTBa

(8) mosmyuum

# lics

a mosioXus h(b) =0, h(a) == 0, nonyunm
forliea=0. (10)

Taxum oGpasom, u3 ycuosus (6) (T. e. n3 paBeHcTBa Hy.JaI0 audde-
penuuana ¢yHknuoHasa (4)) BbHITEKaeT, UTO QYHKUHA X, HA KOTO-
poit (yHKuuoHas (4) HOCTHraet 3KCTpeMyMa, JIOJKHA YIOBJAETBO-
path AuddepeHLHasbHOMY YpaBHeHHIO (7) W PaHHUHBIM YCJIOBHAM
(9), (10) na xommax orpeska [a,b]. O6wee pewenre audoepen-
UHaJbHOTO YPaBHEHHs BTOPOro MOPAAKA COAEPKHT JiBE IPOU3BOJIL-
Hble NOCTOSIHHBIE H B HAIleM DacrnopsKeHHH OKa3biBAeTCsl Kak pas:
TO YUCJIO TPAHUYHBIX YCJOBHH, KOTOPOE HYXHO I/l OTHICKAHHS 3THX
HOCTOSHHBIX.

2. Bropoit nuddepenunan. Jloctatounsie ycaoBHs aKcTpeMyma
¢dynxkuuonana. BepHeMcs cHOBa K HaXOXKIEHHIO SKCTpeMyMa (yHK-
uun n nepemennuix. Ilyers gna ¢ymxkunu f(x;, ..., xn) B Touke
(x%, ..., %)) Beinonneno ycaosue df = 0. Torna, Kak U3BECTHO, AJs
pellleHHd BOTIPOCA O TOM, NEHCTBHTENLHO JIU B JAHHOH TOUKe NMeeT-
CA 3KCTPEMYM HWJIH HET, CJeNyeT pacCMOTpPeTh BTOpPOL AHbGdepeH-
uuaji. VIMeHHO, CIIPaBelVIMBL CJeAyIOUIHE YTBEDIKIEHHSI.
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L. Ecau pyuxyus f(x1, ..., xa) umeer 6 rouxe (19, ..., x0) mu-
Humym, 70 8 3rofk TOouke d’f = 0. (AHANOTMYHO, eCAH B TOYKE
(=, .., X0) MMeeTcs MaKCHMYM, To B 3Toil Touke d*f << 0.)

2. Ecau 6 rtouxe (x?, cen, x‘r’l) BLINOAHEHBL YCA0BUSA

n a2
df=0 u d¥ = ———dx;dx, >0
I f L dx,0x, ~“1UE

(xorga ue Bce dx;=0), 10 8 3r0il TOUKe [(X) wumeer munumym
(ananornuHO Maxcumym, ecau d*f << 0).

Kopoue rosops, HeOTpHUATeNbHOCTh BTOPOro HubdepeHnuana
HeoO0XOAHMa, a ero MOJOXKHTE/IbHAs OMNpPEeNeSeHHOCTh L O CT a-
TOYHA AN MHHUMYMa.

ITocmoTpuM, B Kakoil Mepe 3TH ()akThl MmepeHOCATCS Ha (yHK-
nMonadbl, 3ajaHHble Ha 6AHAXOBOM IPOCTPAHCTBE.

Teopema 2. llycre F — Oelicraurensnoui ¢pynkyuonanr, 3adan-
Houl 8 6anaxosom npocTpancree X u umerouuti 8 HeKOTOpol OKpecT-
HOCTU TOUKI Xo HenpepuléHyro 8TOpYto npousdsodnyro. Ecau ator
Gynkyuonas docTueaer 8 ToUKe Xo Murumyma, 7o d’F(x,)=01).

ILoxaszateabctso. [To dopmyne Teitopa nonyyaem

F (04 B) — F (50) = F' (50) b + 5 F” (x0) (b, B) + o (A1),

Ecnu B Touke xo dyuxunonan F umeer muuumym, 10 F/(%p)=0 u
0CTaeTcsl PaBeHCTBO

F (o h) = F (t) =5 F" (o) (&, B) + (IR IF).  (11)
Ecau npn kakoM-1160 i BLIOJHEHO HEPABEHCTBO
F" (xo) (h, h) <0, (12)

TO, TOCKOIBKY F’/(xo) (eh, eh) = &2 F""(xo) (h, h), cyuiecTByioT H
CKOJIb YTOAHO MaJible IO HOPDMeE 3JIeMEHTH A, /51 KOTOPBIX BHIMOJHE-
Ho (12). Ho npu pocrarouyHo Manblx |k] 3Hak BCero BbIpaxKeHus

1
(11) ompenensiercss 3HaKOM [VIaBHOrO uiena — F” (x0) (R, B), ¥ M

nosnyyaem 1
F(xo+ h) — F (xo) =5 F" (x0) (B, ) + o (1 1 ]P) <0,

T. €. MHHAMYMa B TOUYKE X HET.
Ananoruyayio TeopeMy MOXKHO CHOpPMYJHPOBATb AJS MAaKCH-
MyMma.
JoxaszanHasi TeopeMa ecTb HpaAMoe 00OOGLIEHHE COOTBETCTBYIO-
et TeopeMsl and QyHKUME KOHEWHOro uucja nepeMeHubix. Muaue

1) D10 HepaBeHCTBO o3uauvaeT, uro F”(x,) (h, k) = 0 nas Bcex h.
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OOCTOHT 7€70 € ROCTATOYHBLIM YCJAOBHEM. YNOMSHYTOE Bbllle YCJO-
Bue F'/(x;) (h, h) > 0, nocratounoe mJiss MHHUMyMa B cay4yae QyHK-
IHH 1 TepeMeHHbIX, He SIBJISIeTCS JOCTaTOUHBIM A5 QYHKIMOHAJIOB,
onpejeseHHHIY Ha GaHAXOBOM IPOCTpaHCTBe GECKOHEYHOTO YHCJa
u3MepeHud. Paccmorpum npoctoll npumep. Ilyete B ruib6epToBOM
npocTpaHcTBe [y 3ajaH GyHKUHOHAN

oo 2 oo
P
=\ In 4
FO=Y %=
n=I n==I
B rtouke O mepsuit auddepenuuan storo GyHKuuoHana pase 0,
i 2
a BTOpO¥ — pAny 2 Z —n—?—, T. €. IpeACTaBIsAeT COO0H MOA0KHUTE b=
n=I1
HO omnpefeseHHbd QyHKuHoHad. Tem He MeHee, B Touke 0 HeT Mu-
HUMyMa, Tak Kak F(0)=0u  F(0, ..., 0, 1/n, 0, ...)=1/n°—
i
e
— 1/n* << 0. CaenoBarenbHo, B 110600 G6aH30CTH OT TOYKH O cyiye-
CTBYIOT TOYKH, B KOTOPHIX F(x) << F(0).

Beenem chepyioiee nonsrtHe. KpaapatHunbiit ¢yHKuuonan B
Ha3blBaeTC CUALHO NOAONCUTEAbHbIM, €CIH CYILeCTBYeT TaKoe Io-
crosnHoe yuciao ¢ > 0, yto B(x, x) = cllx||* past Bcex x.

TeopeMma 3. Ecau ¢pynxyuonanr F, onpedesennoili 8 6anaxosom.
npoctpancree X, ydosaeTeopaer ycao8UsIM

1) dF(x5) =0,

2) d*F (xo) — CUABHO NOAOKCUTEAbHBLE KBAOPATUYHBLE PYHKYUO-
Haa, T0 F umeer 8 Touxe xo Munumym.

HDokasarteabctBo. Ilycrs F”(x0) (h, B) = cllhl|?. Buibepem
¢ > 0 macronbko MaabiM, uto6ul npu (k|| < & Besnuuna o(||h]?)

B paBeHctBe (l1) yrmosinerBopsia ycuesuwo |o(J|A[R)| < %thiz..
Toraa
F o+ h) — F(x) =5 F” (o) (b, ) + o (1 R IB) > S AP > 0

npu [[Af <e.

B KOHeYHOMEpPHOM MpPOCTPAHCTBE CHJbHAS MOJOKHTENbBHOCTD.
KBaZipaTHYHOH (OpPMBI 3KBHBAJeHTHA €€ IOJOXHTEJNbHOH onpeie-
JIGHHOCTH, II03TOMY (IIpH paBeHCTBe HYJIO nepBoro auddepenikana)
NOJIOXKUTEJIbHAS ONpeJeeHHOCTs BToporo auddepennnana pocra-
TOYHA [JI 3KCTpeMyMa (yHKUuMH. B GeckoHeunoMepHOM cayuae
(KaK noxasbiBaeT NPUBENEHHLIA BHIIE NPUMEP) CHJAbHAH TOJOMKKH-
TeJbHOCTh €CTb GoJiee CHIBbHOE YCJIOBHE, YeM MOJIOKHTENbHAs Onpe-
JleJIEeHHOCTb.

YcaoBr€e CHJIBHOH MOJNOXKHTEIBHOCTH BTOporo auddepenunana,
rapaiTupyioliee MHHEMyM, YAOGHO TeM, YTO OHO MPUMEHHMO K JIO-
6oMy aBaxabl nuQdepenunpyeMomy GyHKUHOFaAYy (HE3ABHCHMO OT
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€ro KOHKPeTHOro Buiaa) B Ji060M GaHaXOBOM IIPOCTPaHCTBe. BMme-
CTC C TeM 3TO YCJOBHe OOBIYHO OKAa3hLIBAETCsl CJAHIIKOM TPyOBIM H
TPYAHO TPOBEpSAEMLIM B IPAKTHYECKH BaXKHBIX CilydasXx. B Bapua-
HHOHHOM HCYHCJEHHH YCTaHaBJHBAWOTCA GoJiee TOHKUE JOCTATOUHDLIE
/CIOBHSL IKCTpeMyMa (HCHOJIB3YIOHIHE KOHKPeTHBIH BHA Tex (QyHK-
1IMOHAJIOB, KOTOPbIe PacCMaTpPHBAIOTCA B BapHALMOHHBIX 3a7auax);
O0HAKG H3J0XKEeHHe 3THX BONPOCOB He BXORUT B 3ajauy KAHHOH
KHHTH.

3. IKcTpeMaJsibHble 3aJ1a4H C OTPaHHYEHHSIMH. Bpliie peup HIa
0 HAXOMKJEHUU 3KCTpeMyMa Ans QYHKIHOHAJOB, 3alaHHLIX HA BCEM
IIPOCTPAHCTBE, T. €., KaK OGBIYHO T'OBOPSAT, 00 3KCTPeMAaJbUbIX 3a4a-
uax Ge3 orpaHuueHni. IIpu HaJIMUHHE TeX WM HHBIX OrpaHHYeHuil,
onpejenslomuXx Ty obaacTb, Ha KOTOPOH 3ajaH pacCMaTpPHBaeMbIH
(YHKUHOHAJ, YTBEPKACHUS, NpUBefieHuble B nn. | u 2, Boobuie ro-
BOpS, HeCIpaBelHBBl. IDTO BHIHO YyXKe Ha MPOCTefillleM NpuUMepe
(YHKUNH, 3aJaHHOM Ha OTpe3Ke: ecjH Takas (QyHKUHA NOCTHraeT
3KCTpeMyMa B TPaHUYHON TOUKe, TO ee NepBbIH Au¢p@epeHuuan B
3TOl TOUKe MOXKeT OBITb OTJIMYEH OT HYJf, a 3HAK BTOporo nudde-
peHuuana Moxer ObiTh JMOOBIM. PaccMoTpeHne skcTpeMasibHBIX 3a-
Nlay NpY HaJHYMH OrPAHMUEHHH COCTaBJsieT OOIIUDHYI0O M BaXKHYIO
o6sacTh MaTeMAaTHKH, BKJIIOUAIOIYIO TakKhe pa3fenbl, KaK KJaacCH-
YecKoe BaPHAUHMOHHOE HCUYHCIEHHE, ONTHMAJbHOE YIpaBJeHUe, Jii-
HeliHOe W BBINYKJOE IporpaMMHpoBaHue H T. I. Mbl 31ech orpanu-
YHMCSL TeM, 4TO NpHUBeleM JHLIb OJUH pe3yJbrar. Ero noxasaresb-
CTBO OCHOBARO Ha NpuMeHeHuu Teopemsl JllocrepHuka, urparoiiei
BaXXHYIO POJIb BO MHOTHX BOIPOCAX TEOPHH IKCTPEMAaJIbHBIX 3aAad.

ITycts X u Y — GanaxoBsl npocrpaHcTsa, F— ¢yskuus Ha X u
®: X Y — orobpaxenne npocrpancrsa X B Y. [onycrum, uro
niercss MUHUMYM GyHKUuMM F(X) HAZ MHOMECTBe, ONpelesseMoM
yeaosueMm D (x) = 0. ‘

Teopema. lTycto ¢pynxyus F u orobpasxenue ® nenpepoi8Ho
Jugphepenyupyemol 8 HEKOTOPOLL OKPECTHOCTU TOYKU X, YOOBAETBO-
paioweil ycaosuro ®(xo) = 0, u nycro o6pas npocrpancrea X npu
orobpasceruu D' (xo): X - Y samxuyr. Ecau 8 Touke x, docTueaer-
ca r0KaroHblil munumym pynxyuu F(x) Ha mroxecrse {x: @ (x) =
= 0}, To cyujecT8YrOT UUCAO ho U AUHElUHbLE pynKkyuonar y*, onpe-
Oesennolll Ha Y, He pasHbie HYAIO OOHOBPEMEHHO U TaKle, 4TO

AoF (xo) + [@7 (x)]" y™ =0. (13)

HoxasaTteabcTBo. Beenem oGosHayenue L = @' (x0)X. ITo
yeaoButo L — samkHyroe moanpoctpancrBo. Ecamu L == Y, To, co-
TJIACHO ClelcTBHIO 3 Teopembl XaHa — Banaxa (n. 3 § 1 ro. TV)
HaiJercss HeHy/neBOM GyHKUHMOHAN Yy Y™, paBubliil Hydwo Ha L.
Jns vero npu Beex x & X umeem

(D" (x0)]" yo, %) = (95, @’ (x0) x) =0, Tak xkak @ (xo)x & L.
ITostomy, mpuHSB Yo 3a y* u NONOXKUB Ay = 0, nmoayuaem (13).
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Paccmorpum tenmepn cayuail, xorna @ (xo)X = Y. Ilpumenus K
oto6paxennio ® teopemy JliocTepHHKa, moJsyyaeM, uto ;ad Ka-
X010 I & X, yi0BIeTBOPSIOILErO YCJIOBHIO

D (x0) h =0,
NPH BCEX NIOCTATOYHO MaJbix ! CyUleCTBYeT TaKO# SA€MeHT
x(t, hy=xo+th+r (),

uto @ (x(t, h))=0, t~'|r({#))—0 npu £—0.
Pacemorpum ¢ynkuuio

fO)=F(x(, h)).

Ee npoussonunas B nyne
aF
dt |,y

= F’ (XQ)h

AoJXHa ObITb paBHa Hymo. HelicTBHTeNbHO, ecan
F (xg)h=c+#0,
TO 3H2K Pa3HOCTH

F(x(t, B) — F (x) = ct + F' (xo) r (t) + 0 (1)

onpejensercs 4jieHoM cf W, CleJOBaTeJbHO, MEHAETCA NpPH 3amele
t sa —1f, a npu 3TOM B TOUKE Xo He MOXeT OblTb 3KcTpeMyma. Mraxk,
Mbl  noayuaeM, uto [F'(x)h=0 pgaa Bcex h rTakux, uTo
h & Ker ®’(x,). Muaue rosopa, F’(xo) ectb asemedt u3 X*, oproro-
HasbHbH monnpocrpanctsy Ker @' (xp) = X. Ho, cormacuo jevne
06 aHHYyJdATOpe sfpa omeparopa (cM. cTp. 232)

[Ker @ (xo)]+ = Im [@" (xo)]".

Arto o3Hauaet, uto ecau F’(xg) = [Ker @’ (x0)]L, To HafizeTcsa TaKoii
¢dynxkuuoHaa y* < Y*, uro

F' (x0) = — [@" (xo)]" ™. (14)

TTosoxuB Ao = 1 ¥ B39B TOT PyHKUUOHAN y*, IJIsi KOTOPOTO BLINOJ-
HeHO paBeHcTBO (14), Mbl ¥ noyuum (13).

HoxasaHHasi Teopema mnpeicTaBJasier co60i GeCKOHeuHOMepHoe
0060011eHHe H3BECTHOrO U3 KJIaCCHUECKOrO aHaJsu3a NpaBuiaa MHOMKH-
teneil Jlarpamka ans 3amay Ha ycaoBHb sKcTpemyM. JleficTBH-
TesbHO, €cit X M Y — KOHeuHOMepHble NMpOCTPaHCTBA, T. e. ecdd
HLeTC. MUHAMYM QyHKUEE fo(Xi, ..., Xn) mpu yenosusix fi(xy, ...
ey Xn)=0,i=1,2,..., m, 10 ynKuHOHAN y*— 3TO cucTeMa m
guces Ay, ..., Am. YcaoBue samkHyTocTH 06pasa npocrpancrsa X
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B Y npu nuHeiiHoM 0TOGpaKeHHH B KOHEYHOMEPHOM CJydae BBHINOJI-
HeHo asToMatHueckd. Pasercrso (13) npu sTomM npespamaercsi B

LM (5) =0,

T. €. B H3BECTHOe NpaBHJO JlarpaHxka /st HAXOXJAEHHS YCAOBHOrO
JKCTpeMyMa,

§ 4. Metoa, HetoToHa

OaHuM M3 XOpOLIO HM3BECTHBIX METOJAOB peILIeHHs ypaBHeHHuM
BUAA
f(x)=0 _ (0

(f — uncnoBass GYHKUMS UYHCIOBOrO apryMeHTa, ONpejesieHHAas Ha
HEeKOTOpoM oTpe3ke [a, b]) sBidercst Tak HasbiBaeMblit meTod Hboro-
TOHA, WM MeTO0 Kacareasnvix. OH COCTOHT B
TOM, YTO IO PeKyppeHTHOH ¢opmye

f (xn)

= T ) @
HIIYTCA I0C/e0BaTe/IbHble NPUGTUKEHHS K
pewenuio. (3a HyneBoe NpHOGIHMKEHHE X, NpPH
3TOM OepeTcs NPOH3BOJIbHAS TOYKA TOLO OT-
peska, Ha XoTopowm [ onpesnenena.) eomerpu-
YeCKHM CMbIC/T 3TOTO MeTOJa HJ/JIIOCTPHPYETCst
puc. 24, MoXHO mMmoOKa3aTth, 4TO ecam x* —
€[HHCTBEHHLIN KopeHb ypaBHenus (1) Ha or-
peske [a, b] 1 PyHKuUHS ;, HMeeT Ha 3TOM OTpe3-
Ke He ofpallaoumyocs B HyJb NEePBYIO Npo-
¥3BOJHYI0 M OTPAHHYEHHYIO BTOPYIO NPOH3BOAHYIO, TO CYLIECTBYET
«06/1aCTh TPHUTSMEHHST KOPHS x*», T. e. Takas OKPecTHOCTb TOUYKHU
x*, 4TO NpH JIO60M BHIOOPE TOUYKH Xo B 3TOH OKPECTHOCTH ITOCJELO0-
BaTeJNbHOCTb (2) cXOomuTCs K x*.

Meronx HpioToOHA MOXKeT ObITh NEepeHeceH Ha OlnepaTopHble ypaB-
HeHHs. Mbi H3JI0XKHM €ro Ji1a ypaBHeHHA B GaHAXOBBIX NPOCTPaH-
CTBAXx.

PaccmoTpuM ypaBHeHHe

F(x)=0, @)

rne F —oroGpaxenue 6aHaxoBa npocrpanctsa X B 6GaHaXOBO mpo-
crpanctso Y. Ilpexnonoxum, 4to orobpaxenne F cuibho pudde-
peHuupyeMo B HekoTopoM wape B(x,, r) pamuyca r (LeHTpP KOTO-
poro xg Mbl IPHMEM 3a HyJieBOe NMPHUOJIHIKEHHE HCKOMOro pelleHus).
3amenssi, KaK H B OJHOMEPHOM cayyae, Buipaxenue F(xp)— F(x)
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€ro riaasHoll JuHefiHOA yacTbio, T. e. ayeMedToM F/(xg) (X0 — x), Mul
nonyuyaeM u3 (3) nuHeiiHOe ypaBHeHHe

F’ (%) (xo — %) = F (%),
pelleHHe KOTOporo
xy=x0— [F" (xo)] ™" F (o)

€CTeCTBeHHO PAacCMaTPUBATh KakK ciaenyloulee NpHOJMKEHHE K TOY-
HOMYy pelleHHI0 X ypaBHeHHs1 (3) (CyllecTBOBaHHe OnepaTopa
[F’(x0)]"' 3nech, koHeuto,” mpennonaraercs). IlosTopsa Te ke pac-
CYKJEHHUS, MBI TIOJIyuaeM IHOCJAEA0BATENbHOCTD

Kne1 = Xp — [F" ()] 7" (F (x,)) @

npubaHKeHHBIX pellleHHH ypaBHeHusi (3). B OGeckoHeuHOMepHOM
cayuyae HaxoxneHue oGpartHoro omeparopa [F'(x»)]™!' Moxer 6biTh
LOCTAaTOYHO CJIOKHOH 3apauvelt. ITosromy 3mech ObiBaeT uesnecoos-
pasHO I10Jb30BATbCA TAK HA3bIBAEMBIM MOOUDUUUPOBAHHBIM METO-
dom Heiorona (cm. [27, 28]). Moandukauus COCTOMT B TOM, 4TO
BMECTO NOC/EIOBATENLHOCTH (4) paccMaTpHBAercsi MOC/AEN0BATE/b-
HOCTb, OnpeAenseMas GopMyJaoH

Xpar= %5 — [F" (x)] " (F (x,)), 6)

T. e. oGparuslit oneparop [F'(xo)]! Gepercs: Ha KaXXaoM liare mpu
OJHOM M TOM K€ 3HAUEHHUH apryMeHtTa X = Xo. XOTS Takas mMoaudu-
Kallusl yMeHbIlaeT CKOPOCTb CXOAMMOCTH, OHA YacTO OKa3biBaercs
1e1eco00pa3Hol ¢ BLIYHC/AHTENbHOM TOYKH 3peHus. Ilepefizem Te-
nepb K GOpPMYy/UPOBKE U [A0KA3ATENbCTBY TOYHOIO YTBEPKIECHHS.
Teopewma 1. [Tycre orobpascenue F curvro dugpdepenyupyemo
8 Hexkoropom wape B(xo, r) ¢ yenTpom xo u paduycom r, a npous-
goonas F(x) ydosaersopser 8 atom wape ycrosuwo Junwuya:

| F (x)) — F () ISSL % — x|l
Hycte [F/' (x0)]! cywjecrsyer u
M=]1F )17, e=[[F ()] F)], h=MerL.

Toeda, ecau h <<'/sy, 10 8 wape ||x — xo|| << kty, 20e ty— mers-
wiuil Kopens ypasuenus ht* —t 4 1=0, ypasrenue F(x)= 0 umeer
eduHcTBennOe peuierue x* u nociedosaresbrocts {xn}, onpedeirse-
MOA PERYPPEHTHOL popmyarold (5), cXOOUTCR K ATOMY peulenuro.

HoxkasareabcrBo. PaccMorpum B mpocrpanctse X oro6pa-
xenue Ax = x—[F'(x0)]7'F (x). Ero cusnbHas nponssonHas papHaO
B TOUKe Xo. DTO OTOGpaKeHHe MePeBOANT wmwiap |lx — xo|| < kfy B
ce6q. [leficTBUTEIBHO,

Ax — xp=x— xo— [F" (x)] ' F (x) =
= [F" (x)] ™ {F" (x0) (x — x0) — F (x) + F ()} — [F’ (x)] "' F (x0).
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IToaToMy
I Ax — xo NP el ™M - F7 () (x — x6) — F (%) + F (x0) [ +
+IHF ()]™" F (xo) ],

I Ax — xo | << MIF’ (x0) (x — x0) — F(x) + F (xo) | + & (6)
Paccmorpum BenoMorartesnbHOe 0TOGparkeHue
D (x) = F (x) — F (x0) — F’ (x0) (x — xo).

Ono nuddeperunpyeMo u ero npoussogHasi pasua @D (x) =
= F'(x)— F"(x0). Ecimm |lx — xoll << kfp, TO uMeer MecTo oueHKa

N ) =1 F" (x) = F (o) ISKLI x — xo | << Ltk

Orcrona no teopeme o cpendem (dopmyaa (9) § 1) moayuaem
(D (x) )= “CD x)—o (xo) ” Ltk ux — xoﬂ < LR (7)

Hrak, ecau || x — x| <tok, To u3 (6) u (7) monyuaem
JAx — x| S MLER® + k= k (MLER + 1) = k (ht2 + D)= kt,,
a 3TO M O3Hauaer, uTo oTobpaxkeHue A mepeBoAHT Wap [[x — Xxoll <<

<< kfy B ceGa. IlokaxeMm Tenepb, uto A — cxxHMawlee oToGpaxe-
Hue 3toro wapa. Ipu l|x — x|l << &ty umeem

Ay =1—[F (7 F () =[F (] (F' () — F' (),
© TKYAd
IA" (D) I MIF (x0) — F () I SMLI x — xo << MLER,.
Ho f#p— menblnit xopenn ypasHeHusi ht? —{+4 1 =0, 1. e. {, =

1 —4/T"4n
— 2h

. ITostomy

1 — A/l —4h 1 — /1 —4h 1
VA ()< MLkt = hty = h A== T I=VIZH L

1
oTkyaa || Ax; — Ax, || < 3I| X, — x,ll, T. e. A— cxuMmawoiuee orobpa-

XKeHue,
CnenoBaresibHo, otoGpaxkenne A umeer B wape [|x — xoll << kg
OIHY U TOJbKO OJHY HEMOABHXKHYIO TOUky x* s 3Tof ToukH

x*=x*—[F'(x0)]—]F(x"), T. e. F(x)=0.
BMmecre ¢ Tem
Axn = x'n,—‘[F/(xo)]—lF(xn)= xn+]
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H, B CHJY TEOpeMbl O CKHUMAIOMHUX OTOCPaXKeHHsX, N0CJAeA0BATE/Nb-
HOCTb {X,} CXOAMTCH K X*.

"U3 nepapencrna (8) cpasy BhiTeKaeT CJAeAyiollasl OLEHKA CKOpO-
CTH CXOZUMOCTH MoanduuuposaHuoro merona HpwoTona:

o — 2 1< FEF Gl ™ F ()], ©)

T. €. IOrpeliHocTb MoAuduuupoBanHoro Merona Holotona yGsisaer
Kak reomerpuueckasi mporpeccus. OTMeTHM JJsI CPaBHEHHS, 4TO
o6biunblll MeTox HploToHa [B KOTOpOM NPHOJIHIKEHHs OINpPeeIsoTCs
¢opmyJiiolt (4), a He (5)] cxoaurcs ObicTpee, yeM reoMeTpHyecKas
Nporpeccus: AJs 3TOrO MeTOAa

1

2n—l

N
lx, — x" << (2h)* ' k.
ITpumep. Paccmorpum HeslnHeHHOe HMHTErpasbHOe YPaBHEHHE
b

x()=\Ks, t, x@)at, (10)

a
rae K(s,t, u)— HenpepblBHasg M HenpepblBHO auddepeHuupyemas
¢$YHKIHS CBOHX apryMeHTOB. BBenst otrobpaxenue y = F(x), ompe-

nejaaeMoe paBeHCTBOM
b

y)=x(s)— | K(s, t, x()at,
' a
sanumeM ypapHenue (10) B Bume F(x)=0.
[lycte Xo— HyseBoe npuOGJMKeHUEe AJS PELIeHHs 3TOTO ypaBHe-
uus. Torma mepBas nonpaBka AXx(S)= X; — X, omnpeieisiercs us

ypaBHeHus
F’ (x5) Ax = — F (xp). (11)

Ecau oyukuua K(s,f, u) u ¢$yHKuMOHAJNbHOE NPOCTPAHCTBO, B
KOTOpPOM paccmarpuBaetcs ypaBHenue (10), TakoBbl, UTO MPOU3BOA-
nasi F’(x) oroGpaxenusi F Moxer ObITh BhlUHCIeHA «AH(PepeHin-
poBaHHeM IIOJ 3HAKOM HHTerpaJa», T. e. ecJ

z2=F"(xp)x

O3HavyaeT, 4To
b

2()=x()— { Ki(s, t, @) x @ at,
TO ypaBHeHue (11) mpuHumaer Bug
b

A ()= { Kiu(s, £, xo(0) Ax () dt + o (s), (12)

a
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b
@ (8) = S K (s, t, x5 (£)) dt — xy(s).

a

AnanorMuHO HaXOAATCS U CAeAYIONIHE NONPaBKH.

Takum 06pa3oM, HaXOXK/JAeHHe KaXKIO0ro CJaeLyLlero npubiauxe-
HUA CBOAMTCA K PElIenUIO K H el H 0T 0 HHTErpaJibHOTO YDABHEHHS.
Ecau mpumensiercs Moiuduuupopansbd Meton HbiotoHa, To mnpu
5TOM Ha KaxJIOM llare NMPHUXOAHTCH pellaTb JHHEHHOe ypaBHEHHE
Cc ONHHM U TeM Xe sifpoM. DBojee noapo6uoe usnoKeHHe MeTOAA
HbloToHa M CBSI3aHHBIX ¢ HUM BONPOCOB MMeeTcsl B KHure [28], a Tak-
we B cratbe JI. B. Kanroposuua [27], koTopoMy u npunamiexar
OCHOBHBIE Pe3yabTaThl, OTHOCAIIHECST K 060CHOBaHHIO MeTofa Heio-
TOHA JUJIS ONIePaTOPHBIX ypaBHEHUH.



JOMNOJIHEHUE
BAHAXOBDI AJITEBPbBI
B.M. Tuxomupos

B TpeThell IyaBe 3TOH KHMIM H3Yydajuch JHHefilHBle npocTpaHcTBa. TaM 6ua
BHILEJICH BaXKHHH KJacc JIMHEHHBIX NPOCTPaHCTB — GaHAXOBH NPOCTPaHCTBa. 31eCh,
B 3TOM JONOJHEeHuH, 6yLyT u3yyaTbci 6aHaxOBB anare6phi, T. e OanaxoBbi
TPOCTPAHCTBA, B KOTOPHIX ONpeeJieHO YMHOXeEHHe 3jeMeHTOB. Hanuuue ymHOXKe-
HMS B COYETAHHH C JHHEAHOM M METPHUYECKOA CTPYKTYpOl Hanenser GaHaXOBBE
aareGpbl PAAOM 3aMeuaTeJbHHX CBOHCTB.

§ 1. Onpenenenns u npumepsl 6aHaxXoBbIX anredp

1. BanaxoBbl aareGpol, H3oMopdu3mbl Ganaxoemix aare6p. Hanomuum, uto
JIHEEHHbIM TPOCTPAHCTBOM HAa3bIBA€TCS! HENYCTOE MHOXKECTBO 3JEMEHTOB, B KOTO-
pOM BBeJleHbl 1B ONEpallni — CJOXKEHHe H YMHOXKEHHe Ha YHC/I4, YAOBJETBOPAIO-
Iue BOCbMH akcHOMaM, chopMyanpoBanubiM B § 1 ra. HIL

Onpeneanenue . Jludeiinoe npocrpaHcTBo X HasniBaercs aseebpod, ecan
B HeM BBefeHa eme oflHa anrebpanyeckas ONepalus — YMHOMKeHHe, KOTOpOe NOJ-
YHHEHO CJIEAYIOUIHM aKCHOMaM: )

1. (xy)z = x(y2).

2. x(y +2) = xy+xz; (y+2)x = yx -+ 2x.

3. alxy) = (ax}y = x(ay).

4. Ecan cywmecTByeT 3J€MeHT e & X Tako#, uTO ex = Xe = X IJd BCeX
x & X, T0 e HaswBaeTcss edunuyeil anrebpnl X, a caMa aarefpa HasblBaeTcs aa-
2e6poli ¢ eQunuyed '),

5. Ecau omepaunsi yMHOXKEHHSI KOMMYTATHBHA, T. €. €CJIM BHIIOJHAETCS aK-
cHoMa:

Xy ==yx,

T0 anre6py X HasbIBAIOT KOMMYTATUBHOU ar2ebpoil.

KomMyTatuBHble anre6pul ¢ egnHMIed H OYAYT B OCHOBHOM OGBEKTOM HALIErO
AanvHeHwero pacCMOTPEeHH .

Bcioay B 3TOM JONOJHEHHH YHCJOBOE IOJie, HAZ KOTOPHIM DacCMaTPHBAKTCS
Hawy aare6pbl, 3170 noje C KOMIVIEKCHBIX YHCeJ.

B § 3 ra. Il 6ma0 BRefeHO HOHATHE HOPMHPOBAHHOTO NPOCTPAHCTBA, T. €.
JMHEHHOro mNpocTpaHcTBa, cHaGxenHoro Hopmo#t |xil, ymoBnetBopsomel Tpem
akcuoMmaM, chOpMyJHPOBAHHBIM Ha cTp. 139.

Onpeneaneunne 2. HopMupoBanHOe nNpOCTPaHCTBO X HAa3bLIBAETCA HOPMU-
posannol aazebpoll, ecny OHO sBJSETCH anre6polt ¢ eXMHuLEd M f[PH STOM BbI-
TOJIHEHD! elle NABe aKCHOMBI:

6. Je|=1.

7 2y I<ixi-lol.

Ecnn nopMupoBaHHasi airefpa X BRoGaBok NMOJHa (T. e. sBAfeTca GaHa-
XOBBLIM NPOCTPAHCTBOM), TO OHa Ha3blBaeTcsl 6anaxo0sol aszebpoil.

1) Exuvnua B anre6pe Bcerna efuMHCIBeHHa, n60 ecan Gb 37eMeHT e TakkKe
obsagan cBOHCTBOM 4, TO MH OBl MOJMyunIn ee’ = e == €',
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Orobpaxenue F:X->Y uasuBalor eomomopdusmom anrebpst X B Y, ecan
YAOBJIETBOPAIOTCS YCAOBHSI:

Fls+y)=Fx+Fy, (1)
F(ax) =aFx, (2)
F(xy)=Fx- Fy. 3

Hse anre6pbl, X H Y, HAa3HBAIOT U30MOP@HOLMY, €CH CYLIECTBYeT B3 A UMH O
ONHO3HauHOe orobpaxenue F, yinoaerBopsiomee ycaoBusMm (1)—(3).

HopmupoBannbie npoctpanctBa X u Y HasblBAlOT U3OMETPUHHbIMU, €CAH CY-
IeCTBYeT B3aHMHO OIHO3HauHOe OTOGpameHHe F: X<—»Y, 17 KOTOPOrO BHINOJ-
"enn ycaosus (1) u (2) u, kpome Toro,

IFxl, =[x),.

Onpenenenue 3. JIBe Ganaxoseie anre6pul X n Y Mbl HasoBeM usomer-
PULECKU UBOMOPPHBLMY, ey CyUlecTBYeT anreGpanyecknit uzoMopdusm F: X<—»>Y,
sABasiollndcH n3oMerpuelt X 1 Y KaK HODMHPOBAHHBIX NPOCTPAHCTB.

2. Tlpumepsi GaHaxoBLIX aare6p.

1. ITone C. Komnnekcnble uucna {2} nocrasasior npoctefimni npuMep 6a-
HaxoBOH aJre6pnl, ecan BBECTH HOPMY ¢opMyaoii:

lzi=lzl=vx+§ (z=x+iy).

Komnnexcnbie umena o6Gpasyior nose C. B C gas Bcex 37eMeHTOB, KpoMe
HYJs, OnpeliejieHO JeJeHHe — omnepanus, o6paTHas yMHOXeHHIO. Mpl NOKaXeM B
RanpHefimieM, yTo C ecTb eOUHCTBEHHAR HOPMUPOBAHHAA Qazelpa, ABAAIOWMAACR
noaem.

2. Anre6pa Cr. Ilyets T — HEKOTOpOe KOMINaKTHOe XxaychaopdoBo Tomo-
Joruyeckoe npocrpaHcTBo. OGosHauum uepes Cy JHHeNlHOE NPOCTPAHCTBO BCeX
HenpepuiBHBIX KOMIVIEKCHHIX (yHKuuit x({), 3amaHEbix Ha T ¢ OObBMHBIME 44
GyHKUMHA OTepanusAMH CHOXEHHA H YMHOXeHHd Ha YHCJO, B KOTOPOM HOPMa Onpe-
. le1eTCs PAaBeHCTBOM

lxll=max|x(#)].
teT

Panee B ra. II u 11l paccMarpuBancs wacTHHE cayuait npoctpanctBa Cr,
‘korfa T = [a, b] ecTb OTPe30K BelleCTBeHHOH NpsiMoit. JPYyrHM BaKHBIM YaCTHHIM
cryuaem npoctrpanctsa Cr siBasercs mpocrpadctBo C™ == {(z1, ..., 2a)} n-Mep-
HbIX KOMIJIGKCHBIX BEKTOPOB, T. €. (DyHKUU# Ha npocTpaHcTBe u3 n Todek. Curo-
XKenue, YMHOXKeHHEe Ha UHCAa W YMHOXeHHe 3/7eMeHTOB C" NPOH3BOLMTCA NOKOOp-
IHHATHO, a HOpMa onpejesserca GopMyIioi

lzl= max |z,|

Hisn

Aunre6pa Cr sBnsieTcs KOMMYTaTHBHOH Ganaxopo# anre6poit. Exunuueit 8 Cr
cayxiT dyHruus e(f) = 1. TIpoBepka Bcex aKCHOM HE COCTABJISET TPYAA.

3. Anre6pa S aHasuTHueckHx GyHKkuHi B xpyre OGosna-
yuM yepes S¢ JHHEHHOE NPOCTPAHCTBO BCeX GyHKnu# x(2) KOMIIEKCHOTO nepes
MeHHOTO 2, ONpelefeHHHX H HenpepbiBHbx B kpyre K == {2:|z| << 1} u anaauri«
YecKHX BHYTPH 3TOro Kpyra. OnpeflennM ymHOXeHHe B Sf, KaKk OOBYHOE YMHO«
Xeune (QYHKUMA K 3aZajuM HOpMY GOpPMYJO#

fxf= max |x(2)[
lz|<1

=

StuM nyTeM Mbl NPeBpaTHM S# B KOMMYTaTHBHYIO GaHaXoBy anreGpy ¢ eLHHHUER,
CripaBe/IMBOCTb BCEX aKCHOM H 3JeCb BIIOJIHE OYeBHIHA.
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4. Anre6pa ;. OGosHauum depe3 ! COBOKYNHOCTb BceX HBYCTGPOHHHX
a6COMIOTHO CYMMHDYEMBIX KOMIUIEKCHBIX IOC/EL0BATEIbHOCTER X = (..., X—n, .4

eew X—1, Xo, X1, 4. ., Xn, ...) C HOPMOA
oo

Txl= Y |x,] 4)
k

= - 00
TpousBenennem x - y ABYX TaKHX IOCTELOBATENbHOCTEH: .
X = (cvuy Xmny vens X0y eovy Xy ansly Y= ( vy Ymnyovis Yo, vvvy Yny o)

Ha30Be€M HX CBEPTKY 2 = X x I, T. €. II0CJA€QOBaTEJbHOCTb, YJI€HHI KOTOpOﬁ onpene-
JIAIOTCA TakK:

o0
2y = (x» y)n = Z Fr—2Ye )
=— 00
Ecau  kaxpo#t mnocnefoBaTesNlbHOCTH X u3 [} comoctaButh paja  Dypbe
o0
x (f) = Z xkeikt, 0 << ¢ << 2%, TO mOC/eNOBATENbHOCTD, ONpefeseHHast GopMy-
kB =— o0

Aoit (5), coOTBEeTCTBYeT npousBefeHHio GyHKUHA X(f) - y(f), TNOCTPOEHHBIX MO
nocnenoBaTeNbHOCTAM X H y. Taxum obpasom, anrebpa [ u aare6pa W ¢yHk-
uuit x(f) ¢ abconOTHO CXOAAWMMHACA panaMu Pypbe u HOpMOH, onpenensieMoi (4),
n3oMeTpuueckH Haomopdubl. [lostoMy GOJBIIMHCTBO aKCHOM agareGpel ¥ HOPMH-
POSAHHOTO NPOCTPAHCTBA A/ [; mpoBepsiiorcss 6e3 Tpyaa, Tak Kak ans W ouw
BepHbl TpHBHAJBHO. [IpoBepuM akcHoMy 7. HiMeeM fast 2 = x # y:

||Zl|=2n:|2n|=zn: Zk:xn—kyk <;;Ixn—k”ykr=
=;(;|xn*k1)|ykl=r

AnreGpa W, oueBHIHO, KOMMYTATHDHA, CJeLOBATENbHO, KOMMYTATHBHA H aJ-
re6pa [ Enunnmelt B [) cayXutT NO0C/TeN0BAaTENbHOCTD €, COOTBETCTBYIOMAS (YHK-
unn e(f) = l: y 3ToHl NOC/JENOBATENLHOCTH BCE KOMIOHEHTH CYTb HYJAH, 3a HC-
KJIOYEHHEM KOMIOHEHTBI ¢ HYJIEBBIM HOMEPOM, KOTOpas paBHa efuHHlIe. B Haib-
HefilueM Mbi OyleM MOJb30BaThcs HIOMOPDU3IMOM Ly <—> W H  COOTBeTCTBHEM
{xn}<—> x(I), He oroBapusas 3TOro 0co6o.

5. Banaxosa auare6pa orpaHHYeHHEHX onepaTtopos. Ilyctb
X — 6aHaxo0Bo NpOCTpaHCTBO. PaccMoTpum mpoctpanctBo £ (X, X) Beex muneit-
HbIX HeNpephIBHBIX ONepaTopoB, npeobpasyomux X B cefs, ¢ oObIYHBIMM OJ8 Ome-
pPaToOpOB AEHCTBHAMH CJOXKEHHS, YMHOMEHHS ONEepaToOPa Ha UHCAO H YMHOXEHHS
(ra. 1V, § 5, n. 3). Enunnnest 8 Z(X,X) cayXur TOXAeCTBEHHBIl OMNepaTop.
[Tpespatum £ (X, X) B GanaxoBy anre6py, ONpeejauB HOPMY KaK OGBIYHO:

A= sup §Ax|.
<t

xf-lyl.

HefictButenbHo, akcuoMa 7 Obina yxe npopepeda panee {(cM. gopmyay (4) Ha
crp. 224). Hoxasarh nonnory & (X, X) npenoCTABASIIOCH YHTATeNI0 B ympajkHe-
HEH, NPHBENEHHOM TaM Xe. Asrebpa £(X, X) — oguH U3 BaXKHEHIIHX TPHMEPOB!
HEeKOMMYTaTHBHON 6aHaxoBOfi anre6pbl C eXHHHIEH. .

3. MakcumaJbHble uaeansl.

Onpenenenne 4. HOearom | KoMMyTaTuBHOM anre6pw X HA3HIBAETCH
noAnpocTpaHcTBo X, obnajfaiollee TeM CBOHCTBOM, Y4TO AJS BCSKOTO yeI u mo-
6oro x n3 X npoussefenue yx npusapaexur I. Mnean, cocrTosmuii uz 0LHOrO
Hyssl, @ TaKXKe Hieals, COCTOAWNMA h3 Beero X, Mbl Ha3biBaeM TPHBHAJBHLIMU ‘M B
ZanbHeHIIEM HCKIIOUAaeM H3 paccMoTpenHs. Makcumaaonoim maswiBaeTcs. umeai,
He COAepKAIUNWACS HH B XKakOM ADYTOM HETPHBHAJNLHOM Hpease,

BsellenHble NOHATHA PACCMOTPHM Ha NpHMepe airebpw Cr,,
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flyete & — HenycToe NOAMHOXECTBO KoMnakTa 7. Muoxkectso Mg =
= {x NHeCrx(f)=0,ts 9’}, cocrosimtee H3 (PYHKUMEA, 0O6pawmarOuXcs B
Hynb Ha &, obpasyeT, Kak JIeTKO BHIeTb, uaead B Cr. MakcuManbhbe uaeannt
B C7 JonyckaloT NPOCTOe ONHCaHHe, SBAAIOIMIEEC K TOMY e KJIOYOM K NOHHMa-
HHIO BCEro 3aMBICJIa TEOPHH KOMMYTATHBHBIX GaHaXOBBIX anre6p.

Jdemma 1. Maxcumasonoul udear anecebpot Cr ecro COBOKYNHOCT6 8Cex
Gynxyui uz Cr, obpawjaromuxcs 8 Hysv 8 KAKOU-AuBO OOHOL (BUKCUPOBOHHOU
To4YKe Ty MHONcecTea T.

HokaszarteabcrBo. a) [lycrs Mh={x(t)eCT: x (T5) =0} Torna M,
ectb Hnean. Iloxaxewm, uTo 03 Makcumaned. [leficTBUTEABHO, TYCTh x, (1) & My,
Yy (To) x0(2)

%o (To)
Toraa z(ro)=0 H, CJej0oBaTesbHO, Z (f) HpHHALIEKHT Mw Hrak, nobasrtedue

JIIOGOro 3/MeMEHTa He H3 M% IIPHBOJUT K TOMY, 4YTO HAealJ, NODOXKAEHHBIH M%
¥ 9THM 3/EMEHTOM, CTAHOBHTCS TPUBHANbHLIM. ClefoBaTesbHO, M, — Makcumarex.
6) Iycte rac6opoT, M — KaKoi-MHGO MaKCHMAJbHHIR HIean u3 Cr.

IMokaxemM, uTo Bce (GYHKUHMH, BXOAsAIHE B 3TOT HIeat, 06palaioTcs B HYJIb
B HEKOTopoii TOuKe. [[efiCTBUTE/NbHO, eCdd 3ITO HE Tak, TO IAA KaKAOH TOUKH
v T naitnerces Qyskuna Xy (f) € M rtakas, uro x¢ (1)5%0. B cuay wenpepms-
HocTH X (f) mo f HafizercA Takas okpecTHocTh Uy TOYKH T, uTo X ()70 B Uy,

U3 orxpuiroro nokputus T < U U_ sufep:M koneunoe noxpuitue U U, .
n
T

T. e %o (Tg) 7= 0. Jan moboro y (¢) & C, nomoxum: z(f) =y (1) —

1:l,..-,

TOI‘;La B CHJY OllpeleJieHHss HAeana
n
Xolt)=xy (- xg (4o +x (Dxg (t)=k§l | £z, (I)IZ

npuHasIexxur M.

B cuny Toro, uto xo(f) > 0 Bciony Ha T, dpyukuua 1/xo(f) Gymer uenpepbip-
woii. Ilostomy 1 = (1/%0(?)) - xo(f) =M. Ho munean, comepmawiufi exunuuy aif-
reGpel, comepXuT K J000i anement aare6pw, 6o y(f) = y(f) - 1. [Toaromy M -
TPHBHANLHBIA MJl€a/, UTO MPOTHBOPEUYHT NPENNONOKEHHIO O TOM, uTo M — maken-
MaJIbHBI, a C1e0BATE/bHO, HETPUBHAJBHBIH HAeaJ.

Takum 06pa3oM, MBl HONYUHJH, YTO MEXAY MAKCHMAJIbHBIMH HIealaMu H TOu-
KaMH 43 npOCTPaHCTBA-HOCHTENs T MOXKHO YCTAHOBHTH B3UMHO ONHO3HAUYHOE CO-
oTBeTCTBHe. DTO TO3BOJSIET TPAKTOBaTb (PYHKUHH Ha T Kak «DYHKUHH Ha 0po-
CTPaHCTBE MaKCHMAaJIbHEIX HIEeanoBy.

Mel nokaxeM, — ¥ B 3TOM leJb H3/JaraeMofl HHMe TEOPHH KOMMYTAaTHUBHLIX
6aHaxoBbIX ajsreGp, — uTO BCsKas Takas airefpa X momyckaeT peanus3alHio B BH-
e moaanreOpr anare6pbl HeNpepHBHBHIX (GYyHKUHH Ha KOMIAKTHOM XaycAophoBOM
TOMOJIOTHYECKOM HIPOCTPAHCTBE, 06Pa30BAHHOM €€ MAaKCHMaJbHbBIMH HASATaMH.

§ 2. CnekTp M pe3oJibBeHTa

B stom naparpade anreGpa X He 06s3aTeslbHO KOMMYTaTHBHA, HO. HMeeT eXH-
HHIy. MHorue paccMoTpeHns 3/ech NOAOGHDI TeM, KOTOPHE NPOBOAMANCH B § 5 a1 1V,

1. .0OnpeaeneHus U NPHMEPSI.

OnpeneneHue ieMeHT X € X Ha3LIBaeTCH O6PATUMbIM, €CNH OH HMeeT
O6GpaTHBI, T. €. eCJIH HAHZETC TakKOH SJeMEHT x—1, uyro

x-x~l==x—~l.x=p¢,

B npoTHBHOM Clyuae 3JIEeMEHT X Ha3bIBaeTCs HeoOpaTUMbIM.

‘Cnexkrpom o (x) snemeHTa X & X Ha3bBaeTCHd MHOXECTBO KOMIIEKCHBIX
uHcead A, AAS KOTODHIX 3JeMeHT Ae — x HeobpaTuM. Ecin A ¢ o (x), Touky A
Ha3uBaT pezyrspHoi,
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Dyukuus
Ri:C\o(®)>X Ryx=x()=(e—x"",

ONpeseieHHas HA MHOMECTBE PETYJsiDHBIX TOUEK JEMEHTa X, HA3LBAETCH pe30.sib
BEHTOIl 5TOTO 3JEMEeHTa.
Crextpasvrtin paduycom r(x) aieMeHTa x & X HasbiBaercss YMCIO

r(x)=h;1(1’p(x) [Al. (m

BBefleHHble BaXKHbE MOHATUS TPOHJIIOCTPHPYEM Ha TpPHMepax.

a) Ecnn X = C, 1o 006paTuMbl BCe 3ieMEHTHl KPOMe HYJIT;

6} Ecau X = Cr, 10 mas obpatumoctd x(f) HeOGXORUMO M KOCTATUUHO, UTO-
©Obl Gynkuua x(f) 6ba Bciopy oranuHa or Hyan. Cnektp o(x) cosBnagaer
€ MHOXECTBOM 3HaueHHuMN x(f); pesonbBeHTa Rj) uMeeT BHI

1
Rv= 53—

r(x)=||x|[=m;axlx(t)|.

B) Ecain X = P (Y,Y) — anre6pa orpaHHueHHBIX ONepaTopos, To ofpaTHMble
9JEMEHTEl CYyTb OGpATHMBlE ONEPATOPH, CMEKTP H Pe30/bBEHTa B 3TOM cJayyae COB-
NaAJIOT CO CNeKTPCM H (C TOYHOCTHIO JO 3HAKa) De30MbBEHTOH ONEepPaTopa, KOTO-
puie Obiau BBedeHn B 1. 7 § 5 rat. IV. CoBeTBeHHo roBops, B 3TOM naparpade Mbi
B o6wieM BHIe HCCIENyeM Te NOHSATHS, KOTOpble BBOAWJHCbL panee Ajs GaHaxoBoil
anre6pyl OTPAHHYEHHDBIX JIHHENHBIX ONepaTopoB.

2. CpoiicTBa cnekrTpa.

Teopema 1. 1% Haa amo60-0 auneinozo gynkyuonara f(x) us conps-
acens0z0 npocrpancrea X* ynxyus | (x (M) = F (A) anaauruana na C\ o (x)
u Fi))-> 0 npu |A] > co.

2°. Cnexrp o (x) ssementa x Ganaxosoi arze6pot X ects Henycroe xom-
naxrioe moxecrgo 8 C. Hmeer mecro Hepasencrso:

rx) <tz @)

JlokasaTenbeTBY TeopeMbl | mpeanouieM HECKOJAbKO JeMM.
Jlemma 1 (cp. ¢ Teopemoit 5 § 5 ra. IV). [Tycro saremenr x uz 6anaxosoi
ancebpo. X umeer HOpmY, menouyro edunuyst. Toeda snemenr e — x obparum u

-— n
(e—xy"=etx+ ... +x"+ ...
JIeACTBHTENbHO, NIOJOXKHB Sp = e+ X+ ...+ x™, umeem:

k
" " i I !n+l__ [n+k+l
R e B e B N B

i=1

Hrak, nocrenoBaTenbHOCTb S, (yHZamenTanbHa. Tak xak X mOJHO, TO OHA CXO-
LHTCS K HeKoTopoMmy aneMeHTy s & X. Ilpu stoM

s(e—x)= lim s, (e — x) = (e — x"*) =»
fn—>oo

fim
n->o
AHaJOrHUHO JOKa3bIBaeTcs, 4TO (e — X)$ = e.
Canencrteue. [Jaa scakozo x = X
—1
(e—tx)" —>e npu t->0.

Hefcraurenasno, (e — ix)—lsnl_i)m (ettx4 ... +(tx))=¢e+ 0(¥).
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Jlemma 2 (cp. ¢ Teopemonn 4 § 5 ra. 1V). Tycro xy — o6parumeiii srement
~1—!
whoxlh<| =g
Toeda x,= x4 4 Ax — 06parumoLi ssement; npu 3T0M

x_1 =(e -+ xo—l Ax)_1 x_l.

-1 . -
ﬂ,ex«xCT]BmeJIbHo, X = x5+ Ax = x, (e + x5 Ax) =xy(e—x), jxi=
=|—x"Ax|< L.
IMpuMenns Jaemmy 1, MBI Haxooum, 4YTO xl—l =(e—x)""! xo_l, 4T0 H Tpelo-
BaJOCh.

Caencraue 1. Muoxecreo obparumsix sresmentos 6anaxosoi arzebpot
OTKpoLTO (8 HOPMUPOBAHHOL TOnOAO2UL Ganax0s80i aiszeGpu). MuowecTgo ne-
O6paATUMBLX INEMEHTO8 3AMKHYTO.

CnepgctBue 2. Pesoassenta x(A) ecrs nenpepoisnas Qyuxyus or A Ha

C\ o(x).

JIeHCTBUTENbHO, B CHUNY CJEACTBHA H3 JemMui |
% (Ao + ALY = (hoe — x + Bhe)™ = (e + Akx (A)) " x (o) 57 ¥ (Ra).

Jlemma 3 (cp. ¢ m 7 § 5 ra. IV). Mycre A, p=C\ o(x). Toeaa

a) Rpyx - Ryx =R, x - Ryx,

6) Ryx — Ryx=(p — A) Rpx - Ryx (romdecrso Fuasbepra).

JoxasaTenabCcTRBO.

a) Rpx-Rux=(he — x) " (pe — x) ™ =

=[(pe — x) (Ae — X)]™' =[(he — x) (pe — X)] ™ = Ryx - Rpx.
6) B cuny a) u onpeneiennst Ry u Ry, nmeem
Ryx=(ue —x)Rpx-Ryx, Ryx=(Ae —x)Ryx-Ryx,

otkyra Rpx — Ryx=(ne —Ae) Rpx-Ryx=(u —A)Rpx-Ryx, uto u TpeGo-~
BaJI0Ch.

Canencrtsue. Ecau Ay C\ o (x), 7o X" (Ag) = — x2 (A).
WmeeM B cuity 6) H CaefCTEMA 2 yeMMbl 2:

, s x (A) — x (Ao) I T . — e 2
P (M)—Al-l;n)]» B ey e x]:»n;wx(h) x (ho) = — % (Ao).

Teneps nokaxeM TeOpeMy 1.
1°. ITyers f(x) auHeHHBIN HenpepHBHHI G YHKUHOHAN Ha X, T. €. [ (x) = X"
Tlonoxum F (A)==f(x (A)) ==F(Rpx). Himeem B cuay caencrsus u3 JeMMu 3
wan ho # 0 () F(3) = F (3) (1) — 2 (ho)
, s — o) . X ~— X (Ag
Frd)= lm ——7, Jm (F5E

Takum 06pasoM, AoxasaHa aHadutuyHoCT: F (A).
Ianee, npu |A] > | x| B cuny deMMul 1 MH nmoxyuum:

LF )<l b5 W) g =1 Flgall (e — )~ | =

"r}!f}f( A)—lu mmo
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2°. a) Henycroracnektpa o(x) [lycrs o(x) =(). Toraa B cuay 1°
ana Bedaxoro siemeHTa [ X® F (A) —uenasd ¢pyukuus, cTpemsmascs K HYIO
mpa | A|-> 0. 3uaumr, F (A)=0, T. e. [((Ae — %)) =0 pan ao6oro fe= X7,
4 3HAYHT, B CHJIY cJaefAcTBud 4 u3 TeopeMul Xauwa — Banaxa (m. 3 § 1 ra. IV),
{Ae — x)~1 =0, uero He MOXeT OLIThH.

6) KommaktnocTs cnekTpa o(x). Ecma [A|>]xf, To B cuay

x
JeMMu 1 sreMentT Ae — x=A (e — 7) ofpaTuM, OTKYAA cJeIyeT OrpaHHyeH-

HOCTb ¢ (x), a 3a0fHO u HepaBeHCTBO (2). 3amruyTOCTh O (X) caepyer cpasy us

JeMMH 2: eCH Ag PEryasapHO, TO okpecTHOCTh | AL | < |l x (Ag) ! cocrour uz pe-
TYJSPHBIX TOUYEK, TaK Kak (Ag + AA)e — x = Aoe — x + Ale.

OTMeTHM 1Ba CAEOCTBHS M3 TeOpeMbl i.

CanegcrBue 1. bBanaxosa arcebpa nad nosem C, A64310UQACH nOAEM, U30-
MeTpusecku usomopgua C. .

HenctButenbHo, nycTb X ecTb «0aHAaXOBO MOJE» M X — NPOHU3BOJBHBIH 3Jie-
vent u3 X. HaiimeM 10 A, 415 KOTOpOro 3;ieMeHT Ae — X HeoOGpaTHM H, 3HAWHT,
€CTb HY/Mb. Mbi noAyunM, 4ro x = Ae. Jlerko NMOHsTb, YTO COOTBETCTBHE X<—»A eCThb
unsomopdusm X u C. Tak xak llef] = 1, o {jxIl = |A|. Mbl noNy4naH H3OMETPHIO
XucC

CaencrBue. 2. Cnextp awoboeo uenyregoeo onepatopa A us Z(X,X) we
aycr.

Ato yrBepxiaeHHe 6e3 nokasaTeJbCTBa Yxke (OPMYyJNHpOBaJoOCh paHee (CM,
<Tp. 236).

3. TeopeMa o cuekTpaibHOM pajguyce.

5 Teopema 2. Hmeer mecto caedyrouas Gopmyra Oan CReKTpasbHOZO Pa-
uyca:

n  ——e
r(x)= lim +/Jx"]. (3)
n-»oo
JHeficTBuTessHO, nycTh [ — JioGoit adeMent u3 X*. B cuny teopemn ! dyuk-
waa F (A)=f(x (A)) anaauruura na C\ o (x) B uacraoctn, F (A) amanuthusa

B8 obaactd |A| > [ x].
B 3Toit 06aacTy B CHaAYy JeMMH |

_ —_ 1 x ”‘]__oo x"
£ty =0e =0~ = (=7 "Zow“
n=

OTKYA2

8

Foy=fx@m)=Yy L&)
n==0

mpuYeM 3TO Pa3foXeHHe, BepHoe BeaefcTBue Jemmsl | npu [A] > llxll, monxkuo
uMeTb Mecto npu jA| > r(x) B cuAy TeopeMbi eAMHCTBEHHOCTH AJIA aHAaJAHTHUE-
CKHX QYHKUMHA M, 3HAYHT,

(™)

antl

< oo.

sup
n

Mgyt nosyqusay, 4TO MHOMKECTBO BeKTOpPOB x™/A"*! gBisercA cnaGo orpauu-
YeHHBIM, a4 3HAYAT, OHO OTPAHHYEHO CHJIBHO. (3TGT Pe3yJbTaT, HA3HIBAEMbIH HHOTZA
UPHHLRAOM PaBHOMEDHOH OTPAHHYEHHOCTH, MM TeopeMoil Banaxa — Ilrefiurayaa,
6eu1 moxasad B § 3 ra. IV; nozpobuee 06 arom cM. B mouorpaduu [21], ra. 11.)
Taxum 006pa3oM, cywectByer uucao ¢ (), 3aBHCsUlee oT A, TaKOe, 4TO

xn
AT ﬂ< ¢ (A)
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orkysa lim |x*[V*<C[A| mant Beex {A:|A|> r(x)}, T. e.
n>w
lim x| < r (x).
n->o

C npyrofi croponst, ecid A g(x), To A< 6 (x"), TaK KaK sqeMenT A — 7,
O4eBHAHC, AEJ4TCS HAa Ae — x,
B cuny reopemst 1, eci p e o (x), 1o |pn|<|xi

n
IMonaras u=7v“,nnonaraeM, urto u3 A= o (x) caeayer, uro | Al<<A x|,

otkyza r (x) << lim 4/x7]. Teopema noxasaua.
n-»oo

§ 3. HexoTopnie BcoMoraTesbHble Pe3yaAbTATHI

B stom koporkom naparpade cocpefOTOYEH PN BCIOMOTAaTeabHBIX YTBEpkK-
ReHHH, NPH J0KA3aTeJbCTBE KOTOPBIX HCNOMBL3YIOTCA CTAHAAPTHBIE TeXHHYECKHe
npHeMbl.

1. Teopema o dakrop-aare6pe. ITycte X — xomMMyTaTHBHAs GanaxoBa aire6pa
¢ epuHuuelt, [ — ugean B X.

OtmeTHM, BO-MepBBIX, 4TO / COCTOMT JHLIL M3 HEOBDATHMHIX 3JEMEHTOB, HOO
ecay z &/ o6paTuM, To Jis MoGoro x & X Mbl NOAYYEM, yTo (xz Nz=x&]I,
T. e. | TpHBHasJeH, a 3TOT cayuaii MBI HCKJIOYacM. BO-BTopwlX, B cmiy seMMsi 1
§ 2, paccrosinne OT eIMHHIBI e O JMOGOrO HEOGPATHMOIO 3/EMeHTA, a 3HAUHT, I
no Jmo6oro uaeana, He MeHbule eIHHHLEL. :

Paccmorpum Tenepn dakrop-npocrpanctso X/I (em. § | ra. 111) u onpemenum
TaM onepalluio YMHOXEHHS, Ha3BaB NpOM3BeNeHueM IBYX kaaccoB & u n u3 X/
TOT KJacc {, KOTOPBIH COXEPKHT 3/IEMEHT X + If, TAe X U Y —— NPEACTABHTENH Kaac-
coB § u 0. (IIpoBepbTe, YTO Pe3yJIbTAT HE U3MEHHTCS, €CJIH X H 4 3aMEHHTb JIIO-
ObIMH ADYTHMH TPENCTaBHTENSMM TeX JKE KIAccoB £ K M, M UTO BBEeJEHHAs -ONepa-
LUl <yMHOXKeHHe» YNOBJeTBopsieT akcuomam 1—5 § 1.)

Takum o6pasom, X/I cTaHOBHTCS KOMMYTaTHBHON asre6poit. [Hasosem ee
baktop-aare6poit X no umeany /.

Beegem B X// nopmy xak u 8 . 3 § 3 ran. HL:

I€1= inf §x+yl,
ye=1

Tle X — IpeacTaBuTeNb E.

HmeeT Mecto

Teopema 1. Ecau X —ecro 6anaxosa ascebpa, a I — samxnyroui udear
a nei, To (axrop-arcebpa X[l Taxse asaserca 6anaxosold aszebpod ¢ edunuyert.

B n. 3 § 3 ra. Il 6bliio nokasano, uto GakTOP-NPOCTPAHCTBO GaHAXoBa Npo-
CTPaHCTBa MO JIOGOMY €ro 3aMKHYTOMY NOLNPOCTPAHCTBY SIBASETCA OGaHAXOBLIM
nNpoCTPpaHCTBOM. TakuM 06pasoM, HaM OCTAeTCs JHUIb NPOBEPHTb, UTO  BBINOJ-
HAI0TCA akcnoMbl 6 H 7 u3 0. 1 § 1 Ha crp. 513.

a) |&nll= inf |xy +20<< inf j(x+u)(y+o)I<<
ze] uvel
< inf fx +u]- inf g +of=[E} - [n]
usl vel
6) E=e+], 1. e. E2=¢>+I=e+ I, snauur, E*=EF, otkyaa |E|=
= E2{<CI EJ?. Ho smement £ He 3KBHBAaJCSHTEH HYJIIO, TAK Kak OKPECTHOLTH

TOYKH e, KaK MH OTMETHJ4 BhUIE, He CONEDIKHT HeOODATHMHX JIEMEHTOR, H3
xorophix cocrout /. 3nauur, 1 <{|E|. Ho, ¢ npyroit croponn, JEf|= inf fle + y!i,
ysl

T. e. |E{|< 1. Hrak, | E||=1. Teopema gokasana.
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2. Tpu nemmul. Ham manee moHamoOATCs TPH JCMMBE: TEODETHKO-MHOMKECTBEH-
Had, anre6panyeckas H TOMOJIOrHYecKas.

JlemmMma 1. Besxuii nerpusuassuvii udear I codeprcurci 8 MAKCUMAAbHOM
udeaae.

JloKa3aTeNbCTBO 3TOM JeMMbl OCHOBaHO Ha JeMMe LlopHa, cOpPMYIHPOBaHHOM
Ha crp. 40.

HeitcTBuTeNEHO, TYCTb J — MHOXKECTBO BCEX HETPHBHAJbHBIX HAEATNOB, comep-
w)awux /. OHO YacTHYHO YNOPSAOYeHO Nno BiaoXeHmwo: [} << [y, ecin Iy = 1. Hast

BCAKOTO JIHHEHHO YDOPALOYEHHOro MHOXKecTBa {/q} 3 J oGbemuneHne U Ig

a
©CTh HETPHBHAJBHBIN WJeal, cayXKauiuii BepxHeil rpanbio s {/ o). 3Hauut, B cHAy
aemmul LlopHa, [ noAuYMHEH MAaKCHMaJbHOMY 3JEMEHTY B J, T. ¢. MaKCUMA/TbHOMY
HIeany.

CnencrBue. Ecau X He ecTo ncae, TO 8 HeM UMEETCA MAKCUMANbHbLLE
udeas. Boaee T020, KamObui HeOGpPATUMbLE INEMEHT, OTAUUHLLE OT HYaa, codep-
HCUTCA 68 HEKOTOPOM MAKCUMAAbHOM udease.

JeficTBATEAbHO, BO3bMeM JIOOG0H HeoOpaTHMBIH 3JeMeHT Xo %= 0 U paccMOTpHM
COBOKYNIHOCTb Xo + X. DTO ecTb, KOHeuHO, uieatd. OH COZEPKHT Xo H HE CONEPMKHT
e — elnHuIB X, T. €. HE ABASeTCs] TPHBHAJBHBIM HIeasioM, CAeNLOBaTeNbHO, B CHIY
JeMMbl | COLEpIKUTCA B MAKCHMaJbHOM HAeale.

JJemma 2. Has 1020 urobui udear 1 codepiaircs 8 HEKOTOPOM HETPUBUAAL-
nom udease I’ = X, neob6xodumo u docrarouno, urobor aszebpa X[/l umera nerpu-
suanonblll udeaa.

Hokaxem neobxonuMocTtb. Ilyctb

IcllcX, I£1I, X=#UI.

BumeanM cpezu kaaccos L X/l te § =x"+ 1, paa xoropux x' &l
Jlerko TpOBEpHTb, YTO NOJYYHTCS HeTpHBHAMbHbA mmean B X/I. Iloctatounoctb
TONyYaeTcs aHaJOTHYHO.

Jlem M a 3. 3ambikanue nerpusucroroeo udeara I ecto Herpusuarbnbli udean.

HeTpuBHANBHOCT CNEAYET M3 TOro, 4To / COCTOMT JIHIIb u3 BeOOPaTHMBIX
5/1€MEHTOB, OCTANBHOE CHELYeT W3 HENPEPBIBHOCTH ajreGpauvyecKHx onepaumi.

CaepncTBue Maxcumaronoti udeas samxnyr. .

§ 4. OcHOBHBIE TEOpeMbl

B srom maparpage X — koMMyTaTHBHas GaHaxoBa ajire6pa c eqHHHUeENH.

1. Jluneinble HempepbiBHblE MYJIbTHIIHKATHBHble (PYHKUHOHAJNBLI H MAKCHMAJb-
Hble HEeadbl.

Onpepenenue 1. JinHeilHB HeNPepHIBHEIA dyHKuHOHAA [ Ha GanaxoBoi
anre6pe X Ha3HIBAETCH MYALTUNAUKATUSHbIM, €CIH I JMOCHIX X H Y

Flx-g)=f(x)-[(3). 1y

COBOKYNIHOCTb BCEX HETPHBHANbHBIX JHHEHHBIX HENpepbiBHBIX MYJIbTHIIHKATHBHBIX
$yBKUKOHAIOB MBI 0603HauNM uepes JA.

3aMeTHM, uTO JIMHEHHBIA HENpPEepPBIBHBIA MYJbTHIVIHKATHBHBIN (YHKIMOHAT MBI
Moray Ol ONpeneNnTb, KAK HeNnpepHBHHHE roMoMopdusm X s C.

Ecmu fe A, 10 -
) i<l (2)
n6o ecan Aas HEKOTOPOTro Xp, IO HOPME DABHOTO €QHHHIE,
[ [=2> 1, 10 [H(sg)|=2"> oo,

T. €. Mbl NOJYUHJIH 65, uTO f HE HelpepbiBEH.

Lanee,
fle) =[(e?) =(f(e))%
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oTKyZa auGo f{e) = 0, 1. e. f TpuBuaneyn, aubo

fle)=1. (3)

Ha (2) u (3) creAyeT, 4To HeTpPUBHAJbHbIE JHHEHHbIC HeNpPePHIBHBEIE MYAbLTH-
MJIMKaTHBHBIE (YHKLUHOHAJL HMEIOT HODMY eIHHHIA H, CJAeNOoBaTenbHo, J eCTh
NOJAMHOXECTBO €iHHHYHOH cdephl B CONpsixKeHHOM NMPOCTpaHCTBe X*.

HyneBoe noznpocTpaHcTBO (hyHKnHOHada f (T. €. COBOKYHNHOCTB Tex X & X,
217 XOTOPHIX f(x) = 0) o6o3naunm Ker f u HazoseM siapom f.

Jlemma 1. Adpo Ker f npu f &= A ectv marcumarvroiti udeaar.

JlelicTBHTENBHO, M3

ysi=FKerf u xeX

fly-xy=F(y) [(x)=0,
y+-x < Kerf.

CJIEAYET, UTO

T. €.

Takum o6pasoM, Ker [ —umean. IToxkamxem, uto Kerf— MakcuManbupiii upean.
HonyctuM, uto 3TO He Tak, T. €. Ker f MOoxHO pacinpuTh no upeana ! = X, co-
nepxamero xg ¢ Kerf. Ho Ker f umeer kopaameprocts 1 (em. ra. 111, § 1, n. 6).
3nauuTt, JeMeHT € MOKHO NPEACTaBHTb TaK:

e=}\1xo+y;

rae y = Ker f. Orciona cnenyer, aro e 1. 3naunt, I = X. Tlporusopetse moxa-
3bIBAECT JEMMY.

JJemma 2. [lo scakomy marxcumarvromy udeary M momno 0dwosnaune no-
CTpOUTL AUHEUHbLE HenpepoleHbLl MYAbTURAUKATUBHOLL Gynkyuonasr f e M Takoil,
uro M = Ker [.

JlefCTBHTENBHO, B CHAY CAeACTBHS M3 JeMMbl 3 § 3 M — 3aMxuyThli umead.
[Tpumenun teopeMy 1 § 3, mbi monyumm, uro X/M ects GanaxoBa anare6pa. Ho
B cuy seMMpl 2 § 3 X/M He uMeeT HeTpUBHAJbHBIX HAEaNOB, T. €. anrebpa.X/M
HEe COIEPIKHT HeOOPATHMBIX 3JEMEHTOB, OTJHYHLIX OT HYJAsl (CM. CAELCTBHE H3 JEM-
Mol 1 § 3). 3uauut, X/M ectb nose, sBasiOUIeecss GaHaxoBOH asre6Gpoil.

B cuny cnencrsia 1 u3 teopemmt ! § 2 mose X/M wusomoppuo C. Iro, no
onpeneseHylo, O3HayaeT, YTO AJfA J00oro ¥ & X HafifleTcs OAHO3HAYHO YHCJIO

f(x) = C takoe, uro
=f{(x}-etu usM. (4)

IToxaxeM, uto f ectb romoMopdusM. [lokaxeM, Hampumep, uro f(x . y) =
= f(x) - f(y). UMeem
x=f(x)-etu uesM,

y=Ff@)et+v, veM,
xy=7[fx)-fly) - e+w wesM

Ho 310 u osnauaer, uto f(x - y) = f(x) - f(y). CoorHowenns f[(x-+4y) =
== f(x) +f(y) u f(Ax) = Af(x) nokasmBaloTcs aHanoruyno. Kpome TOro, ecnn
x =M, To us (4) caenyer, uto f(x) = 0, a ecid x = ¢, T0 f(x) = l.

JlemMMa noxasana.

Urak, Mbl NOJAYYHJH, YTO MEXJY MaktMMaabHuMH ueanamu {M} u dyHxmuo-
HanaMu [ u3 A CyIIecTByeT B3aMMHO OJHO3HAUHOE COOTBETCTBHe, B cuay storo
06CTOATeNbCTBA YCAOBHMCA QYHKUHOHAMM H3 A o6osuadats f,, a Gyxsoit M

COOTBETCTBYIOWME UM MaKcHMajbHbie HIeanbl. /s MHOXKeCTBa BCEX MAKCHMAaJb-
HEIX mpeasoB {M) Mol GymeM ymorpeGasTtb Ty Xe OykBy A, 4TO H AJAA COOTBET-
CTBYIOUIETO €My MHOXeCTBa {fM .

IlycTb x — HEKOTODBIi aeMeHT H3 X.

OTKyZa
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PaccMorpum dyukuuio x(M) nHa MHoXKecTBe A, 3adaB ee dopMyJoh
£ (My=f,, (x). ()

{3nauenue QyHrOHH X (M), TOCTPOEHHON NO 3JEMEHTY X, HA MAKCHMAJIbHOM HAea-
Jie M paBHo uucay fa (x), T. e. 3HAYEHMIO Ha 3JeMeHTe X roMoMopdusMa, cooT-
BeTCTBylOLIET0 Hpieany M.) Mm MONyumjH peanusaumio 3fiemeHnros anre6per X
B BuAe (QYHKIHA Ha MHOXecTBe A, O KOTOPO# roBopuiu B Kouue § 1.

2. Tonoaorus so muoxecrse . OcHoBHble Teopemnt. Ham ocrtasnoch noKasaTh,
4TO JA KOMNAKTHO B HEKOTOPOH Tomnojoruu H 4to ¢ynkuuH x(M) HenpepoiBHLI B
“TOH Ke TOIOJIOTHH.

UyTh paHee MBI YNOMSAHYJH, 410 J ecTb NMOAMHOXKECTBO €AMHHYHOrO Iuapa.
C npyro#t ctopoHel, B . 4 § 3 ra. IV 6uu10 nmpuBefeHo A0Ka3aTesbCTBO AJia ce-
napabeJbHOro ciyyas CAeAYIOIETO yTBEPKAECHHS.

Edunuuneul wap npocrpancrea X*, conpanenno2o K 6aHaxo80omy npocTpas-
CT8Y, KOMNAKTEH 8 %-CAab0il Tonoio2uu.

JloKa3aTeJbCTBO 3TOH TeopeMnl B OOIUEM Cjydae MOXKHO H2HTH, HampuMep,
B [21], cTp. 459.

Hanomuum, uTo #-cnabast TONOJIOTUSI ONpPENENsieTcst CHCTEMOH OKPeCTHOCTeH

*,
Usypovons 2y 8 (f) =TT S X F () = Fo () [ <0 k=1 ..o m}. (6)

MuoxectBo A Mbl pacCMOTPHM HMEHHO B x-cjiaboil tomostorus. Komnakrt-
HOcTb A BHITEKAeT U3 COOPMYJHPOBAHHOrO Bhlllle pe3yJabTaTa K CJeLYIOUleil
JIEMMBI.

Jlemwma 3. Muoowectgso M ecrto 3aMKHYTOE NOOMHONECTBO e0UHUUHOZO Wapa
8 X* u ¢pynryuu x(M) nenpepoisuol na M.

JelcTBUTENbHO, TYCTb (YHKUHOHAT fo NDHHANJEKHT 3aMbiKaHuio A. 10
3HAYUT, YTO BHYTPH J1060#i 6a3HCHOI OKPeCTHOCTH OTOGpaKeHus [, Haififercs ro-
MoMopduaM far, NMOPOKAEHHBEI MaKCHMaabHBIM HAeanom M. BosbMeM okpecTHO-
<td Ux, y, x+y, §(fo). B cuny (6) u onpeaenenust x(M) Mbt nonyuum

[ T (%) —To () | <9,
[y @ —Fo(y) [< 9, @
|Fy (X +0)—folx +9) | <.
Ho fm ecth romoMopdusm, T. e,
far(e+y) = o (x) +fu ().
‘Torga u3 (7) ciaenyert, uTo
fo (x 4+ 4) = fo (x) + Fo (9).

AnanoruuHo mnokasmBaercs, uto [o (ax)=af,(x) u fo(xy)=7fo (x)-fo (y).
{Hagno B3atb oxpecTHOCTH Uy, qx, 8 (fo) B Uy, y, £y, 8 (Fo).)

3xauuT, f ecTb HeNpepBIBHEI JHHEHHBIH MYJbTHIJIMKATHBHBLIA (yHKIHOHAN,
Hanee, B3aB okpectHocTn U, g (o), MBI nosyuum, 9to fo(e) = 1, 7. e. fo nerpu-
BHaJleH. 3Hauut, fo < A, T. e. JA 3aMKHYTO.

IToraxeM, uto GyHKIHS Xo(M) ={n (Xo) HenpepviBHa Ha JA.

Mycte Mo & A. [lnst & > 0 BosbMem okpecTHOCTb Uy o (M) Ecn M& U, o,
10 B cuay (6) moayumTes, 4TO '

[ Far (%) = Fpgy (%0) | = %0 (M) — %, (M) | < 8.

Ho 370 ¥ 03HauaeT HeMpepbIBHOCTb GyHKUUH Xo(M) B Touke M.
Jlemma noxkasaHa.
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Teopema 1. Orobpasxenue x—x(M) 3aduer eomomoppusm arzebpor X
8 anzebpy C 4y Henpepoisrbix GYHKYui HA KOMNAKTHOM XaycOOpposom npocTpan-

cree M MaxKcumaabroix udeanos arzebpor X; npu sTom
% (M)]|=max|x(M)|<[x]. (8)

B cuny cka3saHHOTO Bhille B 3TOM naparpade, HaM OCTaeTcsl [LOKa3aTh JUIIL CO-
oTHOWeEHHe (8).

3aMeTHM, 4YTO AJA BCAKOTO M asneMeHT x — far(X)e no onpeieneHuio fa (x)
NpuHaLIeXuT uueaay M, T. e. aBaserca HeoG6patuMbiM. IToaToMy far (X) = o(x).
C npyro# crTopoHb, B3AB mo0oe UHCIO Ay & G(Xx), MBl OOHApYKKBAeM, uTO
X — loe nHeoOpaTHM H, 3HAYHT, INPHHALJICKHT MaKCHMaJbHOMY wuzeany M,
OTKYAR

0=Fm(x—2e), T. e. ho=[m(x).

Urak, o6pasz A npu otobpaxenunn x(M) coemagaer ¢ o(x). CaemxosatefbHo,
B cuiy yTBepxKaenus 2° Teopembl | § 2, Mbl moayuaem, yro HepaBeHcTBO (8)
CTpaBef/IuBO.

Ham ocranoch JAHIUb YTOYHHTH TeopeMy 1| IpH pasHbX JAOMyLIeHHSX 00 aJj-
re6pe X. BeeneM onpefesedus Tpex NOHATHIE.

Onpenenenue 2 Ilepeceuenne R == n M BCeX MaKCHMaJbHBIX HIea-
Mco#
JoB HasbiBaeTcs paduxasom X. Ecim R = {0}, To roBopsaT, uto X He nmeer panu-
kana. Bbanaxosa asreGpa X HaawiBaercst peeyaspuol, ecau ||x?| = |Ix[|2 Bauaxosa
anre6pa X Ha3bLIBAeTCHA CUMMETPUYHOU, eciH IAs BCSKOH ¢yHkuuu x (M) uait-
JeTCsl 3JIeMeHT ¥ € X TakoH, 4YTo

y(M) = x(M).

(Uepra o3HauaeT KOMIJIEKCHOE COTPSIKEHHE.)
Teopewma 2. a) Ecau paduxkar aree6por X cocrour us 00HO20 HYyan, TC
orobpasxcerie x — x (M) aeaserca 83aUMHO OOHOZHAUHOIM.
6) Ecau ancebpa X pezyaspua, 1o X usomerpuvecku usomoppra co ceoum
obpason 8 C,,, 8 wacrnocru, X He umeer paduxaara.
B) Ecau anrcebpa X cummerpuuna, to o6paz X npu orobpascenun x — x (M)
acrody naoren 8 C .
r) Ecau aszebpa X obaadaer cgoiicraamnu 6) u B), 70 X usomerpudecku uso-
moppua C gy
HoxasarenbcTBo. CHauala BbiBedeM IOCHefHee yTBEPXKJeHHe H3 oOC-
TaJbHBIX. B cuy 6) B3auMHO OAHO3HayHOe OTOOpaxeHue x<—»x(M) sasaserca
nsomeTpHeii:
{!xllx= max | x (M)|.
MesM

B cuay B) {x(M)} Bciony miotHo B C,,. Ho X — nonHoe mpocTpaHcTBO. 3HAUHT,
u {x(M)} (BciexctBue paBencTBa HopM B X # B C ) noano, orkyaa {x(M)}=C,,,
Hokamem a). Ilyetb X050, a xo(M) =0 Ha A. 310 03Hayaer, uTO
fa(xg) =0 mas Bcex M, 1. e. xoe=Kerfu nana scex M, suauur, xo=R. Ho
R = {0}, otxyna xo = 0. [IpoTuBOpedne n0Ka3kBaLT a).
Ilns moxasateabctBa 6) 3ameTuM, uto H3 paseHctBa [Ix2%[| = [|x]|2 cpasy cae-
LyerT, 4TO

ont
tim 4/ x2" l=1xl
n-»oo
[TprMeHHUB TeOpeMy O CneKTpajibHOM pamuyce (Teopema 2 § 2), Mbl moay-

4yaeM, 4uTo
r{xy={x|. (9)
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Torna u3 (9), BO-NepBHIX, CAEAYET, YTO PAJHKaJ COCTOHT TOJbKO H3 HYJs.
JleficTBUTeNbHO, €CAH AONYCTHTb, 4TO 0 % Xo &R, To IAs Bcex M BupaxXeHHe
fru(xo) =0, 1. e. 0(xp) coBnajgaer JHWb C HYyJEM, YTO NPOTHBOPEUHT TOMY,
uTo r(Xg) = llxoll %= 0.

Hanee, u3 (9) cnexyer, uto oTOGpaxenue x<—»x(M), aBasiomeecs H30OMOp-
¢usmMoM X M cooTBETCTBYIOLIeH Mozanre6pui {x(M)} B C_y 6ymer H30MeTpHeH,

n6o B cuny (8)
|&x(M)ﬂcm=h;n§§t!x(M)I=r(x)=llx|l.

JokasateabcTBO B) TpebyeT mpHBJeUeHHS ONHOR M3 BecbMa 3aMeyaTesbHbIX
Teopem anre6Gpbl M aHajusa — teopeMsl Croyna — BefiepiTpacca — koTopast 3By-
YUT TaK:

Mycre A ecto nodasze6pa 6anaxosod areebper Cr Henpepolenbix QyHKyul Ha
xomnaxre T Taxkas, 4ro:

1) Edunuya (7. e. pynkyus e(t) =1) npunadrexcur A.

. 2) Aseebpa A paszdesser touku T (1. e. Oasa awbolx Uy 5= 1y cywecreyer
Qyrryus x(1) € A rakas, uro x(t;) F= x(f)).

3) Ascebpa A UHBAPUGHTHA NO OTHOWEHUIO K KOMNAEKCHOMY CONDPAINCEHUIO
(1. e. us x(t) = A caedyer, uto x (1) = A).

Tozda A scrody naorua 8 Cr.

IlokasaTenscTBo Teopembl CroyHa — Beltepwitpacca cm. B [13), ctp. 53—56;
[21], cTp. 296—297; [26], cTp. 20.

Joxaxem Ttenepb B). Ilycth A = {x(M)} oanauaer o6pas X npu orobpaxe-
HuH x = x{M).

Hs (4) cpasy creayer, uto e—>e(M) =1, 1. e. e(M) = 1 € A. Tlycte M, n
M, nBa pas3iHuHBIX MaKCHMaJbHBIX Hjeasa. DTO 0O3HAuaeT, YTO CYIECTBYeT 3Je-
MEHT Xo, IpHHaAJexXalni M, v He npuuapjexamuii M, (uau Hao60poT), OTKyAa

Xo (M) =Fu, (%) =00 % (M) =Ty, (%) # 0

1. e. A pasmensier Touku . Jlanee, no caMoMy ONpeJeNeHHIO, CHMMeTpHYHas
anre6pa A HHBapHaHTHA OTHOCHTEJbHO KOMIUIEKCHOTO conpsukeHHst. IIpumeHenne
teopeMbl Ctoyna — BeflepmiTpacca NpHBOZIHT K B).

Teopema jpo0xa3aHna.

3. Teopema Bunepa; ynpaxuenus. [Ipnioxxenus Teopau GaHaxoBHIX aare6p
BechbMa Pa3HOOGPasHHL. :

HanoMHuM psl pesyabTaToB W3 ajre6pnl M aHa/lu3a, KOTOpHE Yike OBUIH
noJyueHsl HaMu MO XO4y Aefa.

Banaxosa aacebpa nad nosem C, A6A10WQAACA NOAEM, UBOMETPUYECKU W30~
mopgpra C.

Cnexktp 4106020 HEHYAEB020 OZPAHUMENHO20 onepatTopa 8 6aHaxo8om npo-

CTpancT8e He NYCT.
Jas aw06oeo oepanuvennozo oneparopa A & 6anaxoaom npocrparcree X
n

cl'yugecmyer npedea lim x/i] A" =r(A), u cnexTp A yeiuxkom asexur 8 Kpyee
Al < r(4).
JlokaxeM Tenepb, HCIOJAb3Ysl TEOPHID KOMMYTATHBHBIX OaHaxoBbIx anre6p,
caeayolyo TeopeMy Bunepa:

Ecau pynxyus x(0) passaeaerca s abcoaorno cxolawuica pad Dypoee

(o]
x(8)= Z x,i,,e‘ke u Huele He obpawaercs 8 Hyab, TO u Gyuxyus y(0) =
k=~ o0
= 1/x(0) raxaxe paszirazaerca 8 abcoaoTHO cxodauuiics pad Pypoe.
PaccMoTpyM n3oMeTpHYeCKM H3oMopdHble adre6pel I, u W (cMm. npuMep 4 m. 2
§ t). Hafigem npoctpancTso A s Eux. Jlerko nousts, yto romomopousm W s C
JOCTaTOUHO 3afaThb BAa QYHKUHH Xo(f) = el u Ranee ou pacnpocTpanutcsa Ha W
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onnosHauno. ITosoKuM

Fu (%0) =Fu () =2,

Torza
—1 —i —1
, fn(x5) =fute™ ) =2""
B cuny (2)

s -1 —1
lei=1y (=) ISHx =1 11el=]iy (5[ <[5 ] =1,
oTkylda |{| =1, T e §=eie. Mbl monyunnu, uto S HaxomuTcad BO B3aHMHO
OJHO3HAUHOM COOTBETCTBHH ¢ OKPYXKHOCTbIO |§| == 1, Haa mo6oi nocnenoBaTenn-
HOCTH X == (..., X=ny «vey X0, «40y Xn, ...) & [} U COOTBETCTBYIOIEH €l GHYHKINH

x(t)= Zxkeik‘ e W nMeem:
%

Fy () =1y (x () =T, (Z xke"’“) =)k, [Fyy (€D =D x,e"*0 = x(0).
k k k

TMostoMy TOoT ¢hakr, uro ¢yHkuus x(8) He obpamaercs B HyJdb HU [Jd KaKuX
—n << 0 <@, o3Hauaer, YTO X He MNPUHALJNEKUT HH OILHOMY MaKCHMaJbHOMY
Haeany. 3HauuT, B CHAY CJIeICTBHA 3 JeMMbl | § 3, 3ta nocienoBaTembHOCTH
%6paTHMa B aarebpe [ ITosnoxuM y=x"1= (..., Yeny +vvs Yo vy Yny «<.)e
orga

_ _ c iR __s(—1y_ 1 1
g (M) =]y (y) = Z ype® =F(x )—f(x)— — ,

—_— ik0
k=— o0 Xre

k=00
4yTO 1 TpeBGOBaIOCh, )

[Ba npyrux BaxKHHIX NDHJIOXKEHHS Teopuu OaHAXOBHIX aJre6p — CNeKTpafb-
Hyl0 TeopeMy JAJfl OTpaHHYEHHBIX omepatopos H Teopemy Croyna — Hexa — MBI
chopMyNHpyeM HUXKe B BHAE ynpaykHenufl (cM. ynpaxunenus 8 u 9).

Ynpaxuenuns 1. a) [Toxasarh, 4To NDpOCTPaHCTBO MakKCHMAlbHBIX HIea-
OB anre6pnl &% (cM. mpumep 3 M. 2 § 1) MOxHO B3aHMHO OJHO3HAYHO W Hempe-
PHIBHO COTIOCT@BHTb C TOYKaMH €QHHHYHOrO Kpyra |2| < L.

6) TlokasaTp, uTO S peryJsipHa, HeCUMMETPHUHA M He HMMeeT pajfuKana.

2. Kakoe o6cTosITeNbCTBO MelllaeT TOMY, 4TOOH MOXHO OblJIO YTBEpPKAATb,
uyto I; (cM. npumep 4 m 2 § 1) nsomerpuuecku usoMopdHa npocTpaHcTBY Cuy,
T. €. IPOCTPAHCTBY BCEX HENPEPHIBHBIX (yHKUuA Ha OKpyXHoctH |{]| = 1?

3. JlokasaTb, YTO HMEET MeCTO TeopeMa:

Ilyets

00 oo
x(2) = Z x,2%, Yz, | <o,
k=) k=)

1
nprueM x(2) £ 0 npu |2] < I, Torga ¢dyskuus y(z)———?(—zT pasjaraetcsi B psif

Teiinopa, abcomotHo cxonsmumitess npu |2| << 1.

4, O6o3uauum uepes C™[a, b] COBOKYNHOCTb 7 pa3 HempephiBHO auddepeH-
uupyembix Ha [a, b] dyuxunit x (7).

a) TMokasatb, uto C™[a, b] craHoBUTC 6anaxoBOH aare6pofl OTHOCHTENbHO
O6bIYHBIX OliepallHii U HOPMBI, 3ajaBaeMoll GhopMYJIoH:

p ax | x® ()l

m
kU i<

lxl=

™=

k

T
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6) Haftn makcumanbiwie upeannt C*[a, b] (cm. [13], cp. 19, 20).

B) Tlposepurs, uto C* [a, b] ecth cumMeTpHuHas aireGpa 6es paauxana. Uro
laeT B 3TOM cJayyae NpHMeHeHHe TeopeMbl 27

5. Ilycts CBYV [0, 1] o3xauaer anre6py HeNMpepLIBHBIX KOMILIEKCHBIX (yHKIui
orpaHHueHHOM Bapuauud Ha otpeske [0, 1] ¢ HopMoO#

lxl=sup |x()|+V][x],
oLkl

a) Tlokasats, uto CBV [0, 1] ecTh GanaxoBa anre6pa.

6) HaliTn MakcHManbHble HIeaabl 3TOH a/re6phl.

6. IlpuBecty npumep OGaHaxoBolt anreGpe, coBmajamulefi co CBOMM pa-
IHKaJIOM.

7. OnucaTh Bce 3aMKHYThHe HAeatn B aarebpe C [a, b].

8. Ilyctp T — BrosiHe peTyJSIPHOE TONOJOTHYECKOE MNPOCTPAaHCTBO (cM. m. 6
§ 5 ra. IT). O6osnaunm yepe3 Br MHOXKECTBO Beex onpeje/eHHBIX Ha T orpaHuuen-
HBIX KOMIIEKCHBIX OYHKIHI ¢ OOBLIYHBIMH ONEpallusiMH H HOPMOH

llxll = sup|x(#)].
teT

a) IIposeputb, uTO0 Br ecTb perynspHas CHMMeTpHuHasi ajre6pa Ges pa-
AHKaaa.

6) IToxasartb, uTo TOukH T roMeoMopdHO BKJAALIBAIOTCS B NPOCTPAHCTBO A
MaKCHMaJbHBIX HAeaJoB anre6psl Br, mpuueM o6pa3 T NpH 3TOM BJOMKEHHH SB-
anserca B A BCIOLY TVIOTHBIM NMOAMHOXKECTBOM.

B) IlokasaTb, uro mM06as OrpaHHYeHHas KOMIUIEKCHas (YHKOHA Ha obpase T
IpH 3TOM BJIOKEHHH AONYCKAE€T eAHMHCTBEHHOE HEMNpEPLIBHOE NPOAOJMNKEHHE Ha HA.

YTBepkaenue 6), NONMONHeHHOe TeM, 4TOo A €CTb KOMIAKT (3TO NOCJefHee
06CTOATENbCTBO Cpasy caellyeT M3 a), eclH NDHMEHHTb TeopeMbl | u 2 § 4),
COCTaBJISIET COJlep}aHHe H3BECTHOH TeopeMml THXOHOBa 0 GHKOMIIAKTHOM pacIlu-
penuy. YTBepKaeHne B) npHHaanexkur Croyny u Uexy. BukomnaxTHoe pacuin-
penue, oGnajaoliee cBONCTBOM B), Ha3bHBAaeTCHA MAaKC/IMaJbHBIM. YTBepikKieHue B)
o3Hauaer, 4To A ecThb MakcuMaibHOe OHKOMNAKTHOe paciuimpenune (cM. ([22],
cTp. 23).

9. Mycte H — ruab6epToBo mpoctpatctBo. B aare6pe & (H, H) paccmorpum
KOMMYTaTHBHYIO noganare6py B(A), MOPOXKAEHHYIO CaMOCONPSKEHHEIM OIepaTo-
poM Ay (T. e. SBJIAIOILYIOCS 3aMBbIKaHUEM JIHHEHHOII OGOJOYKH CTemeHel Ay).

a) IToxasaTh, uTo B(Ao) perynspha H He HMeEeT pajukana.

6) Tlokasatb, uto B(A;) cuMMeTpuuHa, npHYeM

X (M) = x* (M),

TAe X* — onepaTop, CONPsKEHHbI K omepatopy x & B(Ag), x(M) — orobpake-
#ue, noctpoerHoe B § 4. Tlo nosony 6) cM. Takxe ynpaxuedue 10 B).

ITpumenenne TeopeMul 2 § 4 x asnre6pe B(Ap) NPHUBOAHT K Tak Ha3bLIBaeMOi
cne}ﬁganbﬂoﬁ TeOpeMe JJis CaMOCONpsIKeHHbIX omepaTopoB (cM. [22], ra. X; [26],
ra. I1).

10. ToBopsit, uro 6aHaxoBa aarebpa (HeoBs3aTesbHO KOMMYTaTHBHasA) eCTb
anrebpa ¢ uHBOMIONMeli, ecaH uMeeTcss orToGpaxkenme X — X, obmagaiomiee CBOii-
CTBaMH:

(f+y)=x"+y, () =y, (ax)"=ax" (1*) =1

Anre6“p23 ¢ MHBOJOUHeH HasbiBaercsi B*-aareGpofi, ecaw, kpoMe Toro, lxx*|| =
= [lx|I

a) Tloxasats, uro aareGpa & (H,H) ectb B*-anre6pa (cm. [22), cTp. 26).

6) IToxasaTb, uTO KOMMyTaTuBHas B*-aare6pa peryispua (cm. [92], cTp. 26).

B) [loxasats, uro B¥-anrefpa cummerpnuia, Gomee Toro, x(M) = x*(M)
{cm. [22], cp. 27, nemma Apenca).
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YTBepxaeHHst 6) M B) B COYETAHHH C TEOPeMOfl 2 MPHBOAAT K TaKOMy pe-
syabraty, npusagiexameMy leabdanay u Hafimapky u Ha3biBaeMoMy uHOrga
OCHOBHOH TeOpeMOil TeODHH KOMMYT&THBHBIX 6adaxoBbIX anredp:

Kosimyraruenas B¥-aacebpa uzomerpudecku usomoppra anrzebpe C, u npu

arom uzomoppuzme x (M) =x*(M).

Urak, abcTpakTHblil anre6panyeckHit OGBHEKT, OMMCHIBAEMbIH ABaAUaTbio ye-
TBIPbMSL aKcHOMaMH (13 akcuoM KOMMYTATHBHON aareOphl, 5 aKCHOM, CBA3AHHBIX
C HCPMOM, aKCHOMa TOJHOTH H 5 akcnoM B*-anreGpH), OKa3aJoch BO3MOMHBIM
peaju30BaTh B BHAE anreGpbl BceX HENPEpHIBHEIX (PYHKUMH HAa KOMIAKTHOM Xa-
yCAOP(OBOM TOMOJOTHYECKOM IIPCCTPAHCTBE.

DTOT pe3ynbTAT NO3BOJISIET PacCMOTPETb ¢ eHHON TOUYKH 3DEHHs TaKHe, Kasa-
Jioch Gbl, BecbMa Aajekue APYr oT Apyra (akTh, Kak Teopema Bunepa 06 abco-
JIIOTHO CXOASIUIHXCH TPUTOHOMETPHYECKHX DAfaX, TeopeMa O CMeKTPaJbHOM pas-
JIOXKEHHH CaMOCOTIPAKEHHOro onepaTopa, Tonojornyeckue TeopeMol THxonoBa, Cro-
yHa u Uexa u pajs APyrux.
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— — B

Teomerpuueckan wuuTepnperauns suuefiHOro
dynxunonana 126

— — Teopemb Xana — Banaxa 179

TeomeTprueckuf#t cMmuica HOPMbl JHHEHHOrO
¢yukuuonana 178
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TeomeTpHYeckoe  onpenenenHe  EuTerpasia
JieGera 316

Fuan6epros xupnuu 107, 129

TunvGeproso npocTpavcTso 155, 386

— — KOMIJeKkcHoe 166, 387
T'unepnaockocrs 127
I'no6anbras cxoAnMOCTh

pana Dypbe 410
FomeoMopdnam
56

OpPOCTpaHCTB METPDHUECKHX

— — TONOJOrHYeckKux 93
T'omomopduam anre6p 514
I'panb camngexca 130
Fpaduk onepartopa 229

JABolicTBEHHOCTH UPHHUMT 15

JBoitcreennbifi 6asuc 185

HeiicTBHTeIbHOE  JHHENHOE  NPOCTPAHCTBO
19

Hetepmunanr I'pama 403

— Opearoanma 479

Huarcsaabias npoueaypa Kanrtopa 27

Juametp mHoxecrsa 70

JlHcKpeTrHas Mepa 264, 357

— Ttonosorus 85

Huckperublft 3apsn 352

Hucnepcusa 360

Hudoepenunan Taro 482

— Opewe 481

Huddepennnannl BHCWIHX NOPSAKOB OTOoGpa-
Kenusa 491

Ruddepesunannbioe
06o6uieHHbIX QyHKUKHA 211

— — BTOpOro nopsaxa 459

— —, 3aBHCHMOCTb PpeILUeHHA OT HavaabHBLIX
AaHHBIX 493 N

— —, — — — papaMerpa 496

— — ¢ TNOCTOSIHHBIMH Kosdduuuentamn 434,
447

— —, TEOpeMa CYylIeCTBOBAHHA M eIdHHCTBEH-
nocty 786—80

DuddepenuupyeMulft dynxuuonan 485

JJansa KpHBOA B MeTPHYECKOM NPOCTPAHCTBE
117

YpaBHEHXE B Kjaacce
B paaee

Hononnenne MHoxectna 15

JocTtaTouHOCTb  3amaca  OCHOBHBIX  (yHK-
i 210

JocraTounble YCAOBHA MHHHMyMa QyHKUHO-
Haaa 505

- — CXOLMMOCTH HHTerpana ®Pypbe 421

————— MHOroMepHoro 437

— — — pajga dypue 409

————— paBHOMepro#R 413, 414

EBKAHJ0OBO NPOCTPaHCTBO 143, 162

— — XOMIneKkcHoe 164

— — n-mepnoe apHdmerHueckoe 49
Enununa anreGpnl 513

— CHCTEMBl MHOMECTB 42

Eauununniél oneparop 219

EcTecTBeyHoe oro6paxkenne E B E** 191

3apaua Koumn 78—81

— — A ypaBHEHHMA TENNONPOBOAHOCTH 434

————— Ha NAOCKOCTH 438

3anayu, TNpPHBOAALIME K  HHTErpasbHLIM
ypaBHenuam 457—460

3aMeHa nepeMeHHbHIX B HHTerpaae JleGera

3aMkayTas OpPTOHOpMaJbhast cHcTeMa 151
3aMKkayTOe MHOXECTBO B METPHYECKOM Npo-
cTpancTee 60

NPEOMETHBIY YKA3ATEJIb

3aMKHYTOE MHBOXECTBO B  TONOJOTHYECKOW
ApOCTPAHCTBe 84

— — Ha npsiMol 63

~ AOANPOCTPAHCTBO HOPMHPOBAHHOrO Mpo-

cTpaHcTBa 141

— NOKpbiTHe 90

3aMKHYTOCTb MAaKCHMaJbHHIX HAeanos 521

— MHOXECTBa HeOoOpaTHMbIX 3J1EMEHTOB Ga-
HaxoBoA anare6ph 518

3aMKHYTHIH onepatop 229

— OTpe3ok 128

— wap 57

3aMbikanue auHeilnoe 141

— MHOXeCTBA B NPOCTPAHCTBE  METpHYe-
CKOM 57

— — — — TONOJOTHYeCKOM 85, 98

3apan 349, 350

— HEeNnpepbHiBHBbIA, HHCKPETHLIA, abCONIOTHO

HENPEePLIBHLIA M CHHryAspHbLIA 352
3naKonepeMernas Mepa 349, 350

HMpean B Koablle 243

-— KOMMYTaTHBHOR axnre6pni 515

HamepuMan obysxuna 282, 292

— —, ne#cTBHA Haa HHMH 283—285

Hamepumoe MHOXecTBO 257, 272, 276—279, 352

-— —, cBoOlcTBa 257—262

Hamepumocts no Kapateonopu 276

W3zonupoBanHan TOYKa MHOXeECTBA B MeT-
PHUECKOM TnpocTpancrne 58

HaomeTpuyeckH nH3oMopdHBle anre6psi 514

HM30MeTPHYHOCTE OTOGPAXKEHHA HODMHPOBaH-
HOrO NPOCTPAHCTBA BO BTOPOE CONpPSXKEH-
noe 191

M3omeTpHusi. 56

HNsomopdusm aare6p 514

— MeXAY THJAb6epPTOBBIM MNPOCTPAHCTBOM |
eMy COUpsKenHbM 187

— MPOCTPAHCTB THIbOEPTOBRIX
HBIX 156

— — — — KOMROJEeKCHbiX 166

— — eBKJHAOBBIX 155

— — avHe#HBIX 121, 123

— = Lp(X,n) 386

— — == KOMNJIEKCHBIX 387

— WACTHYHO YNOPSNOYEHHBX MHOXKecTB 32

WUnankarop 31

Hnaterpan a6ctpaktHol GyHKOHH 485

— Jlupuxne 408

— KaK O-aAnfMTHBHas GYHKUHA MHOXecTBa 302

— JleGera 291 n nanee

— —-, 3aMeHa nepeMeHHbIx 362

— — Heonpeneaeuub 320

— —, OCHOBHbie cBoificTBa 295 H najee

— — po MHOXecTBY OeckoHewHo#t Mepbl 306
H nanee

— —, cpaBHenue c uurterpanom Pumana 307

—_— —, — — — — necoBcTBeHHBIM 303

— Jle6era—Crunroeca 358 u panee

— — — no ¢yHKUHH MOHOTOHHOH 358

————— orpaHHyeHHOR BapHauuu 359

— oT npocToft GOYHKUHH 293

— — — —, cBOilcTBA 2¥M4

~— No MHOXecTBY 295

— Ilyaccona 435

— Pumana 307

— Pumana — Craatseca 362

— Qellepa 416

— dypbe 419 u nanee (cM. Tlpeo6pasosa-
nue dypbe)

— — B KOMNJekcHol dopme 422

Wnrerpaabioe HepasencTBo I'€nbaepa 52

— — Kouu — Byusxoeckoro 51

cenapaGenb-

Aanxee



TNIPEAMETHBIN

VinTerpanbHoe HepaBeHCTBO MHHKOBCKOro 54
— ypaBHenHe 456

— — AGens 456

— — Boabreppa 82, 457, 472

— —, 3aJa4d, K HeMy [pHBOAsiiHe 457—
460

— — ueaunefinoe 82, 456, 511

— — dpegroabma 81, 457, 460, 463, 473

Harterprpyemas oyuxuus 204

— — npocrtasa 293

HuTterpupyemMocTs  orpanudeHHoft
mo#t QyHkuuu 296

HHTepBas B MHOXKeCTBe NOPALKOBHIX YHCEN
103

H3MepH-

HuTepiionnpoBanue N0 METOAY HaUMEHbIUHX
KkBazapaTos 403

Huvekuus 17

Hckiouaioliee «uau» 16

VicuepnniBamomaa nocaeNoBATENBHOCTE  MHO-
KecTB 306

Hrepuposasubie anpa 477

KaHTopoBa necTHHLa 341
KaHTopoBO MHOXecTBO 63
— —, TOYKH [I€pBOro M BTOPOro poaa 64

KacaTenbHoe MHOrooGpasue K MHOXECTBY
497

Kiacchl  CMeXHOCTH NO  NOANPOCTPAHCTBY
123

Koae6anue ¢yuknupm B Touke 102

Kosne6anus CTpyHbl 457

Koabuo Mroxects 41

— — H3MEepHMbIX 272

— —,— no JXoppauny 279, 281

~— —, IOPOXKAEHHOe MOJYKOJAbLOM 45

— ~— 3MeMeHTapHblX 252

KommyraTHBHas aareGpa 513

Komnaxr 98, 105

KoMnakTHoe TONOJOrHYecKoe MNpOCTPAHCTBO
98

KoMnakTHOCTb  3aMKHYTBIX NOAMHOXECTB
KOMIIAKTHOTO TMpocTpaHcTsa 99

~— HHTErpajibHoro oneparopa 239

~— CNeKTpa 3JeMeHTa aJure6psi” 517, 519

= CYETHO-KOMMAKTHOI'0 METPHYECKOTO
cTpaHcrBa 108

KomnakTHelit onepatop 237

— — B runb6epToBOM NpocTpaHcTBe 245, 246

KomnsiekcHoe NPOCTPBHCTBO IMALGepTOBO 166

— — eBKJHZOBO 164

=— — JHHelHoe 119

KoMnosHuus GopeseBCcKOA GYHKUHH € H3Me-
puMo#t 283

— U3MepUMBIX Gyakuufi 283

KOMIOHEHTA OTKPLITOrO MHOMKeCTBa 65

Koneunoe mMuoxectso 21

— pa3fioXeHHe MHoOXKecTsa 43

KoneunoMmepHblfl onepatop 237, 462

KouTuHyyM-runoresa 39

KouTpnpumep K Teopeme ®y6unu 319

KoopanHaTel BeKTOpa B eBKJAHAOBOM IIPoO-
cTpaHcTBe 149

KopasmepHocTb 124

— siipa JuHe#Horo dyHkuyuoHana 126

KoppexTHas 3anaua 474

Kosdpouunentsl Dypoe 152, 166, 390—392,
394, 406, 424, 439

~— —, OJHO3HAYHOCTb oOmpesfeNeHHsi GYHKLUHH
no HuM 419

— — [0 OPTOHOPMAJILHOH cHcTeMe 14%

Kpurtepu# Basnl Tomosiorun 88

— H3MepHMOCTH ¢yHkuHH 283, 292

— — — npocrolt 292

npo-

YKA3ATEAL 533

KpuTepuii KOMNAakTHOCTH NPOCTPAHCTBA MeET-—
puueckoro 108

-— — — TOMNOJOTHYecKoro 99

— HENDEPBIBHOCTH JAHHERHOro GyHKUHOHANA
B NPOCTPAHCTBE HOPMHpPOBanHOM 176

—_—— = - — TONQJNOrHYecCKoM 175

— — oTo6paieHHS  TONONOrHYECKOro npo-
cTpaHcTBa 92
- NOJHOTHI MeTPHYECKOTO NPOCTpPaHcTBa 69

~ — OPTOrOHa/sbHOH HOPMHPOBAHHOH CHCTe-
MBl 154

~ -~ CUETHO-HOPMHDOB2HHOTO NpPOCTPAHCTBA
171

~— npejeabHOCTR TOYKH B T)-npocrpancTax 94

— MPeAKOMNAaKTHOCTH MHOXECTBa B TNOJHOM
MEeTpHYeCKOM mnpoctpaHcrse 109

— caa6of# CXOAHMOCTH B HOPMHPOBAaHHOM
npocrpancree 195

— =~ — NOCJeAOBaTEAbHOCTH
198

~- CyMMHpyeMoCTH npocTolt ¢yHKuun 203

— CYETHOH KOMNAKTHOCTH TOMOJOTHYECKOro
npocrpancrea 103

dyHKUHORANOB

JleGeroBa Mepa 257, 263, 272

JleGeroso npogo/MKEeHHEe Mephl 274

— —— —, noaHota 2756

Jlemma Apenca 527

— TI'efine-Bopeas 98

— 0 3aMKHYTOCTH oOpa3a 469

— — 3aMbIKaHHMH nAeana aarebpni 521

— — MAaKCHMAaJbHhX HJIeanax anre6pH He-
npepbIBHBIX ¢GyHKuH#A 516

— — DAaBHOMEDHOM CTPEMJIEHHH K HYJI0 KO-
3 puuHerToR Pypbe KOMOAKTHOrQ MHO-
»KecTBa GyHKUHA 414

~— ~— Pa3NOXKeHHH THILGEPTOBA NPOCTPAHCTBA:
B npaMylo cymmy Ker T u Im T* 469, 470

— — cenapaGesbHOCTH ROJAMHOMNeCTBA 158

— — CTPEeMJIGHHH K HYMO Ko3)dHuHEHTOB
®ypbe cyMMHpYeMOH (YHKUHH 408

— ~— CYUIeCTBOBAaHHH MAKCHMAalbHOro Hieala.
521

— — Tpolike 228

— — SApe MYJIbTHIIKKATHBHOTO
Hana 522

— 00 annyJasaTope 180

— — — siapa oneparopa 232

— — npeanax ¢axTop-anre6por 521

— — O0OpaTHMOCTH 3JEMEeHTOB, OJH3KHX K.
eAUHHYHOMY 517

— — — —, — — of6paTuMOMYy 518

— Pucca o0 MHOXeCTBE HEBHAHMBIX TOYEK
325, 326

-- — ob6o6uiernas 329

¢yHKIHO-

'— llopua 40

JinHeliHaA 3aBUCHMOCTb M HE3aBHCHMOCTb 12

— o060J04YKa 123

Jlunelino ynopsimovueHHoe MHOXeCTBO 33

Junefinoe 3amoixanne 141

— MHorooGpasue 141, 158

— — a6CoJIIOTHO HEeNpepLiBHMX GyHakunl 343

~— — B THJAbGEPTOBOM TNpocTpaHcTBe 158

-- — KacaTeJIbHOe X MHOXecTBY 497

— mpocTpascTBO 119 H ganee

— — TomoJoruyeckoe 167

Jlunefinple GyHKUMOHAABI B CUETHO-HODMH+-
DPOBAaHHOM mpocTpaHcTBe 181

Jinnelinbli onepatop 218 M Radsee (oM. TakXe:
OnepaTtop)

— —, rpaduk 229

— — 3aMKHYTHIH 220

—- — HenpepoiBubif 218

— —— OrpaHHYeHHHl 222. 223
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JlugeA gt onepaTop camoconpsiKeHHbfA 233

— —, conpsxeuHnil K gaHHOMY 231

— — 3PMHTOBO CONpsuKeHHmA 233

- q:(gaxunonan 124, 174 u panee (cM. Takke
YHKILHOKHAJl JIHHeAHbIf)

— — He HenpepuiBHKH 175
JlokanbHas BHITYKAOCTEH
npoctpancTea 170

— — cuabHoft Tonosorun 8 E* (84

— OrpaHHYeHHOCTb  HOPMHPOBAHHOIO
cTpanctea 179

JIoKa/bHO BBIIYKJIOE TONOJOrH4IecKoe JHHefl-
Hoe MpocTpaHcTso 169

«— OrpaHH4YeHHOE TOIOJIOrHYecKoe JHHedHoe
npoctpatctTso 169

Jlomansie ditaepa 112

HOPMHDOBAHHOTI0

po-

MakcuManbHaa 1ens 39

MakcuManbHoe OHKOMIAKTHOS
527

Maxcumanshblft uaean 515

— — axrebpni Cp 516

— 3aeMeHT 32

MaxcumyM ¢yHKnHoHasa 500

MartemaTHIeCKoe oxuzaHue 360

Mepa 251 u panee, 265

— a6CoNOTHO HenpepbiBHAA 264

— OHCKpeTHas 264

— JXoppauosa 279

pacliupeHue

— JlebGera 272
— — Ha NJIOCKOCTH 257
=+ —, HEMpephIBHOCTL 261

— —, nonHOTa 262

— — n-MmepHas 313

+— JleGera—CTuarbeca 263, 264, 356, 358

— — — a6cosOTHO HenpepnisHas 264, 357

— — — nucKperuas 264, 357

— — —, npuMepht 357

am — —, TIpoH3BOASIAR GyHKUHSA 356

— — =~ CHHTYAApHas 264, 357

— Ha KJaacce NPAMOYToJbHHKOB 252

— — ToayKoJabue 265

-, HeNmpephIBHOCTh 274

— nonxaa 275

— CHHTyJAsipHas 264

— €O cYeTHBIM Gasucom 378, 379

— O-aAJHTHBHASl 268

— o-koHeyHas 276 3

Meton KacatesabHbIX 508

— MaTeMaTHYecKoH HHAyKuu# 40

— Hpiorona 508

~— — MOAUGDHUUPOBAHHBIA 509

— —, npumep 5l

— TocAeNoBaTeNbHBIX NpHOIHKEHUR 76

— xapakTepHCTHUeCKHX (yHKUHE 452

MeTpusyeMoe NpOCTPaHCTBO 98

Merpuvecknii komnakr 105

MeTpHuuecKoe IPOCTPaHCTBO 48

MHHHMa.ﬂbHaH TOUHOJIOTHA, MNOPOXAEHHAA CcH-
cTeMoit MHOXecCTB 86

— g-anre6pa 46

MunumanbHoe KOoAbilo,
MO MHOMXKecTB 42

‘MuaHHMaNbHbI 3JeMenT 32

MunuMyM dyHRUHOHaNa 500

Munop Ppearonnma 479

Muorouneub! Jlareppa 402

— Jlexanznpa 395 H panee

— YeGnimena 400

— 3pmura 401

.MuoxecTB aareGpa 42

— KONbUo 41

— obbenusenne 13

+— nepeceueHHe 14

NOpOoXKAEHHOE CHCTe-

NPEJAMETHBIR YKA3ATEJb

MHOKeCTB noaAykoaso 43

-~ paBeHCTBO 4

~-- pa3Hocts 15

— — CHMMeTpHYecKad 15

— cHcreMma 41

Muoxecrsa auaMerp 70

— ponosiHenue 15

-— 3aMmbikanue 57, 85

— MotHocTb 28

Msdoxectso 13

6Geckoneynoe 21, 26

BCIOAy nJioTHOe 59

BBINYKJ0e 128

3aMKHyTOe 60, 84

H3mepumoe 257, 272, 277

— OTHOCHTEeJbHO O-KOAblla 279
— no )Kopapauy 279, 281
KOHeyHoe 2]

nyHeliHo ynopsinoteHnoe 33
HeH3MepHMOoe 264

HecHeTHOe 23

HUFAe He MaoTHoe 59
orpaHHyeHHoe 57

OZHO3HAYHOCTH Mepht 280
oTKpbiToe 61, 65, 84
OTHOCHTEJILHO KoMINakTHoe 105
OTpHLATeNbHOE OTHOCHTENbHO 3apsaa 350
MJOTHOE B APYroM MHOXecTBe 59
MOJIOXKHTEAbHOE OTHOCHTENbHO 3apsaa 350
npeakoMnaktHoe 105

nycroe 13

cuMMerpauHoe 170

COBEpIIEHHO ymopsAodeHHoe 33
cyeTHOe 22
cueTHo-npeakomnaktuoe 105
ynopsigodedsoe 33

— yactayHo 31

0-0AHO3HAYHOCTH Mepnl 281
MHuoxutenu Jlarpanxa 507
Mouotounnie dbyakunua 321
Momnocte KorRTHHYYMa 28

— MHuoXecTBa 28

- -; BCEX IMOAMHOXecTB HaTypasbHOro psaa 30
—- N, 38

MyabTunnukaTuBHBIA  dyHRIHOHAN 521

Prrrirrirrrirerr i brerad

«HausHasi» Teopus MHOXKecTB 39

Hanuune cueTHO# 6as3wl y BMOJHE OrpaHu-
geHHbIX METPHUECKHX mpocTpaHcte 106

HanpasneHHoe MHOXECTBO 32

Hacneactsennoe cBoficTeo 96

HacseACTBEHHOCTb NOJHOR peryasipHocTH 96

HavaabHbl# OTPE30K YIOPSAJOYEHHOIO MHONKE-
cTBa 36

HeBuguMas CnpaBa HJAH CJeBa Touka 325,

3

HeHaMepHMoe MHOXKeCTBO 264

Hewncknouaooiee «Hjan» 16

HeromMyTaTuBHag GaHaxoBa aare6pa 515

HexOMHAKTHOCTS E€AMHHYHOrO oneparopa B8
6araxoBOM npocTpaHcTre 237

Hexkoppektrnas 3aaaya 474

Henunellnoe unTerpaibhoe ypasrenue 82, 511

Heo6paTuMbift saement anreGpot 516

Heo6xonumoe yc/aoBHE MHHHMYMa (QyHKIHO-
Hana 504

— — — — Q% 3agauyu ¢ orpaundeHusmu 506

— — — —, KOHTpNpHMED

— — sKcTpeMyMa GyHKUHoHANA 500

Heonpeneneddnl#t unterpan JleGera 320, 344

HenogruXKuasn Touka oroBpaxenus 75, 101

HenpepbisBHas KpwWBas B METPHYECKOM TWpPO-
crpaHctBe 116



TMPEAMETHBIA YKA3ATEJIb

HenpepsiBHO€  oTOGpaKeHHe
MeTpHYeCKoro 55

— — — TOnojoruueckoro 91

HenpepblBHOCTL MHHEHHOTO onepaTtopa 222

— MepHl 261, 274

~ clleBa ¥ cnpapa 322

~— CHAOXKHON (PyHKUHH 93

HenpepuiBuni 3apsa 352

— cnekTp 235

— (YHKUHOHAJ Ha JHHEeHHOM
CKOM MNpOCTpaHcTBe 174

HenpusoaumocTh C-asrebph 46

Henycrora cnekTpa saemexdTa aare6pni 517,
519

NpoCTpPancTBa

TONOJIOTRYE-

HepaBenctBo Becceas 151, 152, 166

— -- AN/ TPHUrOHOMeTpUYecKoH cucremut 391

— Ténbnepa 52

~ — HHTerpaJbHoe 54

~— Komn—ByHsikoBckoro 49, 143

~— — — HHTerpaabuoe 51, 382

— MHunkoscRoro 52

— -— HHTerpaJsbHoe 54

— Ye6nimesa 300

HecemapaGenbHocTb fipocTpancTBa m 60

Hecpasnumbie snemenTtn 33

HecueTnoe MHOXecTBO 23

HecueTHOCTh  MHOXeEcCTBa
yucen 26

Hurse ne nJOTHOE MHOMECTBO B METpHYe-
CKOM NpOCTpaHCTBE 59

Huxnau#t npenen ¢byHkuun B Touke 102

Hopma 139

— GuaHHeRHOro oroGpaxenus 488

—~ JMHeitHoro oneparopa 223

=~ — — conpsixkenuoro 237

— (YHK1HOHAJA 176

HopmanbHoe fipoctpancTBo 96

Hopmuposansaa anrebpa 513

Hopmuposannoe npoctpanctso 139

Hopmupyemocts 170

~— JIOKaJbHO BBLINYKJBIX, JOKAaJbHO OrpaHu-
YEHHDbIX JUHEHHLIX TONOJOTHYECKHX NpO-
cTpaHcTB 170

— NPOCTPaHCTBa,
pyemMomy 183

Hocutenb sapana 352

Hyaero#t onepatop 219

Hyuzb-MHOXecTBO 279

AeHCTBHTENbHbBIX

CONPAXKEHHOI'0 K HODPMH-

OGnacTe 3HaveHuft byukuuu 16

~— onpefeNieHHst onepatopa 218

— — dyuruuu 16

O6o6ienlie NPHHIKNA CREMAOLIEX oTo6pa-
Keuni 82

O6o6wmennas npoussoanasn 208

— —, CpPaBHEHHE ¢ o6blyHON 348

Teopema Aptiena |14

byskuua 203 u panee

— KoMmnexcHas 215

— Ha OKPYXHOCTH 216

— ~— npoctpascrse K= 215

— nepBoo6pasuas 213

— nepHoanYeckas 216, 217

—, Npou3BoAHan 208

— peryaspHas 205

— — cuHTyaapHas 205

O6pa3 MHOXKecTBa 17

— oneparopa 218

— 3nemenrta 17

OGpaTtuMmbili onepatop 225

— 3neMeHT aare6pm 516

O6mnft Bup JuMHeftHOro onepaTropa ua R" B
R™ 219

1
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O6wit Bua JguHeHHOro GyHKUHOHANZ B Ipo«

cTpasicTBe ruasGeproBoM 187, 188,
—————— xoHedHoMepdoM 185
—————— CYETHO-HODMHPOBAHHOM |8}
—————— Cla, b] 369

—————— C'la, b] 373

Ob6nbeanHeHHe MHOXeCTB 13

OrpanHuenHoe MHOXECTBO B TNpPOCTPAHCTBE
JUHEeHHOM TOMOJOTHYECKOM 169

— — — — METPHYECKOM 57

— oto6paxkeHHe 486

OrparnyensocTs c1a60 OrpaHHYEHHONO MO~
MHOKECTBA HODMHDOBAHHOIO NPOCTPaH-
cTBa 194, 195

~— — CXOAsilleHcs MoCael0BATENbHOCTH BYHK-
UHOHANOB Ha GaHAaXOBOM NPOCTPAHCTBE:
198

~- = ~- — 3/IeMeHTOR HOPMHPOBAHHOILO NpO-
cTpaHcTBa 194

OnHO3HAYHOCTL ONpefieNeHus CyMMHPYyeMoil
GyHKUMH no ee KosdpbunHeRTaM Pypoe 119:

—————— npeo6pasosaHuio Pypbe 424
— NPOAOJKEHHs Mephl 276, 280 u nanee
OpnopoaHo-BuINyKAbLIE GysxkuHoHan 131

— — Ha KOMIJIEKCHOM TNpocTpaHcTBe 136
Onnoponubili byHKnHOHAN 124

OKpecTHOCTb MHOXecTBa 95

— TOYKH 85

Onepatop 218 u nasce

— BoabTeppa 241, 472, 475

— BNOJIHE HeMnpepbiBHLIK 237

— — — B THALGEPTOBOM npocrpancTee 245
-~ Funp6epra—IliMunta 461

— — ~—, KOMNAaKTHOCTb 461

~— — —, CONpsiKeHHBI onepaTop 463
nuddepenuuposanus 220, 221

enUHHUHBI 219

3aMKRYTHIH 229

KOMIaKTHbIH 237

-— B THJb6GEepTOBOM NpocTpancTee 245, 246:
KOHEUHOMEpPHbI 237

nuHelHb 218

— u3 R® 5 R™ 219

HenpepbIBHLIN 218

nyneBoit 219

ofpaTHMBIE 225

o6paTHL# K RaHHOMY 225

OPTOT'OHA,ibHOTO NPOEKTHPOBaHUA 220

caMOCONpsiKeHHbI 233, 246

CONpsXKeHubilt 231

— B E€BKJHIOBOM INPOCTpaHCTBe 233

®pearonsma 461

SPMHTOBO-COMPSIKEHHBIA 233

Oneparopusiii Merox peuienus aucpdepess-
UHAaNbHBIX YpaBHeHH# 446—448

Onepauuu Han wmHOXecTBamp 13, 15

Onepanyus 3aMblkauud B NPOCTPAHCTBE MeT-

pHYECKOM 57

— — — — TOMNOoJOru4Yeckom 97
Onpepnensiomas CcHCTEMa oOKpecTHocTel 89
OnTtuMasbHoe ynpasnenHe 506
OpTtoronanuzanus 147

Oproronasbuasi HOPMMPOBaHHas cucreMa 145
OpToronansHoe jonogHenune 159
OpTOroHanbHOCTL BeKTOPOB 144, 166

— ¢ BecoM 400
OpTorovanbHbie MHOrOYJEHbI
— — Jlexxauapa 395 u naJnee
— — € RUCKpPeTHBIM BecoM 402 um pnasee
— — Ye6nuiwena 400

— — 3pMmuTta 401

I rrrrrn

Ftrrerrrig

Jlareppa 402
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OpTOroHaNbHEIE CHCTEMB Ha
NpOCTpaHCTB 397

— — odyekuunit B Ly 389

- — Pagemaxepa—VYoawa 405

— — — Xaapa 404, 405

OptoroHanbubmit 6asuc 145

— —-os npocTpancTBax Ly(— o0, o0) u Ly(0, o)
401

— - H3 COOCTBEHHBIX BEKTODOB 249

-~ — HODMHPOBaHHbIH [45

"OpronopMasbHas cucrema 145

OpronpoexTop 220

OcHOBHOH napaJjJesennnen
npocrpaHcrsa 107

OCTaToK YNOPANOYEHHOTO MHOXecTBa 36

OTpenHMOCTh BBIYKABIX MHOMECTB B IIpO-
CcTpaHcTBe JHHelHOM 137

————— HOpMHDOBaHHOM 180

— CHJBHOH Tonosoruu B E* 184

OTnenuMbie  TOMOJNOTHYECKHE
168, 169

OTKpLITO® MHOXECTBO B MPOCTPAHCTBE MeT-
pHYecKoM 61

— — — — TOHOJIOTHYECKOM 84

— — Ha npaMmoit 62

— noxkpbiTHe S0

OTKpPHITOCTD MHOXeCTBa OOPATHMBIX OrpaHH-
YEeHHBIX oOnepaTtopoB 229

— — — 3JeMeHTOB O6GaHaxoBo# anre6pnt 518

OTKpHITHIH OTpe3ok 128

— wap 56

OTHOCHTEIBHAR TOMOJIOrHS 86

Ornowenue GunapHoe 21

— 3KBHBaJIEHTHOCTH 19

NPOH3BeleHHH

raab6eprona

NpOCTpaHCcTBa

Oto6paxkenne 16 (cM. Takke Oneparop,
dynkunonan, Oyukuua)

— OunuHefiHoe 488

— «B» |7

— roMeoMmopdHoe AOpOCTPAHCTB  MeTpHue-
CKHX 56

— -—— — TonoJorpueckux 93

— auddepenyupyemoe 480

— 3aMKHyToe 93

~— JIMHEMHOro TOMOJNOTHYECKOr0 NPOCTPAHCTBA
BO BTOpoOe conpsixKexHHoe 191

— «Ha» 17

-— HenpepbisHoe 91, 92

= OrpaHHYeHHOe 486

— OTKpbiToe 93

— peryasipHoe 497

—, COoXpaHsioulee MOpANoOK 32

— n-nnHedHoe 490

OueHKa CKOPOCTH CXOAMMOCTH MeToaa Hsio-
ToHa 511

Tensan akcroMa CYETHOCTH 89

-— BapHauus orobpaxenus 482

ITepBoo6pasnas o6o6uennoft dyuxkuuu 213

Tlepeceyerue MHOXecTs 14

-~ CHCTeMbl MOAMPOCTPAHCTB JHHeHHOro mnpo-
cTpanctea 123

TTnoTHOe MOILMHOXKECTBO B METPHUYECKOM Mpo-
cTpaHcTBe 59

ITnoTHOCTL pacnpeneneHus BepoaTHocTed 361

Tlorsmomenue 134,

TloamEOXecTBO 13

— coberBernoe 13

TMoanokpuituHe 90

ToanpoctpaHcTBO HydeRk gunéfinoro dyHk-
1MoHasa 126

~— NPOCTPaHCTBa THALGEpTOBa 158

w— — JnuHefiHOro 122

— — — HOPMHpPOBAaHHOTO 141

- — —, NOPOXJAEHHOE  MHOMXECTBOM
MeHTOR 123

3¢~

IToAnpocTpaHCcTBO NMPOCTPAHCTBa METPHUECKO-
ro 55

— —— TONOJOrH4YecKoro 86

TMoxpriTHe (OTKpHITOE, 3aMKHYTOE, KOHEYHOE,
cyeTtHoe) 90

IMoanas Bapuauusa sapsga 352

— — ¢yHknuu 332 U pance

— Mepa 275

- orpaHHgeHsocTs 106

~— PeryJisipHOCTb TOMOJIOTHYECKOr0 NpOCTpaH-
c¢TBa 96

— CHCTeMa 3JIeMeHTOB B
npocTparcrtee 141

— YOODPSIZAOYEHHOCTh 34

Tlonnoe MeTpHueckoe NPOCTPAHCTBO 66

TloanoTa npocTpancTBa pedIeKCHBHOrO HOD-
MHpPOBaHHOrO 192

- ~—, CONPSIXKEHHOTO K HOPMHPOBAaHHOMY, B

CHJABHOH TOMOJIOrHH 183

— CUETHO-HOpMHpoBadioro 171

— Cla, b] 67

— L, 376

- L, 383, 384

— 1, 67

— m 69

——R" &

— — Rl RL &7

-- cHcTeMbl dyuxnnit Jlareppa 431

-— = ~— TPHTOHOMeTpHYeckHXx 390, 393, 418

-~ — — VYonwa 405

— — — Xaapa 405

— — — OpmMmuTa 431

TMonubik npoo6pas 17

— — CHCTeMbl MHOXeCTB 47

IMonyaaauTuBHOCTL Mepni 255, 270, 280

IToaykoabuo 43

TlonynenpepbiBHasi ¢QyHKUMSA Ha
CKOM TNpOCTpaHcTBe 102

TMonyHenpepbisHOCT CHU3Y (cBepxy) 102

-—— - IJHHbBl KDHBOH B METPHYECKOM Tpo-
cTpaHcTBe 117

Iomonuenue npoctpauctsa 71, 157

IMopsaakosoe uncao 35

TMMopsiakoseit THO 33

— — o 33

— — ®; 38

TTopsiAKOBBIX YHCEN TpPOM3BeleHHe 36

— — cpaBHeHue 36

— — cyMma 34

TMopsnok ¢byHKNHOHANA HA CYETHO-HOPMHPO-~
BaHHOM NpocTpaHcTBe 182

ITocnenoBaTeNbHOCTb CXOAAILAsICst 58, 90

— — B CYETHO-HOPMHPOBAHHOM  TPOCTPaH-
crBe 171

— — o6o6ulennbix pynguufi 207

— — caabo 193

— (byHpaMeHTaNbHAR 66

«[Tourn Bcloay» 285

TlouTH nepHonHYecKHe (DYHKUIHH 450

TMpasujo mHoXHuTeneR Jlarpanxka 507

Tpenen mnocjAeNOBaTENBHOCTH B METPHUECKOM
npocTpancTee 58

— cnpasa uau caesa 321

IpenenbHasi To4ka B
cTpancTBe 58

— — — TONMONOTHYECKOM NpOCTpaHcTBe 85

— — — Ti-npoctpanctee 94, 95

TIpenencRrbll Mepexopn 101 3HAKOM HHTerpana
JleGera 302

————— Ctunteeca 368

ITpeo6pasosanue Jlannaca 446

— —, IpHMeHeHHe K pelweHHo nHbdepeH=
nHaNbHLIX ypaBHennil 446—448

— dypbe 423

HOPDMIDOBAHIIOM

MeTpuue«

METPHYSCKOM  TMPOo-
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Ipeo6Gpa3oBanne
@YHKUHA 45!

— — B IpocTpaucrBe Lp(—oo, o) 438—445

— o6oSiuennbix QyHKUHA 453

— — —, npuMepsl 454

—, OJHO3HAYHOCTb OMpejeJeHus QYHKUHH

424

—, ocuoBHbie cBoficTBa 427—430

—, fOpuMepbl 425—427

— cBepTKH 432, 433

—, topmya obpallienus 423

— GyHKUNH n IHepemeHHBIX 435 H nanee

— (pyHKLHOHATa 455

dypbe — Cruatbeca 449, 452

dypoe ObiICTPOYOBIBAIOLIHX

[

Tt

— — — CBePTKM QYHKLUHH ¢ OrpaHHIEHHBIM
H3MeHenHeM 451
IlpuMereHHsi OpHHLKNA CXKUMAOWHX OTO-

GpaxeHuit 75—83

— Teopenbl O HeaBHOA ¢yHKUuu 495—499

Ilpumep aANMTHBHOH, HO He U-aAJAHTHBHOM
Mepbi 269

— He BIOJHE OrpaHHYeHHOro MHoXectsa 107

— HEH3MEPHMOro MHOXecTsa 264

— HecenapaGenpHOro npocrpakcrsa 60, 147

— He O-KoHeyHOH Mepnt 277

— CYeTHO-KOMNAKTHOro, HO HE KOMIaKTHOTO
npocTpadcTea 103

— GYRKUMH, Aanddepeanupyemoit
cnabo 484

Tlpumepsi GaHaxoBelx anare6p 514—515

— JAHHEeHHbBIX omnepaTopoB 219—221

— — ¢yHkuuonanos 125

— — — Ha HOPMHPOBAHHDLIX

176—178

oproroHanbubix 6asucos 145, 146

npeoGpasoBanuii Pypbe 425427

— — 06061weHHbIX PYHKLUHKA 454

NPOH3BOAHBIX OT OQOOOHIEHHBIX

208210

NPOCTPAUCTB BEKTOPHBIX 120, 121

— HOpMHpOBaHHbIX 139, 140

— CONMPsIXKeHHbIX 185—190

— CYETHO-HOPMHUpPOBaHHbIX 17]1—173

— TOMOJNOIHYECKHX JHHeHHbIX 167, 168

cnabo CXOAAIIMXCH rocienoBaTenbHocTed

195—197

— 3KCTPeMalbHbiX 3amay 500—503

INMpusuun psoiicTBendoctn 15

~DPaBHOMEPHOl OrpaHHYeHHOCTH 519

— CHHMa0UHX oToOpaxKenuss 75

— ~— —, ofo6uieHHe 82

— — —, HpPUMeHeHHs 75—83

IMpo6rema H. H. Jlyauna 411

rlpogOpaMMﬂpoaaHne nHHeHHOe H  BBINYKJOE

6

TONBKO

NpOCTPaHCTBAX

[

byakuu

Frrrnd

ITponosixkenue mepbl 246

— — no Xopaauy 279

— — — JleBery 271—276

TMpoussenenune GeckoHeuno Audbdepesynpye-
Mot dyHKUMH Ha oGoGieHuyo 207

mep 312, 313

onepaTopa Ha 4Hcja0 224

onepatopor 224

TOPRLAKOBBLIX YHcen 36

GYHKIIKOHANa Ha Yucao 182

9JIeMeHTa JIHHeHHOro MpPOCTPaHCTBa Ha
yueso 119

— 37eMEHTOB aiare6pm 513

IIpoussoanasn lato 482

— sapsina no Mepe 353, 356

— 4@TErpajna mno BepxHeMy fpefeay 331, 337
— avHeHHOTO 0TOGpaxeHus 481

— o606uenHol dyHRUHE 208

— caoxHo# GyHKUHH 48]

— Opeie 48!

Ilponspoanble BLICIUHX NOPAAKOB 488
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TMponssonusie uyncia 324, 325

Ipoussoasiiuas ¢yukuuss Mepn JleGera —
Cruatbeca 356

TipooGpas 17

— TONOJIOTHH 92

Tpocras dynkuusa 292

~— — CyMMHpyemas (HHTerpupyemas) 293

TIpocTpanctra roMeoMopduule 56, 93

~— H3OMeTpHuYHbIe 56, 514

— H30MOp@iible eBKAHAOBH 155

— — JHHeHHBlE {21

IpocTtpancTBo apudMmernueckoe 49, 120

— 6aHaxoBo 139

— OHKoMnaxTHoe 105

- Glb;grpo YORIBAIOUIKX NOC/AELOBATE/IbHOCTE R

— BeKTOopHoe 119

— BIIOJIHE peryJspHoe 96

— BTOpoOe conpsiKeHHOe 190

— ruasBeproBo 155, 156

— AuckperHoe 48, 49, 59, 66

— €BKJHAO0BO 143, 164

— H30/JIMPDOBaHHBIX TOYeK 48, 49, 59, 66

— KOoMnakTHoe 98

— Juue#Hoe 119, 167

— MeTpuzyeMoe 98

— MeTpHUYecKoe 48

— — cenapabeabHoe 59, 89

-- HopMaJibHOe 96

— HopMHupoBaHHoe 139

~—- OCHOBHBIX QYHKUHHA 204

- noJjHoe 66

— noaypednexkcusnoe 191

- peryaspHoe 95

— pedaekcrBHoe 191

— ¢ aKCHOMOIN CYeTHOCTH BTOpoit 83

— — — — mnepsoit 89

— cBsi3Hoe 90

— cenapaGesnbHoe 59, 89

— CJHNIIHXCK Todyek 85

- cO cyeTHOM Ga3oi 88

~ — — — MeTpHYecKoe 89

— compsixKeHHoe 82

—, — K MPOCTPAHCTBY OBbICTPO yOLIBAIOUHX

nocaeaoBaTenbHOCTEH 189

— — — ruas6epropy 187, 188

— CHeTHO-HOpMHpOBaHHOMY 181

— Cla, b] 373

— Co 186
1y, lp 187

— ———R" c" 185

— CHeTHO-THJL6epToBO 172

— cyYeTHO-KOMnakTHOe 103

— cueTHO-HOpMHpOBanHoe 171

~ Tonosoruyeckoe 84, 167

~— dyHkuHA ¢ OrpaHHYEHHbIM
333, 337

— xavcaopdoso 95

-— C'7 120, 122, 140, 165

— Cla, b] 50, 60, 67, 120, 140, 164, 192, 197, 369

— Ci[a, b] 373, 502

— C" la, b] 173, 5%

Cofa, b} 51, 60, 68, 146

— — KoMILJIeKcHoe 165

— Cp 514

CBV [0, 1] 527
¢ 120

IR
(I

H3MCHCHHEM

[

ey 121, 192

— o 186, 192

K 204, 454

K* 455

Kla, b] 168, 171, 173
m 205

N
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flpocTpaHcTeo Kn 215

— L, 376, 379, 387--389

~= =, NJOTHOCTb MHOXECTBZ
npepbiBHHX 378

-~ —, — — — npocTbix 377

— L, 381—384, 387389

— -~ KoMmjexcHoe 387

—L_ 235

— I 186, 192

— I 50, 60, 67, 107, 120, 145, 1%

— — KoMIJIeKcHoe 165

- l{, 54, 192

12, 1187, 192

m 51, 60, 121, 140, 187, 192

R! 49, 66, 120, 13%

— Rn49, 66, 10, 120, 122, 139, 176, 185, (23
~ Rl 5. 60, 67, 140, 186

— R% 52, 163, 185

— RY 50, 60, 67, 140, 186
— R® 121, 168
— S, 172, 217, 218, 432, 453
— Soo 453
— Vela, b] 337, 372

Z 453

¢dyHkuHA He-

P

Ilpouiecc opToroHanH3anuyu 149

IMpsiMas cymma 160

~ — CYETHOrO YHCAA TNOANPOCTPAHCTB 161
— — O-aarebp 277

{Ipamoe npousseaeuue MuoKects 310

— — cHcTeM MHoOXecTB 310
[MpsmoyroabHuk 251

{lyctoe MHOXecTBO 13

PasencTro MHONKecTB 14

~— [lapceBaas 151

— — BAf TPUIOHOMETpHYeckod cHcTembr 391

~— TMOPAAKOBHIX 4Hces 36

Pasiosecue HarpyXReHHnoR cTpyHsi 457

PassoMepHass HenpepbiBHOCTb OTOGPAaKEHHA
MeTpHuecKoro npocrpaucraa 3

— OrpaHHYeHHOCTb ceMeHcTBa QyHKuUHA 110

PaBHOcTeNneHHAs HENPEePbiBHOCTL ceMedcTsa
¢GyHkuni 110

Panukan Ganaxosoft aareGpwul 524

Pa3Gurenne MHOXecTBa Ha Kaaccht 18

Paszzenelye BLINYKIBIX MOAMHOMXECTS C MO-
MoOib0 JAuHeHHbIX GHHKUHOHaA0B 138, 180

Pasnoxenue YXopaana 352

— Mmepbl JleGera — CtuaTtbeca B cymMMy a6-
CONIOTHO HeWpepsiBHONA, HAHCKPETHON H
cHuryanpsof 357

— ¢vnkuun B paag Pypbe (cM. Paz Pypbe)

— — MOHOTOHHOM Ha HenpepbiBHYiO W (yHK-
UHI0 CKayKoB 324

— — no MuorouneHam Jlewxanapa 397

— — ¢ OrpaHHYeHHbLIM H3MeHeHHeM B pas-
HOCTb MOHOTOHHBIX 335

————— Ha a6CoJIOTHO HeMpepbiBHYIO,
CHHTYJASIPHYI0O H DYHKUHIO CKAa4YKOB 347

— Xana 351

PasMepHOCTb JHHEfiHOro mnpocrpaHctsa (22

Pa3sgocTb MHOXecTB 15

PaccrosHHe B METPUYECKOM NpocTpaHcTse 48

— MEXJAy ABYMS MHOMXecCTBaMH 65

— — KpusbiMH 117

— OT TOYKH A0 MHOMXecTBa 65

Peryaspnas GanaxoBa ajareGpa 524

— Touka oneparopa 235

— = 3jeMeHTa aareGpu 516

NPEAMETHBIM YKA3ATEND

Peryasphoe oro6Gpaxenue 497

— TONQJOTHYECKOE NPOCTPAHCTRO 95

PeryasipHOCTb OTAEJNHMBIX JHHEHHBIX TOMNO/O0=
THYECKHX NPOCTPAHCTB 169

PesonbnBenta onepatopa 235

~— 3neMedTa anareGpu 517

PezoabBenTHOE fApO 479

PedrexcuBroe  nuueiinoe
npocTpaHcTBo 191

Pedaekcusnocte 19, 3t

Pewerxa 40

Pag dypne 149, 152, 166, 407

— — B KomIliekcHo# dopme 394, 424

= — M0 OPTOrOHAaJNbHON cHcTeMe QyHKuK# 390

—— — -~ OPTOHOPMAaJIbHOH cHcTeme 149

— —- — TPHIOHOMETDPHYeCKOH CHCTeMe Ha OT-
peaxe [—m; m} 391

—————— NPOH3BOALHOM OTpezke 392

~ — pacxopsiwuica 411

— —, CymmHpoBaHue no Peilepy 415 u nanee

— ~-, CXOAHMOCTbL B TOuKe 409

— -, — rjo6ananhasn 410

-~ ——, — paBHOMepHas 413, 414

— — QyHKUHH [BYX nNepeMeHHbX 399

TONONQrUYecKoe

CamoconpsikenHsiit onepartop 233, 246—250

Ceenenne auddepeHUHANbHOIO  ypaBHEHHS
BTOPOro MOPsSiAKa K HHTErpajbHOMYy ypasn-
HeHHIO 459, 460

CeepTka 433

- B 4 518

— (QYHKUHR ¢ OrpaHHMYeHHBIM H3MeHeHUeM 45

Csog;:érsa a6CoNOTHO HenpephiBHbIX QyHKUHIE

~- K3MEepHMbIX MHOMecTB 258 u pasee, 272

H Ranee

— (QyHKuHA 282 H aasee

waTerpasa aGeTpakTHOR Qyukunn 486

-— Jle6Gera 295 4 nanee

— Pumana — Ctuatbeca 363 H nasee

nonuoft Bapraiuu 332335

npeoGpasoBanug Pypoe 427—430

npouasoaHolt Bpeite 481, 482

CeKTpPa H Pe30JbBeHTbl 3JeMeHTa aJa-

re6pst 517—519

— CYETHBIX MHOXecTB 23, 24

— GyHKUMA C HaTerpupyeMpiM KBaapaToum 381

Cao#icTBO Mapaaaesorpamma }62

Css3Hoe ABoetouue 85, 94

n

CBA3HOCTb OTKPBITOrO MHOMecTsa B R 65

— TOMOJIOTHYECKOro mpocrpancTsa 90

CBsi3b MEXAY [JaiKOCThi0 QYHKUHM H yOble
BanueM ee mpeoGpa3oBaHusi Pypbe Ha
6GeckoHeqHoCcTH 429

CaBHr OTKPHITOro MHOXecTBa 167

CenapaGesbioe NPOCTPAHCTBO MeTPHUYECKoe 59

— - TOmonorH4Yeckoe 89

Cenapa6enbHoCTb MOAMHOMXKECTB cenapabesbs
HOrO0 METPHYECKOro npocTpaucTsa 158

AR ERNEE!

—~ npocrpancts  R™, RY, R%, &, Cla, b]
Ca[a, b] 60

— mpocrpancTBa L, 372

— — L, 386 -

Cxartne (CxuMawImee oro6parkKeHHe) MeTpU~
YecKoro npoctpaHcTsa 74

CuabHana NpoH3BOLHasti oTOGpameHusa 481

— CXOAHMOCTb B JHHEHHOM HOPMHDPOBaHHOM
npocrpanctse 193

— TOMOJIOTHS B MPOCTPAHCTBE, COMPSIKEHHOM
K JNHHefiHOMY TOMOJNOTHYECKOMY

e~ =~ — ~—, — — HOpPMHpOBaHHOMY 183

CHIBHO  MOJOXKHTEAbHbIR KBa/APaTHUHbH
dyuxuHodan 505
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Cunoabit anddepenunan 481

CuMMeTpHYecKass pasHOCTb 15

CumMmeTpHunas GanaxoBa anare6pa 524

CHMMETPHYHOE MHOXXeCTBO B JHHeAHOM npo-
crpanctBe 170

Cumnaekc 130

Cunryaspras Gynxnua 347

Cunryasphbiii 3apag 352

CucTeMa MHOXeCTB 41

— okpecTrOCTEH Hyas 167

— OPTOTrOHaJIbHbIX BEKTOPOB 144

— — ¢ynruull Pagemaxepa 405

— — — Yonma 405

— — — Xaapa 404, 405

CkanaspHoe nponasenenne 143, 165

— — B KOMILJIEKCHOM npocTpaHcTee 165

— — — L, 382

Ckauok ¢yHKIMH B TOUKe paspbiBa 322

CnabGas npousBogHas oToGpaKeHHs 482

— CXOAMMOCTb B TPOCTPAaHCTBE JHHEAHOM
TOnosoTHYeckom 193

— — — — HOPMHpOBaHHOM 194

— — — — tyHkunonanon 198

— — — — (la, b]

——— 01

— TONOJNOTHS B JPOCTPAHCTBE JIHHEHHOM TO-
nonorukeckoM 193

— — — — conpaxedanom 197, 199

— — — —, — K GaHaxoBy 198 u nanee

Cna6o orpaHHYeHHOEe HOJMHOXECTBO B HOD-
MHPOBaHHOM MpocTpaHcTBe 194, 195

Cna6uit auddepenunan 482

Cnen cHCTEMb MHOXKeECTB 86

Cnayuafinas Beaununna 360

— — AHCKpEeTHasd H HemnpepbiBHas 361

Co6cTBeHHOe aHavyeHHe 234

— MOAMHOXecTBO 13

— noanpoCTpaHcreo 122

CoBepIIeHHO YNOPSAAOYEHHOE MHOMXKEeCTBO 33

CornacoBaHHble HOPMbBI 170

CooTBETCTBHE B3aHMHO OAHO3HauHoe 17

ConpsiKenHoe NpocTpancTso 182

— anpo 463

ConpsixenHo-aunefinsiil  usomopduam 188

— dyukuronan 124

ConpsxKeHHO-ORHOPOAH LI (dyHKuHOHAA 124

Conpsixxerubiii onepartop 231

— — B EeBKJHIOBOM npocTpaHcTee 233

~— —, cBofictBa 231234

CnekTp onepatopa (ToueuHbl® H HenpephiB-
HbIf) 235

ruaL6epToBoM
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